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Variance of Relative Surprisal as Single-Shot Quantifier
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The variance of (relative) surprisal, also known as varentropy, so far mostly plays a role in information
theory as quantifying the leading-order corrections to asymptotic independent and identically distributed
(IID) limits. Here, we comprehensively study the use of it to derive single-shot results in (quantum) infor-
mation theory. We show that it gives genuine sufficient and necessary conditions for approximate state
transitions between pairs of quantum states in the single-shot setting, without the need for further opti-
mization. We also clarify its relation to smoothed min and max entropies, and construct a monotone for
resource theories using only the standard (relative) entropy and variance of (relative) surprisal. This imme-
diately gives rise to enhanced lower bounds for entropy production in random processes. We establish
certain properties of the variance of relative surprisal, which will be useful for further investigations, such
as uniform continuity and upper bounds on the violation of subadditivity. Motivated by our results, we fur-
ther derive a simple and physically appealing axiomatic single-shot characterization of (relative) entropy,
which we believe to be of independent interest. We illustrate our results with several applications, ranging
from interconvertibility of ergodic states, over Landauer erasure to a bound on the necessary dimension of
the catalyst for catalytic state transitions and Boltzmann’s H theorem.
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I. INTRODUCTION

Many central results of quantum information theory
are concerned with the manipulation of quantum systems
in the so-called asymptotic independent identically dis-
tributed (IID) setting, in which one considers the limit
of taking infinitely many independent and identically dis-
tributed copies of a quantum system [1–9]. While not
always being physically realistic, this setting is conve-
nient to work in because it allows for the application of
standard concentration results from statistics and informa-
tion theory [10,11]. Recent years have seen a lot of effort
in studying more general settings, in which subsystems
might be correlated with one another or the size of the
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system is finite. Conceptually, the most extreme weaken-
ing of the IID setting is the single-shot setting, in which
generally no assumptions about the size of the system or
its correlations are made. This setting derives its name
from the fact that it can be seen to describe a single iter-
ation of a protocol, in contrast to the IID setting, which
is concerned with infinitely many independent iterations.
Several classic results [12–16] have been instrumental to
the recent developments of majorization-based resource
theories [8,17–23], which have found diverse applications
in entanglement theory, thermodynamics, asymmetry, and
many more central topics in information theory. By now
there exists a detailed understanding of an intuitive trade-
off between the above settings (and that we detail in later
sections). On the one hand, the IID setting, due to its var-
ious assumptions, can usually be characterized by variants
of the (quantum) relative entropy,

S(ρ‖σ) := tr{ρ[log(ρ)− log(σ )]}.
On the other hand, majorizationlike conditions play a cen-
tral role for single-shot transformations, even extending to
the study of approximate transitions. Many such results are
tight in the quasiclassical regime [24,25] (when we restrict
to transformations between pairs of states that commute
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with another). Nevertheless, the number of conditions that
need to be checked increases linearly with the dimension
of the states of interest, which makes a more systematic
and simplified understanding in characterizing the possi-
bility of state transitions difficult. Fortunately, the family
of smoothed entropies have turned out to be a powerful
tool to describe these constraints and operationally charac-
terize a variety of single-shot tasks [22,26–39]. However,
they typically require an optimization over the potentially
high-dimensional state space.

In this work, we develop a complementary approach to
the study of the single-shot setting in which “single-shot
effects” are witnessed and quantified by a single quantity,
the variance of (relative) surprisal,

V(ρ‖σ) := tr
[
ρ log2

(ρ
σ

)]
− S(ρ‖σ)2, (1)

where log(ρ/σ) ≡ log ρ − log σ is the relative surprisal
of one quantum state ρ with respect to another σ , and we
use log ≡ log2. In the following, we refer to this quan-
tity simply as the relative variance. The relative variance
has been shown to measure leading-order corrections to
asymptotic results in (quantum) information theory [40–
56], but here we show that its role extends to the gen-
uine single-shot setting. We do this from two points of
view: first, we show that the relative variance quanti-
fies single-shot corrections to possible state transitions
between pairs of quantum states. These imply that state
transitions between pairs of states with low relative vari-
ance are essentially characterized by the relative entropy
and hence do not exhibit strong single-shot effects. Simple
examples of such states are ergodic states (see below).

Since single-shot effects often represent operational
impediments (such as, for example, decreased ability to
extract work in the context of thermodynamics), the above
finding motivates the question whether there is, in some
sense, a “cost” associated to obtaining states of low rel-
ative variance. We proceed to show that this is indeed
the case: reducing the relative variance between a pair of
states necessitates a proportional reduction of the relative
entropy between those states. In the resource-theoretic set-
ting (defined later), in which the relative entropy is known
to itself be measure of a state’s resourcefulness, this finding
implies that increasing the operational value of a system in
the sense of reducing its relative variance comes at the cost
of reducing its value as measured by the relative entropy.
Formally, the above trade-off result is an implication of a
resource monotone that we construct. We formulate the
trade-off between relative variance and relative entropy
both for single systems as well as for the marginal changes
of bipartite systems.

Overall, our findings motivate the relative variance as
a simple measure of single-shot effects: the smaller the
relative variance of pairs of states, the better their single-
shot properties are described by the relative entropy, and

vice versa. In addition to the above results, we clar-
ify the relation between the relative variance and the
smoothed entropies, relate our single-shot results to the
known asymptotic leading-order corrections mentioned
above, and present a novel axiomatic characterization of
the (relative) entropy from a single, physically motivated
axiom. We believe the latter finding to be of indepen-
dent interest. Apart from its applications in the context
of resource theories, our work can also be seen as a
thorough investigation of the mathematical properties of
the variance of relative surprisal, such as uniform con-
tinuity bounds, corrections to subadditivity and the rela-
tion of the variance of relative surprisal to smoothed
Rényi divergences and the theory of approximate
majorization.

The remainder of this paper is structured as follows: our
results are concerned with generic state transitions between
pairs of states in the quasiclassical setting. However, fol-
lowing a formal introduction of the setup and terminology
below, for the sake of clarity, in Sec. II we first provide
an overview of our main results for the special case of
state transitions under unital channels, which also corre-
sponds to the resource theory of purity. The results are then
shown in full generality and further discussed in Sec. III.
Throughout, we focus on the formal results and provide
applications mostly for illustration in boxes, leaving a
more detailed study of applications and implications of our
results to future work.

A. Setup and notation

Let S and S′ be quantum systems represented on Hilbert
spaces with fixed and finite respective dimensions d
and d′. Further, let D(S) be the set of quantum states
on S, and similarly for S′. Given two pairs of states
ρ, σ ∈ D(S) and ρ ′, σ ′ ∈ D(S′)—sometimes referred to as
dichotomies—we write (ρ, σ) � (ρ ′, σ ′) if there exists a
quantum channel E : D(S) → D(S′) such that E(ρ) = ρ ′
and E(σ ) = σ ′. The preorder � has been studied both clas-
sically and quantumly (e.g., Refs. [13,17,57,58]) and forms
the backbone of many resource theories. In a resource
theory a set of so-called free states DF ⊆ D(S) is speci-
fied, together with a set of quantum channels F such that
each of these channels maps free states into free states,
F [DF ] ⊆ DF . These channels are therefore called free.
This terminology originates from the idea that free states
constitute a class of states that are easy to prepare in a given
physical context, while free channels constitute physical
operations that are easy to implement in this context (see
Ref. [23] for a review on resource theories). One is then
concerned with the special case of the ordering � in which
E is free. In the special case that there is only a single free
state σ , this corresponds to the special case σ = σ ′ and
induces the preorder �σ on D(S), known as σ majoriza-
tion, where ρ �σ ρ

′ is equivalent to (ρ, σ) � (ρ ′, σ). As
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such, the results presented below can naturally be applied
to those resource theories that follow the above form,
although we emphasize that they hold more generally as
well.

Since we are often concerned with approximate state
transitions, we further write (ρ, σ) �ε (ρ

′, σ ′) whenever
there exists a state ρ ′

ε such that (ρ, σ) � (ρ ′
ε , σ

′) and
D(ρ ′, ρ ′

ε) := 1
2

∥∥ρ ′ − ρ ′
ε

∥∥
1 ≤ ε.

Finally, the IID setting corresponds to the special case
of dichotomies of the form (ρ⊗n, σ⊗n) � (ρ ′⊗n, σ ′⊗n

) for
some n ∈ N. Here, one usually considers the asymptotic
limit n → ∞. The statement we made in the introduc-
tion, that in this limit the relative entropy characterizes
possible state transitions, is based on the well-known fact
that, for any two dichotomies (ρ, σ) and (ρ ′, σ ′) it holds
that, for any ε > 0, there exists a sufficiently large n such
that (ρ⊗n, σ⊗n) �ε (ρ

′⊗n, σ ′⊗n
) if and only if S(ρ‖σ) >

S(ρ ′‖σ ′). We recover this statement as a special case from
the results below.

II. OVERVIEW OF MAIN RESULTS

In this section, we provide an overview of our results for
the special case �I, where

I ≡ 1d/d

is our shorthand for the maximally mixed state in d dimen-
sions, whereas 1d is the d-dimensional identity operator.
This choice of σ corresponds to the resource theory of
purity, also known as the resource theory of stochastic
nonequilibrium [59], and captures the essential insights
from our results while being easier to state.

Channels that preserve the maximally mixed state are
also called unital channels [60] and the ordering �I is
known as majorization [61]. Unital channels are often
used to model random processes. For instance, a (strict)
subset of unital channels are random unitary channels
that describe the evolution of a system under a unitary
operator that was drawn at random from some fixed distri-
bution. As such, the resource theory of purity is concerned
with describing the evolution and operational “value” of
quantum states in the presence of random processes.

A. Variance of surprisal

The central quantity in this work is the relative variance,
defined in Eq. (1). For σ = I, the relative variance reduces
to the variance (of surprisal)

V(ρ) := V(ρ‖I) = tr[ρ log2(ρ)] − S(ρ)2,

where S(ρ) := log(d)− S(ρ‖I) = −tr[ρ log(ρ)] is the
von Neumann entropy [itself the mean of the surprisal,
− log(ρ)]. The variance of surprisal is also known as
information variance or varentropy, and as capacity of

entanglement in the context of entanglement in many-body
physics [62–64].

Operationally, the variance can be understood, for
instance, as the variance of the length of a codeword
in an optimal quantum source code. However, while,
as mentioned in the introduction, it is well known to
quantify the leading-order corrections to various (quan-
tum) information-theoretic tasks in the asymptotic limit,
its relevance in the single-shot setting has not yet, to
the authors’ knowledge, been thoroughly investigated
(recently, some formal properties have, however, been
developed in Ref. [65]). In this work, we study the (rel-
ative) variance and show that it in fact provides a use-
ful measure of single-shot effects for approximate state
transitions.

We begin by mentioning some properties that the vari-
ance of surprisal fulfills, and which we use throughout the
paper:

1. Additivity under tensor products:

V(ρ1 ⊗ ρ2) = V(ρ1)+ V(ρ2).

2. Positivity: V(ρ) ≥ 0.
3. Uniform continuity (Lemma 10):

|V(ρ)− V(ρ ′)|2 ≤ K log2(d)D(ρ, ρ ′)

for a constant K .
4. Correction to subadditivity (Lemma 11):

V(ρ) ≤ V(ρ1)+ V(ρ2)+ K ′ log2(d) f (Iρ),

for any bipartite state ρ with respective marginal
states ρ1, ρ2 and mutual information Iρ , with con-
stant K ′ and f (x) = max{ 4

√
x, x2}.

5. V(ρ) = 0 if and only if all nonzero eigenvalues of ρ
are the same. We call such states flat states. Exam-
ples include any pure state and the maximally mixed
state.

6. For fixed dimension d ≥ 2, the state ρ̂d with maxi-
mal variance has the spectrum [66]

spec(ρ̂d) =
(

1 − r,
r

d − 1
, . . . ,

r
d − 1

)
, (2)

with r being the unique solution to

(1 − 2r) ln
(

1 − r
r
(d − 1)

)
= 2.

We have (1/4) log2(d − 1) < V(ρ̂d) < (1/4) log2

(d − 1)+ 1/ ln2(2), and, in the limit of large d,
r ≈ 1

2 .

Properties 3 and 4 are original contributions of this work
and are part of our main technical results.
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B. Sufficient criteria for single-shot state transitions

It is well known that when considering the IID limit,
approximate majorization reduces to an ordering with
respect to the von Neumann entropy. More precisely, given
two states ρ and ρ ′, then S(ρ ′) > S(ρ) implies that for any
ε > 0 there exists a number Nε ∈ N such that

ρ⊗n�I,ερ
′⊗n ∀ n ≥ Nε .

However, this is not the case in a single-shot setting. Here,
the question whether ρ �I ρ

′ in full generality depends on
d − 1 independent constraints on the spectra of ρ and ρ ′.
This makes dealing with exact single-shot state transitions
considerably more difficult.

Our first result shows that for approximate state transi-
tions, there nevertheless exist simple sufficient conditions
at the single-shot level that also involve the von Neumann
entropy, but with a correction quantified by the variance.

Result 1. (Sufficient conditions for approximate state tran-
sition). Let ρ, ρ ′ be two states on S and 1 > ε > 0. If

S(ρ ′)−
√

V(ρ ′)(2ε−1 − 1) ≥ S(ρ)+
√

V(ρ)(2ε−1 − 1),

then ρ�I,ε ρ
′.

We emphasize that this result is a fully single-shot result.
It shows that the variance quantifies the single-shot devia-
tion from the above IID case. A convenient reformulation
of Result 1 is as follows: let ρ, ρ ′ be two states on S with

S(ρ ′)− S(ρ) = δ > 0.

Solving for ε in Result 1, we see that ρ�I,ερ
′, where

ε ≤ 2
δ2

[√
V(ρ)+

√
V(ρ ′)

]2
,

can be achieved. An appealing feature of this result is
that it does not require any optimization, as is typically
present in results relying on smoothed entropies (compare,
for example, Result 1 and its generalization Theorem 8
to the results in Ref. [58]). When applied to state tran-
sitions under unital channels in the IID limit, Result 1
straightforwardly produces finite-size corrections towards
asymptotic interconvertibility: given two states ρ and ρ ′
with S(ρ ′) > S(ρ), it implies that ρ⊗n�I,ε(ρ

′)⊗n with

ε ≤ 2[
√

V(ρ)+ √
V(ρ ′)]2

n[S(ρ ′)− S(ρ)]2 , (3)

which vanishes in the limit n → ∞. For finitely many
copies of the two states, the variances of initial and final
states bound the achievable precision.

In Appendix F we provide a more detailed analysis of
the IID case, where we use Result 1 (and its generaliza-
tion to σ majorization) to study convertibility between
sequences of n IID states for large but finite n and with an
error εn such that nεn → ∞, but possibly εn → 0. This can
be seen as a simple form of moderate-deviation analysis,
and in particular we recover the “resonance” phenomenon
reported in Refs. [55,56], namely that second-order correc-
tions vanish when

V(ρ)/S(ρ)
V(ρ ′)/S(ρ ′)

= 1,

with the proof being as simple as solving a quadratic
equation.

Result 1 implies that state transitions between pairs of
initial and final states with low variance are essentially
characterized by the entropy. As an application, in Box 1,
we prove a simpler version of a recent result on the macro-
scopic interconvertibility of ergodic states under thermal
operations [67,68]. Finally, let us note that Eq. (3) is in
general not very tight, since we know from Hoeffding-type
bounds that, in the IID limit, the amount of probability
outside of the typical window (which directly contributes
to the error) scales as ε ∝ exp(−n). Nevertheless, the
absence of any trailing terms makes it simple to evaluate,
especially in single-shot scenarios.

