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Nucleation of ergodicity by a single mobile impurity in supercooled insulators

Ulrich Krause1, Théo Pellegrin2, Piet W. Brouwer1, Dmitry A. Abanin2,3, and Michele Filippone2
1Dahlem Center for Complex Quantum Systems and Institut für Theoretische Physik,

Freie Universität Berlin, Arnimallee 14, 14195 Berlin, Germany and
2Department of Quantum Matter Physics and 3Department of Theoretical Physics,
University of Geneva, 24 Quai Ernest-Ansermet, CH-1211 Geneva, Switzerland

We consider a disordered Hubbard model, and show that, at sufficiently weak disorder, a single
spin-down mobile impurity can thermalize an extensive initially localized system of spin-up particles.
Thermalization is enabled by resonant processes which involve correlated hops of the impurity and
localized particles. This effect indicates that certain localized insulators behave as “supercooled”
systems, with mobile impurities acting as ergodic seeds. We provide analytical estimates, supported
by numerical exact diagonalization (ED), showing how the critical disorder strength for such mech-
anism depends on the particle density of the localized system. In the U → ∞ limit, doublons
are stable excitations, and they can thermalize mesoscopic systems by a similar mechanism. The
emergence of an additional conservation law leads to an eventual localization of doublons. Our pre-
dictions apply to fermionic and bosonic systems and are readily accessible in ongoing experiments
simulating synthetic quantum lattices with tunable disorder.

Introduction – Relaxation of a many-body system to-
wards thermal equilibrium, driven by the interaction
between its elementary constituents, is the cornerstone
of statistical physics. Classically, thermalization is ex-
plained by the ergodic hypothesis, stating that isolated
many-body systems forget their initial conditions, explor-
ing all possible configurations allowed by global conser-
vation laws, such as energy conservation. The equivalent
of the ergodic hypothesis in the quantum realm is the
eigenstate thermalization hypothesis (ETH) [1–4].

It is of particular interest to find quantum systems
avoiding thermalization. A generic mechanism to violate
ETH is provided by many-body localization (MBL) [5–
8], which can be viewed as a generalization of the cele-
brated phenomenon of Anderson localization (AL) [9, 10]
to interacting systems, such as disordered Hubbard-type
models studied experimentally with cold atoms [11–13].
In MBL systems, the breakdown of thermalization stems
from the emergence of local integrals of motion (LI-
OMs) [14–16]. They underlie surprising dynamical prop-
erties of MBL, which set it apart from AL, such as
slow entanglement growth [17–19] and relaxation with-
out thermalization [20].

In stark contrast to AL, which exists in dimensions
d = 1, 2 at any disorder, MBL has been firmly established
only at strong disorder in d = 1. It is an open question
how the transition from MBL to the ergodic phase occurs
when disorder strength is reduced. Recent theories [21–
23] argued that this transition is driven by the formation
of rare thermal “bubbles”. These theories build on a set
of phenomenological assumptions regarding the interplay
of bubbles and nearby, initially localized regions. It was
shown that the bubbles can grow by including nearby lo-
calized degrees of freedom [24–27], which may destabilize
certain localized systems, albeit at times that scale ex-
ponentially with the system size. However, these effects
have not yet been observed in experiments with quantum

simulators, which can access local, time-dependent ob-
servables in localized systems [11–13, 28, 29]. It is there-
fore crucial to identify simple, realizable mechanisms for
the generation and spreading of thermal bubbles through
an (initially) non-ergodic system.

In this study, we consider a paradigmatic correlated
system – disordered Hubbard model – and uncover a
novel effect of interactions on localization. We consider a
single spin-down impurity immersed in a spin-polarized
background. We show that, similarly to seed crystals in
supercooled liquids, at sufficiently weak disorder, a single
impurity can act as “ergodic nucleus” that thermalizes
the entire, initially localized system. For moderate on-
site interaction strength U of the order of the hopping t,
mobile impurities take advantage of a finite density ρ of
single particles in adjacent localized states to propagate,
destroying localization below a critical disorder strength
WC(ρ). In the infinite interaction limit, U → ∞, a sin-
gle doublon, which is a composite excitation made of two
particles (two identical bosons or two fermions with op-
posite spin), stabilized by strong interactions [30–34], can
thermalize, via a similar mechanism, mesoscopic systems
much larger than the single-particle localization length.
The doublon is eventually localized due to the emergence
of an additional conservation law.

