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Abstract

Tomonaga—Luttinger liquids (TLLs) can be used to effectively describe one-
dimensional quantum many-body systems such as ultracold atoms, charges in
nanowires, superconducting circuits, and gapless spin chains. Their proper-
ties are given by two parameters, the propagation velocity and the Luttinger
parameter. Here we study inhomogeneous TLLs where these are promoted to
functions of position and demonstrate that they profoundly affect the dynam-
ics: in general, besides curving the light cone, we show that propagation is
no longer ballistically localized to the light-cone trajectories, different from
standard homogeneous TLLs. Specifically, if the Luttinger parameter depends
on position, the dynamics features pronounced spreading into the light cone,
which cannot be understood via a simple superposition of waves as in the Huy-
gens—Fresnel principle. This is the case for ultracold atoms in a parabolic trap,
which serves as our main motivation, and we discuss possible experimental
observations in such systems.
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1. Introduction

Conformal field theory (CFT) in one spatial dimension can successfully be used to effectively
describe the low-energy regime of a large class of gapless systems commonly referred to as
Tomonaga—Luttinger liquids (TLLs) [1-5]. Examples of such systems include ultracold atoms,
charges in nanowires, superconducting circuits, and certain spin chains, and their properties
within the standard homogeneous TLL description can be encoded in two positive parameters,
namely the propagation velocity v and the so-called Luttinger parameter K, see [6, 7] for a
review.

Here we extend this description to inhomogeneous systems where v and K are promoted to
functions v(x) and K(x) of the spatial coordinate x. Such a generalization appeared earlier in
[8—11] to model quantum wires coupled to leads, and systems of this type have recently gar-
nered considerable interest, in particular when studied out of equilibrium, see, e.g. [12—22]. In
figure 1 we illustrate a selection of experimental setups that lend themselves to a TLL descrip-
tion (when homogeneous on a microscopic scale) and give possible sources of inhomogeneities
that would lead to an inhomogeneous TLL description, some of which have been studied in var-
ious detail before, see, e.g. [13, 14, 17, 18, 23-27]. We also mention [28—-30] for related but
different realizations of inhomogeneities in one-dimensional systems.

The most general Hamiltonian for inhomogeneous TLLs is of the form (we use units where
h=1)

1 [k .
Haw = [ s :(;;((fc))ﬁ(xf + v(x)K(x)[ax¢<x>]2> 3 (1)
where 2R is the system length, :...: denotes (boson) normal ordgring, [q?)(x),fr(x’)] =

i6(x — x'), and [p(x), d(x)] = 0 = [#(x), #(x')]. Here, #(x) and dy¢(x) have interpreta-
tions as the linearized particle density and current, respectively, within the harmonic-fluid

(or phenomenological-bosonization) approach [4, 6, 25]. We will assume that R is finite
throughout this paper: boundary conditions are addressed in section 3 and left unspecified
for now. In section 3 we also make precise in Fourier space that the above normal-ordering
prescription means that creation operators are to the left of annihilation operators in any given
term.

The Hamiltonian in (1) can be used to describe a wide range of inhomogeneous settings
using v(x) and K(x) that vary smoothly in space, see figure 1 and references above, and even
quantum wires coupled to leads if they are allowed to vary non-smoothly. The latter case will
not be studied here, as we will focus on the use of (1) to model inhomogeneous TLLs.

One special family of inhomogeneous TLLs consists of those where only v(x) depends on
x while K is constant: in this case, all terms in the Hamiltonian are deformed by the same func-
tion v(x) compared to the homogeneous case. An example is a quantum spin chain of the usual
TLL class (in the homogeneous case) where all couplings are generalized to vary smoothly in
space in the same way, see, e.g. [13, 14, 17, 18]. The resulting effective description is a CFT
with a position-dependent propagation velocity v(x), referred to as inhomogeneous CFT, and
has been studied both by curved-spacetime approaches [13, 14, 19, 20] and representation-
theoretic tools [16—18, 31]. One manifestation of this v(x) is that excitations propagate along
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Figure 1. Examples of applications of the inhomogeneous TLL description: a) Ultra-
cold atoms with mean density n(x) varying with position x (this is discussed in detail in
section 2). b) Bent nanowire, where the bending leads to a spatially inhomogeneous lat-
tice spacing a(x). ¢) Superconducting circuits with a spatially inhomogeneous coupling
J(x) between adjacent sites, assuming a spatially homogeneous coupling leads to a cor-
responding homogeneous TLL description. d) Spin chains of the TLL universality class
on a bent substrate crystal, again leading to a spatially inhomogeneous lattice spacing
a(x).

curved light-cone trajectories. However, an x-dependent K(x) is sometimes an inescapable
consequence of the effective description of a given inhomogeneous system, see, e.g.
[12, 15, 21], and is also known to make the model more difficult to solve: one way to see
this is that such a K(x) couples the right- and left-moving sectors of the CFT corresponding to
a constant K, meaning that the resulting theory is no longer a CFT.