Box 1. Interconvertibility of ergodic states
As an application of Result (1), we discuss the

interconvertibility of ergodic states in the unital set-
ting. Informally speaking, ergodic states are states
on an infinite chain of identical, finite-dimensional
Hilbert spaces of dimension d, enumerated by Z

and called sites below, which have the property
that correlations between observables located at dis-
tance sites converge to zero as their distance is
increased. See Ref. [67] for a detailed description
of ergodic states. Importantly, states are in general
correlated, examples being ground states of gapped,
local Hamiltonians or thermal states of many-body
systems away from the critical temperature. Never-
theless, if ρn denotes the density matrix of n consec-
utive sites of the chain with entropy Sn = S(ρn), the
(quantum) Shannon-MacMillan-Breimann theorem
shows that for arbitrarily small ε > 0 and sufficiently
large n, we can find an approximation ρεn of ρn with
the property that each eigenvalue pj of ρεn fulfills [69]

| − log(pj )− Sn| ≤ 2nε
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and D(ρn, ρεn) ≤ ε. Thus, the variance fulfills

V(ρεn) =
∑

j

pj
[
log(1/pj )− Sεn

]2

=
∑

j

pj
[
log(1/pj )− Sn

]2 − (Sn − Sεn)
2

≤ 4n2ε2,

where Sεn = S(ρεn). By uniform continuity of the
variance, Lemma 10, we therefore have

V(ρn) ≤ V(ρεn)+ Kn2√ε ≤ K̃2n2√ε,

with K̃ some constant and where we use ε2 ≤ √
ε.

Result 1 now tells us that if we have two ergodic
states with entropies Sn = sn and S′

n = s′n such that
s < s′, then for any ε > 0 and sufficiently large n, we
can convert ρn to ρ ′

n using a unital channel with error
at most

2

[√
V(ρn)+√V(ρ ′

n)

(s′ − s)n

]2

≤ 16K̃2

(s′ − s)2
√
ε,

which can be made arbitrarily small.

C. Relation to smoothed min and max entropies

As mentioned in the introduction, smoothed generalized
entropies are often used to describe single-shot processes.
For instance, the continuous family of Rényi entropies
has been found to characterize possible single-shot tran-
sitions in the semiclassical setting [37,70]. Among those
entropies, the smoothed min and max entropies are of
particular prominence, since they enjoy clear operational
meanings in various information-processing tasks such
as randomness extraction or data compression (see, e.g.,
Refs. [26,30]) and, in a sense, quantify complementary
single-shot properties of quantum states. These quantities,
the precise definition of which is given in Sec. III C, can
differ significantly from the von Neumann entropy for arbi-
trary states. However, the following result shows that one
can bound this difference by the variance.

Result 2. (Bounds on smoothed min and max entropies).
Let 1 > ε > 0 and let ρ be a state on S. Then,

Sεmax(ρ)− S(ρ) ≤
√
(ε−1 − 1)V(ρ),

S(ρ)− Sεmin(ρ) ≤
√
(ε−1 − 1)V(ρ).

As a straightforward corollary, Result 2 implies that for
any 1 > ε > 0 and any state ρ,

Sεmax(ρ)− Sεmin(ρ) ≤ 2
√
(ε−1 − 1)V(ρ). (4)

Result 2 has the appealing feature of providing an upper
bound that factorizes into the variance and a function of the
smoothing parameter ε. In analogy with Result 1, Result
2 shows that for states with small variance, finite-size cor-
rections (e.g., to coding rates) are less pronounced, making
these states ideal candidates for information encoding and
transmission. This makes intuitive sense if we recall that
the spectrum of states with zero variance is uniform over its
support. Within the class of states with the same entropy,
these flat states are therefore maximally “compressed”
and “random.” As a side note, we observe that various
models for “batteries” used in single-shot quantum ther-
modynamics restrict to battery states with zero or very low
relative entropy variance. This choice can conveniently
be interpreted in terms of Eq. (4), since Sεmin and Sεmax
quantify the amount of single-shot work of creation and
extractable work, respectively, for nonequilibrium states
[19,37]. Restricting to low-variance battery states there-
fore ensures that the process of storing and extracting
work from a battery involves a minimal dissipation of
heat.

D. Decrease of variance

The previous two results establish the variance as a
measure of single-shot effects, bounding the extent of
such effects in the context of approximate state transi-
tions and operational tasks such as data compression or
randomness extraction. In particular, they imply that the
manipulation of states with low variance produces less
overhead due to finite-size effects. Therefore, state transi-
tions between states of low variance can be operationally
advantageous. This motivates the question whether there
exists a resource-theoretic “cost” associated to decreasing
the variance of a state. We show that this is indeed the
case: under unital channels, decreasing the variance lower
bounds entropy production.

The statement above, formulated in Result 3 is a
consequence of a new resource monotone that we
derive.
Definition 1: (Resource monotone). Let D be the set of
all quantum states. A function f : D × D → R is called
a (resource) monotone if for any dichotomies satisfying
(ρ, σ) � (ρ ′, σ ′), we also have f (ρ, σ) ≥ f (ρ ′, σ ′).

Nonincreasing resource monotones with respect to
majorization are called Schur convex and nondecreasing
ones Schur concave. Resource monotones are an impor-
tant tool in the study of resource theories. For example,
for a Schur convex function f , f (ρ ′) > f (ρ) suffices to
conclude that ρ �I ρ

′ but the former is often far easier
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to check than the latter. An example of a Schur convex
function is the purity tr(ρ2) of a state ρ, while the entropy
S(ρ) is Schur concave. The variance itself is evidently not
monotone, which might partially explain why it has so far
not been studied resource theoretically. However, the fol-
lowing lemma shows that the variance and entropy jointly
give rise to a monotone.

Lemma 2. (Schur concavity of M ). The function

M (ρ) := V(ρ)+
(

1
ln(2)

+ S(ρ)
)2

,

is Schur concave.

By Schur concavity, we have 0 ≤ M (ρ) ≤ [1/ln(2)+
log(d)]2. Notably, unlike many commonly used mono-
tones, M is not additive with respect to product states.
Figure 1 compares the regions of increasing M and entropy
compared to the majorization ordering for two initial states
in d = 3 and fixed eigenbasis, illustrating that for some
states M provides strictly stronger necessary conditions for
the majorization ordering than the entropy S.

By means of Lemma 2, we can derive the follow-
ing bound on entropy production, which is our third
main result and proven in the more general statement of
Corollary 13.

Result 3. (Lower bound on entropy production). Let ρ, ρ ′
be a pair of states on S. If ρ �I ρ

′, then

S(ρ ′)− S(ρ) ≥ V(ρ)− V(ρ ′)
2
√

M (ρ)
≥ V(ρ)− V(ρ ′)

2[1/ ln(2)+ log(d)]
.

(5)

Result 3 shows that the decrease of variance under unital
channels can only come at the cost of increasing the sys-
tem’s entropy. It also complements the previous results, in
that it shows that states with positive variance necessarily
exhibit finite-size effects: the entropy fails to character-
ize single-shot transitions, as witnessed by the variance.
Still, the IID limit is consistent with Eq. (5), since in the
asymptotic limit the lhs grows linearly, while the other
terms remain constant to leading order. At the same time,
there exist sequences of state transitions for which the con-
straint imposed by Eq. (5) remains nontrivial in the limit
of large system size. An example are transitions from the
state ρ̂d, as defined by Eq. (2), to any state of constant vari-
ance, in the limit of growing d. As a simple application, in
Box 2, we apply Result 3 to the task of erasure and find
corrections to Landauer’s principle that are quantified by
the variance.

FIG. 1. Region plots of increasing M and entropy S for
two initial states [top, p = (0.65, 0.25, 0.1); bottom, p =
(0.7, 0.15, 0.15)] in the simplex of states ρ =∑3

i=1 pi|i〉〈i|, i.e.,
for d = 3 and fixed eigenbasis. The sets of states are shown in
orange and blue with increasing M and S, respectively, while
green shows the set of states majorized by the initial state. While
in general neither the red or blue region contains the other (top),
for some states M provides strictly stronger necessary conditions
to rule out majorization (bottom).

Box 2. Finite-size corrections to Landauer’s
principle

Landauer’s principle states that the erasure of
information physically requires the dissipation of
entropy, which consumes work, converting it into
heat [71,72]. A simple resource-theoretical model of
an erasure process consists of a unital channel act-
ing on a system S whose state is to be erased (i.e.,
mapped to a fixed pure state |ψ〉) together with an
information battery B that acts as a source of purity.
In the simplest setting, B is an n-qubit system, with
each qubit being either in a pure state |0〉 or maxi-
mally mixed. We define the finite-size work cost [in
units of kB ln(2)] of erasing an initial state ρ as the
size of the smallest information battery that allows
for an erasure of ρ, i.e., the smallest integer n such
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that

ρ ⊗ |0〉〈0|⊗n �I |ψ〉〈ψ | ⊗ (12/2)⊗n.

The usual formulation of Landauer’s bound, n ≥
S(ρ), is then a simple consequence of the mono-
tonicity of the entropy. However, applying Result 3
yields,

n ≥ S(ρ)+ V(ρ)
2
√

M (ρ)
, (6)

which provides corrections to Landauer’s bound that
increase with the initial variance of ρ. Indeed, we
note that Eq. (6) remains true even when the bat-
tery size is not constrained, i.e., one can allow
the initial and final battery states to contain arbi-
trarily large “reservoirs” of pure and maximally
mixed qubits, that is, states of the form |0〉〈0|⊗λ1 ⊗
(12/2)⊗λ2 and |0〉〈0|⊗(λ1−n) ⊗ (12/2)⊗(λ2+n) for arbi-
trarily large λ1, λ2. At the same time, the correction
term in Eq. (6) can easily be made to vanish in
the presence of a bystander system whose state is
returned unchanged and uncorrelated from S and B.
Such systems are technically known as trumping cat-
alysts (see Box 3) and hence the above bound is not
robust to this simple extension of the setting.

E. Bounds on marginal entropy production

In the previous subsection, it was shown that a decrease
in the variance lower bounds entropy production under
unital channels. However, not all quantum channels are
unital channels and hence it is natural to ask whether a
similar result exists for a more general class of channels.
It is clear that Result 3 cannot be generalized for all chan-
nels: for instance, the channel that maps every input state
to a pure state reduces both entropy and variance. How-
ever, using the properties of the variance and the previous
results, we can formulate an analogous lower bound for
arbitrary quantum channels, by considering their effect on
the environment. To state those results, we first note the
well-known fact that every quantum channel on a quantum
system S can be understood as the local effect of a unital
channel acting on S together with an environment E. More
formally, any channel E from S to itself can be written as

E(·) = trE[U(·⊗ρE)]

for some initial state ρE of the environment and unital
channel U on the joint system SE. We call the pair (U , ρE)

a dilation of E . By the Stinespring dilation theorem, one
can always choose ρE to be pure and U to be a unitary

channel for sufficiently large environment dimension dE ,
but here, in the context of the resource theory of purity, we
use the above more general representation.

We next show that one can extend Result 3 to local
changes of variance and entropy. Let (U , ρE) be a dila-
tion of a given quantum channel E . For an initial ρS on
S, let ρ ′

S = E(ρS) denote the final state on S and let ρ ′
E =

trS[U(ρS ⊗ ρE)] denote the final state on E. Moreover,
denote as

�SS = S(ρS)− S(ρ ′
S),

�VS = V(ρS)− V(ρ ′
S),

the changes of entropy and variance on S, respectively, and
similarly for the environment. Finally, let

IS:E = S[U(ρS ⊗ ρE)‖ρ ′
S ⊗ ρ ′

E] (7)

denote the mutual information between S and E after the
application of U . We then have the following.

Result 4. (Lower bound on marginal entropy production).
Given a quantum channel E from S to itself, let (U , ρE)

be any dilation of E where U is a unital map, and denote
dSE = dS · dE. Then, for any ρS ∈ D(S),

−�SS −�SE ≥ �VS +�VE − K ′ log(dSE)
2f (IS:E)

2
√

M (ρS ⊗ ρE)
,

(8)

where K ′ is a constant independent of d or ρ and f (x) :=
max{ 4

√
x, x2}.

This result follows straightforwardly from combining
Result 3 with Property 4 of the variance (or more pre-
cisely, Lemma 11) together with the subadditivity of the
von Neumann entropy. It is particularly interesting from a
resource-theoretic point of view, since in such theories, the
environment E often explicitly models a particular kind of
physical system, such as a thermal bath, a clock, a battery,
or a catalyst. For instance, we may then consider the setting
of Landauer erasure described in Box 2, with the additional
requirement that IS:E = 0. In Box 3, we also apply Result
4 to gain insight into catalytic processes, in particular, to
derive bounds on the dimension of the catalyst required
for certain processes.

Box 3. Bound on catalyst dimension for state
transitions

It is well known that the set of possible state tran-
sitions in a resource theory can be enlarged with the
help of catalysts, that is, auxiliary systems whose
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local state remains unchanged in a process. In terms
of the notation established in the main text and given
two quantum states ρ, ρ ′ ∈ D(S), we write ρ �C ρ

′
if there exists a quantum channel E with dilation
(U , ρE) such that ρ ′

E = ρE , that is, if the local state of
the environment remains unchanged. Moreover, we
write ρ �T ρ

′ if the dilation can be chosen such that
IS:E = 0, where the catalyst not only remains locally
unchanged, but is also returned uncorrelated from S.
This relation is known as trumping [73–75]. Clearly,

ρ �I ρ
′ ⇒ ρ �T ρ

′ ⇒ ρ �C ρ
′,

while the converse relations in general do not hold.
As such, catalysts enable previously impossible state
transitions.

Indeed, recently it was shown that if ρ and ρ ′
are two full-rank states, then ρ �C ρ

′ is equivalent
to S(ρ ′) > S(ρ) [76], a result that has found appli-
cations in the context of fluctuation theorems in
(quantum) thermodynamics [77] and can be further
strengthened to the case that U is unitary [78,79].
What these results are silent about, however, is the
required size of the catalyst. Here, we apply Result
4 to show that transitions between states with sim-
ilar entropy that decrease the variance can only be
realized by means of a catalyst with very large
dimension. In particular, consider any state transi-
tion ρ �C ρ

′ between full-rank states such that 0 ≤
S(ρ ′)− S(ρ) ≤ δ ≤ 1. Then, Result 4 implies that

�VS ≤ K̃ log(dSE)
2 4√
δ.

This follows from the fact that �VE = �SE = 0,
the monotonicity of f and the logarithm, as well as
IS:E ≤ S(ρ ′)− S(ρ). This shows that, for any fixed
�VS and fixed system dimension dS, dE has to grow
as dE ≥ O[exp(δ−1/8)] for the above equation to
be satisfied. For state transitions where the entropy
change is small, reducing the variance is therefore
possible only at the expense of using a large catalyst.

F. Local monotonicity and entropy

Result 4 is nontrivial only when the rhs of Eq. (8) is pos-
itive (i.e., when there is significant decrease of marginal
variances compared to the mutual information). This is
because the lhs is always non-negative—a property we call
local monotonicity with respect to maximally mixed states
(and unital channels). The local monotonicity of entropy
follows straightforwardly from the fact that it is Schur con-
cave, additive, and subadditive. Our last result is to show
that, conversely, this property is essentially unique to the

von Neumann entropy, namely, it singles out the latter from
all continuous functions on quantum states.

To state our result, let us first define local monotonicity
more formally. Consider a function f on quantum states
on finite-dimensional Hilbert spaces. Let I1 and I2 be max-
imally mixed states on systems S1 and S2, and let U be a
unital channel, namely U(I1 ⊗ I2) = I1 ⊗ I2. We say that
f is locally monotonic with respect to maximally mixed
states if for any such Ii, U and two states ρi ∈ D(Si), we
have

f (ρ1)+ f (ρ2) ≤ f (ρ ′
1)+ f (ρ ′

2),

where ρ ′
1 = tr2U(ρ1 ⊗ ρ2) and similarly for ρ ′

2. We then
have the following result.

Result 5. (Uniqueness of von Neumann entropy). Let f
be a continuous function that is locally monotonic with
respect to maximally mixed states. Then

f (ρ) = aS(ρ)+ bd,

where S is the von Neumann entropy, d is the Hilbert-space
dimension of ρ and bd depends only on d but not other-
wise on ρ. It is sufficient for this result to restrict the set of
channels to unitary channels.

The proof of the result can be found in Appendix H.
While there exist many axiomatic characterizations of
the entropy, we consider the above interesting because
its only axiom (apart from continuity)—local monotonic-
ity—is directly motivated by physical, as opposed to math-
ematical, considerations. This is because physics is often
concerned with the possible changes of local quantities in
the course of physical processes. As an example, in Box 4,
we apply Result 5 to derive a version of Boltzmann’s H
theorem.

Finally, going back to Result 4, we see that just like how
Result 3 provides a strengthening to the monotonicity of
the entropy, Result 4 provides a strengthening to the local
monotonicity of the entropy.