The mechanism proposed here applies to fermionic and
bosonic systems, and differs qualitatively from that of
Ref. [24], which considered a static, well-thermalized re-
gion coupled to a localized system. In particular, we
find delocalization time scaling as a power law in the
system size, as opposed to an exponential scaling of
Ref [24]. Furthemore, the nucleation mechanism can be
probed by tracking the position of the impurity in out-
of-equilibrium settings, which could be readily realized in
ongoing experiments on disordered optical lattices [11–
13, 28, 29].

Analysis of resonances for a mobile impurity – We first
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Figure 1. Spectral-statistics parameter r (bottom panels) for a system with a Hamiltonian (1) with one spin-down impurity,
shown as a function of disorder strength W/t and renormalized energy ε = (E − Emin)/(Emax − Emin). Panel (a) illustrates
the case of moderate interaction U = t, while (b,c) show large-U values, when a doublon can form. The upper panels show the
many-body density of states (DOS) at W = 1.6t, which exhibits a clear separation between sectors with and without doublon
at large U . At all values of U , a transition of Wigner-Dyson statistics (blue regions) at moderate disorder to Poisson statistics
(yellow regions) is observed. At large U , this transition occurs in the doublon band, while the singlon band is AL. Averaging
was performed over 2000 different disorder realizations, L = 12 sites, N↑ = 6 and N↓ = 1.

examine the conditions under which a mobile impurity
may induce resonances that involve nearby localized par-
ticles. We argue that for sufficiently weak disorder the
impurity can propagate, thermalizing the entire system.
We consider the Fermi-Hubbard model:

HFH =
∑

j,σ

εjnj,σ+U
∑

j

nj,↑nj,↓+t
∑

j,σ

[
c†j,σcj+1,σ+h.c.

]
,

(1)
where the operators cj,σ annihilate spin-σ fermions on

site j, nj,σ = c†j,σcj,σ, and the on-site energies εj are
uniformly distributed in the energy box [−W,W ]. As
an impurity, we introduce a single spin-down fermion,
N↓ = 1, into an environment of N↑ spin-up fermions
(particles) on L sites, with ρ↑ = N↑/L being their density.

In the non-interacting limit (U = 0), on-site disorder
induces AL. It is convenient to switch to the basis of
single-particle localized orbitals described by operators
al,σ, related to lattice operators via cj,σ =

∑
l ψl(j)al,σ.

Here eigenfunctions ψl(j) ∼ e−|j−l|/ξ/
√
ξ are exponen-

tially localized around site l. The localization length ξ
scales as t2/W 2 at W � t [35–37]. The Hamiltonian (1)
becomes

HFH =
∑

l

Ela†l,σal,σ+

U
∑

j,l,m
p,q

ψ∗l (j)ψm(j)ψ∗p(j)ψq(j)a
†
l,↑am,↑a

†
p,↓aq,↓ ,

(2)

where {El} are the eigenenergies of the states al,σ.
The interaction of the impurity with the particles may

induce resonances between initially fully localized config-
urations. To estimate the resonance probability, we study
the matrix elements of the interaction term between an
initial state |ψ〉 in which the impurity occupies orbital

l, while spin-up fermions randomly occupy N↑ orbitals,
and a final state |ψ′〉 in which the impurity moved to an
orbital l′, and one spin-up fermion moved from orbital p
to p′. The corresponding matrix element reads

〈ψ′|HFH|ψ〉 = U
∑

j

ψ∗p′(j)ψp(j)ψ
∗
l′(j)ψl(j) . (3)

We focus on processes where l, l′, p, p′ all lie within one lo-
calization length ξ; for such processes the matrix element
is largest. Assuming that ψl(j) are oscillating functions
of amplitude 1/

√
ξ within the localization volume, the

matrix element (3) can be estimated as Vtyp ∼ Uξ−3/2.
Further, we note that a given state |ψ〉 is connected to
n(ξ, ρ↑) ∼ ρ↑(1 − ρ↑)ξ3 states |ψ′〉, since any of the ρ↑ξ
spin-up fermions can be moved to any of the (1 − ρ↑)ξ
empty orbitals, while l′ can be chosen in ∼ ξ ways. The
corresponding energy mismatch is a random quantity
with a variance of order δE ' 2W . Thus, the level spac-
ing for the rearrangement process can be estimated as
δε = δE/n(ξ, ρ↑). The resonance condition, Vtyp & δε,
then yields:

W < WC, 2WC = Uρ↑(1− ρ↑)ξ3/2(W ) . (4)

