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Abstract
The investigation of coherent dynamics induced by photoionization of atoms or molecules by
extreme ultra-violet (XUV) attosecond laser pulses requires careful consideration of the
degree of ion + photoelectron entanglement that results from the photoionization process.
Here, we consider coherent H2

+ vibrational dynamics induced by photoionization of neutral
H2 by a chirped attosecond laser pulse. We show that chirping the attosecond laser pulse leads
to ion + photoelectron entanglement and the transition from a pure to a mixed state. This
transition is characterized by evaluating the purity, which is close to unity for a
transform-limited attosecond laser pulse and which decreases to a value that is determined by
the number of vibrational states populated in the photoionization process for increasing values
of the chirp parameter. In the calculations, the vibrational dynamics is probed by calculating
time-delayed dissociation of the H2

+ cation by a short ultra-violet (UV) laser pulse.
Independent of the magnitude of the chirp, the coherent vibrational dynamics can be recovered
by recording the XUV-UV delay-dependent kinetic energy release in coincidence with the
kinetic energy of the accompanying photoelectron.

Keywords: attosecond science, photoionization, entanglement, coherence

(Some figures may appear in colour only in the online journal)

1. Introduction

Although well-established as the theory that is required to cor-
rectly describe observable phenomena in atoms and molecules,
several aspects of quantum mechanics remain baffling, since
they force the acceptance of a view of reality that seems to
conflict with the behaviour that is commonly observed on
macroscopic time- and length scales. This is particularly true
for quantum entanglement, which dictates the persistence of
measurable correlations between distinguishable quantum sys-
tems that have a common origin but that no longer interact with
each other.

∗ Author to whom any correspondence should be addressed.

Original content from this work may be used under the terms
of the Creative Commons Attribution 4.0 licence. Any further

distribution of this work must maintain attribution to the author(s) and the title
of the work, journal citation and DOI.

Quantum entanglement has its origin in the famous EPR
paradox [1], which to Einstein suggested the necessity of the
inclusion of hidden variables within quantum mechanics. This
view was later refuted by Bell, who proposed an experiment
to rule out the possible existence of hidden variables [2] and
showed that correlations between measurements on entangled
particles can be stronger than the correlations that are possi-
ble in classical systems. Violations of Bell’s inequality were
subsequently demonstrated in several pioneering experiments
(see e.g. [3, 4]), confirming the correctness of the quantum
mechanical description of entangled systems, and confirming
the nonlocality that they encompass. In the years since Bell’s
paper and the experimental demonstrations of entanglement,
it has been appreciated that entanglement can be exploited in
quantum information processing [5], and in remarkable feats
such as quantum key distribution [6], quantum computing [7]
and quantum teleportation [8]. Moreover, decoherence theory
has explained how entanglement of quantum systems with an
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environment leads to the emergence of the classical results that
are observed in experiments [9–11].

Recently, the possible role that quantum entanglement can
play in attosecond science, or—more generally—experiments
involving photoionization [12], has started drawing increas-
ing attention [13–17]. Attosecond pulses formed by high-
harmonic generation necessarily have photon energies in the
extreme-ultraviolet (XUV) or soft x-ray spectral region [18],
and hence are ionizing radiation for any sample. Photoioniza-
tion leads to the formation of an ion + photoelectron pair, and
leads to entanglement whenever the ion + photoelectron wave-
function cannot simply be written as the direct product of an
ionic wavefunction and a photoelectron wavefunction, i.e.

Ψ �= ψion ⊗ ψphotoelectron (1)

but instead can only be written as a superposition of such
products, i.e.

Ψ ∼
∑
α,β

ψion,α ⊗ ψphotoelectron,β , (2)

where α and β are the full set of quantum numbers needed
to characterize the properties of both the ion and the photo-
electron. We may expect quantum entanglement to be very
common in attosecond science, since situations abound where
photoionization leads to different combinations of cationic
internal (electronic, vibrational, rotational) states and their
accompanying photoelectron momentum states. Accordingly,
several contributions have appeared in the literature pointing
to the possible role of quantum entanglement in attosecond
pump-probe experiments [13–16], and we have recently, fol-
lowing a prediction in [17], reported experiments where the
degree of vibrational coherence in H2

+ ions formed by pho-
toionization by a sequence of two attosecond XUV pulses (or
two attosecond pulse trains) could be controlled by the delay
between these two pulses [19].