Box 4. A version of Boltzmann’s H theorem
Here we note that one can derive a version of

Boltzmann’s H theorem as a simple corollary of
Result 5: consider a “gas” of N independent quan-
tum systems initially in state ρ(0) = ⊗N

i=1ρi. At any
point in time t, two of these systems, call them i
and j , first undergo a joint evolution, described by
a (possibly random) unitary channel Ut. We further
assume that, following this interaction, any corre-
lations between these two particles vanish (this is
the infamous “Stoßzahlansatz”). A single iteration of

010325-8



VARIANCE OF RELATIVE SURPRISAL AS SINGLE-SHOT. . . PRX QUANTUM 3, 010325 (2022)

this process then yields the chain of states

ρ
(t)
ij = ρi ⊗ ρj → ρ ′

ij = Ut(ρ
(t)
ij ) → ρ

(t+1)
ij = ρ ′

i ⊗ ρ ′
j ,

where ρij = tr(ij )c[ρ]. All other systems in the gas
remain unchanged during this process. We are now
interested in finding a continuous, real-valued func-
tion f such that

f (ρ(t)) ≤ f (ρ(t+1))

for all t and all possible Ut. Then, the above result
implies that f exists and is given by the von Neu-
mann entropy.

III. MAIN RESULTS FOR GENERIC QUANTUM
CHANNELS

In the previous section, we have provided an overview
of our main results for the special case of the resource the-
ory of purity. We now turn to an exposition of our results in
their full generality. All previously mentioned results are
special cases of the general results presented here. Since
we discussed the interpretation of the results already in the
last section, we now focus on the technical and formal
presentation. Some of technical proofs are nevertheless
delegated to the appendices.

A. Notation and main concepts

Recall the preorder � defined at the beginning of the
last section for pairs of states (ρ, σ). A well-known exam-
ple of this ordering that goes beyond majorization is β
majorization in quantum thermodynamics, where σ = σ ′
is the thermal state of the system at inverse temperature β
[19]. Throughout the following, we focus on the quasiclas-
sical setting, in which the initial and final pairs commute
with one another, i.e., [ρ, σ ] = [ρ ′, σ ′] = 0. This signif-
icantly simplifies the setting mathematically, while still
allowing some genuine quantum features, for example,
when σ = σ ′ but [ρ, ρ ′] �= 0.

1. Lorenz curves

A key tool in proving our sufficiency results is a well-
known connection between the preorder � and the Lorenz
curve. For self-consistency, we present this connection and
all relevant constructions in the notation of this paper.
In particular, let ρ and σ be two commuting positive-
semidefinite operators on the same d-dimensional Hilbert
space H, and denote by {|i〉}d

i=1 an orthonormal basis of H
that simultaneously diagonalizes both ρ and σ , i.e., σ =∑

i si|i〉〈i| and ρ =∑i pi|i〉〈i|. Furthermore, let us assume
without loss of generality that the basis {|i〉}d

i=1 orders ρ

relative to σ , namely

pi

si
≥ pi+1

si+1
(9)

for any i = 1, . . . , d. Note that in this ordering neither the
(pi)i nor (si)i are necessarily ordered. Given the notations
introduced, we can now introduce the Lorenz curve.
Definition 3: (Lorenz curves). Given two commuting
quantum states ρ and σ , the Lorenz curve Lρ|σ (x) :
[0, 1] → [0, 1] is given by the piecewise linear curve that
connects the points

{
k∑

i=1

si,
k∑

i=1

pi

}d

k=1

.

If ρ and σ do not commute, the Lorenz curve is taken to
be Lρ|σ = LW(ρ)|σ , where W(ρ) is the state pinched to
the eigenbasis of σ , i.e., W(ρ) =∑i PiρPi, with Pi the
projectors onto the eigenspaces of σ .

Due to the way we have ordered the eigenvalues accord-
ing to Eq. (9), the Lorenz curve is by definition always
concave. The following now provides a simple and well-
known equivalence relation between Lorenz curves and σ
majorization.

Theorem 4. Given two pairs of commuting states (ρ, σ)
and (ρ ′, σ ′), the following are equivalent:

1. For the entire range of x ∈ [0, 1],

Lρ|σ (x) ≥ Lρ′|σ ′(x).

2. (ρ, σ) � (ρ ′, σ ′).

Theorem 4 is a condensed version of a more extended
statement found as Theorem 24 in Appendix B, also see
Refs. [13–16].

2. Flat and steep approximations relative to σ

We are now in a position to define the following approx-
imations, known as flat and steep approximations of a state
ρ relative to σ , denoted as ρεfl and ρεst respectively, which
will play an important role for the derivation of our results.
These states were initially defined in Ref. [24] for the
special case of thermal reference states. Although the fol-
lowing Definitions 5 and 6 seem technical, they have the
essential appealing property that for any state ρ and any
1 > ε > 0, we have [80]

ρεst �σ ρ �σ ρ
ε
fl.

The states are constructed as follows.
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Definition 5: (Flat approximation relative to σ ). Let σ , ρ
be commuting quantum states on a d-dimensional Hilbert
space H and {|i〉}d

i=1 a common eigenbasis of the two states
that orders ρ relative to σ , yielding σ =∑i si|i〉〈i| and ρ =∑

i pi|i〉〈i|. For any 0 ≤ ε ≤ 1, the ε-flattest approximation
relative to σ is the state ρεfl =∑i p̄i|i〉〈i|, where the p̄i are
defined as follows: if D(ρ, σ) < ε, set p̄i = si. Otherwise,
define M ∈ {1, 2, . . . , d − 1} as the smallest integer such
that

ε ≤
M∑

i=1

pi − pM+1

sM+1

M∑
i=1

si

and let N ∈ {2, . . . , d} be the largest integer such that

ε ≤ pN−1

sN−1

d∑
i=N

si −
d∑

i=N

pi.

These integers always exist when ε ≤ D(ρ, σ) and more-
over satisfy M ≤ N ([24], Appendix D, Lemma 6). Using
these definitions, finally set

p̄i =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

si
(
∑M

j =1 pj )−ε∑M
j =1 sj

, if i ≤ M

si
(
∑d

j =N pj )+ε∑d
j =N sj

, if i ≥ N

pi otherwise.

Definition 6: (Steep approximation relative to σ ). Let σ , ρ
be commuting quantum states on a d-dimensional Hilbert
space H and {|i〉}d

i=1 a common eigenbasis of the two states
that orders ρ relative to σ , yielding σ =∑i si|i〉〈i| and ρ =∑d

i pi|i〉〈i|. Then, for 0 ≤ ε ≤ 1, the ε-steep approximation
relative to σ is the state ρεst =∑i p̂i|i〉〈i|, such that if ε ≤
1 − p1,

p̂i =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

p1 + ε, if i = 1
pi, if 1 < i < R
pi − (ε − r), if i = R
0 otherwise,

where R ∈ {2, . . . , d} is the largest index such that∑d
i=R pi ≥ ε and by definition of R, we have r =∑d
i=R+1 pi ≤ ε. On the other hand, if ε > 1 − p1, define

p̂i =
{

1, if i = 1
0 otherwise.

Figure 2 illustrates an example of steep and flat approxima-
tions. We now state a key technical lemma, that provides
the properties of Lorenz curves for ε-steep and ε-flat
approximations for any pair (ρ, σ).

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

FIG. 2. An example illustrating the Lorenz curves
L(ρ),L(ρεst), and L(ρεfl), for some ε = 0.05, and a state ρ

of rank 5. The construction according to Definitions 5 and 6 are
so that L(ρεst) ≥ L(ρ) ≥ L(ρεfl) for any value ε ∈ [0, 1] and any
state ρ.

Lemma 7. Let (ρ, σ) be two commuting quantum states,
with σ full rank and let 1 > ε > 0. Then, for x ∈ [0, 1],

Lρεst|σ (x) ≥ 
rst(x), rst = 2S(ρ‖σ)−fσ (ρ,ε),

Lρεfl|σ (x) ≤ 
rfl(x), rfl = 2S(ρ‖σ)+fσ (ρ,ε),

where fσ (ρ, ε) :=
√

V(ρ‖σ) (ε−1 − 1
)

and lc(x) = min(c ·
x, 1).

This lemma is proven in Appendix E. Intuitively, it
shows that the steep (flat) approximations allow us to
obtain a state close to ρ in trace distance, with its Lorenz
curve being lower (upper) bounded by straight lines lc with
gradients c = rst(rfl) governed by both the relative entropy
and its variance. These simple bounds on the Lorenz curves
of ρst and ρfl are crucial for our derivation of Theorems 8
and 9, which are the general statements for Results 1 and 2
and are obtained as a direct consequence of this Lemma 7.

B. Sufficient criteria for state transitions under σ

majorization

Using Lemma 7, we can now derive sufficiency condi-
tions for approximate state transitions between commuting
pairs of quantum states.

Theorem 8. Let (ρ, σ) and (ρ ′, σ ′) be two pairs of com-
muting states with σ , σ ′ both full rank. For 1 > ε > 0, let

fσ (ρ, ε) :=
√

V(ρ‖σ) (2ε−1 − 1
)
. If

S(ρ‖σ)− fσ (ρ, ε)≥S(ρ ′‖σ ′)+ fσ ′(ρ ′, ε),

then (ρ, σ) �ε (ρ
′, σ ′).
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Proof. Let ε̄ = ε/2, and rst = 2S(ρ‖σ)−fσ (ρ,ε̄), and r′
fl =

2S(ρ′‖σ ′)+fσ ′ (ρ′,ε̄). Note that if the above condition holds,
then in the whole range of x ∈ [0, 1], we have that lrst ≥ lr′fl .
By Lemma 7, we then have that in that range

Lρε̄st|σ (x) ≥ 
rst(x) ≥ lr′fl(x) ≥ Lρ′ε̄
fl |σ ′(x),

which by Theorem 4 implies that there exists a channel E
such that E(σ ) = σ ′ and E(ρε̄st) = ρ ′ε̄

fl . Applying the same
channel to ρ yields a state E(ρ) = ρ̂ ′ such that D(ρ̂ ′, ρ ′) ≤
ε, since

D(ρ̂ ′, ρ ′) ≤ D(ρ̂ ′, ρ ′ε̄
fl )+ D(ρ ′ε̄

fl , ρ ′)

≤ D(ρ, ρε̄st)+ ε̄ ≤ 2ε̄ = ε.

�
Result 1 in Sec. II follows as a special case for σ = I.

As mentioned earlier, in Appendix F, we apply Theorem 8
to derive sufficient conditions for IID state transitions with
large but finite number of states, recovering a previously
observed resonance condition, where second-order correc-
tions can vanish even for nonzero variances of the initial
and final states ρ, ρ ′.

C. Relation to smoothed min- and max-relative
entropies

Two quantities that are useful in describing single-shot
processes are the min- and max-relative entropy. Given a
positive semidefinite operator σ ≥ 0 and a quantum state
ρ ∈ D(S), let πρ denote the projector onto the support of
ρ. Moreover, for two operators A and B, we write A ≥ B
to mean that the operator A − B is positive semidefinite. In
terms of this notation, if supp(ρ) ⊆ supp(σ ), then we have
the following definitions [81]:

Smin(ρ‖σ) := − log tr(πρσ ),

Smax(ρ‖σ) := log min{λ : ρ ≤ λσ }.

The smoothed variants are further defined as

Sεmin(ρ‖σ) := max
ρ̃∈Bε(ρ)

Smin(ρ̃||σ),

Sεmax(ρ‖σ) := min
ρ̃∈Bε(ρ)

Smax(ρ̃||σ),

where the optimizations are over the set of all quan-
tum states ε close in terms of trace distance to ρ,
denoted as Bε(ρ). Finally, define as Sεmax(ρ) := log(d)−
Sεmin(ρ‖I) and Sεmin(ρ) := log(d)− Sεmax(ρ‖I) the min and
max entropies utilized in Result 2.

We now present the generalization of Result 2 for the
smoothed min- and max-relative entropies, which is easily
proven by making use of Lemma 7.

Theorem 9. (Bounds on smoothed Rényi divergences).
Given ρ, σ ∈ D(S), let 1 > ε > 0. Then,

Sεmax(ρ‖σ)− S(ρ‖σ) ≤ fσ (ρ, ε),

S(ρ‖σ)− Sεmin(ρ‖σ) ≤ fσ (ρ, ε),

where fσ (ρ, ε) :=
√

V(ρ‖σ) (ε−1 − 1
)
.

Proof. We know from Ref. [24] that Sεmax(ρ‖σ) =
Smax(ρ

ε
fl‖σ). Therefore,

Sεmax(ρ‖σ)− S(ρ‖σ)= Smax(ρ
ε
fl‖σ)− S(ρ‖σ) ≤ fσ (ρ, ε).

The last inequality follows from Lemma 7, which implies

Smax(ρ
ε
fl‖σ) ≤ log rfl = S(ρ‖σ)+ fσ (ρ, ε),

since Smax(ρ‖σ) is simply the logarithm of the gradient of
the Lorenz curve Lρ|σ at the origin. On the other hand,

Sεmin(ρ‖σ) = max
ρ̃∈Bε(ρ)

Smin(ρ̃‖σ) ≥ Smin(ρ
ε
st‖σ). (10)

Now, let πρ denote the projector onto the support of ρ. By
definition of the Lorenz curve we have that

tr(πρσ ) = min{x|x ∈ [0, 1],Lρ|σ (x) = 1}.

Using this fact and Lemma 7, in particular the definition of
lc(x), we then find

tr(πρεst
σ) ≤ r−1

st .

Combining this with the definition of the smooth min-
relative entropy then yields

Sεmin(ρ‖σ) ≥ Smin(ρ
ε
st‖σ) ≥ log rst = S(ρ‖σ)− fσ (ρ, ε).

(11)

Finally, combining Eqs. (10) and (11) yields the second
claim of the theorem. �

D. Uniform continuity and correction to subadditivity

We here show that the variance of relative surprisal is
uniformly continuous and bound its violation of subaddi-
tivity. Both of these properties of the relative variance are
key tools to derive our main results, however we believe
that they are of independent interest and use.

Lemma 10. (Uniform continuity of the relative variance).
Let σ be a positive-definite operator with 0 < σ ≤ I and
smallest eigenvalue smin on a d-dimensional Hilbert space
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with d ≥ 2, and ρ, ρ ′ be two states that both commute with
σ . Then,

|V(ρ‖σ)− V(ρ ′‖σ)| ≤ 2K
√

D(ρ, ρ ′),

where K = 8 log2(d)+ log(d)+ 2 log2(smin)− 4 ln(2)
log(smin)+ 15.

This lemma is proven in Appendix C.

Lemma 11. (Correction to subadditivity of relative vari-
ance.) Let ρ, σ be two commuting quantum states on a
d-dimensional, bipartite system, with d ≥ 2 and σ full
rank. If σ = σ1 ⊗ σ2 is a product state with smallest
eigenvalue smin, then

V(ρ‖σ) ≤ V(ρ1‖σ1)+ V(ρ2‖σ2)+ K ′ f (I1:2),

where K ′ = √
2 ln(2)

[
12 + log(smin)

2 + 8 log2(d)
]
, f (x)

= max{ 4
√

x,
√

x}, and I1:2 denotes the mutual information
between the two partitions of ρ.

This lemma is proven in Appendix D.

E. A new monotone and relative entropy production

We now turn to the presentation and derivation of the
results that generalize Results 3 and 4. We begin by not-
ing that the relative entropy S(ρ‖σ) is a nonincreasing
resource monotone with respect to the ordering �, general-
izing the Schur concavity of the von Neumann entropy. We
then have the following generalization of Lemma 2, which
we prove in Appendix G.

Theorem 12. Let (ρ, σ) and (ρ ′, σ ′) be two pairs of
commuting quantum states, with σ , σ ′ both full rank.
If (ρ, σ) � (ρ ′, σ ′), then it holds that Msmin(ρ

′‖σ ′) ≥
Msmin(ρ‖σ), where

Mx(ρ‖σ) := V(ρ‖σ)+
(

1
ln(2)

− log(x)− S(ρ‖σ)
)2

,

and smin denotes the smallest eigenvalue of σ .