In this paper we consider another special family of inhomogeneous TLLs where

v(x)/K(x) =v/K 2)

for some constants v and K. Our main motivation comes from experiments on trapped ultra-
cold atoms on an atom chip (see section 2 for details) using a strongly anisotropic trap such
that the system is effectively one-dimensional. In this example, the x-dependence of both v(x)
and K(x) is dictated by the mean atom-density distribution, and the effective Hamiltonian is
precisely of the form in (1), see, e.g. [32, 33]. The condition in (2) is natural since chang-
ing the mean atom-density distribution affects v(x) and K(x) in the same way, as it would be
for any other inhomogeneous TLL where these functions are given by the same underlying
position-dependent quantity.

While equilibrium results are interesting in their own right and have been studied before
[34-39], our primary focus is the effect of K(x) on the non-equilibrium dynamics: we will
show that an x-dependent K(x) implies that an initial localized wave packet does not propagate
ballistically localized to the light cone but instead also spreads inside the cone. When this is
the case the Huygens—Fresnel principle is not valid, while we will show that it remains valid
if only v(x) depends on position.

We recall that the Huygens—Fresnel principle says that every point on a wavefront serves
as the source of secondary waves and that a wavefront at a later time is the sum of the sec-
ondary waves emanating from the wavefront at an earlier time. The principle can be expressed
in mathematical terms as follows: a linear hyperbolic partial differential equation satisfies the
Huygens—Fresnel principle if its Green’s function vanishes everywhere except on the hyper-
surface of the wavefront, see, e.g. [40, 41]. In physical terms, this means that a signal generated
by an instantaneous disturbance will remain instantaneous throughout its transmission. We also
recall that this principle is valid only when the number of spatial dimensions is odd [40]; we
refer to [41] for an overview of the history. The Huygens—Fresnel principle can be seen to be
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Figure 2. Propagation of an initial localized Gaussian wave packet for a) inhomo-
geneous TLL with v(x) and K(x) given by (3) (see section 4.2 for details) and
b) inhomogeneous-velocity wave equation (corresponding to inhomogeneous CFT men-
tioned in the text) with v(x) as in (3) but constant Luttinger parameter K(x) = K (see
section 5 for details). In a) the wave packet splits into two counter-propagating pack-
ets that follow curved light-cone trajectories with non-zero contribution inside the cone,
indicating the presence of long tails and the breaking of the Huygens—Fresnel princi-
ple, while in b) the packets are ballistically localized to the edges of the cone. Note that
the former exhibits a sign inversion after one (quasi-)period T = 27R /v while the latter
does not.

a characteristic feature of standard CFT dynamics in 1 4 1 dimensions, as the time evolution
of the fields &C&) and 7 is expressed in terms of right- and left-moving fields that propagate
strictly along the light cone. We also mention that there are studies of violation of the Huy-
gens—Fresnel principle in higher spatial dimensions in the context of cosmology and quantum
information theory, see, e.g. [42—45].

In the present case of inhomogeneous TLLs with an x-dependent Luttinger parameter K (x),
we argue that the spreading in the interior of the light cone is universal (i.e. independent of
microscopic details), depending only on that the effective description has such a K(x). In con-
trast, the effect of v(x) is to deform the light cone itself. As a specific example, we consider
the special case

K(x)/K = v(x)/v = /1 — (x/R). 3)

This arises, e.g. in the weakly interacting regime of an ultracold atomic gas confined by a
parabolic trapping potential, which is one of the most common settings in cold-atom experi-
ments (again, see section 2 for details). As we will see, in this case it is natural to expand the
fields in Legendre polynomials instead of cosine waves (assuming Neumann boundary con-
ditions) in order to diagonalize the Hamiltonian, see, e.g. [38]. This in turn will be used to
compute analytical results for correlation functions. Alternatively, by deriving and solving the
equations of motion for the fields, one can directly visualize the spreading inside the light cone
and thus the breaking of the Huygens—Fresnel principle, as shown in figure 2. To our knowl-
edge, the possibility to violate the Huygens—Fresnel principle in inhomogeneous TLLs is new
and deserves receiving attention due to the experimental importance of TLLs.
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The method that we will present to diagonalize the inhomogeneous TLL Hamiltonian is
based on Sturm-Liouville theory. This naturally applies to more general v(x) and K(x) than
those in (3), and also includes the homogeneous case, as will become clear. However, we
choose the parabolic case in (3) as our main example since it directly corresponds to a com-
mon trapping potential for ultracold atoms and since it leads to eigenmode expansions using
Legendre polynomials, while other possible examples would lead to expansions in other sets
of orthonormal eigenfunctions.