In this paper, the calculations reported in [17] are extended,
and calculations are described where a neutral, aligned H2

molecule is exposed to a chirped attosecond XUV pulse that
induces photoionization, followed by a short UV pulse that dis-
sociates the cation. Consistent with the intuitive notion that
pump-probe experiments can time-resolve phenomena that
occur on a timescale that is comparable or longer than the
cross-correlation between the pump- and probe-lasers, H+

kinetic energy release (KER) distributions are calculated as a
function of XUV-UV pump-probe delay that reveal the coher-
ent H2

+ vibrational dynamics for moderate values of the chirp,
and that show a disappearance of the delay-dependent sig-
natures of this vibrational dynamics for larger chirp. This is
accompanied by a significant reduction of the evaluated purity
of the ion-photoelectron wavefunction. However, the cationic
vibrational dynamics can be recovered for arbitrary values of
the chirp, when the KER distributions are calculated in coinci-
dence with the photoelectron momentum. This is a manifesta-
tion of the fact that, whereas the ionic vibrational coherence is
lost for large values of the chirp, the coherence in the entangled
ion + photoelectron system is fully maintained.

The organization of the paper is as follows. Section 2
describes the computational method, which amounts to solv-
ing a 2D time-dependent Schrödinger equation (TDSE) for an
aligned H2 molecule, with one computational degree of free-
dom reserved for motion of the photoelectron along the laser
polarization axis, and one for the internuclear motion. The
time-dependent surface flux (TSURFF) method [20] is used
to calculate the probability that a certain H+ KER occurs in
coincidence with the formation of a photoelectron with a cer-
tain kinetic energy [21]. Section 3 presents the main computa-
tional results, as well as their interpretation in terms of a simple
interference model, where the phase difference between two
quantum pathways is considered that lead to the same final
photoelectron momentum, but that differ in the H2

+ vibra-
tional state that is formed in the attosecond ionization process.
This model quantitatively explains the observed linear depen-
dence of the delays where constructive two-path interference
occurs on the photoelectron momentum. Section 3 moreover
contains a determination of the purity of the ion + photoelec-
tron wave function that is obtained by solving the TDSE, as
well as a comparison of this purity to a simple model that
takes into account the influence of the chirp on the spectral
amplitude of the XUV attosecond pulse.

2. Methodology

The computational method used in this paper largely follows
the method that was described by Yue and Madsen in refer-
ence [21]. This method was extended by deriving the rele-
vant equations for dissociative ionization in a two state-model
including the 1sσg and 2pσu electronic states of H2

+, effec-
tively combining the approaches used in sections B and C
of [21]. Since additionally a somewhat different numerical
implementation was chosen, a summary of the computational
method is given below.

The starting point of the numerical approach is the expres-
sion for the wave function describing an H2

+ molecular
ion (in the 1sσg or 2pσu electronic state, treated in the
Born–Oppenheimer approximation) in combination with a
photoelectron resulting from the ionization of neutral H2 by
the attosecond pulse:

Ψ (R, x, t) = Ψg (R, x, t)φg (R, y) +Ψu (R, x, t)φu (R, y) , (3)

where R, x and y are the internuclear distance and the coordi-
nates of the free and the bound electron, respectively. Inser-
tion of this wave function into the TDSE yields the following
equations for the ion + photoelectron wave packets associated
with the 1sσg and 2pσu H2

+ electronic states:

iΨ̇g (R, x, t) =
{

TN + Te + V1sσg (R) + VC(R, x)

+ Vlaser (x)}Ψg (R, x, t) + 〈φg (R, y)|

Vlaser(y) |φu (R, y)〉Ψu (R, x, t)

iΨ̇u (R, x, t) = {TN + Te + V2pσu (R) + VC(R, x)

+ Vlaser (x)}Ψu (R, x, t) + 〈φu (R, y)|
Vlaser(y) |φg (R, y)〉Ψg (R, x, t)