Thus, a single impurity efficiently induces many-body
resonances in an initially localized system for W < WC.
WC is strongly sensitive to the precise dependence of the
localization length ξ on the disorder strength W , and on
the spin-up density ρ↑. In particular, WC is the largest
for ρ↑ ≈ 1/2, and it is zero in the ρ↑ → 0 and ρ↑ → 1 lim-
its, signalling localization. In both limits, Eq. (1) maps
onto a tight-binding model for a single spin-down with
random on-site potential, subject to AL.
Numerical calculations – We support the above consid-

erations with ED numerical results presented in Figs. 1,
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Figure 2. a) Finite-size scaling of the averaged parameter r as
function of disorder strength W/t, for U = t. b) Critical dis-
order WC, at which r = rC, as a function of ρ↑ = N↑/L. The
curve is consistent with the estimate (4), valid in the thermo-
dynamic limit. Disorder averages were performed over 4000,
2000, 1000 realizations for L = 8, 10 and 12. For L = 14, 16
and 18 averaging is performed over 100 to 1000 realizations,
depending on N↑. c,d) Same as above, but for U = 100t and
energies in the middle of the many-body band involving one
doublon.

2, for the Fermi-Hubbard model (1). We first focus
on moderate interactions (U = t), and the large-U
limit is discussed below. In this case a clear transi-
tion from Wigner-Dyson (WD) to Poissonian (P) spec-
tral statistics is observed as disorder is increased, in
which the ratio of consecutive level spacings rn =
min(δn, δn+1)/max(δn, δn+1) with δn = En − En−1 goes
from rWD ∼ 0.53 to rP ∼ 0.39 [7, 38]. Fig. 2a reports
finite-size scaling of the WD-P spectral transition, for
U = t, suggesting persistence of thermalization induced
by a single impurity in the thermodynamic limit.

Furthermore, we studied the effect of changing the
spin-up density ρ↑ on the WD-P spectral transition (see
Fig. 2c, and also SM [39]). We estimate the critical disor-
der strength WC as the crossing point of the r-parameter
curves at different system sizes for ρ↑ = 1/2, which oc-
curs at rC ' 0.425, see Fig. 2a. We assume the same
rC for arbitrary ρ↑. This yields the behavior of WC(ρ↑)
plotted in Fig. 2b, which is in a qualitative agreement
with the estimate (4).

Dynamical properties – Next, we focus on dynamical
properties and study impurity propagation and its ef-
fect on the initially localized spin-up particles. We con-
sider a quantum quench protocol, with an initial state
chosen to be a product state of a spin-down particle

Figure 3. Left: Time evolution of the imbalance I for the ini-
tial state sketched in the inset. Different interaction strengths
are considered (U = 0, t, 100t), and periodic boundary con-
ditions are chosen. Right: The evolution of the local spin-
down density at site zero, n↓,0. Simulations are performed
for L = 8, 10, 12 (light to dark lines), N↑ = L/2, W = 1.5t
and averaged over 1000 disorder realizations. The horizontal
gray lines correspond to 1/L.

located on a lattice site 0, and a density wave, with
a spin-up fermion occupying every second lattice site,
Fig. 3. We study the evolution of the spin-up imbalance
I = (N↑,e−N↑,o)/(N↑,e+N↑,o), N↑,e/o being the occupa-
tion of even/odd sites (see experiments [11, 40]), as well
as the averaged evolution of the local spin-up (impurity)
occupation 〈n↓,0〉.

The results for W = 1.5t, which lies below WC for
U = t, and ρ↑ = 1/2, are illustrated in Fig. 3. In the
non-interacting case (U = 0t), neither of the quantities
〈n↓,0〉, I thermalizes because of AL, saturating to a value
that depends weakly on the system size. At U 6= 0,
both quantities show a more pronounced decay as the
system size is increased. In particular, the relaxation of
〈n↓,0〉 towards 1/L signals uniform spreading of the mo-
bile impurity across the entire system. The suppression
of the imbalance I is correlated in time with the impu-
rity spreading across the system. Measurements of the
imbalance decay and impurity position can be readily
performed in ongoing experiments [11, 28, 40] and would
provide a smoking-gun signature of the nucleation mech-
anism.
Mesoscopic nucleation and doublons in the U → ∞

limit – Figure 1c shows that the condition U � N↑ ·
max[t,W ] induces a mesoscopic gap between two differ-
ent many-body bands with distinct spectral properties.
Such two bands are distinguished by the number of dou-
blons present in the system. A doublon is formed when
two fermions of opposite spin occupy the same site, with
an energy cost U . In the limit U → ∞, doublons are
stable excitations at t 6= 0, as the energy U released by
doublon decay cannot be absorbed by bands without dou-
blons [31]. In this limit, the low-energy “singlon” band,
in which the unique spin-down fermion cannot occupy
sites hosting spin-up fermions, is localized, as indicated
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Figure 4. a) Effective correlated hopping processes of doublon
and particles. b) Typical states connected to leading order in
t. Doublon-hopping is accompanied in the change of occupa-
tion of localized orbitals and the displacement of impenetrable
holes.