As a last remark, it is instructive to note that in the path-integral formulation, the Hamilto-
nian in (1) is equivalent to the Lagrangian density

r— %\/—_hK(x)h“”(aufﬁ)(aV@ @

in curved spacetime described by the metric (h,,,) = diag (v(x)? / v?, —1) using the coordinates
(x%, x") = (vt, x) (see appendix A for details). As can be seen, K(x) appears in £ directly and
not in the metric. Indeed, it cannot be absorbed in (A,,,), indicating that its effect is different
from v(x), which is purely geometric from this point of view.

The remainder of this paper is organized as follows. In section 2 we further elaborate on
ultracold atoms trapped on an atom chip (which serves as our main experimental motivation). In
section 3 we present the method for diagonalizing the inhomogeneous TLL Hamiltonian based
on Sturm-Liouville theory. This is used in section 4 to compute non-equal-time correlation
functions and to study the Heisenberg equations of motion as well as compute and analyze their
corresponding Green’s functions. In section 5 we compare the results for inhomogeneous TLLs
with those for the corresponding case where only v(x) depends on position. In section 6 we
discuss the possibility of experimentally observing violation of the Huygens—Fresnel principle
in ultracold atoms. Concluding remarks are given in section 7.

2. Ultracold atoms on an atom chip

The field theoretic model considered in this paper can be quantum simulated using a one-
dimensional quasi-condensate of ultracold atoms confined in an external trap [23—27]. This
has been achieved in a highly accurate and versatile manner using an atom chip (an electronic
device that allows for precise control of the external trap) that can be used to tune the param-
eters of the effective field theory model over a wide range of values [32, 46—48]. In addition,
using the recently added digital micromirror device (DMD) functionality, it is now possible to
engineer space- and time-dependent external potentials of arbitrary shape, which translate into
an inhomogeneous mean atom-density distribution [49].

More specifically, a one-dimensional gas of ultracold atoms interacting through a short-
range inter-particle potential can be effectively described at low energies using the harmonic-
fluid approach, which is given by the following Hamiltonian of standard TLL form (we omit
normal ordering in this section for simplicity):

R
Ho=s [ ax (a0 + "Ci05F) )
R m

Here, the field ¢(x) corresponds to the phase of the condensate and the field dp(x) to the
deviation of the density away from the mean value ngp, where x is the position in the lon-
gitudinal direction. These fields are bosonic and canonically conjugate in the sense that
[0p(x), p(x')] = id(x — x") and [dp(x), Ip(x')] = 0 = [@(x), p(x")]. The parameter m denotes
the atomic mass, and g is proportional to the scattering length of the atoms and also depends
on other characteristics of the trap, specific to the experimental implementation [33].
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In the presence of a non-uniform external trap, the mean atom density becomes space depen-
dent, and its distribution ngp(x) can be obtained from the Gross—Pitaevskii (GP) equation, see,
e.g. [24]. As mentioned, on the atom chip, the shape of ngp(x) can be programmably controlled
using a DMD [49]. Assuming that the trap potential varies slowly compared to the length scale
of the mean inter-particle distance, the low-energy physics of the system is still described by
the above Hamiltonian with ngp replaced by ngp(x), which we will see is precisely an example
of the inhomogeneous TLL model in (1) [cf. (7)—(9) below].

Moreover, a pair of parallel and adjacent one-dimensional quasi-condensates separated by
a potential barrier in the transverse direction can be used to realize the sine-Gordon model
[26, 32, 50, 51]. In this case the coupling between the two condensates (due to atomic hopping
through the barrier) plays the role of a Josephson junction corresponding to a cosine self-
interaction of the relative phase field, namely the field describing the phase difference ¢ (x)
between the two condensates. The relative part of the effective field-theory description is given
by the Hamiltonian

ngp(x)
4m

R
Hg = / dx (g[éi)r<x)]2+ [0, Pr(xX)]* — 2Jngp(x) cos({or(x))), (6)
—R

where dp,(x) is the relative density deviation, corresponding to the difference between the
density deviations of the two condensates, and is conjugate to ¢.(x). In the above, the param-
eter J is the strength of the tunnel coupling between the two condensates, which can be tuned
by adjusting the barrier of the transversal double-well trapping potential; see, e.g. [33, 52]
for a detailed discussion in relation to a recent experiment or the theoretical modeling in
[23, 26]. Note that the full description includes not only the relative fields but also the com-
mon fields corresponding to the sums of the density deviations and phases, respectively, of the
two condensates, including possible higher-order couplings between the relative and common
fields [26]. However, it is possible to motivate studying only the relative part as the effects of
such couplings have been observed to be rather weak [33, 53].