, (4)
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where TN = −1
2μR

(
δ2

δR2

)
and Te =

−1
2μe

(
δ2

δx2

)
, μR and μe are

the reduced masses of the H2
+ cation and the photoelec-

tron, respectively, V1sσg (R) and V2pσu (R) are the potential
energy curves of the 1sσg and 2pσu H2

+ cationic states [22],
and VC(R, x) describes the Coulomb interaction of the photo-
electron with the H2

+ cation, given by a softcore Coulomb
potential

VC (R, x) =
−1

2
√(

x + R
2

)2
+ a

− 1

2
√(

x − R
2

)2
+ a

(5)

and Vlaser (x) and Vlaser (y) describe the interaction of the pho-
toelectron and the bound electron with the laser field(s) Flaser.
In what follows, the approximation

〈φg (R, y)|Vlaser(y) |φu (R, y)〉
= 〈φu (R, y)|Vlaser(y) |φg (R, y)〉

≈ Flaser
R
2

(6)

is used [23]. This eliminates the bound electron from the
problem, and reduces the TDSE to a 2D equation for
Ψg (R, x, t) and Ψu (R, x, t). In the softcore Coulomb poten-
tial (equation (3)) a value of a = 1.5 was used, leading to
an H2 ground state energy of −0.612 a.u., compared to the
experimental value of −0.568 a.u. [24].

The physical situation that we seek to describe is photoion-
ization of neutral H2 by a chirped attosecond XUV pulse,
followed by dissociation of the H2

+ cation by a UV probe
pulse. The latter interaction potentially takes place at long time
delays with respect to the XUV ionization, when the photo-
electron is far removed from the H2

+ cation. This situation is
conveniently handled by application of the TSURFF formal-
ism, where one exploits the fact that after dissociative ion-
ization, for |x| > xS and R > RS, VC(R, x) and V1sσg/2pσu (R)
become negligible and Ψg/u (R, x, t) can be expanded in a
product of Coulomb–Volkov wave functions and plane waves
according to

Ψg (R, x, t) =
∫

dp
∫

dk bpk,g (t)φp (x, t)χk (R, t) (7a)

Ψu (R, x, t) =
∫

dp
∫

dk bpk,u (t) φp (x, t)χk (R, t) , (7b)

where

φp (x, t) =
1√
2π

exp

[
i

(
px − p2t

2μe
− p

μe

∫ t

A
(
t′
)

dt′
)]

(8)
and

χk (R, t) =
1√
2π

exp

[
i

(
kx − k2t

2μR

)]
(9)

with p and k the photoelectron and nuclear momentum,
respectively.

According to equation (7) the expansion coefficients
bpk,g (t) and bpk,u (t) are given as

bpk,g (t) = 〈φp (x, t) |〈χk (R, t) |θeθN|Ψg (R, x, t)〉
bpk,u (t) = 〈φp (x, t) |〈χk (R, t) |θeθN|Ψu (R, x, t)〉

, (10)

where θe = 1 for |x| � xS, and θe = 0 for |x| < xS, and where
θN = 1 for R � RS, and θN = 0 for R < RS. The coefficients
bpk,g (t) and bpk,u (t) define the so-called joint energy spectrum
(JES), which represents the probability that a photoelectron

with a kinetic energy Ee =
p2

2μe
is measured in combination

with a KER of k2

2μR
. Following the methodology of refer-

ence [21], the following expressions for the time evolution of
bpk,g (t) and bpk,u (t) can be obtained:

bpk,g (T) =
∫ T

−∞
dt

d
dt

〈
φp (x, t) |〈χk (R, t) |θeθN|Ψg (R, x, t)〉

≈ i
∫ T

−∞
dt

[〈
χk (R, t) |[TN, θN]|〈φp (x, t) |θe

|Ψg (R, x, t) 〉 − 〈φg|Vlaser(y)|φu〉 bpk,u (t)
]

=̇ i
∫ T

−∞
dt

[
〈χk (R, t) |[TN, θN]| hg (R, t)

− 〈φg|Vlaser(y)|φu〉 bpk,u (t)
]

bpk,u (t) =
∫ T

−∞
dt

d
dt

〈φp (x, t) | 〈χk (R, t)|θeθN|Ψu (R, x, t)〉

≈ i
∫ T

−∞
dt

[
〈χk (R, t) |[TN, θN]| 〈φp (x, t)|θe|Ψu (R, x, t)〉

− 〈φu|Vlaser(y)|φg〉 bpk,u (t)
]