by the Poisson level statistics. Similar to bosons in the
Tonks-Girardeau gas [41–45] (see SM for details [39]), the
U →∞ limit induces a Pauli-like exclusion between spin-
up and -down fermions, which then behave as indistin-
guishable, Anderson-localized free fermions, see Fig. 1c.

A pronounced WD-P transition as a function of dis-
order strength is observed in the single doublon sector
for U = 100t. Figure 2c shows that the step in r is
sharper than the one observed for moderate interactions
(U = t); moreover, r reaches rWD for accessible sizes L
on the ergodic side of the step. Figure 2d shows that
the WD-P transition depends on the spin-up density ρ↑,
but WC(ρ↑) is less symmetric around ρ↑ = 1/2. In the
SM [39], a similar transition is demonstrated for indistin-
guishable bosons described by the Bose-Hubbard model
when a single doublon is stabilized by large U →∞.

The emergence of WD statistics shows that, at suf-
ficiently weak disorder, a single doublon can efficiently
induce many-body resonances. The underlying processes
are illustrated in Fig. 4 and are described in detail in
the SM [39]. In the U → ∞ limit, the doublon hopping
is impossible in the absence of particles nearby. In this
case, it involves a virtual transition through states with-
out doublons, and therefore has an amplitude O(t2/U)
that vanishes for U → ∞. On the other hand, the
hopping of the unique spin-down fermion on a nearby
site already occupied by a spin-up particle is allowed.
It has an amplitude t and conserves the doublon num-
ber. This constrained dynamics, summarized in Fig. 4a,
may induce resonances between localized configurations,
as those shown in Fig. 4b, favoring ergodicity for weak
enough disorder. The analysis of the resonances induced
by such correlated hopping is carried out in the SM [39]
to the leading order in t. It is similar to the argument un-
derlying Eq. (4), with the difference that δE ∼ 3W (the
impurity and two particle are displaced), and the number
of connected states is estimated as ∼ ρ↑(1 − ρ↑)ξ2 (the
doublon moves by one site and only one particle-hole pair

is rearranged in a localization volume ξ). This yields [39]

3W ≤ tρ↑(1− ρ↑)
√
ξ(W ) . (5)

Thus, the hopping amplitude t substitutes the interaction
strength U in Eq. (4), and the existence of resonances is
controlled by a single parameter W/t, the only one left in
the U →∞ limit. The condition (5) explains the obser-
vation of the WD-P transition in Figs. 1c and 2c, which
is a consequence of the fact that the doublon is able to
induce many-body resonances if a finite density of parti-
cles is present nearby. We attribute the observed devia-
tions from particle-hole symmetric scaling ∝ ρ↑(1 − ρ↑)
to finite-size effects, observing that the numerical results
drift towards the dependence predicted by Eq. (5) as the
system size is increased, see SM [39].

Nevertheless, a single doublon cannot spread over the
entire system in the thermodynamic limit. In a strict
U →∞ and d = 1 limit, doublons cannot cross the holes
present in the system. As shown schematically in Fig. 4b,
doublons and particles exchange positions through pro-
cesses of amplitude t, but the same process triggers the
accumulation of holes on one side of the doublon and will
eventually block its propagation. This effect becomes
dominant after repeated hopping events of order t, ex-
changing particle and doublons, and is apparent in the
real-time evolutions shown in Fig. 3. In particular, the
stationary long-time value of 〈n↓,0〉 at U = 100t shows no
convergence towards 1/L. In the SM [39], we compare
the doublon spreading for periodic and open boundary
conditions, showing that it is significantly suppressed in
the latter case. The reason is that, for open boundary
conditions, the number of empty sites on the left and on
the right of the initial doublon position is a conserved
quantity in the U → ∞ limit, which quenches the dou-
blon propagation, even in the absence of many-body lo-
calization. The doublon is thus able to take advantage
of particles nearby to propagate on mesoscopic length
scales which are much larger than the single particle lo-
calization length and the systems sizes attained by our
numerical simulations.

It is important to stress that the above considerations
do not generalize to the case with moderate interactions
U ∼ t, in which case there is no mechanism blocking the
propagation of the interacting impurity at weak disorder
across the entire system.