Result 2 follows by setting σ = σ ′ = I. Furthermore,
since σ is the minimum of the preorder �σ , monotonicity
implies that

0 ≤ Msmin(ρ‖σ) ≤ Msmin(σ‖σ) =
[

1
ln(2)

− log(smin)

]2

for any state ρ that commutes with σ .
We now derive the following corollary of the above

theorem as a general version of Result 3, where we write
�S = S(ρ‖σ)− S(ρ ′‖σ ′) and �V = V(ρ‖σ)− V(ρ ′‖σ ′).

Corollary 13. Let (ρ, σ) and (ρ ′, σ ′) be pairs of commut-
ing states, with σ , σ ′ both full rank. If (ρ, σ) � (ρ ′, σ ′),
then

�S ≥ �V
2
√

Msmin(ρ‖σ) ≥ �V
2[1/ ln(2)− log(smin)]

.

Proof. By monotonicity of the relative entropy and positiv-
ity of M , the statement is trivially true whenever �V ≤ 0.
Hence, assume that �V > 0. By Theorem 12, we know
that

Msmin(ρ
′‖σ ′) ≥ Msmin(ρ‖σ).

Let us write a = 1/ ln(2)− log(smin), so that

Msmin(ρ‖σ) = V(ρ‖σ)+ [a − S(ρ‖σ)]2.

Then inserting the definition of Msmin and reshuffling terms
yields [using x2 − y2 = (x − y)(x + y)]

0 ≤ �S · [2a − S(ρ‖σ)− S(ρ ′‖σ ′)
]−�V

= �S · [2a − 2S(ρ‖σ)+ S(ρ‖σ)− S(ρ ′‖σ ′)
]−�V

= �S · [2a − 2S(ρ‖σ)+�S] −�V

= (�S)2 + 2χ(�S)−�V,

where we write χ = a − S(ρ‖σ) ≥ 0. Solving the
quadratic equation in �S then gives

�S ≥ −χ +
√
χ2 +�V

= −
√
χ2 +

√
χ2 +�V

≥ �V

2
√
χ2 +�V

≥ �V

2
√
χ2 + V(ρ‖σ)

= �V
2
√

Msmin(ρ‖σ) .

Here, we use the fact that �S ≥ 0 by monotonicity in the
first step (to disregard one solution), positivity of χ in the
second step and the concavity of the square root in the third
step [more precisely that f (y) ≥ f (x)+ f ′(y)(y − x) for
any differentiable concave function]. This concludes the
proof. �

We note in passing that such lower bounds on the pro-
duction of relative entropy are essential for quantifying
irreversibility in thermodynamics, where (1/β)S(ρ‖τβ)
denotes the nonequilibrium free energy of a system in state
ρ in an environment of inverse temperature β. Here, τβ
denotes the Gibbs state of the system at inverse tempera-
ture β. We leave the detailed investigation of applications
of our results to thermodynamics for future work.

Next, we present the generalized version of Result 4.
Let S and E be two systems of respective dimension dS
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and dE and σ ≡ σS ⊗ σE as well as σ ′ ≡ σ ′
S ⊗ σ ′

E be two
fixed product states on the joint system SE. Let E : D(S ⊗
E) → D(S ⊗ E) be a quantum channel such that E(σ ) =
σ ′. Using this channel we can define a channel C : D(S) →
D(S) as

C(·) = trE[E(·⊗ρE)], (12)

for an initial state ρE of the environment. As in the previous
section, for some initial state ρS on S, we denote as ρ ′

S =
C(ρS) the final state on S, as �SS = S(ρS‖σS)− S(ρ ′

S‖σ ′
S)

the marginal change of relative entropy on S, and sim-
ilarly for �VS and the environment E. Finally, IS:E is
the mutual information of the final state E(ρS ⊗ ρE), as
defined in Eq. (7) (with U replaced by E). We then have
the following.

Theorem 14. Let C be a channel defined via Eq. (12), for
fixed and full-rank states σ , σ ′ as well as ρE. Then, for any
initial system state ρS such that ρS ⊗ ρE commutes with σ
and E(ρS ⊗ ρE) commutes with σ ′, we have

�SS +�SE ≥ �VS +�VE − Kf (IS:E)

2
√

Msmin(ρS ⊗ ρE‖σ) ,

where

K =
√

2 ln(2)
[
12 + log2(smin)+ 8 log2(dS dE)

]

and f (x) = max{ 4
√

x, x2}. Here, smin is the smallest eigen-
value of σ .

Proof. Applying Corollary 13 with ρ ≡ ρS ⊗ ρE and
Lemma 11 yields

S(ρS ⊗ ρE‖σ)− S[C(ρS ⊗ ρE‖σ)]

≥ �VS +�VE − c f (IS:E)

2
√

M (ρS ⊗ ρE‖σ) .

The statement then follows from the fact that, for any state
ρ ′

SE on SE with mutual information IS:E ,

S(ρ ′
SE‖σ ′) = S(ρ ′

S‖σ ′
S)+ S(ρ ′

E‖σ ′
E)+ IS:E

≥ S(ρ ′
S‖σ ′

S)+ S(ρ ′
E‖σ ′

E).

�

F. Relative entropy from local monotonicity

Lastly, let us discuss the general version of local mono-
tonicity, which uniquely characterizes the relative entropy.
To do this, let F be the set of all finite-dimensional density
matrices with full rank and let CF be the set of quan-
tum channels that map states of full rank to states of full

rank (on possibly different Hilbert spaces), symbolically
CF (F) ⊆ F . We further generalize the notion of local
monotonicity to states σ1 ⊗ σ2 that are not fixed points
of a given channel: We say that a function f on pairs of
quantum states (ρ, σ), with ρ defined on the same Hilbert
space as σ ∈ F , is locally monotonic with respect to CF
if C[σ1 ⊗ σ2] = σ ′

1 ⊗ σ ′
2 ∈ F for C ∈ CF and σ1 ⊗ σ2 ∈ F

implies

f (ρ1, σ1)+ f (ρ2, σ2) ≥ f (ρ ′
1, σ ′

1)+ f (ρ ′
2, σ ′

2),

where again ρ ′
1 = tr2[C(ρ1 ⊗ ρ2)] and similarly for ρ ′

2. We
then have the following theorem.

Theorem 15. Let f be a function that is locally mono-
tonic with respect to CF and assume that ρ �→ f (ρ, σ) is
continuous for fixed σ ∈ F . Then

f (ρ, σ) = aS(ρ‖σ)+ b,

where a and b are constants.

The proof can be found in Appendix H.

IV. CONCLUSIONS AND OUTLOOK

In this work we comprehensively studied formal prop-
erties of the variance of (relative) surprisal together with
their applications to single-shot (quantum) information
theory. Before closing, let us comment on the high-level
motivation for this work and open avenues for further
research. To do this, we restrict again to the case of unital
channels (σ = I) for simplicity.

As discussed throughout the paper, the von Neu-
mann entropy quantifies information-theoretic tasks in the
asymptotic limit. Conversely, the min and max entropies
typically appear in the fully single-shot regime. All these
quantities are special cases of the Rényi entropies

Sα(ρ) = 1
1 − α

log(tr[ρα]), α ∈ (0, 1) ∪ (1, ∞),

with S(ρ) = S1(ρ) := limα→1 Sα(ρ), Smin(ρ) := limα→∞
Sα(ρ) and Smax(ρ) := limα→0 Sα(ρ). Indeed, we can con-
sider the min and max entropies to be the end points of
the “Rényi curve” α �→ Sα(ρ). This curve encodes the full
spectrum of a state (see below). Hence, roughly speaking,
one can say that in the single-shot regime the full shape
of the curve matters, while in the asymptotic IID limit
only the point α = 1 matters. From this point of view, the
approach to single-shot information using min and max
entropies rests on the observation that the end points of
the (smoothed) curve capture many of the operationally
relevant single-shot effects for a given state.

In contrast, the approach presented here quantifies
single-shot effects by studying not the end points but rather
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the neighborhood of the Rényi curve around α = 1. To
see this, consider the Taylor expansion of Sα(ρ) around
α = 1 + x. Then first performing the expansion and finally
taking the limit x → 0 yields

Sα(ρ) =
∞∑

n=1

κ(n)

n!
(1 − α)n−1, (13)

where κ(n) is the nth cumulant of surprisal. In Appendix I,
we present the definition of the cumulants of surprisal as
well as the derivation of Eq. (13) (also see Ref. [38]).

Equation (13) is interesting for a number of reasons. To
begin with, we have κ(1) = S(ρ) and κ(2) = V(ρ). Hence,
Eq. (13) shows that the variance of surprisal is (up to a fac-
tor of −2) the slope of the Rényi curve at α = 1 and gives
the first-order correction to the approximation Sα(ρ) ≈
S(ρ). This fact is well known [38,82]. It lets us apply some
of our results to the Rényi curve. For instance, Result 2
relates the neighborhood of the Rényi curve around α = 1
to its smoothed end points, while Result 3 constraints the
possible changes of the Reńyi curve under unital channels,
in the sense that the slope at α = 1 can, by means of such
channels, only be flattened at the expense of raising the
curve at this point.

More generally, the expansion (13) is interesting
because it implies that the higher-order cumulants of sur-
prisal give a hierarchy of increasingly fine-grained knowl-
edge about a state’s spectrum. This follows once we rec-
ognize that for a d-dimensional state ρ, it suffices to know
Sn(ρ) for n = 2, . . . , d to fully reconstruct the spectrum of
ρ (for the reader’s convenience we provide a proof of this
statement in Appendix J). In turn, the results of this paper,
in which we studied the first order of this hierarchy, then
suggest that studying the single-shot properties of higher-
order cumulants or surprisal could yield insights about
single-shot information theory that are somewhat comple-
mentary to the approach of smoothed Rényi entropies.

In particular, it would be interesting whether it is pos-
sible to construct a hierarchy of Schur-concave functions
with increasing relevance at the single-shot level from
cumulants of surprisal. As a first step in this direction, the
following interesting problem arises: we have mentioned
that knowing the Rényi entropies Sn(ρ) for n = 2, . . . , d
provides full information about the spectrum of the state.
Is it also true that the first d − 1 cumulants of surprisal
encode the full spectrum of the state? Another problem to
consider is the extension of our study to the fully quan-
tum setting of noncommuting matrices. We leave these
questions to future work.
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APPENDIX A: OVERVIEW OF APPENDIX

Appendix B establishes all the notation used throughout
our proofs and collects a handful of technical lemmas.

Appendices C and D present the proofs for Lemma 10
and Lemma 11, respectively.

Appendix E presents the proof of the central technical
Lemma 7 that underlies all of our sufficiency results.

Appendix F presents the application of Theorem 8 to the
case of finite IID sequences.

Appendix G then provides the proof of Theorem 12.
Appendix H discusses details on the axiomatic char-

acterization of locally monotonic functions, including the
proofs of Result 5 and Theorem 15.

Finally, Appendix I provides the details to the expansion
Eq. (13) and Appendix J sketches the proof that a state’s
spectrum can be inferred from the values of d − 1 Rényi
entropies, as claimed in the conclusion.

APPENDIX B: NOTATION AND AUXILIARY
LEMMATA

In the following we make frequent use of the following
definitions:

(a) L(ρ‖σ) := tr{ρ[log(ρ)− log(σ )]2};
(b) χ(x‖q) := x log2(x/q), defined for q > 0, and over

the regime x ∈ [0, 1] by continuous extension;
(c) η(x) := −x log(x), defined over the interval [0, 1]

by continuous extension;
(d) hb(x) := η(x)+ η(1 − x), the binary entropy;
(e) [d] := {1, . . . , d}.

We also remind the reader that we use logarithms with
base 2, log = log2. Lemmas 16–22 are technical tools used
in the derivation of our results. We list them here for
completeness.

Lemma 16. For any x ∈ [0, 1], hb(x) ≤ 2 ln(2)
√

x(1 − x).
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Lemma 17. (Klein’s inequality). Let ρ, σ be density
operators. Then S(ρ‖σ) ≥ 0 with equality if and only if
ρ = σ .

We also use the following generalization of the Fannes-
Audenaert inequality, which is implied by Lemma 7 in
Ref. [83].

Lemma 18. [Continuity of relative entropy (Lemma 7,
Ref. [83])]. Consider any full-rank state σ with smin > 0
denoting its smallest eigenvalue. Then, for any two states
ρ, ρ ′ such that D(ρ, ρ ′) ≤ ε, we have

|S(ρ‖σ)− S(ρ ′‖σ)| ≤ − log(smin)ε + (1 + ε)hb

(
ε

1 + ε

)
.

Lemma 19. (Pinsker inequality). For quantum states
ρ, σ acting on the same Hilbert space, S(ρ‖σ) ≥
1/2 ln(2) ‖ρ − σ‖2

1

Lemma 20. Let E be a quantum channel such that E(σ ) =
σ ′, for two states σ =∑d

i si|i〉〈i| and σ ′ =∑d′
i s′

i|i〉〈i| (note
that d �= d′ in general). Furthermore, given a state ρ =∑d

i pi|i〉〈i|, suppose that ρ ′ = E(ρ) =∑d′
i qi|i〉〈i| com-

mutes with σ ′. Then there exists a right stochastic d × d′
matrix E, that is, a matrix with all non-negative entries
each of whose rows sums up to 1, such that

pE = q,

sE = s′,

where p , q, s, s′ are simply vectors containing the eigenval-
ues of ρ, ρ ′, σ , and σ ′, respectively.

Lemma 21. (Cantelli-Chebyshev inequality). Given a ran-
dom variable X with finite mean μ, variance σ 2 < ∞ and
λ > 0,

Pr (X − μ ≥ λ) ≤ σ 2

σ 2 + λ2 .

Lemma 22. (Domination for definite integrals). Let f , g
be continuous functions. If f (x) ≥ g(x) in the interval
[a, b], then ∫ b

a
f (x)dx ≥

∫ b

a
g(x)dx.

Next, four technical lemmas are proven explicitly and
used in later parts of our work.

Lemma 23. Let ρ, ρ ′, and σ be three quantum states such
that ρ and ρ ′ both commute with σ but not necessarily with
another. Then there exists a unitary channel U such that (i)
[ρ,U(ρ ′)] = 0, (ii) D[ρ,U(ρ ′)] ≤ D(ρ, ρ ′), and (iii) U(ρ ′)
also commutes with σ .

Proof. We write σ = ⊕isi1i, where 1i is the identity oper-
ator in the ith eigenspace of σ . Similarly, we can write
ρ = ⊕iρi and ρ ′ = ⊕ρ ′

i . We then have

D(ρ, σ) =
∑

i

D(ρi, si1i), D(ρ ′, σ)

=
∑

i

D(ρ ′
i , si1i), D(ρ, ρ ′) =

∑
i

D(ρi, ρ ′
i).

The mapping ρ ′ �→ Uρ ′U† =: U(ρ ′), with U = ⊕iUi a
block-diagonal unitary, is a σ -preserving quantum chan-
nel. Now, without loss of generality, choose a basis |i, j 〉
in each eigenspace of σ such that ρi =∑j pi,j |i, j 〉〈i, j |
with pi,j ≥ pi,j +1. We can then choose Ui so that Uiρ

′
iU

†
i =∑

i p ′
i,j |i, j 〉〈i, j | with p ′

i,j ≥ p ′
i,j +1 being the ordered eigen-

values of ρ ′
i . Then clearly [ρi, Uiρ

′
iU

†
i ] = 0. Furthermore,

collecting the respective eigenvalues in vectors pi, p′
i, from

Theorem 4 in Ref. [84] we directly find

D[ρ,U(ρ ′)] =
∑

i

D(ρiUiρ
′
iU

†
i ) =

∑
i

D(pi, p′
i)

≤
∑

i

D(ρi, ρ ′
i) = D(ρ, ρ ′).

�

Theorem 24. (Relative-majorization and Lorenz curves).
Let (p , q) ∈ Rn

+ and (p ′, q′) ∈ Rm
+ be two pairs of probabil-

ity vectors (non-negative, normalized) such that when qi =
0, then pi = 0 and similarly for p ′ and q′. Furthermore,
denote the states ρ, σ to be diagonalized in the same basis
with eigenvalues p , q; while ρ ′, σ ′ are states diagonalized
in the same basis with eigenvalues p ′, q′, respectively. Then
the following are equivalent:

1. There exists a n × m-right stochastic matrix M such
that pM = p ′ and qM = q′.

2. Lρ|σ ≥ Lρ′|σ ′ .
3. For every continuous concave function g : R → R,

n∑
i=1

q′
ig
(

p ′
i

q′
i

)
≥

m∑
i=1

qig
(

pi

qi

)
.