=̇ i
∫ T

−∞
dt

[
〈χk (R, t)|[TN, θN]| hu(R, t)

− 〈φu|Vlaser(y)|φg〉 bpk,u (t)
]
. (11)

Note that at this point our numerical approach dif-
fers from the one followed in [21], where hg (R, t) =
〈φp (x, t)| θe |Ψg (R, x, t)〉 was expanded in a sine basis. The
functions hg (R, t) and hu(R, t) encode the photoelectron flux
that moves beyond |x| > xS, and act as a source term for the
integration of bpk,g (T) and bpk,u (T). They can be obtained by
integration, considering that

ḣg (R, t) =
〈
φ̇p (x, t) |θe|Ψg (R, x, t)

〉
+

〈
φp (x, t) |θe|Ψ̇g (R, x, t)

〉

= i 〈φp (x, t) | [(Te + Vlaser(x)) , θe] |Ψg (R, x, t)〉

− i
(
TN + V1sσg (R)

)
hg (R, t)

− i 〈φg|Vlaser(y)|φu 〉 hu(R, t)

ḣu (R, t) =
〈
φ̇p (x, t) |θe|Ψu (R, x, t)

〉
+

〈
φp (x, t) |θe|Ψ̇u (R, x, t)

〉

= i 〈φp (x, t) | [(Te + Vlaser(x)) , θe] |Ψu (R, x, t)〉

− i
(
TN + V2pσu (R)

)
hu (R, t)

− i 〈φu|Vlaser(y)|φg〉 hg(R, t). (12)

3
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Making use of the properties of the Heavyside function, the
first part of the expression for ḣg (R, t) can be evaluated accord-
ing to [21]

i 〈φp (x, t)| [(Te + Vlaser (x)) , θe] |Ψg (R, x, t)〉

= i
∫

dxφ∗
p (x, t)

[
− 1

2μe
δ′ (x − xs) − sgn (x) δ

(
|x| − xs

)

×
(

1
μe

δ

δx
+ iβA (t)

)]
Ψg (R, x, t)

= φ∗
p (xs, t)

{
p

2μe
+ βA (t) − i

2μe

δ

δx

}
Ψg (R, xs, t)

− φ∗
p (−xs, t)

{
p

2μe
+ βA (t) − i

2μe

δ

δx

}
Ψg (R,−xs, t) ,

(13)

where β = (mH + 1) /mH, with mH the proton mass and
with an equivalent equation for the expression for ḣu (R, t).
In practice, hg (R, t) and hu (R, t) are integrated by means
of a Crank–Nicolson integration scheme. Once hg (R, t) and
hu (R, t) are available, they are used within equation (11) to
evaluate (once more by numerical integration) the coefficients
bpk,g (t) and bpk,u (t). In doing so, the first term appearing in the
integral in equation (9) is evaluated, again making use of the
properties of the Heavyside function, as

〈χk (R, t)| [TN, θN] |hg (R, t)

=

∫
dRχ∗

k(R, t)

[
−1
2μR

δ′ (R − Rs) + 2δ
(
|R| − Rs

) δ

δR

]

× hg(Rs, t). (14)

With an equivalent expression for the matrix element contain-
ing hu (R, t).

3. Computational results

In the 2D TDSE calculations that were performed to calculate
the photoelectron flux at x = xs, the ion+ photoelectron wave-
function was propagated on a 2D grid with R � 12.8 a.u.(δR =
0.025 a.u.) and |x| � 409.6 a.u.(δx = 0.4 a.u.), with absorb-
ing boundaries placed at R = 10 a.u. and |x| = 250 a.u.,
respectively. The photoelectron flux was evaluated at |xs| =
200 a.u. and in the subsequent TSURFF calculations, the
radial flux was evaluated at Rs = 9.5 a.u. In the calculations of
the purity, the electron grid was extended to |x| = 6553.6 a.u.
and the electron absorbing boundary was placed at |x| =
6000 a.u.