Conclusions – In this work, we showed that a single
impurity may thermalize an initially localized system at
sufficiently weak disorder; such system is therefore a “su-
percooled insulator” that stays localized only until a suit-
able ergodic seed is introduced. Crucially, the associated
thermalization time is expected to scale as a power-law
in system size, while static bubbles of Ref. [24] lead to
much slower, exponential in size relaxation.

This effect can be observed with current experimental
capabilities, e.g. by studying dynamical signatures and



5

impurity-induced decay imbalance. In the future work,
it would be interesting to extend the analysis to the case
of a finite impurity density. This may provide an in-
sight into the results of a recent experiment [46], which
reported MBL-thermal transition as a function of impu-
rity density. Finally, several open questions regarding the
doublon dynamics in the U →∞ limit remain; in partic-
ular, doublon dynamics in d > 1 is expected to be qual-
itatively different from d = 1 case, since no additional
conservation law exists. In particular, we expect that,
for d > 1, the doublon surrounded by its ergodic cloud
will preserve its ability to propagate across the whole,
initially localized, system.
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[19] M. Serbyn, Z. Papić, and D. A. Abanin, Phys. Rev. Lett.
110, 260601 (2013).
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In this Supplemental Material, we provide additional and detailed information concerning the
numerical calculations presented in the main text for the Fermi-Hubbard model. We then compare
the spreading of the mobile impurity by assuming periodic and open boundary conditions. We also
show how the ergodic bubble generation by single doublons equally emerges in bosonic systems, by
carrying an analog numerical study on the Bose-Hubbard model. We conclude by carrying out the
analysis of resonances in the presence of a doublon, leading to Eq. (5) in the main text.
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ADDITIONAL DETAILS ON NUMERICAL DENSITY- AND FINITE-SIZE SCALING

In this section, we provide additional plots showing how Wigner-Dyson statistics is induced by the presence of a
single impurity for different spin-up densities ρ↑ = N↑/L and system sizes L. Figures S1 and S2 report analogous
plots to Fig. 1 in the main text. We focus on U = t and U = 100t, by considering different system sizes and different
particle densities ρ↑. Notice that we inverted the axes and switched to a different scale for the vertical axis. Instead of
the energy of the state, we consider its position in the many-body spectrum. This choice has limited physical meaning,
but it allows for instance to understand how the clear lines appearing in Fig. 1a for weak disorder in the ergodic region
are an artifact of “folding” the spectrum. Additionally one can also notice that such lines are a finite-size effects,
much less apparent for L = 14.

Figure S1. Density plot of the averaged gap-ratio r as function of disorder strength W/t and state label (see text), for moderate
interaction strength U = t. The black horizontal lines signal the state in the middle many-body bands and give the cuts along
which the lines in Fig. S3 are taken. Disorder averages were performed over 4000, 2000, 1000 realizations for L = 8, 10 and 12.
For L = 14 averages over disorder range from 1000 to 100 different disorder realizations depending on N↑.

Additionally, in Fig. S2, considering the position of the states instead of their energy does not make apparent the
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Figure S2. Same as Fig. S1 for strong interactions U = 100t, clearly showing the appearance of ergodicity only in the bands
hosting doublons. The black horizontal lines signal the state in the middle of the doublon bands and give the cuts along which
the lines in Fig. S4 are taken. The red regions appearing on the bottom correspond to the AL bands with only singlons. All
features there are artifacts of the numerical averaging procedure.

“mobility gap” in energy between doublon and singlon bands for U = 100t, which is instead clearly apparent in Fig.
1c. Nevertheless, it allows to clearly distinguish many-body bands with and without doublons and better appreciate
the transition from Wigner-Dyson to Poisson level-spacing statistics. We remind that, for the Fermi-Hubbard model
with N↑ and N↓ spin-up and -down fermions on L sites, the Hilbert space dimension is

(
L
N↑

)
×
(
L
N↓

)
. For the specific

case in which N↓ = 1, the singlon and doublon bands feature L×
(
L−1
N↑

)
and L×

(
L−1
N↑−1

)
states respectively.

Figures S3 and S4 provide details concerning the derivation of the critical disorder strength WC as a function of
the spin-up density ρ↑ shown in Fig. 2.b-d in the main text, for different system sizes.

In Fig. S5, we provide also the finite-size scaling of the critical disorder strength WC evaluated from the numerical
data presented in Figs. S3 and S4. Figure 2b-d, in the main text, have been constructed from Fig. S5, by keeping the
data available for the largest system size L for a given density ρ↑. Figure S5 clearly shows that the numerical results
drift towards the dependence WC ∝ ρ↑(1− ρ↑) predicted by Eqs. (3) and (4) presented in the main text.
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Figure S3. Averaged gap-ratio r along the black lines drawn in Fig. S1. Different plots correspond to different system size L.

