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Abstract: Double sequences appear in a natural way in cases of iteratively given sequences if the iteration
allows to determine besides the successors from the predecessors also the predecessors from their followers.
A particular pair of double sequences is considered which appears in a parqueting-reflection process of the
complex plane. While one end of each sequence is a natural number sequence, the other consists of rational
numbers. The natural numbers sequences are not yet listed in OEIS Wiki. Complex versions from the double
sequences are provided.
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1 Introduction

While sequences are known as mappings from the set of natural numbers, double (two-sided) sequences are
based on the entire numbers. Although a double sequence can be rearranged in a sequence, such a rearrange-
ment does not necessarily result in a convergent sequence even if the two ends of the double sequence are
convergent (when the indices tend to +co or —co). Of course, other combinations of the limit behavior are
possible. Double sequences appear in a natural way in the cases of iteratively given sequences if the iteration
recipe allows to determine besides the successors from the predecessors also the predecessors from their
followers.

Repeatedly, iteratively given sequences appear when applying the parqueting-reflection principle to cer-
tain circular domains of the (complex) plane; see e.g. [1]. A pair of double sequences arises when repeatedly
reflecting a certain circular rectangle at its boundary parts [2]. This pair of double sequences consists of
sequences, the tails of which are, on one hand, natural numbers sequences (see [3]) and, on the other hand,
made from rational numbers. Sequences can be extended to ones with complex numbers bearing similar
properties as their origins.

2 Recurrence relations

With ag = bg = 1 for k € IN, the relations

axk = 3axk-1 + bok-1,  Aoke1 = Aok + bk,

bak = axk-1 + bak-1,  baks1 = azk + 3bak
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determine two real sequences. Obviously, both sets of equations may be solved for the lower indexed numbers
as
2ak-1 = a2k — bak, 202k = 3A2k41 — Dokt

2bok-1 = 3bak — azk, 2bok = bags1 — kst

Hence, (ak, by) is a pair of double sequences (ak), (bx), their first numbers being

a - a -1 a _ a 0
sy U—4 = 41 -3 2’ -2 = 2’ -1 =Y,
apg =1, a =2, a, =10, a3=16, a4=76,...,
1 1
s bys=—, bs3=1, bo,==, by=1,
4 4 3 2 > 1
bo =1, by =4, b, =6, b3 =28, bs=44,....

3 Properties of the double sequences

In order to determine the particular explicit numbers in the sequences, some properties are investigated.

Lemma 3.1. Forany k € Z the relations 3b3, — a3, = 251 and b3, | - 3asx+1 = 2252 hold.

Proof. Fork = 0and k = 1, the relations 3b% — af = 2 and b — 3a3 = 27 are true. By the recurrence relations,
for0 < k,
3b§k - aﬁk =3(ax-1+ bZk—l)2 - (Baz-1+ b2k—1)2 = Z(bgk,l - Ba%k,l)
= 2[(@2k-2 + 3bak-2)* = 3(a2k-2 + bak-2)*1 = 4(3b3,_, — a5, ),
b3t — 32ke1 = (@2k + 3b2r)* — 3(azk + baw)* = 2(3b3; — a3y)

= 2[3(azk-1 + bar-1)?* = Bazi-1 + bar-1)?] = 4(b%,_, —3a%, ;)

hold, and for k < O,

3 1 1
3b3, - ad = Z(b2k+1 - aye1)’ - Z(3a2k+1 — baks1)® = E(bﬁm -3a5;,,)

1 1

= §[(3b2"+2 — aai42)” — 3(@2k42 — b2ks2)?] = Z(3b§k+2 - al,)

bZ 2 _ 1 b 2 3 2 _ 1 bZ 2
2k-1 7 3a5pcq = 7 Bbak = 2107 = (@ak-py)” = 5 Bby — azy)

1 1

= 5[3(b2k+1 — @or1)? = Bazis1 — baks1)’] = Z(bﬁm -3a%,,)- O

Remark 3.2. Both formulas from the last lemma are unified as
31+[§1—[%1b£ _ 3% 1-15] i — okt
For convenience, the notation m; = /3 will be further used.