The chirped XUV pulse was parametrized as a Gaussian
pulse

EXUV (t) = E0 exp

[
−(1 + iα)

(
t − t0
τG

)2
]

× exp [iωXUV (t − t0)] /
(
1 + α2

)1/4
(15)

with α as the chirp parameter, and

τG = τG,0
(
1 + α2

)1/2
, (16)

where

τG,0 = 1.9364
Ncycles

ωXUV
. (17)

With this definition of τG, the full-width-at-half-maximum
pulse duration of the laser pulse is the same as that of an
Ncycles long cos-squared laser pulse when α = 0, and the pulse
duration increases by a factor α when α � 1. The pulse band-
width is independent of α. Calculations were performed with
ωXUV = 0.8 a.u. (21.8 eV) and Ncycles = 10, leading to τG,0 =
24.2 a.u. (585 attoseconds). The calculations were performed
with E0 = 0.001 a.u., corresponding to a peak intensity of
3.51 × 1010 W cm−2 when α = 0. The chirp parameter
α was varied between −100 and 100. The UV pulse was
parametrized as a 10-cycle long, chirp-free, cos-squared pulse
with a peak field strength EUV = 0.004 a.u. (corresponding
to a peak intensity of 5.62 × 1011 W cm−2), and with
a carrier frequency of 0.1 a.u. (correspondingto a wave-
length of 455 nm). The joint photoelectron-ion momentum
distribution was calculated for photoelectron momenta p ∈
〈0.5, 0.9〉 a.u. and nuclear momenta k ∈ 〈0, 30〉 a.u. A rep-
resentative set of results is shown in figures 1(a)–(g), where
the joint photoelectron-ion momentum distribution is shown
for a delay of 12 600 a.u. (305 fs) between the XUV and UV
pulses, for 7 values of the chirp parameter α between −100
and 100. Note that for |α| = 100, the value of τG is 58.5 fs,
i.e. well beyond the vibrational period of the H2

+ cation.
Calculations like the ones shown in figures 1(a)–(g) were

performed for 750 XUV-UV delays between 0 and 29 960 a.u.
(724 femtoseconds). Figures 1(h)–(n) show the joint
photoelectron-ion momentum distribution evaluated at
k = 9.9 a.u. (i.e. in the middle of the unstructured nuclear
momentum distribution, see figures 1(a)–(g). Figure 1(k)
shows the result for α = 0. As expected, and in agreement
with previous experiments [19, 25], the delay dependence
shows oscillatory signals that reflect a significant increase in
the H2

+ dissociation probability by the UV pulse whenever the
vibrational wave packet that is excited by the photoionization
is located near the outer turning point of the 1sσg potential
energy curve. Figure 1(k) moreover reveals the periodic
dephasing and rephasing that is expected and observed for
such a vibrational wave packet. A striking feature of the joint
photoelectron-ion momentum distributions that are shown in
figures 1(a)–(c) and (e)–(g) for finite values of the chirp is
the appearance of a fringe structure along the photoelectron
momentum direction. As revealed by figures 1(h)–( j) and
(l)–(o), these fringes are a consequence of the existence of
a slanted structure in the probability for dissociation as a
function of the photoelectron momentum and the XUV-UV
delay.

The appearance of these slanted structures can be explained
by considering the interference between two pathways that
lead to the same final photoelectron and nuclear momentum,
but for which the absorbed XUV photon energy differs in
such a manner that different ionic vibrational states are formed
in the ionization process by the XUV pump laser. Based on
equation (13) the carrier frequency of the chirped XUV pulse

4
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Figure 1. (a)–(g) Joint photoelectron-ion momentum distribution, calculated for the ionization of H2 by a chirped XUV laser pulse, with
the chirp parameter given by (a) α = −100, (b) α = −50, (c) α = −25, (d) α = 0, (e) α = 25, (f) α = 50 and (g) α = 100, followed by
dissociation by a UV laser pulse that is delayed by 12 600 a.u. (305 fs). See the main text for the definition of the pulses and all other laser
parameters; (h)–(n) joint photoelectron-ion momentum distribution evaluated at k = 9.9 a.u., as a function of the delay between the XUV and
UV pulses; (o)–(u) Fourier transform power spectrum of the data shown in figures 1(h)–(n), revealing the two-level quantum beats responsible
for the observed time dependencies.
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is given by

ω (t) =
dϕ(t)

dt
= ωXUV − 2α(t − t0)/τ 2

G. (18)

Considering an ionic state with energy E1 that is formed
in combination with a photoelectron with momentum p, a
resonance condition occurs for

t1 = t0 +
τ 2

G

2α

[
ωXUV − E1 −

1
2

p2.