As observed in atom-chip experiments, cooling the gas in the presence of intermediate val-
ues of tunnel coupling between the two adjacent quasi-condensates leads to a preparation of
non-Gaussian states while for small and large values the states are effectively Gaussian. In
the uncoupled case, J = 0, the system is described by the Gaussian TLL model [though with
different parameter values compared to (5), see below]. On the other hand, in the strongly
coupled case, J — o0, it is described by the effective Gaussian model obtained by replacing
cos(¢:(x))in (6) by 1 — ¢.(x)? /2 (and renormalizing away the constant term), see, e.g. [33]. We
remark that higher-order terms of the expansion of this cosine term can be taken into account
by truncation methods, see, e.g. [51, 54-56].

Thus, both for one quasi-condensate and for a pair of quasi-condensates in the above two
limits, defining

P(x) = —/2/7p(x) = —/1/71p:(0), 7(x) = /7/26p(x) = /T pe(x),
v/K =2g/m, Mv = 2/ Jm,
where M is an effective mass, we obtain a Hamiltonian of the form

Mv)?
H:HiTLL+( )

R
/ dx v(xX)K (x)d(x)? 8)
—R
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with HiTLL in (1) and

e ©)

Note that the latter satisfy the condition in (2) with v/K in (7).

The above discussion provides an intuitive dictionary to understand which parameters can
be most readily engineered in atom-chip experiments. In principle, from this point of view,
ngp(x) is obtained by solving a non-linear equation. It is, however, instructive to consider the
Thomas—Fermi (TF) approximation, see, e.g. [57], which is valid in the weakly interacting
regime and predicts that

nap(x) ~ ————, (10)

where (1 is the chemical potential fixed by the average number of atoms in the system and V(x)
is the trapping potential. For a parabolic trapping potential the approximate mean atom-density
distribution is thus given by

nep(x) ~ gy [1— (x/R)?], (11)

where R is the TF radius fixed by the peak density ngp* and the parabolic trapping frequency.
This gives precisely our special case in (3) if we set K = (7/2)/ngs* /mg.

3. Diagonalization of the inhomogeneous TLL Hamiltonian

In this section we diagonalize the inhomogeneous TLL Hamiltonian by expanding the fields
using eigenmodes obtained by solving the associated Sturm—Liouville problem, cf. [38, 39]
where this was used to study such models in equilibrium. As will be seen, this is well suited for
our goal as it allows one to readily study non-equilibrium dynamics; this can be contrasted with
the complementary approach based on functional integrals as developed in [15]. Different from
the homogeneous case, the eigenmode expansion is not in the usual momentum modes (since
translation invariance is explicitly broken, usual momentum is not conserved) but instead in
suitably chosen modes encoding the inhomogeneities.

To be more specific, we will show how to diagonalize the Hamiltonian in (1) when (2) is
satisfied. (Recall that this condition implies that the spatial dependence of both the propagation
velocity and the Luttinger parameter is given by the same inhomogeneous quantity.) Without
loss of generality we set K = 1 in what follows, which can be viewed either as a redefinition
v — vK or a rescaling of the fields g?)(x) — q?)(x) / VK and 7(x) = VK#(x), meaning that the
effective Hamiltonian can be written as

R
Hw =5 [ axs(700° + FOORGP) (12)
~R

where F(x) = K(x)* > 0 and

[6(x), ()] = i6(x — &), [d(x), ()] = 0 = [7(x), 7(x)]. (13)
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Taking this as our starting point, it is useful to rewrite the second term in Hjyr by integrating

it by parts. This yields Hirir = Hr + (v/2) {:éﬁ(x)F(x)Bxéﬁ(x):}  with

X=.
X=

R
=2 / dx 1 (70 = H@AIF2H] ):. (14)
R

The second term above for Hiry 1 is a boundary contribution that is assumed fixed by the bound-
ary conditions and will thus be suppressed in what follows. As such, we will study Hp, from
which it becomes intuitive which boundary conditions to impose and what is the form of the
associated Sturm—-Liouville operator.

As a remark, a similar discussion to what follows can be performed for effective models
that include a tunnel coupling, which in the field-theory description take on the meaning of an
inhomogeneous mass term, see section 2. We will not discuss this case here and instead give a
brief discussion of these matters in appendix B.