Proof. Forms and proofs of this theorem appear in var-
ious places of the literature, and can be found in, e.g.,
Refs. [13–16]. But since the proven statements often vary
in some detail, we here present the proof for the reader’s
convenience.

1. ⇒ 3. : Let mij denote the elements of the matrix M
that exists by assumption. Define the matrix A with ele-
ments aij = qimij (q′

j )
−1. It is easy to check that A is

a left-stochastic matrix and Aq′ = q and that (p/q)A =
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(p ′/q′), where p/q denotes elementwise division. Since
p/q and p ′/q′ are real vectors due to fact that q = 0 implies
p = 0, and similarly for the final pair, we can now apply
Proposition A.1. p. 579 from Ref. [16] to arrive at the
desired statement.

3. ⇒ 2. : First, we note that, by definition of the Lorenz
curve, Lρ|σ (x) = Lρ′|σ ′(x) for x = 0, 1. We hence need to
show domination of the Lorenz curve only for x ∈ (0, 1).
For this, let (gt)t∈R and (ht)t∈R be families of parametrized
functions defined by gt(x) := max{x − t, 0} and ht(x) :=
max{t − x, 0}. By convexity of the max function, gt as well
as ht are convex for every t. Next, define the function Sρ|σ :
(0, 1) → R as

Sρ|σ (x) := pi/qi,
i−1∑
j =0

qj < x ≤
i∑

j =0

qj ,

where q0 = 0 and we enumerate the vectors such that
pi/qi ≥ pi+1/qi+1, without loss of generality. A moment’s
thought will show that Sρ|σ (x) is the value of the slope of
the Lorenz curve Lρ|σ at x, whenever this slope is well
defined. Now, for fixed x, we distinguish between the case
Sρ|σ (x) ≥ Sρ′|σ ′(x) and Sρ|σ (x) < Sρ′|σ ′(x). In the first case,
we evaluate condition 3. for gt with t = Sρ|σ (x). This yields

Lρ|σ

(
k∑

i=0

qi

)
− t

k∑
i=0

qi ≥ Lρ|σ

⎛
⎝

k′∑
i=0

q′
i

⎞
⎠− t

k′∑
i=0

q′
i,

where k is the largest index such that pk/qk > t, and
similarly k′ is the largest index such that p ′

k′/q′
k′ > t. Geo-

metrically, we can interpret the above inequality as making
a statement about two parallel lines with slope t running
through the respective points Lρ|σ (

∑k
i=1 qi) (on the lhs)

and Lρ|σ (
∑k′

i=1 qi) (on the rhs). Now, by our choice of t,
the point [x,Lρ|σ (x)] lies on the left-hand parallel, while
by the fact that Sρ|σ (x) ≥ Sρ′|σ ′(x), the point (x,Lρ′|σ ′) is
guaranteed to lie below the right-hand parallel. Hence, we
have Lρ|σ (x) ≥ Lρ′|σ ′(x), as required.

We now turn to the second case: if Sρ|σ (x) < Sρ′|σ ′(x),
then we instead evaluate condition 3. for ht with t =
Sρ′|σ ′(x). This yields, after canceling out some terms,

Lρ|σ

(
k∑

i=0

qi

)
− t

k∑
i=0

qi ≥ Lρ|σ

⎛
⎝

k′∑
i=0

q′
i

⎞
⎠− t

k′∑
i=0

q′
i,

where in turn this time k is the largest index such that
pk/qk ≥ t, and similarly k′ is the largest index such that
p ′

k′/q′
k′ ≥ t. By following the same argument as in the

first case, we know that the point [x,Lρ′|σ ′(x)] lies on the
right-hand parallel, while the point (x,Lρ′|σ ′) is guaran-
teed to lie above the left-hand parallel. Hence, we have
Lρ|σ (x) ≥ Lρ′|σ ′(x), as required.
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FIG. 3. The function η′(x) and the corresponding area for the
integral Fz(0).

2. ⇒ 1. : See Eq. 16 of Ref. [20] for the statement,
where Ref. [14] contains the proof. �

Note that under the condition [ρ, σ ] = [ρ ′, σ ′] = 0, the
existence of a quantum channel E such that E(ρ) ∈ Bε(ρ ′),
is equivalent to having a classical stochastic matrix M such
that pM = p ′ and qM = q′ (by Lemma 20). Theorem 4
is therefore implied by the first and second statements of
Theorem 24.

Lemma 25. Let x, y ∈ [0, 1] such that |x − y| ≤ 1
2 . Then

|η(x)− η(y)| ≤ η(|x − y|).

Proof. The statement is clearly true if x = y. Hence, with-
out loss of generality let x > y, and set z = |x − y| =
x − y ≤ 1/2. First, note that

|η(x)− η(y)| =
∣∣∣∣
∫ z

0
η′(y + r)dr

∣∣∣∣ =: Fz(y),

and that Fz(0) = η(z), so that is sufficient to show that,

Fz(0) ≥ Fz(y). (B1)

To show this, let us begin by evaluating the deriva-
tive η′(x) = −1/ln(2)[ln(x)+ 1], and noting that this is
a monotonically decreasing function, with a root at x∗ =
e−1. As graphically shown in Fig. 3, Eq. (B1) states that
of all integrals of fixed width z, the one with the largest
absolute value is the one over the interval [0, z].

We now show that this is indeed the case. We consider
three different cases: if y ≤ x∗ − z, the statement is auto-
matically true because η′ is positive and monotonically
decreasing below x∗, so that an application of Lemma 22
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yields

Fz(0) =
∫ z

0
η′(r)dr ≥

∫ z

0
η′(y + r)dr = Fz(y).

From similar reasoning, we know that Fz(y) ≤ Fz(1 − z)
whenever x∗ ≤ y ≤ 1 − z, by monotonicity and negativity
of η′ above x∗. For the third case, when x∗ − z < y < x∗,
the fact that part of the integral is positive and part negative
implies that

Fz(y) ≤ max{Fz(x∗ − z), Fz(x∗)}
≤ max{Fz(0), Fz(1 − z)},

where in the second step we apply the bounds derived for
the previous cases. Hence, it remains to show that Fz(0) ≥
Fz(1 − z). To do so, first note that Fz(0) = η(z) and
Fz(1 − z) = η(1 − z). Furthermore, the function g(z) :=
η(z)− η(1 − z) is continuous over [0, 1], is positive at
z = e−1 ∈ [0, 1/2], with roots at x = 0, 1/2, 1. By invok-
ing the intermediate value theorem, we know that g(z) ≥ 0
for all z ≤ 1/2, which concludes the proof. �

Lemma 26. Let q ∈ (0, 1] and x, y, ∈ [0, q]. If |x − y| ≤
q/e2, then

|χ(x‖q)− χ(y‖q)| ≤ χ(|x − y|‖q).

Proof. The proof is in spirit very similar to that of Lemma
25. Again the statement is trivially true if x = y. Assume,
then, again without loss of generality that x > y and set
z = |x − y| = x − y ≤ q/e2. We note that

|χ(x‖q)− χ(y‖q)| =
∣∣∣∣
∫ z

0
χ ′(y + r‖q)dr

∣∣∣∣ =: Gz(y‖q),

and G(0‖q) = χ(z‖q), so it is sufficient to show
Gz(0‖q) ≥ Gz(y‖q). Now, with the same strategy, let us
first evaluate

χ ′(x‖q) = 1
ln(2)2

[
2 ln(x/q)+ ln2(x/q)

]
,

and plot it in Fig. 4. We are interested in three inter-
vals of this function: : [0, q/e2], where it is monotonically
decreasing and positive on the interval; [q/e2, q/e], where
it is monotonically decreasing and negative; and [q/e, q],
where it is monotonically increasing and negative. By
monotonicity on these separate intervals, the fact that z ≤
q/e2 (which implies that each of these intervals is at least
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FIG. 4. The function χ ′(x‖q) for q = 0.5, with the relevant
integrals highlighted in red.

as wide as z) and invoking Lemma 22, it follows that

max
r∈[0,s−z]

Gz(r‖q) = max{Gz(0‖q), Gz(q/e − z‖q)

+ Gz(q/e‖q)},

by the following reasoning: for r ≤ q/e2 − z, by applying
Lemma 22, we have that Gz(r‖q) ≤ Gz(0‖q) by positivity
in that interval. Similarly, we can bound Gz(r‖q) for the
values q/e2 ≤ r ≤ s − z by the second term in the above
bracket. Finally, for q/e2 − z < r < q/e2, parts of the inte-
gral cancel out, so that we can bound the integral by the
above two terms. It hence remains to show that Gz(0‖q)
always dominates the second term above, which we check
by explicit evaluation: we first have

Gz(0‖q) = χ(z‖q) = z
ln2(2)

ln2(z/q),

where, since z ≤ q/e2 ≤ 1 by assumption and the fact that
ln2(x) is strictly monotonically decreasing in the range
[0, 1], ln2(z/q) ≥ ln2(e−2) = 4. On the other hand, we can
upper bound the second term by noting that

Gz(q/e − z‖q)+ Gz(q/e‖q) ≤ 2z |χ ′(q/e‖q)| = 2z
ln2(2)

,

which is always smaller than Gz(0‖q).
�

APPENDIX C: PROOF OF UNIFORM
CONTINUITY OF THE RELATIVE VARIANCE

(LEMMA 10)

The main result of uniform continuity of relative vari-
ance (and therefore the nonrelative variance of surprisal)
is proven in Lemma 10. To do so, let us first establish the
following technical lemma.
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Lemma 27. Let σ be a positive-definite operator with 0 <
σ ≤ I and smallest eigenvalue smin on a d-dimensional
Hilbert space with d ≥ 2, and ρ, ρ ′ be two states that both
commute with σ . If D ≡ D(ρ, ρ ′) ≤ 1/(2e2), then

|L(ρ‖σ)− L(ρ ′‖σ)| ≤ c1D log2(d)+ χ(2D‖1)

+ 2η(2D) log(d),

where c1 = 12 + log2(smin)+ 8 log2(d). More generally,
for any D,

|L(ρ‖σ)− L(ρ ′‖σ)| ≤ c1D log2(d)+ c2
√

D,

with c2 = 6 + 2 log(d).

Proof. As the first step, we note that due to fact that both ρ
and ρ ′ commute with σ , we need only to consider the spec-
tra of the various states. This follows from Lemma 23. Let
U denote the unitary channel defined in the proof of that
Lemma. Then by construction we have that [ρ,U(ρ ′)] = 0.
Since

D[ρ,U(ρ ′)] ≤ D(ρ, ρ ′)

and L[U(ρ ′)‖σ ] = L(ρ ′‖σ), it follows that we can in the
following replace ρ ′ by U(ρ ′), without loss of generality.

Since all three states then commute with another, we can
assume the decompositions ρ =∑i pi|i〉〈i|, ρ ′ =∑i qi|i〉〈i|
and σ =∑i si|i〉〈i|, in terms of which we have

D(ρ, ρ ′) = 1
2

∑
i

|pi − qi| = 1
2

∑
i

xi,

|L(ρ‖σ)− L(ρ ′‖σ)| =
∣∣∣
∑

i

χ(pi‖si)− χ(qi‖si)

∣∣∣

≤
∑

i

|χ(pi‖si)− χ(qi‖si)|,

(C1)

and where we introduce the variable xi := |pi − qi|. We
now show that each of the terms in the rhs of Eq. (C1)
can be upper bounded by a term of the form either χ(xi‖si)

or C · xi for some constant C. To see this, consider the ith
term in the sum and let us distinguish the following cases,
where we assume without loss of generality that qi < pi.

Case I: pi ≤ si/e2 In this case, we know that xi ≤ si/e2

and so can apply Lemma 26 to find that

|χ(pi‖si)− χ(qi‖si)| ≤ χ(xi‖si).

Case II: si/e2 ≤ qi. In this case, we can make use of
the fact that χ(·‖si) is Lipschitz continuous in its first

argument over the interval [si/e2, 1]. In particular, by
differentiability of χ over this interval, we have that

|χ(pi‖si)− χ(qi‖si)| ≤ sup
r∈[si/e2,1]

|χ ′(r‖si)| · |pi − qi|

= max{|χ ′(si/e‖si)|, |χ ′(1‖si)|} · xi

= 1
ln(2)2

max {1, ln2(si)− 2 ln(si)}

· xi =: C̃(si)xi,

where C̃(si) is the Lipschitz constant.
Case III: qi < si/e2 < pi Here, we distinguish three sub-

cases. To discuss these cases, we note that since for fixed
si, χ(·‖si) is continuous and has roots at 0 and si, as well
as a local maximum at si/e2, by the mean value theorem
there must be a point q∗

i ∈ [si/e2, si] such that

χ(qi‖si) = χ(q∗
i ‖si).

We now distinguish the following subcases: first, assume
that q∗

i ≤ pi. Then we can make use of Lipschitz continu-
ity, since

|χ(pi‖si)− χ(qi‖si)| = |χ(pi‖si)− χ(q∗
i ‖si)|

≤ C̃(si)|pi − q∗
i | ≤ C̃(si)(pi − q∗

i )

≤ C̃(si)(pi − qi) = C̃(si)xi.

Note that this subcase always covers situations in which
pi ≥ si, because we are guaranteed that q∗

i ≤ si. Hence, it
remains to consider the case q∗

i < pi < si. Now, if xi ≤
si/e2, then we can apply Lemma 26 to find that

|χ(pi‖si)− χ(qi‖si)| ≤ χ(xi‖si).

Finally, if xi > si/e2, then we have that

|χ(pi‖si)− χ(qi‖si)| = χ(pi‖si)− χ(qi‖si) < χ(si/e2‖si)

= 4si/e2 < 4xi,

where we twice use the fact that χ is strictly monotonically
decreasing on the interval [si/e2, si] and positive. In the
first step, combined with the definition of q∗

i this implies
that χ(pi‖si) > χ(qi‖si). In the second step, this implies
that χ(pi‖si) < χ(si/e2‖si).

Overall, we have seen that we can upper bound each of
the terms on the rhs of Eq. (C1) by either χ(xi‖si) or by
C(si) xi, where Ĉ(si) := max{4, C̃(si)} = max{4,χ ′(1‖si)}.

In fact, we can derive a further, simple upper bound for
Ĉ(si) as follows: first we have that χ ′(1‖q) ≥ 4 for val-
ues q ≤ exp[1 −

√
1 + 4 ln2(2)] ≈ 0.49. At the same time,

for values q ≤ exp(−2/3) ≈ 0.51, we have that ln2(q)−
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2 ln(q) ≤ 4 ln2(q). This implies that we have the upper
bound

Ĉ(si) ≤ 4 · max{1, log2(si)} =: C(si).

Let A denote the set of indices i that we bound by χ(xi‖si)

and B = [d]\A those that we bound by C(si) · xi. We now
turn to upper bound the two groups of terms corresponding
to these two sets. In particular, let

T1 :=
∑
i∈A

|χ(pi‖si)− χ(qi‖si)|,

T2 :=
∑
i∈B

|χ(pi‖si)− χ(qi‖si)|,

respectively, and denote �1 :=∑i∈A xi,�2 :=∑i∈B xi.
We can straightforwardly bound T2 as

T2 ≤
∑
i∈B

C(si)xi ≤ C(smin)�2 ≤ 2C(smin)D,

where we recall that D ≡ D(ρ, ρ ′). Bounding T1 is more
involved. By applying the previously derived upper bound,
we have

T1 ≤
∑
i∈A

χ(xi‖si).

We first note

χ(xi‖si) = xi log2(xi)+ 2η(xi) log(si)+ xi log2(si)

≤ xi log2(xi)+ xi log2(si)

≤ xi log2(xi)+ xi log2(xie2)

= 2xi log2(xi)− 4η(xi)+ 4xi

≤ 2xi log2(xi)+ 4xi, (C2)

where in the second step we use that η(xi) is positive and
si ≤ 1, in the second xi ≤ si/e2, which holds for all the
terms in T1 by the previous arguments, and in the last step
again positivity of η(xi). Next, we make use of the identity

log2(xi) = log2(xi/�1)+ 2 log(xi) log(�1)− log2(�1).