]
(19)

A similar equation may be written for the time t2 when a reso-
nance condition occurs for an ionic state with energy E2. Once
photoionization has occurred at time t1,2, the ion + photo-
electron system evolves at an energy of E1,2 +

1
2 p2 until the

UV probe laser projects both ionic states onto a common final
state (corresponding to the dissociation into an H + H+ with
nuclear momentum k, accompanied by a photoelectron with
momentum p). The phases associated with both quantum paths
are given by the sum of the phase of the XUV field at t = t1,2

and the evolution at energy E1,2 +
1
2 p2 between t = t1,2 and

t = tf , that is

ϕ1,2 = ωXUV

(
t1,2 − t0

)
− α

(
t1,2 − t0

)2

τ 2
G

+

(
E1,2 +

1
2

p2

)
(tf − t1,2)

. (20)

From this, it follows that constructive interference between
the two quantum paths occurs when

ϕ2 − ϕ1 = (E2 − E1) tf +
τ 2

G

4α
(E2 − E1)

×
(
E1 + E2 + p2 − 2ωXUV

)
= 2nπ

(21)

implying that

tf =
2nπ

(E2 − E1)
− τ 2

G

4α

(
E1 + E2 + p2 − 2ωXUV

)
. (22)

From this it follows that there exists a correlation between the
photoelectron momentum p and the time for which a construc-
tive interference occurs in the detected signal, according to

∂tf
∂p

= − τ 2
G

2α
p. (23)

This is the slope that can be recognized in figures 1(h)–( j)
and (l)–(o). The existence of this slope leads to the fact
that in the absence of a determination of the photoelectron
momentum p the observed wave packet motion disappears for
a large enough chirp. This is illustrated in figures 2(a)–(g),
where the nuclear momentum distribution is plotted as a func-
tion of XUV-UV delay for 7 values of the chirp parameter
α between −100 and 100. Note that this nuclear momen-
tum distribution was obtained by integrating the joint
photoelectron-ion momentum distributions at each XUV-UV
delay over the photoelectron momentum. Integration of these
distributions over nuclear momentum leads to the total frag-
ment ion yields as a function of XUV-UV delay that are shown

in figures 2(h)–(n). While the wave packet motion leads to
oscillatory structures in calculations for α = 0 or |α| = 25,
the wave packet motion is no longer visible in calculations
with |α| = 50 or |α| = 100, consistent with the fact that under
these conditions the cross-correlation between the pump- and
the probe pulses exceeds the vibrational period.

Interestingly, the vibrational coherence can be recovered
when the photoelectron is measured in coincidence. This is
shown in figures 1(o)–(u), where Fourier transform power
spectra are shown for the joint photoelectron-ion momen-
tum distribution as a function of the delay between the XUV
and UV pulses evaluated at k = 9.9 a.u. (shown in figures
1(h)–(n)). If the photoelectron momentum is measured in coin-
cidence with the H+ momentum distribution, then the vibra-
tional wave packet motion can be observed regardless of the
value of the chirp.

The disappearance of the wave packet motion in figure 3
for increasing values of the chirp can be related to the way in
which the system evolves from a pure state to a mixed state.
This trend can be quantified by evaluating the purity of the
ion + photoelectron wavefunction. The purity can be obtained
from the reduced ionic density matrix, which itself is obtained
from the density matrix by tracing over the photoelectron
degrees of freedom.

For a wavefunction that depends on two degrees of freedom
R and x, the density matrix is given as

ρRx,R′ x′ (t) = Ψion(R, x, t)Ψion
∗(R′, x′, t). (24)

In this expression, a subscript ‘ion’ has been added to the wave
function, in order to emphasize that we are only interested in
the part of the wave function that corresponds to ionization of
the H2 molecule by the XUV pulse. Normalization of the wave
function of the ionized system implies that∫∫

dR dx|Ψion(R, x, t)|2 = 1. (25)

Alternatively, the density matrix can be written using an expan-
sion of the H2

+ wave function into a coherent superposition of
H2

+ vibrational states, i.e.