Figure S4. Same as Fig. S3 for U = 100t.
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Figure S5. Finite-size scaling of WC derived from the numerical data presented in Figs. S3 and S4, for U = t and U = 100t
respectively.

SENSITIVITY OF THE DOUBLON SPREADING ON BOUNDARY CONDITIONS

As discussed in the main text, in the case of open boundary conditions (obc), the number of empty sites (holes) on
the left and on the right of the doublon becomes a quasi-conserved quantity in the U � t limit. As a consequence,
the spreading of the ergodic cloud activated by the doublon is quenched by the presence of such “incompressible”
holes. This phenomenon is illustrated in Fig. S6, in which we compare the evolution towards its stationary value of
the spin-down density n↓,0 in the case of open and periodic boundary conditions (pbc). The spin-down fermion is
initially placed at site 0 with a singlon every two sites (ρ↑ = 1/2), as for the initial state in Fig. 3 in the main text.
In the case of moderate interaction (U = t), the dynamics is almost insensitive to the boundary conditions and the
stationary value of n↓,0 well approaches the ergodic value 1/L.

The situation is different when the interaction is increased and the doublon is stabilized. In that case, the evolution
of n↓,0 is strongly sensitive to boundary conditions. In the case of pbc, the stationary value of n↓,0 approaches
2/L, that is the ergodic value that would be obtained by subtracting to the system the sites occupied by holes. For
obc instead, the stationary value of n↓,0 is quite different from this value, signaling the difficulty of the doublon in
propagating across the system because of the presence of an additional quasi-conserved quantity, namely the number
of holes on the right and on the left of the doublon.

Figure S6. Comparison of the evolution of the local spin-down occupation at site zero n↓,0 for periodic (solid lines) and open
boundary conditions (dashed lines). The initial state is the same as the one considered for Fig. 3 in the main text. Increasing
values of the interaction strength U are considered from left to right (t, 100t, 1000t). Simulations are performed for L = 8, 10, 12
(light to dark lines), N↑ = L/2, W = 1.5t and averaged over 200 disorder realizations. The horizontal lines in gray correspond
to 1/L (solid), and 2/L (dashed).
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Figure S7. Ergodic-to-MBL transition in a system of bosons on the lattice for increasing interaction strength. The plots show
the averaged gap-ratio r as function of disorder strength W/t and state label (see main text). The plots show clear emergence
of Wigner-Dyson statistics (blue regions) versus Poisson statistics (yellow regions) when many-body states host a doublon. For
U = 10t and 100t the many-body bands with one doublons are delimited by black horizontal lines. Numerics were performed
on the Bose-Hubbard model (S1) with L = 10 sites and N = 5 bosons. Disorder averages were performed over 400 disorder
realizations.

ERGODIC BUBBLE GENERATION BY SINGLE DOUBLONS IN BOSONIC SYSTEMS

In this section we consider the Bose-Hubbard model, which is the bosonic version of the Fermi-Hubbard model we
considered in Eq. (1) in the main text. It reads

HBH = t
∑

j

[
b†jbj+1 + b†j+1bj

]
+ U

∑

j

nj(nj − 1) +
∑

j

εjnj , (S1)

in which the operators bj,σ annihilate bosons on site j, nj,σ = b†jbj , and the onsite energies εj are uniformly distributed
in the energy window [−W,W ]. Notice that for boson, doublon formation does not need to add any internal degree
of freedom, like spin, as the bosonic statistics allows for the multiple occupation of a single site, thus permitting the
formation of doublons, even triplons and so forth.

Figure S7 is the analog of Fig. 1 in the main text, but derived for Eq. (S1). As for Fig. S2, also in this case, it
is practical to exchange the axes and consider the state position in the many-body spectrum instead of its energy.
This choice allows to better observe the WD-P transition in sectors with different numbers of doublons. The phase
diagram is totally analogous to the one derived for fermions in the main text. The main difference resides in the fact
that more than one doublon and even triplons can be formed in the Bose-Hubbard model, being all bosonic particles
indistinguishable. We remind here that, in our study concerning the Fermi-Hubbard model, we considered only a
single spin-down fermion, thus allowing for the formation of a single doublon at most. For instance, the black lines
drawn in Fig. S7 for U = 10t and 100t sit exactly at

(
L
N

)
and

(
L
N

)
+ L ·

(
L−1
N−2

)
. Thus, as in the fermionic case, it

is possible to isolate the section of the Hilbert space with a single doublon and observe that its presence leads to
Wigner-Dyson statistics also in bosonic systems. The similarity between the fermionic and bosonic case shows the
generality of the mechanism discussed in the main text, that is the importance of doublon formation for the activation
of thermalization in localized system.