Plugging this into the rhs of Eq. (C2) yields
∑
i∈A

χ(xi‖si) ≤ 2�1 F1 − 2F2 + 4�1 −�1 log2(�1),

(C3)

where

F1 :=
∑
i∈A

xi

�1
log2

(
xi

�1

)
=
∑
i∈A

χ
(
xi/�≤‖1

)
,

F2 := log(�1)
∑
i∈A

η(xi).

To bound F1, we note that {xi/�≤}i form a |A|-dimensional
probability vector, corresponding to some density matrix
�. Hence,

F1 = L(�‖I) = V(�‖I)+ S(�‖I)2

≤ 4 log2(|A|) ≤ 4 log2(d),

where we use the fact that, by Property 6 of the variance,
as presented in the main text,

V(ρ ′‖I) = V(ρ ′) ≤ 1
4

log2(d − 1)+ 1/ ln2(2) ≤ 3 log2(d)

and that S(�‖I)2 = S(�)2 ≤ log2(d) for a d-dimensional
density matrix for the case |A| ≥ 2. Clearly, this upper
bound is also valid for |A| ∈ {0, 1}. Next, to lower bound
the term F2, note that

η(xi) = �≤ η(xi/�≤)− xi log(�≤),

which yields

F2 =
∑
i∈A

log(�1) [�1 η(xi/�1)− xi log�1]

≥ min{0,�1 log(�1) log(d)} −�1 log2(�1).

The minimization arises because we distinguish two cases:
if �1 ≥ 1, then the terms log(�1)�1 η(xi/�1) are posi-
tive and can be lower bounded by zero, while if � < 1,
the term is negative and can be lower bounded by the
�1 log(�1) log(d), again using the fact that the {xi/�1}i∈A
form a probability distribution. Plugging these bounds
back into Eq. (C3) then yields

T1 ≤ 4�1 [2 log2(d)+ 4]

+ χ(�1‖1)+ max{0, 2η(�1) log(d)}
≤ 8D [2 log2(d)+ 4] + χ(�1‖1)

+ max{0, 2η(�1) log(d)},
We are finally in a position to combine the bounds on T1
and T2. This gives

|L(ρ‖σ)− L(ρ ′‖σ)|
≤ 2[C(smin)+ 8 log2(d)+ 8] D

+ χ(�1‖1)+ max{0, 2η(�1) log(d)}

≤ 8[3 + 1
4

log(smin)
2 + 2 log2(d)] D

+ χ(�1‖1)+ max{0, 2η(�1) log(d)},
where we use

C(smin)+ 8 log2(d)+ 8 = max{4, log2(smin)}
+ 8 log2(d)+ 8 ≤ 12 + log2(smin)+ 8 log2(d) =: c1.
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Now, if D ≤ 1/(2e2), then we can use the monotonic-
ity of χ(·‖1) and η over the interval [0, 1/e2] to bound
χ(�1‖1) ≤ χ(2D‖1) and η(�1) ≤ η(2D). This provides
the first statement of the lemma.

For the second statement, in which we have no promise
on the value of the trace distance between ρ and ρ ′, it
suffices to note that, for x ∈ [0, 2],

η(x) ≤ √
x, χ(x‖1) ≤ 6

√
x.

Since, �1 ∈ [0, 2], this implies

χ(�1‖1)+ max{0, 2η(�1) log(d)}
≤ [e + 2 log(d)]

√
�1 ≤ c2

√
D,

where we define c2 := [6 + 2 log(d)]. �
With this technical lemma established, it is then rela-

tively easy to prove uniform continuity of V(ρ‖σ), which

is stated as Lemma 10 in the main text (we restate it here
for convenience).

Lemma 10. (Uniform continuity of the relative variance).
Let σ be a positive-definite operator with 0 < σ ≤ I and
smallest eigenvalue smin on a d-dimensional Hilbert space
with d ≥ 2, and ρ, ρ ′ be two states that both commute with
σ . Then,

|V(ρ‖σ)− V(ρ ′‖σ)| ≤ 2K
√

D(ρ, ρ ′),

where K = 8 log2(d)+ log(d)+ 2 log2(smin)− 4 ln(2)
log(smin)+ 15.

Proof. We have

|V(ρ‖σ)− V(ρ ′‖σ)|
≤ |L(ρ‖σ)− L(ρ ′‖σ)| + |S(ρ ′‖σ)2 − S(ρ‖σ)2|
≤ |L(ρ‖σ)− L(ρ ′‖σ)| + [S(ρ ′‖σ)+ S(ρ‖σ)]|S(ρ ′‖σ)− S(ρ‖σ)|
≤ |L(ρ‖σ)− L(ρ ′‖σ)| − 2 log(smin)|S(ρ ′‖σ)− S(ρ‖σ)|
≤ c1ε + c2

√
ε − 2 log(smin)|S(ρ ′‖σ)− S(ρ‖σ)|

≤ c1ε + c2
√
ε − 2 log(smin){(1 + ε)hb [ε/(1 + ε)] − log(smin)ε}

≤ c1ε + c2
√
ε − 2 log(smin)

[
4 ln(2)

√
ε − log(smin)ε

]

≤ [c1 + c2 − 8 ln(2) log(smin)+ 2 log2(smin)
]√
ε =: K

√
ε,

where we use max{S(ρ‖σ), S(ρ ′‖σ)} ≤ − log(smin) in the
third step, Lemma 27 in the fourth step, Lemma 18 in
the fifth step, Lemma 16 in the sixth step, and ε ≤ √

ε

in the last step (since ε ∈ [0, 1]). �

APPENDIX D: PROOF OF CORRECTION TO
SUBADDITIVITY OF RELATIVE VARIANCE

(LEMMA 11)

For notational convenience, for the remainder of this
Appendix we write V ≡ V(ρ‖σ) and V1 ≡ V(ρ1‖σ1) and
similarly for the other subsystem and other quantities, L
and S.

Lemma 11. (Correction to subadditivity of relative vari-
ance.) Let ρ, σ be two commuting quantum states on a d-
dimensional, bipartite system, with d ≥ 2 and σ full rank.
If σ = σ1 ⊗ σ2 is a product state with smallest eigenvalue

smin, then

V(ρ‖σ) ≤ V(ρ1‖σ1)+ V(ρ2‖σ2)+ K ′ f (I1:2),

where K ′ = √
2 ln(2)

[
12 + log(smin)

2 + 8 log2(d)
]
, f (x)

= max{ 4
√

x, x} and I1:2 denotes the mutual information
between the two partitions of ρ.

Proof. Let us begin by introducing the following shorthand
notation:

(a) I as the mutual information of ρ across the partitions
1 and 2;

(b) D ≡ D(ρ, ρ1 ⊗ ρ2);
(c) S⊗ = S(ρ1 ⊗ ρ2‖σ) = S1 + S2;
(d) L⊗ = L(ρ1 ⊗ ρ2‖σ) = L1 + L2 + 2S1S2.

Next, note that
S = I + S⊗.
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The special case of this equality is well known for the non-
relative version of von Neumann entropy, i.e., I(A : B) =
S(ρA)+ S(ρB)− S(ρAB), while the identity above for rel-
ative entropies is proved in Proposition 2 of Ref. [85].
Therefore, we have

V = L − S2 = L − L1 − L2 + L1 + L2 − (I + S⊗)2

= L − L1 − L2 + L1 + L2 − I 2

− 2IS⊗−S2
1 − 2S1S2 − S2

2

= V1 + V2 + L − L⊗−I 2 − 2IS⊗
≤ V1 + V2 + ζρ ,

where ζρ := L − L⊗, since in the second last line, the terms
I 2 and 2IS⊗ are positive and can be dropped with the
inequality. Our goal is to bound this remaining function in
terms of the mutual information I . To do so, we can apply
Lemma 27, since [ρ, σ ] = 0 implies that [ρ1 ⊗ ρ2, σ ] = 0.
Applying this lemma yields

ζρ ≤ |L − L⊗| ≤ c1D + c2
√

D

≤ c′
1

√
I + c′

2
4√I ,

with c′
1 = √

2 ln 2 · c1 and c′
2 = 4√2 ln(2)c2, where c1, c2

are the constants from the statement of Lemma 27, and
where in the second step we use Pinsker’s inequality
(Lemma 19) and the fact that I = S(ρ‖ρ1 ⊗ ρ2). Finally,
by noting that, for d ≥ 2, c′

1 = max{c′
1, c′

2}, and f (I) =
max{√I , 4√I}, we obtain the bound

ζρ ≤ c′
1f (I).

The statement of the lemma then follows by setting
K ′ = c′

1. �

APPENDIX E: PROOF OF LEMMA 7

In order to proof the central technical result of Lemma
7, we first make the following simple observation of lower
and upper bounds for Lorenz curves, which is spelled out
in Lemma 28.

Lemma 28. Given any states ρ, σ such that [ρ, σ ] = 0
and supp(ρ) ⊆ supp(σ ), express them in their common
eigenbasis ρ =∑i pi|i〉〈i| and σ =∑i si|i〉〈i|, where {pi}
and {si} are the eigenvalues of ρ and σ , respectively. Let
lc(x) = min(c · x, 1) for x ∈ [0, 1]. Denote

rmin = min
i∈P+

pi

si
, rmax = max

i∈P+

pi

si
,

where P+ = {i|pi > 0} is the set of indices for which pi is
strictly positive. Then the Lorenz curve of ρ with respect to

σ satisfies on the whole interval x ∈ [0, 1]:


rmin(x) ≤ Lρ|σ (x) ≤ 
rmax(x).
Proof. This is obvious given the concavity of the Lorenz
curve itself. �

Remark 29: The functions lc(x) = min(c x, 1) further-
more satisfy the property that whenever c ≥ d, we have
that for all x ∈ [0, 1], lc(x) ≥ ld(x).

A small further technical observation stated in Lemma
30 is required to then prove Lemmas 31 and 32, which
jointly give rise to Lemma 7.

Lemma 30. Let ρ, σ be two commuting d-dimensional
states that satisfy supp(ρ) ⊆ supp(σ ), and denote the ε-
steep and -flat approximation of ρ with respect to σ as
ρεst and ρεfl, according to Definitions 6 and 5, respectively.
Then, for ε2 ≥ ε1 ≥ 0,

L
ρ
ε2
st |σ (x) ≥ L

ρ
ε1
st |σ (x) ≥ Lρ|σ (x) ≥ L

ρ
ε1
fl |σ (x) ≥ L

ρ
ε2
fl |σ (x).

Proof. The second and third inequality are special cases
of the first and fourth inequality, since ε1 ≥ 0. Let us first
consider the fourth inequality. It is shown in Ref. [24] that
the ε-flat construction in Definition 5 is the unique state
within an ε ball of states around ρ, where for any state
ρ ′ ∈ Bε(ρ),

Lρ′|σ (x) ≥ Lρεfl|σ (x), ∀x ∈ [0, 1].

Since ε2 ≥ ε1 implies that ρ
ε1
fl ∈ Bε2(ρ), the fourth

inequality holds. Lastly, consider the first inequality. First,
note that ρε1st and ρ

ε2
st always share the same basis, so

we may write them as ρε1st =∑d
i=1 p̂ (1)i |i〉〈i| and ρ

ε2
st =∑d

i=1 p̂ (2)i |i〉〈i|, respectively. Furthermore, they have the
same relative ordering with respect to σ . In other words,
the discrete points that define the respective Lorenz curves
are aligned with respect to the x axis, and therefore their
condition reduces to a simple comparison between the
cummulative sum of the eigenvalues. Concretely, we want
that for all k ∈ {1, . . . , d}:

k∑
i=1

p̂ (2)i ≥
k∑

i=1

p̂ (1)i .

Denoting R1 and R2 to be the respective indices R accord-
ing to the construction of Definition 6, using ε1 and ε2,
respectively, note that R2 ≤ R1. For the various regimes
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for the Lorenz curves we therefore have

k = 1 p̂ (2)1 = p1 + ε2 ≥ p1 + ε1 = p̂ (1)1 ,

1 < k ≤ R2

k∑
i=1

p̂ (2)i = ε2 +
k∑

i=1

pi ≥ ε1

+
k∑

i=1

pi =
k∑

i=1

p̂ (1)i ,

k > R2

k∑
i=1

p̂ (2)i = 1 ≥
k∑

i=1

p̂ (1)i .

This finishes the proof. �

Lemma 31. Let ε ∈ [0, 1] and let ρ, σ be two commuting
d-dimensional states that satisfy supp(ρ) ⊆ supp(σ ), and
denote the ε-steep approximation of ρ with respect to σ as
ρεst according to Definition 6. Then,

Lρεst|σ (x) ≥ 
rst(x), rst = 2S(ρ‖σ)−fσ (ρ,ε),

where fσ (ρ, ε) :=
√

V(ρ‖σ) (ε−1 − 1
)

and lc(x)
= min(c x, 1).

Proof. Using the fact that [ρ, σ ] = 0, we can decompose
the states into their simultaneous eigenbasis as

ρ =
∑

i

pi|i〉〈i|, σ =
∑

i

si|i〉〈i|,

and take the ordering of the eigenbasis such that pi/si ≥
pi+1/si+1 for all i ∈ {1, . . . , d − 1}. Next, given ε, define

ı̃ = max
i

⎧
⎨
⎩i
∣∣∣∣

d∑
j =i

pi ≥ ε

⎫⎬
⎭ ,

namely ı̃ is the largest index such that the tail sum of the
ordered distribution on p is larger or equal to ε. Also,
denote the following tail sums:

ε+ =
d∑

j =ı̃

pj , ε− =
d∑

j =ı̃+1

pj ,

where we set ε− = 0 if ı̃ = d. By construction, ε− ≤ ε ≤
ε+. We are now going to make use of the steep state
with the smaller parameter ε−: let ρε

−
st =∑i p̂i|i〉〈i| denote

the ε−-steep approximation of ρ relative to σ , with p̂i

explicitly defined in Definition 6. By construction, we have
that

A := min
i∈P+

(
p̂i

si

)
= pı̃

sı̃
,

where P+ = {i|p̂i > 0}. We can now infer that

Lρεst|σ (x) ≥ L
ρε

−
st |σ (x) ≥ 
A(x),

where the first inequality follows from Lemma 30 together
with the fact that ε ≥ ε−, while the second inequality
follows from Lemma 28. Hence, it remains to show that

A ≥ 2S(ρ‖σ)−fσ (ρ,ε), (E1)

which implies S(ρ‖σ)− fσ (ρ, ε) ≤ log A. If S(ρ‖σ) ≤
log A, then this inequality would hold for any non-negative
function fσ (ρ, ε). Otherwise, we can derive the explicit
form of fσ so that Eq. (E1) holds via Cantelli’s inequal-
ity. More precisely, consider the real-valued random vari-
able X with sample space � = {1, 2, . . . , d} distributed as
Prob[X = log(pi/si)] = pi. We then have

ε ≤ ε+ = Prob (X ≤ log A)

= Prob [S(ρ‖σ)− X ≥ S(ρ‖σ)− log A]

≤ V(ρ‖σ)
V(ρ‖σ)+ [S(ρ‖σ)− log A]2 ,

where the first step follows by definition of ε+. The sec-
ond step expresses the fact that, by virtue of the fact that
we order the state bases by decreasing ratios pi/si, ε+ is
the total probability, with respect to X , that a ratio smaller
than or equal to pı̃/sı̃ is sampled. In the final step we use
Cantelli’s inequality (Lemma 21) with random variable
−X and λ ≡ S(ρ‖σ)− log A, together with the fact that
the mean and variance of −X are given by −S(ρ‖σ) and
V(ρ‖σ), respectively. The claim then follows by a simple
rearrangement of the terms above. �

Lemma 32. Let ε ∈ [0, 1] and let ρ, σ be two commuting
d-dimensional states that satisfy supp(ρ) ⊆ supp(σ ), and
denote the ε-flat approximation of ρ with respect to σ as
ρεfl according to Definition 5. Then,

Lρεfl|σ (x) ≤ 
rfl(x), rfl = 2S(ρ‖σ)+fσ (ρ,ε),

where fσ (ρ, ε) :=
√

V(ρ‖σ) (ε−1 − 1
)

and lc(x)
= min(c x, 1).