ρvx,v′x′ (t) = Ψion(v, x, t)Ψion
∗(v′, x′, t) (26)

and this is the form we will use from hereon.
Normalization of this wavefunction implies that

∑
v

∫
dx|Ψion(v, x, t)|2 = 1. (27)

Using the H2
+ vibrational state basis, the reduced ionic

density matrix is evaluated as

ρv,v′(t) =
∫

dxΨ(v, x, t)Ψ∗(v′, x′, t). (28)

The purity is the trace over the square of the reduced ionic
density matrix, i.e.

Purity = Tr
(
ρ2

)
=

∑
v

ρv,v′
2(t). (29)
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Figure 2. (a)–(g) Nuclear momentum distributions obtained by integrating the joint photoelectron-ion momentum distribution over the
photoelectron momentum, calculated for the ionization of H2 by a chirped XUV laser pulse, with the chirp parameter given by
(a) α = −100, (b) α = −50, (c) α = −25, (d) α = 0, (e) α = 25, (f) α = 50 and (g) α = 100, followed by dissociation by a UV laser pulse
at a variable time delay. See the main text for the definition of the pulses and all other laser parameters; (h)–(n) delay-dependent fragment
ion yield, obtained by integrating the distributions shown in (a)–(g) over the nuclear momentum.

From this expression for the purity, one can recognize that
the purity is large (i.e. approaching a value of 1) when the
off-diagonal matrix elements of the reduced ionic density
matrix are at their maximal values. This occurs when the
photoelectron wave functions accompanying the formation of
vibrational states v and v′ are identical or very similar (see
equation (28)). By contrast, the purity is minimal when the
off-diagonal reduced ionic density matrix elements are zero

(i.e. ρv,v′ (t) = 0 ). This situation occurs when the photoelec-
tron wave functions accompanying vibrational level v and v′

are orthogonal, in other words, when the ion + photoelec-
tron system is entangled. According to figure 3, which shows
the purity of the ion + photoelectron wavefunction calculated
according to equation (29) as a function of the chirp parameter
α (black curve), the purity approaches a minimal asymptotic
value and the degree of entanglement becomes maximal for
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Figure 3. Evolution of the purity of the ion + photoelectron wave
function as a function of the chirp of the XUV pulse used in the
calculations. The purity was determined in two ways. On the one
hand, the purity was extracted from the total ion + photoelectron
wave function that was calculated in TDSE calculations using the
laser pulse shapes and parameters defined at the start of section 3 of
this paper, and using the formulas given in equations (28) and (29).
On the other hand, the purity was obtained by using a simple model
using as inputs (i) the spectral representation of the chirped XUV
laser pulse (equations (30) and (31)) and the vibrational population
distribution of the cationic states as extracted from the TDSE
results. The agreement between the two methods shows that the
transition from a pure to a mixed state as a function of the chirp
parameter can be understood in a straightforward manner as a
consequence of the ion + photoelectron entanglement that the use of
a chirped ionization pulse induces.

α > 25. Beyond this value of the chirp parameter, the purity
is merely given by the vibrational population distribution (i.e.
by the value of ρv,v (t)).

The dependence of the purity on the chirp parameter that
is seen in figure 3 can be reproduced using a simple semi-
analytical model, which is based on considering the spectral
representation of the chirped XUV field, which is given by

Ẽ (ω) = E0

√
πτG√

1 + α2
exp

(
iΦ− (ω − ωXUV)2τ 2

G

4
(
1 + α2

) )
(30)

with Φ given by

Φ = −1
2

atan (α) +
ατ 2

G

4
(
1 + α2

) . (31)

All other parameters in this expression have the same
meaning as in equation (15).

Following the logic described in the supplementary infor-
mation (https://stacks.iop.org/JPB/55/134001/mmedia) of
[19], the ion + photoelectron state that is formed consists of
combinations of ionic vibrational states v and photoelectrons
with kinetic energy ε, and can be written as

Ψion + photoelectron ∼

×
∑
v

∫
dε ψion,vψphotoelectron,εẼ (ε+ Ev) .