3.1. Sturm-Liouville problem

To diagonalize the Hamiltonian Hr we will expand q?)(x) and 7(x) in the eigenfunctions of

A = —0F(x)0, (15)
acting on some suitable function space. We consider the Sturm—Liouville problem

Au = \u (16)

for u in the space of twice-differentiable functions satisfying suitable boundary conditions at
x = £R, cf., e.g. [58]. (The boundary conditions are discussed below.)

We recall the important distinction between problems where F(x) > 0 for all x € [-R, R]
(including the endpoints) and the case where F(x) can be zero. Here, if we impose suitable reg-
ular boundary conditions, e.g. Dirichlet or Neumann boundary conditions, F(x) > 0 implies
that our Sturm—Liouville problem is regular, while it is irregular if F(x) = O somewhere. Reg-
ular problems have a number of general properties that allow one to expand our quantum fields
in the eigenfunctions of .4. However, these are known to carry over to the special case in (3) for
which F(+R) = 0. (This corresponds to, for instance, the vanishing of the mean atom-density
distribution at the boundaries of a one-dimensional quasi-condensate.) We stress that in the
latter case, where F(x) is zero at x = R and positive otherwise, the boundary conditions are
that any solution must be regular at x = £R.

For a regular Sturm-Liouville problem, we recall that the eigenvalues are real and can
be labeled A\, forn = 0,1,...sothat 0 < A\g < A\; < Ay < .... One can show that, for each
An, there is a unique smooth eigenfunction f,(x) that is square integrable and that the set of
eigenfunctions form a complete orthonormal basis:

R oo
/Rdx Ta () fur(x) = by, Z T () = 0(x — y). 17
n=0

Moreover, given the above ordering of the eigenvalues, the eigenfunction f,(x) corresponding
to \, has n zeroes in the interval [—R, R]. Thus, even if F(x) varies in space, the eigenfunctions
Jfu(x) forn > 0 are still ‘oscillatory’, qualitatively resembling the cosine eigenfunctions for the
case when F'(x) is constant (assuming Neumann boundary conditions), while fo(x) = 1/ V2R
is constant, implying that Ao = 0.
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3.2. Eigenmode expansion

For each mode n > 0, consider the Hilbert space of a single harmonic oscillator with creation
and annihilation operators denoted by a| and a,, respectively, satisfying [a,, &Z,] = J,,» and
la,,a,]1=0= [&,ﬁ, &Z,]. The full Hilbert space is constructed as a tensor product of each of
these Hilbert spaces together with that for the zero mode, n = 0, which requires a separate
construction, see, e.g. [4, 59, 60]: let N be a self-adjoint operator and U a unitary operator
that satisfy [N, U] = U and commute with (P for all n > 0. The zero-mode part of the full
Hilbert space can then be constructed from orthogonal states obtained by U acting on the
vacuum |(2) for any integer g, where |(2) is defined by NI =0= a,|Q2) for all n > 0. In
particular, NU9|Q) = qUﬂQ) and <Q\Uq\Q> = 8,0 for all g. Here, N can be interpreted as
a charge operator and U and U' = U~ as operators that raise or lower the charge by one,
respectively.

We stress that the separate treatment of zero modes is not particular to inhomogeneous TLLs
but is well known and necessary also for homogeneous TLLs. Indeed, the present discussion
covers homogeneous systems as a special case, since the eigenfunctions are general, but the
above zero-mode treatment would be unaffected by that simplification.

In terms of &/ and &, we can define

)\1/4
¢n =

1 A . Al
W (a,, + aj;) . Ty = \/E (a,, — aj;) (18)

for n > 0, implying [qAS,,, Tl =10, and [qAS,,, (}5,,/] =0 = [@,, Ty] forn,n’ > 0. Moreover, we
can define 71p = \/7/ 2RN and formally identify U with ei\/M%; the reason for the latter
is that (}50 alone is not well defined, see, e.g. [59, 60]. Their commutation relations follow
straightforwardly from the ones above: it is clear that N and U commute with &)n and 7, for all
n > 0, and the definitions are even consistent with [q?)n, 7wl = 10,,s formally extended to all
n,n > 0.

With this we can (formally) write our fields

B(x) = fz"_ +AGX), AN =D G, A=) fiDF,  (19)

n=1

which then naturally satisfy (13). Here we defined Aq?)(x) as the field without the zero mode
since éﬁo is not well defined. One way to motivate studying A(}ﬁ(x) is to note that éﬁ(x) is only
defined up to an overall constant phase; in fact, the more physical quantity is Oy $(x) which is
what appears in the Hamiltonian in (1), or equivalently, qASO does not appear in this Hamiltonian
if expanded in the eigenmodes. Another motivation is on experimental grounds since relative
phases are physically more meaningful and in data analysis of interferometric measurements
it is common to reference phase profiles relative to a fixed point in the system.
It is also sometimes useful to (formally) invert the formulas in (19):

R R
Gn = / R @), = / AR, (20)

where g?)(x) can be replaced by A&)(x) for n > 0 since then f R dx Jf2(x) = 0, which follows
from (17) using that fy(x) is constant. Lastly, we make precise what the normal ordering : .. .:
entails for multilinears in the fields, namely that all creation operators &/, are to the left of all
annihilation operators a, when the fields are expanded in eigenmodes.