DETAILS OF THE DERIVATION OF THE EFFECTIVE SINGLE DOUBLON HAMILTONIAN AND
ANALYSIS OF RESONANCES

We provide here details concerning the description of a system with a doublon and the derivation of Eq. (5) in
the main text. To describe a system with a doublon, we introduce the composite doublon annihilation operator
dj = cj,↑cj,↓ and then recast the onsite term in Eq. (1) in the main text as HO =

∑
j εjnj,↑hj,↓ + 2

∑
j εjd

†
jdj [S1], in

which hj,↓ = 1−nj,↓. We consider the case of large interaction U � N↑t. This condition guarantees that many-body
bands with and without doublon do not overlap in energy, see Fig. 1c in the main text. We focus on the situation
in which a doublon is formed and simplify Eq. (1). We first separate the hopping term in Eq. (1) in two parts
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HT = t(D + V), in which the operator D(V) =
∑
j [Dj(Vj) + h.c.] preserves(changes) the number of doublons [S2–S4]

Dj = hj,σ̄c
†
j,σcj+1,σhj+1,σ̄ + nj,σ̄c

†
j,σcj+1,σnj+1,σ̄ , Vj = hj,σ̄c

†
j,σcj+1,σnj+1,σ̄ + nj,σ̄c

†
j,σcj+1,σhj+1,σ̄ , (S2)

in which nj,σ̄ = c†j,−σcj,−σ and hj,σ̄ = 1−nj,σ̄ are projectors controlling whether fermion hoppings change or preserve
the doublon number. The effective doublon-conserving Hamiltonian is obtained by eliminating V to leading order,
which is achieved via a unitary Schrieffer-Wolff transformation H′ = eiSHe−iS [S5]

H′ = HO +D +
i

2

[
S,V

]
+O

(
S2
)
, (S3)

where S is chosen to satisfy V + i
[
S,HO +D

]
= 0. In the particular case N↓ = 1, V only connects states |Ψ1/0〉 with

one/zero doublons. Such states are of the form |φ1〉 = | . . . , ↑↓, 0, . . .〉 and |φ0〉 = | . . . , ↑, ↓, . . .〉, in which we use the
notation | ↑↓〉 for the doublon at site j and |0〉 for no particle at site j+1. They differ in energy by U +εj−εj+1 ∼ U ,
in the large U limit. By evaluating the matrix element between such states for V, we find

〈φ0|V|φ1〉+ iU〈φ0|S|φ1〉+ 〈φ0|
[
S,D

]
|φ1〉 = 0 . (S4)

As 〈φ0|S|φ1〉 is of order O(t/U), the last term in the above expression is of order O(t/U)2, and we can neglect it in
a first approximation. Accordingly, also the commutator [S,V] = O(t2/U), therefore H′ = HO + D + O(t2/U). We

can also write HO =
∑
j εjnj,↑hj,↓+ 2

∑
j εjd

†
jdj , in which we introduce the composite doublon annihilation operator

dj = cj,↑cj,↓. Further, the doublon-conserving operator D in Eq. (S2) can be considerably simplified in the single

doublon sector: we can neglect operators of the form hj,↑c
†
j↓cj+1,↓hj+1,↑ (no site occupied exclusively by a spin-down)

and nj,↓c
†
j,↑cj+1,↑nj+1,↓ . One thus obtains the residual hopping

D = t
∑

j

[
hj,↓c

†
j,↑cj+1,↑hj+1,↓ + d†jcj,↑c

†
j+1,↑dj+1 + h.c.

]
, (S5)

where hj,↓ acts as a projector preserving the doublon number during singlon hopping. Expression (S5) clearly shows
that, for U → ∞, doublons can still hop with an amplitude of order t, only if singlons are present nearby. Such
correlated hopping competes with localization, favoring ergodicity for weak enough disorder, as sketched in Fig. 4 in
the main text and as we are going to illustrate in detail below.