(32)

Using this expression for the total ion+ photoelectron wave
function, an expression for the reduced ionic density matrix
can be given as

ρvv′ =

∫
dε ψvεψv′ε

∗ ∼

×
∫

dε Ẽ (ε+ Ev) Ẽ∗ (ε+ Ev′)
√

PvPv′ .

(33)

In this expression Pv and Pv′ represent the populations of the
cationic vibrational states produced by the XUV photoion-
ization process, which are independent of the value of the
chirp parameter, and which were extracted from the TDSE
calculation for α = 0.

The purity of the ion+ photoelectron wavefunction derived
from the expression for the reduced ionic density matrix shown
in equation (33) is plotted as a red line in figure 3, and shows
that the dependence of the purity on the chirp parameter is
connected in a straightforward manner to the dependence of
the spectral amplitude of the XUV laser pulse on the chirp
parameter, as described by equations (30) and (31).

4. Conclusions and outlook

In this paper, and in our previous theoretical and experimental
papers on control of ion + photoelectron entanglement using
a sequence of two attosecond laser pulses [17, 19], we have
analyzed the role of ion + photoelectron entanglement as a
factor limiting the degree of vibrational coherence in XUV +
UV or XUV + IR pump-probe experiments targeting obser-
vation of the vibrational wavepacket dynamics in the ground
state of H2

+, following the ionization of ground state H2 by a
chirped attosecond laser pulse, respectively a sequence of two
attosecond laser pulses with a variable delay. In both cases,
a well-defined ion + photoelectron wavefunction is formed,
which can be calculated by solving the TDSE, or about which
extensive information can be obtained using a fragment ion +
photoelectron coincidence measurement. Such an elaborate
experimental protocol significantly goes beyond the experi-
mental protocols that are typically used in attosecond pump-
probe experiments, where experiments are commonly limited
to measurements of either the photoelectrons or (fragment)
ions that are formed in the experiment. The present work and
the work previously published in [17, 19] shows that the coher-
ence that underlies such a restricted experimental protocol can
be severely limited by entanglement between the ion and its
accompanying photoelectron. This entanglement may prevent
the observation of coherent dynamics in the ion, whenever the
properties of the ionic wave packet depend on the properties
of the accompanying photoelectron. This situation arose in
[17, 19], where a vibrational wave packet was formed in the
1sσg electronic state of H2

+ by ionizing H2 with an XUV two-
pulse sequence, and where for selected XUV-XUV delays the
ionization led to the formation a mixed state, where some pho-
toelectron energies correlated with the formation of a vibra-
tional wave packet containing only even vibrational states,
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whereas other photoelectron energies correlated with the for-
mation of a vibrational wave packet containing only odd vibra-
tional states. Like in the current work, the vibrational wave
packet was probed in [17, 19] via dissociation at the outer
turning point using a short UV or NIR probe laser pulse,
and the dynamics of both of the odd-v and even-v vibrational
wave packets could be recovered by a determination of the
pump-probe delay dependent H+ fragment kinetic energy dis-
tribution in coincidence with the energy or momentum of the
accompanying photoelectron. In the present work, we have
considered the role of a chirp of the attosecond XUV pulse,
and have observed that it can induce a similar transition from
a pure to a mixed state, with the vibrational dynamics becom-
ing hidden from observation, unless one again resorts to a
coincident measurement of the photoelectron kinetic energy
or momentum.

The behavior that we have described in [17, 19] and in the
present paper is by no means specific to H2, and is expected to
be common in attosecond experiments, especially whenever
the pump-probe measurements do not lead to a full character-
ization of the wave function of the system, but rather, address
only a part of the total quantum system, such as the (fragment)
ions or the photoelectrons, but not both at the same time. In
this case, unobserved degrees of freedom may be entangled
with the observed ones, and are averaged over in the experi-
ment. In case of entanglement, which will happen whenever
the total wave function cannot be written as a single direct
product of wave functions for the observed and unobserved
parts, this averaging amounts to taking the trace (in the density
matrix) over the unobserved degrees of freedom, and this oper-
ation may remove the ability to observe the coherent dynamics
of interest. Therefore, we conclude that the design of attosec-
ond experiments requires careful consideration of the possible
role that ion + photoelectron entanglement can play, and the
use of measurements protocols that circumvent this role.
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