9
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The above allows us to readily diagonalize the Hamiltonian in (14). Using (19) and Af; (x) =
Aunfn(X), we obtain

v (. =L -
Hp = (W% +3 ;{wﬁ i Anqs,ﬂ:) . 1)
n=1
The eigenmodes with n > 0 enter as harmonic-oscillator modes with energies

E, = v/ A (22)

Substituting this into (21) we can express the Hamiltonian in diagonal form as

f: E,dl a,. (23)

t\)\@

This shows that |Q2) is the ground state of Hr, and thus also of Hiry ..
In what follows we will be interested in the irregular Sturm—Liouville problem given by
(3),i.e. F(x) = 1 — (x/R)*. The solutions to the corresponding eigenvalue problem are

n(n+1) 2n+1
M= M=y = P.x/R), n=0,1,..., (24)

where P, (-) are Legendre polynomials. (The eigenfunctions satisfy the imposed boundary con-
ditions since they are regular at +R.) As mentioned, one can show that the properties that we
have listed above for regular Sturm—Liouville problems also hold for this irregular special case.

4. Dynamics for inhomogeneous TLLs

In what follows we use the tools in section 3 to compute results describing the dynamics of
inhomogeneous TLLs.

4.1. Correlation functions

As examples of descriptive quantities of the dynamics we begin by computing non-equal-
time correlation functions. For instance, using (18) and (19), one can show that the two-
point correlation function for A¢(x f) = elffirLL! Ad)(x)e“H'TLLf in the ground state |Q2) of Hiry 1.
is

o0

Fos(x,x'st = 1) = (Ad(x, DAG(X, 1)) s = Z %ﬁ,(x)ﬁ(x/)e_iE”(’_’/)_”°+, (25)
where (.. .)gs = (| ... |Q2) and we inserted an exponential cutoff as a prescription for making

the sum well defined. Recall that Aq?)(x) does not contain the zero mode and that this can be
motivated both on mathematical and experimental grounds, see (19) and the accompanying
discussion. The result in (25) is plotted in figure 3 for the special case in (24) corresponding to
(3) atequal time r = 7.

10
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Figure 3. Plots of the equal-time ground-state correlation function Fgs(x, x’; 0) in (25)
for a) inhomogeneous TLL with £, and f,(x) in (22) and (24) and b) the corresponding
inhomogeneous-velocity wave equation (see section 5). (To regularize the plotted results,
a smooth ultraviolet cutoff is used.)

Other such examples are non-equal-time correlation functions for vertex operators. These are
important since, in the harmonic-fluid approach, the bosonic or fermionic fields of any original
model are expressed using such operators [4, 6, 25]. In our case, these vertex operators are of
the form (we omit higher harmonics for simplicity)

Vipap(x) = U el VT 00 +HibyTAN(). o6

for integers w and real numbers a and b, where we introduced 9(x) so that &ﬁ(x) = 7(x),
which implies [p(x), 0(x)] = @ /2) sgn(x — x"). The absence of a factor 7 on the right-hand
side of the last relation compared to [4, 25] explains the inclusions of the factors /7 in (26):
our fields qAS(x) and 0(x) differ by exactly this factor from the corresponding fields in [4, 25].
We stress that, in concrete applications, w, a, and b would depend non-trivially on parameters
of the original model, but we keep them unspecified in what follows.

Three remarks: (i) Expanded in eigenmodes, we (formally) have

00) = Vs + > E@i,  E@) = / WA (=12, @)
n=1 0

N
2R
where we used fo(x) = 1/v2R and g = /7/ 2RN for the zero-mode part. (ii) We recall that

operators, namely that :Uvel™N/2R; — gimraxN/4R{jweinaxN/4R for the zero modes and

g2 (cnt-+eln PR) DRRTIOIN) A (¢y, d,€C) for the non-zero modes. (iii) It is impor-
tant to treat U and A(}S(x, 1) separately as only integer powers of the former are well defined,
see (19) and the introduction of U in section 3.2.