Analysis of resonances

The correlated hopping (S5) efficiently induces resonances between initially fully localized configurations, below a
critical disorder strength WC. To analyze this effect for moderate disorder, we make two simplifying assumptions: (i)
doublons and singlons are independent particles that correspond to d and c↑ annihilation operators acting on separate
Fock spaces and (ii) we identify hj,↓ = I in Eq. (S5). The first approximation applies in the U →∞ limit. The second
one neglects all local change of potential seen by singlons, following doublon displacements. Such processes can be
neglected to leading order in t, in which the doublon acts as an infinite barrier between two AL systems composed of
free singlons. These assumptions lead to an effective Hamiltonian describing the single doublon sector

Heff = H↑ +
∑

j

[
2εjd

†
jdj + td†jcj,↑c

†
j+1,↑dj+1 + h.c.

]
, (S6)

in which H↑ =
∑
j εjnj,↑ + t

∑
j [c
†
j,↑cj+1,↑ + h.c.] is a single-particle nearest-neighbor hopping Hamiltonian in which

onsite disorder leads to AL. It is thus convenient to switch to the basis of single-particle localized orbitals denoted by
operators al, such that cj,↑ =

∑
l ψl(j)al, where ψl(j) ∼ e−|j−l|/ξ/

√
ξ are eigenfunctions localized around site l, with

a typical exponential decay. The localization length ξ scales as t2/W 2 for W � t [S6]. The effective Hamiltonian (S6)
becomes

Heff =
∑

l

Ela†l al + 2
∑

j

εjd
†
jdj + t

∑

j,l,m

ψl(j)ψ
∗
m(j + 1)

[
d†jala

†
mdj+1 + h.c.

]
, (S7)

in which {El} are the eigenenergies corresponding to AL states with Poissonian level-spacing distribution.
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We inspect the matrix elements between typical states |ψ〉 and |ψ′〉, sketched in Fig. 4b in the main text, with a
doublon and N↑ localized orbitals randomly occupied by spin-up fermions. To leading order, the correlated hopping
term in Eq. (S7) couples |ψ〉 to any state |ψ′〉 in which the doublon is displaced by one site and a particle-hole pair
is created. For typical initial(final) states, the probability of occupied or empty localized single-particle orbitals is ρ↑
and 1− ρ↑ respectively, thus we can estimate the matrix element between these two states as

〈ψ′|Heff |ψ〉 ' −tψl(j)ψm(j + 1)ρ↑(1− ρ↑) . (S8)

Notice that this matrix element is suppressed, signaling doublon localization, both in the ρ↑ → 0 and ρ↑ → 1 limits.
The nature of localization in such two limits is slightly different. For ρ↑ → 0, localization is caused by the impossibility
for doublons to hop in the absence of singlons nearby. For ρ↑ → 1, Eq. (S6) maps onto a tight-binding model for a
single spin-down with random on-site potential and hopping, subject to AL. Notice that the matrix element (S8) is
maximum at half-filling ρ↑ ≈ 1/2.

We compare now the matrix element (S8) with the relevant level spacing. To leading order, the number of states
connected to |ψ〉 is roughly given by the number of ways particle-hole excitations can be arranged in a localization
volume ξ, thus ∝ ξ2. As a consequence, the average level spacing is given by δε = δE/ξ2, in which δE ' 3W is
the typical energy difference between the states |ψ〉 and |ψ′〉. By assuming that ψl(j) are oscillating functions of
amplitude 1/

√
ξ within a localization volume, the resonance condition (5) in the main text is derived. We report it

here for readability

3W ≤ tρ↑(1− ρ↑)
√
ξ(W ) . (S9)

This result shows how, surprisingly, a single doublon efficiently induces many-body resonances in a localized system
below a critical disorder strength WC – defined by setting the equality in Eq. (S9) – which strongly depends on the
singlon density ρ↑. Notice that the transition to the MBL phase for strong disorder is controlled by a single parameter
W/t, the only one left in the U →∞ limit.

[S1] In this expression, we implicitly shift by U the many-body spectrum.
[S2] A. H. MacDonald, S. M. Girvin, and D. Yoshioka, Phys. Rev. B 37, 9753 (1988).
[S3] F. Hofmann and M. Potthoff, Phys. Rev. B 85, 205127 (2012).
[S4] J. Wurtz, P. W. Claeys, and A. Polkovnikov, Phys. Rev. B 101, 014302 (2020).
[S5] J. R. Schrieffer and P. A. Wolff, Phys. Rev. 149, 491 (1966).
[S6] D. J. Thouless, J. Phys. C 5, 77 (1972); G. Czycholl, B. Kramer, and A. MacKinnon, Z. Phys. B 43, 5 (1981); M. Kappus

and F. Wegner, Z. Phys. B 45, 15 (1981).