Lemma 3.3. For k € Z, we have m1bay + axi = (my + 1)2*1 and bogeq + Miasper = (Mg + 1)2k+2,

Proof. For k=0 and k = 1, the relations m1bg + ap = my +1 and by + mias = 4 + 2m; = (mq + 1)? hold.
For O < k,

mibok + axk = m1(aan-1 + bak-1) £ Bazn-1 + ban-1) = (M1 £ 1)(bor-1 £ Mm1azp-1)

(my + 1)[(a2k—2 + 3bak-2)  m1(azk-2 + bak—2)] = (M1 + 1)?(M1ban-2 * az-2),

boks1 £ Myaoks1 = Aok + 3bok + my(axk + bax) = (my £ 1)(m1 bk + az)

(my + 1)[my(azk-1 + bak-1) + 3aak-1 + bak-1)] = (M1 + 1)*(bax-1 + M1a2x-1),
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and for k < 0, taking into account (m; = 1)(m; ¥ 1) = 2,

mi 1
mbytay=—————+-3a -b
1bok + azy 3 Bores — D) 2( 2k+1 — boks1)
1 m F1
= 5[("11 F Dborer — mi(1 F my)asks1] = 12 (baks1 £ M1aA2k41)
m F1
= 12+ [3b2ks2 — Aoks2 £ M1(A2k+2 — b2ks2)]
m 1 (mp ¥1)2
= 14 (B F m1)bagsr — (1 F my)asks2] = 1T(m1b2k+2 £ Aok+2)
1 2\ -k F1 2\ -k
:(M) (m1b01a0)2<w) (mlil)
4 4
mF12\ M my 1 my ¥ 1)\ 2k1
:<( 1;: ) ) 12+ :(( 12+ )) = (my £ 1),
mF1
bak-1 + miaz-1 = 5[3b2k — @k £ my(azk - bar)] = —=——(mybox + az)
my 1 (mp ¥1)2
= 14 [m1(baks1 — A2is1) £ Ba2ks1 — boks1)] = 1T(bzku £ My A2k+1)
(my 7 1) >7k (my F1)2\7*
() - (272)
( 4 (b_1xa_) 7
_ k Y
:(#) :(m12+1) =(m1i1)2k. 0

With the formulas from Lemma 3.3, the terms of the sequences are determined.
Theorem 3.4. For k € Z, the double sequences (ax) and (by) are given via

2az = (my + 1) — (my - DX 2myask = (my + )22 - (my - 1)2k+2,

2mybok = (my + 1)K 4 (my — 1)2K+1, 2boks1 = (my + 1)2K42 4 (my — 1)2+2,

4 Complex version

The double sequence pair (ay, by) of rational numbers handled in Q(+/3) has the counterpart in Q(+/3, i).
For k € 7, define complex numbers as

ca = (Drar,  carer = CDMimiar,  dok = (D) imibak,  darer = (1) bojys.
Then the recursion relations for ay and by are reflected into ones for c; and dj as
Cx = —1M1Cx-1 + di-1, dix = —Cx-1 —imidy-1 withcg =1, do = -imy,
2Ck-1 = imycy + dy, 2dy_1 = imydy — cx withc_1 =0, d_; =1.

The first terms are

c > c 1im c L c1=0
y L4 4’ -3 P 1 -2 2’ -1 =Y,
co=1, C1 = —2im1, cy =10, C3 = —16im1, Cy = 76, ey
1.
yd_y=—-—imy, d3=-1, d, = 5imi, d.1 =1,
do = —im1, dl = -4, d2 = 6im1, d3 = 28, d4 = —44im1, N

Their properties are
ldil? — lexl* = 250, Jewl + ldid = (my + DM, Jdil = lexl = (my = DR,
cp+di = (-2, cedi+crd=0, —ickdy = ickdi = |crdil

fork € Z.
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