We are interested in general non-equal-time ground-state correlation functions of the form

Cos(x, x50 = 1) = (Virap (6, D) Vi (¥, 1)) g0 (28)
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where V,, 4(x, 1) = ety o (x)e Hite! | The result is

Cos(x, x5t — 1)

iTw a(x — x') +wv( — 1)
B AN 2R

X“p(Ezgzipﬁu)_miﬁﬂﬂ}Pﬁ@3+m€ﬁﬂyﬁeiaamnw>,

n=1

(29)

where we again inserted an exponential cutoff as a prescription for making the sum
well defined. The expression above can be obtained using a special case of the
Baker—Campbell-Hausdorff formula and other standard manipulations for vertex operators,
see, e.g. [59, 60] for such details. We note that (29) can be shown to reduce to known
expressions for special cases, such as a homogeneous TLL in a box [25].

In the simpler cases when w = a = 0 or w = b = 0, the correlation functions for the vertex
operators can be expressed in terms of the correlations functions for the fields. For instance,

‘< :e‘ih\/’_"\‘&(x”)::e“’\/’_’A“B(’“/”/):> ‘ = exp (mb*Re Fgs(x,x';1 — 1)) (30)
Gs

using Fgs(x, x5t — 1) in (25). The real part of the latter is plotted in figure 4 for the special
case in (24) corresponding to (3).

We note that, while the plots with or without a position-dependent K(x) look similar in
figure 3 at equal time 7 = ¢, the dynamics shown in figure 4 reveal a striking difference, as
discussed in detail below.

4.2. Green’s functions

To better understand the dynamics of inhomogeneous TLLs, such as the propagation of initial
wave packets evolving under Hir 1, we also use our tools to derive Green’s functions for the
Heisenberg equations of motion.

For instance, from the Heisenberg equation using Hiyr 1. in (12) [or equivalently, Hy in (14)]
and the commutation relations in (13) we (formally) obtain

06 =vi, O =0, [FL0.9]. (31)
This implies that the equation of motion for (}5 is
020 = 0?0, [Fd.d| (32)

which can be seen as a certain inhomogeneous generalization of the wave equation. Its
general solution (for arbitrary initial conditions) can be found by expanding ¢(x, ) in the
eigenfunctions using (18) and (19):

Out) = | [ 5= (@™ + ™) = G08u(0) + V7180 (33)

12
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Figure 4. Density plots of Re Fgs(xo,x;7) in (25) for the non-equal-time correlation
function in (30) as a function of x and 7 for xo = 0, —R/2, and —3R/4 (left to right)
for a) inhomogeneous TLL with £, and f,(x) in (22) and (24) and b) the corresponding
inhomogeneous-velocity wave equation (see section 5). As in figure 2, the plots in a)
exhibit a sign inversion after one (quasi-)period 7' = 2wR /v while those in b) do not.
(To regularize the plotted results, a smooth ultraviolet cutoff is used.)

with
sin(E,t)

gn(t) - E,

(34)

As argued before, we will consider Aq?)(x, t) without the zero mode, see (19). From the above
together with (20) we find that the general solution in position space is

R
Ad(x, 1) = / dx’ (Gw(x,x';r)A(}s(x',O)+G¢ﬂ(x,x';r)fr(x',0)), (35)
-R

where

Goo(x, x's0) = Y flOfux)Drgn(®),  Gomlx, x'30) = 0Y L) fulx)gu(®)  (36)
n=1 n=1
are the relevant Green’s functions. Note that Gy (x,x’;0) = 0 while Gy,(x, x’;0) equals

0(x — x') due to (17) up to a constant term that precisely corresponds to the zero-mode term
excluded from Ag(x).

Recalling that, to linear approximation within the harmonic-fluid approach, 7(x) and
v(x)K(x)0,¢(x) can be interpreted as the particle density and current, respectively, cf. the

13
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Figure 5. Green’s functions a) Gagas(x, X'; 1) and b) Gy (x, x'; 1) in (38) for inhomoge-
neous TLL with E,, and f,,(x) in (22) and (24) for times r/T = 0, 1/4,1/2, ..., 2, where
T = 27R/v is the period of approximate recurrences. (To regularize the plotted results,
a smooth ultraviolet cutoff is used.)

second formula in (31), it is instructive to also compute their Green’s functions. To simplify
notation, we write d¢p(x) = 0,¢(x). In appendix C we show that

R
Ad(x, 1) = / dx’ (G@M@(x,x’;r)aa)(x',O)+Ga@,,(x,x';t)ﬁ(x',0)) (37)
R

with
/

Gopoo(x, x's1) = — / dx" 0:Gyp(x,x"50),  Gogr(x, x5 1) = 0xGyr(x, X5 1). (38)
-R

The corresponding Green’s functions for #(x,f) = efLi7(x)e L are given in
appendix C.