Proof. The proof is similar in structure to Lemma 31, by
using the flat approximation instead of the steep one. We
begin as well by writing ρ =∑i pi|i〉〈i| and σ =∑i si|i〉〈i|
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such that pi/si ≥ pi+1/si+1 for all i ∈ {1, . . . , d − 1}. Given
ε, define

ı̃ = min
i

⎧
⎨
⎩i
∣∣∣∣

i∑
j =1

pj ≥ ε

⎫
⎬
⎭ ,

and set ε+ =∑ı̃
j =1 pj . Further, set

ε− =
ı̃−1∑
j =1

pj − pı̃

sı̃

ı̃−1∑
j =1

sj ,

if ı̃ > 1 or ε− = 0 if ı̃ = 1. In either case, we by construc-
tion have

ε− ≤
ı̃−1∑
j =1

pj ≤ ε ≤ ε+.

Now, let ρε
−

fl =∑i p̄i|i〉〈i| denote the ε−-flat approxima-
tion to ρ relative to σ . By definition of the flat approxima-
tion, Definition 5, we can see that for our choice of ε−, we
have

p̄i

si
= pı̃

sı̃
≥ p̄j

sj
, i = 1, . . . , ı̃ , j = ı̃ + 1, . . . , d.

To see the left equality, note that we define ı̃ and ε− in
such a way that, in terms of the notation of Definition 5,
M = ı̃ − 1. Even for the special case of ı̃ = 1, the above
ratio is well defined. Moreover, the definition of the val-
ues p̄i ensures equality of the ratios p̄i/si for i ≤ M . The
right inequality, on the other hand, is a property of the flat
approximation that is proven in Ref. [24]. Together, they
imply that

max
l∈[d]

p̄l

sl
= pı̃

sı̃
=: B.

Therefore, by Lemma 30, Lemma 28, and Remark 29, we
know that Lρεfl|σ (x) ≤ L

ρε
−

fl |σ (x) ≤ 
B(x). Our goal is then

to show that B ≤ 2S(ρ‖σ)+fσ (ρ,ε). By positivity of fσ (ρ, ε),
this is clearly true whenever S(ρ‖σ) ≥ log B. In case
S(ρ‖σ) < log B, we again consider a real-valued random
variable X with sample space� = {1, 2, . . . , d} distributed
as Prob[X = log(pi/si)] = pi. We then have

ε ≤ ε+ = Pr (X ≥ log B)

= Pr [X − S(ρ‖σ) ≥ log B − S(ρ‖σ)]

≤ V(ρ‖σ)
V(ρ‖σ)+ [log B − S(ρ‖σ)]2 ,

where we use Cantelli’s inequality with X and λ ≡
log(B)− S(ρ‖σ) > 0, in the last step. The claim then fol-
lows by rearranging the terms in the above inequality. �

APPENDIX F: FINITE BUT LARGE IID
SEQUENCES

In this section, we apply Theorem 8 to study sufficient
conditions for approximate state transitions in the case of
n IID systems. We focus on the case of σ majorization,
where σ ′ = σ . We are interested in the regime where n is
large but finite and the error εn is constant or goes to zero
with n, but fulfills εnn → ∞. In technical terms,

√
εn is a

moderate sequence [54].

Lemma 33. Let ρ, ρ ′ and σ be density matrices satis-
fying [ρ, σ ] = [ρ ′, σ ] = 0, and that supp(ρ), supp(ρ ′) ⊆
supp(σ ). Denote S ≡ S(ρ‖σ), S′ ≡ S(ρ ′‖σ) and V ≡
V(ρ‖σ), V′ ≡ V(ρ ′‖σ), respectively. Let εn > 0 be a
sequence of errors such that εnn → ∞. Then

ρ⊗n �σ⊗n,εn ρ
′⊗Rn, (F1)

with rate

R ≥ S
S′ −

√
2 − εn

εnn
g(S, S′, V, V′, εnn)+ O

(
1
εnn

)
,

where

g(S, S′, V, V′, εnn) :=
√

V
S′ −

√
rV′

S′

√
1 + O(1/

√
εnn).

Proof. According to Theorem 8, the transition in Eq. (F1)
is possible as long as

S −
√

V(2 − εn)

nεn
> RS′ +

√
RV′(2 − εn)

εnn
.

Rewriting the above equation in terms of M = √
R, and

dividing throughout by nS′, while grouping the terms

k = 2 − εn

εnn
V

S′2 , k′ = 2 − εn

εnn
V′

S′2 , (F2)

the above condition simplifies to

M 2 +
√

k′M −
[
r −

√
k
]
< 0,

where we denote r = S/S′ to be the ratio of entropies for
the initial and final states. The two roots of this equation
give a region M ∈ [M−, M+] for which state transitions
may occur. Since we are interested in a sufficient criteria,
the lower bound given by M− is mainly of interest. Solving
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the quadratic equation, we then have

M > M− = 1
2

[
−

√
k′ −

√
k′ + 4(r −

√
k)
]

.

Switching back to R = M 2, we obtain

R >
1
4

[
2k′ + 4(r −

√
k)+ 2

√
k′
√

k′ + 4(r −
√

k)
]

> r −
√

k +
√

rk′
√

1 + O(1/
√
εnn)+ O(1/εnn),

where in the third term, a factor of O(1/εnn) has been
absorbed into O(1/

√
εnn). Recalling the definitions of k, k′

concludes the proof. �
A result related to Lemma 33 has been derived in

Refs. [55,56] for the case of σ being thermal states. In
the large n limit, the second-order correction term that
has a 1/

√
εnn dependence vanishes whenever k = rk′ for

k, k′ defined in Eq. (F2). This indicates that a “resonance”
happens whenever

V/S
V′/S′ = 1,

which was observed before in Refs. [55,56]. We should
stress, however, that Lemma 33 is far from providing
optimal moderate-deviation bounds for the general state-
interconversion problem [55,56]. This is to be expected,
since we use a single-shot result that is not tailored to the
particular structures appearing in the IID limit for large
n. However, the above analysis shows that qualitative fea-
tures may be recovered in a very simple manner by making
use of Theorem 8.

APPENDIX G: PROOF OF THEOREM 12

Before moving to the proof, let us first prove the follow-
ing auxiliary lemma.

Lemma 34. Let x, s ∈ Rd be d-dimensional row vectors
with s > 0, and y, s′ ∈ Rd′

with s′ > 0, respectively. Fur-
thermore, let A be a d × d′ right stochastic matrix, that is,
all entries of A are non-negative and every row sums to 1.
If y = xA and s′ = sA, then

F(y‖s′) ≥ F(x‖s)

for any function of the form F(x‖s) =∑i sig (xi/si)

where g is a function that is concave over the interval
[mini xi/si, maxi xi/si].

Proof. This proposition is almost the same as stated in
Theorem 24, except that in Theorem 24 it holds when the
function g is concave over the entire domain. Nevertheless,
one should note that it is sufficient for g to be concave over

the entire interval where it is evaluated. This is because
given such a g, one can always construct a continuously
differentiable function g′ such that g′ = g within the said
interval, and linear outside the interval. Then, g′ is con-
cave. Furthermore, since y is related to x by y = xA, the
maximal and minimal (strictly positive) ratios of the two
states are contractive under classical channels. In other
words, the smallest and largest relative eigenvalues satisfy
mini yi/s′

i ≥ mini xi/si, and maxi yi/s′
i ≤ maxi xi/si. This

follows from Theorem 24 and can be seen, for example,
by noting that the maximal and minimal ratios correspond
to the initial and final slopes of the Lorenz curves, respec-
tively, so that the above inequalities are implied between
Lorenz curves, as stated in that theorem. Therefore, it
suffices to have the requirement that g is concave over
[mini xi/si, maxi xi/si]. �

We are now in a position to prove Theorem 12.

Theorem 12. Let (ρ, σ) and (ρ ′, σ ′) be two pairs of
commuting quantum states, with σ , σ ′ both full rank.
If (ρ, σ) � (ρ ′, σ ′), then it holds that Msmin(ρ

′‖σ ′) ≥
Msmin(ρ‖σ), where

Mx(ρ‖σ) := V(ρ‖σ)+
(

1
ln(2)

− log(x)− S(ρ‖σ)
)2

,

and smin denotes the smallest eigenvalue of σ .

Proof. Since [ρ, σ ] = 0, we can express the value
Msmin(ρ‖σ) in terms of the eigenvalues of ρ =∑i pi|i〉〈i|
and σ =∑i si|i〉〈i|. Writing a = 1/ ln(2)− ln(smin), this
yields

Msmin(ρ‖σ) = V(ρ‖σ)− 2aS(ρ‖σ)+ S(ρ‖σ)2 + a2

= tr
[
ρ log2

(ρ
σ

)]
− 2atr

[
ρ log

(ρ
σ

)]
+ a2

=
∑

i

pi

[
log2

(
pi

si

)
− 2a log

pi

si

]
+ a2

=
∑

i

sifa

(
pi

si

)
+ a2 =: F(p‖s)+ a2,

where fa(x) := x · [log2(x)− 2a log(x)
]

and p = (p1, . . . ,
pd) and s = (s1, . . . , sd). By the assumption that (ρ, σ) �
(ρ ′, σ ′), there exists a quantum channel that maps ρ to
ρ ′ and σ to σ ′. Due to the commutation structure, by
Lemma 20, this implies that there exists a right stochas-
tic matrix E such that pE = p ′, with (p ′)T = (p ′

1 . . . , p ′
d),

and that sE = s′. We can therefore apply Lemma 34 to find
that F(p‖s) ≤ F(p ′‖s′), whenever fa is concave over the
interval [mini pi/si, maxi pi/si]. Here, F(p ′‖s′) is related to
Msmin(ρ

′‖σ ′) in just the same way as presented for the ini-
tial states above, but now using a corresponding common
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eigenbasis for ρ ′ and σ ′. Now, it is straightforward to check
that for our choice of a = 1/ln(2)− log(smin), fa is con-
cave over the interval [0, 1/smin] ⊇ [mini pi/si, maxi pi/si],
since the second derivative f ′′

a ≤ 0. This establishes that

Msmin(ρ‖σ) ≤ Msmin(ρ
′‖σ ′).

�
Remark: Theorem 12 is particularly interesting because

it hints at the possibility of constructing a new classical
entropic measure (as a function of relative entropy and
variance) that satisfies the data-processing inequality. Note
that this is not yet completely true in Theorem 12 because
the monotone Msmin is dependent on the initial reference
state.

APPENDIX H: PROOF OF RESULT 5 AND
THEOREM 15

In this Appendix, we prove that local monotonicity sin-
gles out von Neumann entropy and the relative entropy
among continuous functions on (pairs of) quantum states.
We first develop properties of functions that apply in both
settings and then prove the respective results. In both cases,
we can view the function f in question as acting on pairs
of quantum states over certain subsets of density matri-
ces, since in the case of local monotonicity with respect
to maximally mixed states we can simply view f (ρ) as
f (ρ, σ) with σ being the maximally mixed state of the
same dimension as ρ. More generally, let us consider a set
of density matrices S that is

1. Closed under tensor products: σ , σ ′ ∈ S ⇒ σ ⊗
σ ′ ∈ S .

2. Closed under permutations: σ ⊗ σ ′ ∈ S ⇒ σ ′ ⊗
σ ∈ S .

Furthermore, for any σ ∈ S , denote by Cσ the set of
channels that leave the state invariant:

C ∈ Cσ ⇒ C[σ ] = σ ,

and denote by Hσ the Hilbert space on which σ ∈ S is
defined. Suppose σ1, σ2 ∈ S , and C ∈ Cσ1⊗σ2 is given and
consider two states ρi on Hσi for i = 1, 2. Then we write

ρ ′
1 := tr2[C(ρ1 ⊗ ρ2)], ρ ′

2 := tr1[C(ρ1 ⊗ ρ2)].

A function f on pairs of quantum states (ρ, σ) with σ ∈ S
and ρ ∈ D(Hσ ) is called locally monotonic with respect to
S if

f (ρ1, σ1)+ f (ρ2, σ2) ≥ f (ρ ′
1, σ1)+ f (ρ ′

2, σ2) (H1)

for any such pairs (ρi, σi) and channels C ∈ Cσ1⊗σ2 . We
here use the ≥ sign in the definition, since we are interested
in results relative to the states in S .

We can further generalize the definition of local mono-
tonicity. Let CS be the set of channels that map states from
S to S (provided they are in the domain of the correspond-
ing channel). Then we say that f is locally monotonic with
respect to CS if for all channels C ∈ CS and σ1, σ2 ∈ S
such that C(σ1 ⊗ σ2) = σ ′

1 ⊗ σ ′
2 ∈ S we have

f (ρ1, σ1)+ f (ρ2, σ2) ≥ f (ρ ′
1, σ ′

1)+ f (ρ ′
2, σ ′

2)

if ρ1 and ρ2 are density matrices on the respective Hilbert
space associated to σ1 and σ2. A function that is locally
monotonic with respect to CS is always locally monotonic
with respect to S . In the following, we therefore first prove
general properties of functions that are locally monotonic
with respect to S .

Given a function f that is locally monotonic with
respect to S , we define a function f ′ as

f ′(ρ, σ) := f (ρ, σ)− f (σ , σ).

Then f ′ is still locally monotonic with respect to S , since
the terms of the form f (σ , σ) cancel in the corresponding
Eq. (H1).

Lemma 35. If f is locally monotonic with respect to S ,
then f (ρ, σ) ≥ f (C[ρ], σ) for any C ∈ Cσ and the same is
true for f ′.

Proof. If C ∈ Cσ , then C ⊗ 1 ∈ Cσ⊗σ . But then, since
C[σ ] = σ , we have

f (ρ, σ)+ f (σ , σ) ≥ f [C(σ ), σ ] + f (σ , σ).

Since f ′(ρ, σ)− f ′(C[ρ], σ) = f (ρ, σ)− f (C[ρ], σ), the
same is true for f ′. �

Lemma 36. If f is locally monotonic with respect to S ,
then f ′ is additive under tensor products:

f ′(ρ1 ⊗ ρ2, σ1 ⊗ σ2) = f ′(ρ1, σ1)+ f ′(ρ2, σ2).

Proof. Consider the pairs (ρ1 ⊗ σ2, σ1 ⊗ σ2), (σ1, σ1) and
the channel C ∈ C(σ1⊗σ2)⊗σ1 that permutes the first sub-
system of the first pair with the second system. We then
find

f ′(ρ1 ⊗ σ2, σ1 ⊗ σ2)+ f ′(σ1, σ1) ≥ f ′(σ1 ⊗ σ2, σ1 ⊗ σ2)

+ f ′(ρ1, σ1).

But since f ′(σ1, σ1) = 0, we find f ′(ρ1 ⊗ σ2, σ1 ⊗ σ2) ≥
f ′(ρ1, σ1). The permutation channel is reversible and by
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considering the reverse transition, we find the converse
relation. Hence

f ′(ρ1 ⊗ σ2, σ1 ⊗ σ2) = f ′(ρ1, σ1), ∀σ2 ∈ S .

Similarly, we get

f ′(σ1 ⊗ ρ2, σ1 ⊗ σ2) = f ′(ρ2, σ2), ∀σ1 ∈ S .

Considering now the pairs (ρ1 ⊗ ρ2, σ1 ⊗ σ2) and (σ1, σ1),
we similarly find

f ′(ρ1 ⊗ ρ2, σ1 ⊗ σ2)+ f ′(σ1, σ1)︸ ︷︷ ︸
=0

= f ′(σ1 ⊗ ρ2, σ1 ⊗ σ2)+ f ′(ρ1, σ1)

= f ′(ρ1, σ1)+ f ′(ρ2 ⊗ σ2).

We thus find that f ′ is additive under tensor products. �

Lemma 37. If f is locally monotonic with respect to S ,
then f ′ is superadditive:

f ′(ρ12, σ1 ⊗ σ2) ≥ f ′(ρ1, σ1)+ f ′(ρ2, σ2).

Proof. Consider the pairs (ρ12, σ1 ⊗ σ2), (ρ1, σ1) and again
the channel that swaps the first subsystem of the first pair
with the second system as in the proof of the previous
lemma. Then

f ′(ρ12, σ1 ⊗ σ2)+ f ′(ρ1, σ1)

≥ f ′(ρ1 ⊗ ρ2, σ1 ⊗ σ2)+ f ′(ρ1, σ1)

= f ′(ρ1, σ1)+ f ′(ρ2, σ2)+ f ′(ρ1, σ1),

where we use additivity of f ′ in the last line. �
To summarize, we have found that if f is locally

monotone with respect to S , then

f (ρ, σ) = f ′(ρ, σ)+ f (σ , σ),

with f ′ being additive and superadditive over tensor prod-
ucts and monotonic under the channels Cσ : f ′(ρ, σ) ≥
f ′(C[ρ], σ). Result 5 now follows as the following
corollary by considering as S the set of maximally mixed
states.

Corollary 38. Let S consist of all maximally mixed states
and let f be locally monotonic with respect to S and
continuous (for fixed σ ). Then

f (ρ) := log(d)− f (ρ, I/d) = aS(ρ)+ bd,

where a is a constant and bd a constant that only depends
on the Hilbert-space dimension d of ρ.

Proof. In this case, all unitary channels are included in
the set of channels. Note that this in particular implies
that f (UρU†, I/d) = f (ρ, I/d) since unitary channels
are reversible. Lemmas 35–37 now show that g′(ρ) :=
−f ′(ρ, I/d) fulfills the conditions of Lemma 9 in Ref. [78],
which shows that

−f ′(ρ, I/d) = g′(ρ) = aS(ρ)+ b′
d.

Since f ′(I/d, I/d) = 0, we have b′
d = −a log(d). We thus

get

f (ρ) = log(d)− [f (ρ, I/d)′ + f (I/d, I/d)] = log(d)

+ aS(ρ)− a log(d)− f (I/d, I/d) = aS(ρ)+ bd.

�
Let us now consider the setting where S = F is the

set of finite-dimensional density matrices of full rank. We
make use of the following adaption of Lemma 35.

Lemma 39. If f is locally monotonic with respect to
CF , then f (ρ, σ) ≥ f (C[ρ], C[σ ]) for any C ∈ CF and the
same is true for f ′. Moreover, f (σ , σ) is independent of
σ ∈ F .

Proof. If C1 ∈ CF and C2 ∈ CF , then also C1 ⊗ C2 ∈ CF .
In particular, we may choose C1 = C and C2 = 1 as
the identity quantum channel acting on D(Hσ ). By local
monotonicity for the initial state (ρ ⊗ σ , σ ⊗ σ) we then
have

f (ρ, σ)+ f (σ , σ) ≥ f (C[ρ], C[σ ])+ f (σ , σ).

Hence f (ρ, σ) ≥ f (C[ρ], C[σ ]) since by continuity of
f , f (σ , σ) must be finite. But for every two states
σ1, σ2 ∈ F there are quantum channels in CF map-
ping one to the other (namely the constant channels).
Therefore,

f (σ1, σ1) ≥ f (σ2, σ2) ≥ f (σ1, σ1).

Hence f (σ , σ) is independent of σ ∈ F . This fur-
ther implies that f ′(ρ, σ)− f ′(C[ρ], C[σ ]) = f (ρ, σ)−
f (C[ρ], C[σ ]). �

Since the quantum channels that swap Hilbert-space
tensor factors do not reduce the rank of any state, they
are contained in CF . Therefore, the proofs of Lemmas
36 and 37 transfer verbatim to the present case. We
can now prove Theorem 15, which we restate here for
completeness.

Theorem 15. Let f be a function that is locally mono-
tonic with respect to CF and assume that ρ �→ f (ρ, σ) is
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continuous for fixed σ ∈ F . Then

f (ρ, σ) = aS(ρ‖σ)+ b,

where a and b are constants.

Proof of Theorem 15. As before, we define f ′(ρ, σ) =
f (ρ, σ)− f (σ , σ). By Lemma 39, we know that
f (σ , σ) = b is a constant and f ′ is monotonic under
arbitrary quantum channels that map full-rank states to
full-rank states (on possibly different Hilbert spaces):

f ′(ρ, σ) ≥ f ′[C(ρ), C(σ )].

Furthermore f ′ is continuous (by assumption), additive,
and superadditive (by the same arguments as in Lemmas
36 and 37 as mentioned above). Thus f ′ is continuous,
additive, superadditive, and monotonic under quantum
channels mapping full-rank states to full-rank states and
hence fulfills the conditions of the main result of Ref. [86].
This implies

f ′(ρ, σ) = aS(ρ‖σ).
Hence

f (ρ, σ) = f ′(ρ, σ)+ b = aS(ρ‖σ)+ b.

�

APPENDIX I: RELATION BETWEEN RÉNYI
ENTROPIES AND CUMULANTS OF SURPRISAL

Here, we show the relation between the cumulants of
surprisal and the Rényi entropies claimed in the conclud-
ing section. For simplicity, we restrict to the unital case,
where we have to only deal with entropies instead of
divergences. Similar reasoning applies in the case of diver-
gences, though. We first define the cumulant-generating
function KX : R → R of a real-valued random variable X
as

KX (t) := log2[E(2tX )],

whenever X is such that this function exists. The nth cumu-
lant for a given KX is defined as κ(n) := K (n)

X (t)|t=0, that
is, as the nth derivative of K(t) evaluated at t = 0. If KX
exists, then it is always infinitely differentiable and so all
the cumulants are well defined.

In our case, we consider a finite-dimensional, positive
density matrix ρ =∑i pi|i〉〈i| > 0 and the real random
variable X := − log(ρ) distributed as Prob[− log(ρ) =
− log(pi)] = pi (by slight abuse of notation). Then the
cumulant generating function is given in terms of the Rényi

entropies as

K− log(ρ)(t) = log2[E(2−t log(ρ))]

= log2(tr[ρ
1−t]) = tS1−t(ρ).

In particular, it exists for t ∈ (−∞, 1) and the cumulants
are well defined.

We then have the following.

Lemma 40. Let ρ =∑i pi|i〉〈i| > 0 be a positive-definite
density operator and let − log(ρ) denote the surprisal
with respect to ρ, i.e., the random variable distributed
as Prob[− log(ρ) = − log(pi)] = pi. Then for any α ∈
(0, ∞),

Sα(ρ) =
∞∑

n=1

κ(n)

n!
(1 − α)n−1,

where the cumulants are defined with respect to X =
− log(ρ).

Proof. We first note that the Rényi entropies are related
to the cumulant-generating function with respect to the
surprisal as

κ := K− log(ρ)(t) = log2[E(2−t log(ρ))]

= log2(tr[ρ
1−t]) = tS1−t(ρ),

for t ∈ [−∞, 1] [for t ∈ {1, 0, −∞} this follows by conti-
nuity of the curve α �→ Sα(ρ) [87]]. Using this relation and
repeatedly applying the product rule we find

κ(1) = S1−t(ρ)− tS(1)1−t(ρ),

κ(2) = −2S(1)1−t(ρ)+ tS(2)1−t(ρ),

. . .

κ(n) = (−1)n−1nS(n−1)
1−t (ρ)+ (−1)ntS(n)1−t(ρ),

where S(n)a (ρ) denotes the nth derivative of the curve α �→
Sα(ρ) evaluated at α = a. The derivatives S(n)1−t clearly exist
for t ∈ (−∞, 0) ∪ (0, 1). Lemma 41 shows Sα(ρ) is also
infinitely differentiable at a = 1 (i.e., t = 0), so that the
derivatives S(n)1 are well defined and bounded.

At the point α = 1 (i.e., t = 0), some terms from the
above set of equations vanish. Writing out the expression
for κ(n+1) and taking α = 1 (i.e., t = 0) yields

S(n)1 (ρ) = (−1)n
κ(n+1)

n + 1
.

Therefore, the Taylor expansion of Sα(ρ) around α =
1 can be rewritten in terms of the cumulants of
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surprisal as

Sα(ρ) =
∞∑

n=0

S(n)1 (ρ)

n!
(α − 1)n =

∞∑
n=1

(−1)n−1κ(n)

n!

× (α − 1)n−1 =
∞∑

n=1

κ(n)

n!
(1 − α)n−1,

where as usual we define 0! = 1 and 00 = 1. �
What is left, is to show that the function α �→ Sα(ρ) is

infinitely differentiable at α = 1 or, more precisely, can be
extended over α = 1 analytically. We use complex analy-
sis and denote by Ḃε an open ball of radius ε around z = 1
in the complex plane.

Lemma 41. For any finite-dimensional quantum state ρ,
there exists an ε > 0 such that the function z �→ Sz(ρ)

is holomorphically extendable over z = 1 on Ḃε ⊂ C,
i.e., there exists a holomorphic function g(z) on Ḃε that
coincides with z �→ Sz(ρ) on Ḃε \ {1}.

Proof. We write

Sz(ρ) = 1
1 − z

log Qz, Qz = tr[ρz] =
∑

i

pz
i ,

where the pi denote the eigenvalues of ρ. The function
Qz is clearly holomorphic. Moreover, for sufficiently small
imaginary values of z, it is nonzero. Thus there exists an
ε > 0 such that Qz is both holomorphic and nonzero on
Ḃε . Therefore, there exists a holomorphic branch of the
logarithm on Ḃε , so that g(z) = log Qz is holomorphic on
Ḃε . Clearly then Sz(ρ) is holomorphic on Ḃε \ {1}. We also
have that

lim
z→1

(z − 1)Sz(ρ) = lim
z→1

− log Qz = 0.

Therefore, by Riemann’s theorem on removable singulari-
ties, Sz(ρ) can be holomorphically extended over the point
z = 1. �

Note that g(z) being holomorphic, it is in particular
continuous, so that g(1) = limα→1 Sα(ρ) = S(ρ). In other
words g(α) = Sα(ρ) for all α ∈ (1 − ε, 1 + ε).

APPENDIX J: Sk(ρ) FOR k = 2, . . . , d ENCODE
THE SPECTRUM OF ρ

Theorem 42. The eigenvalues of ρ can be uniquely deter-
mined (including multiplicities) from the values Sk(ρ) for
k = 2, . . . , d.

Proof. To our knowledge the proof sketch for this theorem
first appeared as a comment by Steve Flammia on the

website mathoverflow [88], which we expand here for the
reader’s convenience. Let the eigenvalues of ρ be given by
pj with j = 1, . . . , d. Then for k ≥ 2 we can express the
kth power sum of the pj as

∑
j

pk
j = exp[(1 − k)Sk(ρ)].

By normalization, we always have
∑

j pj = 1. So only
the power sums for k ≥ 2 provide new information. The
power sums can be used to recursively compute the ele-
mentary symmetric polynomials ej (p1, . . . , pd) for j =
0, . . . , d using the Girard-Newton identities [89] as [with
e0(p1, . . . , pd) = 1]

kek(p1, . . . , pd) =
k∑

i=1

(−1)i−1ek−i(p1, . . . , pd)
∑

j

pi
j

=
k∑

i=1

(−1)i−1ek−i(p1, . . . , pd)

× exp[(1 − i)Si(ρ)].

Note that only the knowledge of the power sums, or equiv-
alently Rényi entropies, for k = 2, . . . , d are required to
compute the elementary symmetric polynomials. Finally,
we can express the characteristic polynomial cρ(λ) of ρ as
a sum over the d elementary symmetric polynomials [89]:

cρ(λ) =
d∑

k=0

(−1)kek(p1, . . . , pd)λ
d−k.

Solving for the roots of the characteristic polynomial then
gives us a unique solution, which is the set of eigenval-
ues pj of ρ (including multiplicities). To summarize, we
have expressed the characteristic polynomial Cρ(λ) of ρ
in terms of the Rényi entropies Sk(ρ) for k = 2, . . . , d
and solving for the roots of the characteristic polynomial
allows us to determine the spectrum of ρ. �

The above result shows that, in principle, the Rényi
entropies Sk with k ≥ 2 uniquely determine the spectrum
of a density matrix. In fact the procedure is relatively sim-
ple to implement in Wolfram Mathematica. For purely
illustrative purposes we therefore include the following
code. While it is not particularly numerially stable, it
can be seen to work well for small-dimensional matri-
ces by comparing its output with the built-in routine
Eigenvalues[].
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Życzkowski, Quantum state discrimination: A geometric
approach, Phys. Rev. A 77, 042111 (2008).

[85] A. Capel, A. Lucia, and D. Pérez-García, Superadditivity
of quantum relative entropy for general states, IEEE Trans.
Inf. Theory 64, 4758 (2017).

[86] H. Wilming, R. Gallego, and J. Eisert, Axiomatic charac-
terization of the quantum relative entropy and free energy,
Entropy 19, 241 (2017).

[87] T. van Erven and P. Harremos, Rényi divergence and
Kullback-Leibler divergence, IEEE Trans. Inf. Theory 60,
3797 (2014).

[88] S. Flammia, “When are probability distributions com-
pletely determined by their moments?” MathOverflow,
https://mathoverflow.net/q/4787 (version: 2017-04-13).

[89] Wikipedia contributors, “Newton’s identities — Wikipedia,
the free encyclopedia,” (2020), https://en.wikipedia.org/w/
index.php?title=Newton%27s˙identities&oldid=962139559
[Online; accessed 27-August-2020].

010325-31

https://arxiv.org/abs/1907.05650
https://doi.org/10.1007/s00222-003-0318-3
https://doi.org/10.1103/PhysRevA.64.042314
https://doi.org/10.1147/rd.53.0183
https://doi.org/10.1016/S1355-2198(03)00039-X
https://arxiv.org/abs/0707.0444
https://arxiv.org/abs/0709.3680
https://doi.org/10.1103/PhysRevLett.83.3566
https://doi.org/10.1103/PhysRevX.8.041051
https://doi.org/10.22331/q-2020-02-20-231
https://doi.org/10.1103/physrevlett.122.210402
https://arxiv.org/abs/2012.05573
https://doi.org/10.1109/TIT.2009.2018325
https://doi.org/10.1016/s0378-3758(00)00169-5
https://doi.org/10.1007/s00220-016-2609-8
https://doi.org/10.1103/physreva.77.042111
https://doi.org/10.1109/TIT.2017.2772800
https://doi.org/10.3390/e19060241
https://doi.org/10.1109/TIT.2014.2320500
https://mathoverflow.net/q/4787
https://en.wikipedia.org/w/index.php?title=Newton{%}27s_identities&oldid=962139559

	I.. INTRODUCTION
	A.. Setup and notation

	II.. OVERVIEW OF MAIN RESULTS
	A.. Variance of surprisal
	B.. Sufficient criteria for single-shot state transitions
	C.. Relation to smoothed min and max entropies
	D.. Decrease of variance
	E.. Bounds on marginal entropy production
	F.. Local monotonicity and entropy

	III.. MAIN RESULTS FOR GENERIC QUANTUM CHANNELS
	A.. Notation and main concepts
	1.. Lorenz curves
	2.. Flat and steep approximations relative to 

	B.. Sufficient criteria for state transitions under  majorization
	C.. Relation to smoothed min- and max-relative entropies
	D.. Uniform continuity and correction to subadditivity
	E.. A new monotone and relative entropy production
	F.. Relative entropy from local monotonicity

	IV.. CONCLUSIONS AND OUTLOOK
	. ACKNOWLEDGMENTS
	. APPENDIX A: OVERVIEW OF APPENDIX
	. APPENDIX B: NOTATION AND AUXILIARY LEMMATA
	. APPENDIX C: PROOF OF UNIFORM CONTINUITY OF THE RELATIVE VARIANCE (LEMMA 10)
	. APPENDIX D: PROOF OF CORRECTION TO SUBADDITIVITY OF RELATIVE VARIANCE (LEMMA 11)
	. APPENDIX E: PROOF OF LEMMA 7
	. APPENDIX F: FINITE BUT LARGE IID SEQUENCES
	. APPENDIX G: PROOF OF THEOREM 12
	. APPENDIX H: PROOF OF RESULT 5 AND THEOREM 15
	. APPENDIX I: RELATION BETWEEN RÉNYI ENTROPIES AND CUMULANTS OF SURPRISAL
	. APPENDIX J: Sk() FOR k=2,…,d ENCODE THE SPECTRUM OF 
	. REFERENCES


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile ()
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 5
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Average
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Average
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Average
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /PDFX1a:2003
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError false
  /PDFXTrimBoxToMediaBoxOffset [
    33.84000
    33.84000
    33.84000
    33.84000
  ]
  /PDFXSetBleedBoxToMediaBox false
  /PDFXBleedBoxToTrimBoxOffset [
    9.00000
    9.00000
    9.00000
    9.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV <>
    /HUN <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames false
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks true
      /AddColorBars false
      /AddCropMarks true
      /AddPageInfo true
      /AddRegMarks false
      /BleedOffset [
        9
        9
        9
        9
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks true
      /IncludeHyperlinks true
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 6
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