The Green’s functions Gy, (X, X' 1) and Gag- (x, x'; 1) are plotted in figures 5 and 6 for the
special case in (24) corresponding to (3). From these plots we observe that the propagation
given by (32) has the following characteristic properties:

14
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Figure 6. Green’s functions a) Gy04(0, x; 1) and b) Goy-(0, x; t) as functions of x and ¢
for the same case as in figure 5.

(a) Curved light cones: the wavefronts do not follow straight but curved spacetime tra-
jectories given by the equation [arccos(x/R) — arccos(x'/R)]> = (vt/R)*. Causality is
satisfied, i.e. G(x,x’,r) =0 for all points x and x’ outside these fronts at a given
time ¢ (cf. the top left and bottom right corners of the first four time slices in
figure 5).

(b) Ballistically non-localized dynamics: the Green’s functions exhibit long tails behind the
wavefronts, whose support extends through the entire region enclosed by them, implying
that the Huygens—Fresnel principle is not valid.

(c) Approximate recurrences: the dynamics exhibits behavior with strongly pronounced
approximate recurrences with period 7 = 27R/v. The latter is the time needed
for wavefronts to reach the boundaries and return to their origin for the first
time.

Properties (a) and (c) can be demonstrated for the special case in (3) from the asymptotics
of the energy eigenvalues E,, and the eigenfunctions f,(x) in (22) and (24) for large n. Indeed,
the large n asymptotics of Legendre polynomials [61] says that

2
P, ~ e — 1/2160 — 7 /4),
(cos 0) N TRy cos([n+ 1/2160 — w/4) (39)
while (22) and (24) imply
(n+1/2)v
E, ~ TR (40)

15



J. Phys. A: Math. Theor. 55 (2022) 054002 M Gluza et al

for large n. From the above relations we find, e.g. that the contribution to Gye(x, x’; ) from
high-energy modes is

N =< cos ([n + 1/2] arccos(x/R) — w/4) cos ([n + 1/2] arccos(x’ /R) — m/4) cos ([n + 1/2]vt/R)
Gw(x’x’t)NZ 71.[1 7(x/R)2]1/4[1 7(x’/R)2]1/4

n=1

9 (arccos(x/R) — arccos(x'/R) — 'z)t/R) +0 (arccos(x/R) — arccos(x'/R) + 'z)t/R) (41)
N 201 = (x/R)* VA1 — (' /R)?]V4 '

and using (38) one can obtain the corresponding result for Gagas(x, x'; 1). These kinds of results
for G4 (x, x'; ) and Gyyr (x, x5 t) follow similarly. The above shows that the dynamics exhibits
two oppositely moving fronts that propagate according to

arccos(x/R) — arccos(x’'/R) = +vt/R. (42)

Moreover, approximate recurrences occur at integer multiples of 7 = 27R /v, which follows
from the asymptotic linearity of the dispersion relation in (40). Nevertheless, it is interesting to
note that, asymptotically, the energy levels are not integer multiples of the frequency w = v/R
but half-integer multiples, which results in an approximate 7 phase shift in the time-evolution
operator over a quasi-period 7. This is manifested in figures 2, 4 and 6 by the presence of
a sign inversion after one quasi-period 7" for inhomogeneous TLL.

While properties (a) and (c) can be seen from the asymptotic properties of the eigenfunc-
tions and eigenvalues at high energy (large n), property (b) is linked to the non-linearity of
the dispersion relation at low energy (small n). As we observe in figures 5 and 6, the Green’s
functions Gagae(x, X'; 1) and Gy (x, x'; 1) spread through the entire space enclosed by the wave-
fronts and also behind the inwards-moving wavefronts that are reflected off the boundaries of
the system, see also figures 2 and 4. The magnitude of their values inside the light cone starts
from zero and increases with time. This behavior is indeed what we would expect from a sys-
tem with non-linear dispersion, unlike standard TLL or its inhomogeneous-velocity version
(with constant Luttinger parameter).

5. Comparison with wave equation with an inhomogeneous velocity

The equation in (32) is different from the equation of motion corresponding to a TLL where
only the velocity v(x) is inhomogeneous while the Luttinger parameter is constant. The latter
is described by the inhomogeneous-velocity wave equation

026 = v, [0(00:6] = vV ()0, + 002, (43)
On the contrary, (32) can equivalently be written in the comparable form
026 = 20(0)V' (0)x + v(x)* D2, (44)

since F(x) = K(x)*> = [v(x)/ v]? in the case we consider here. The presence of the factor 2
in the first term above is crucial: it means that (44) cannot be rewritten as a standard wave
equation by changing coordinates, different from (43). Indeed, by a change of variables to
y = f(x), where

X R
f(x) = / dy 0 Lo e ! (45)
0

v(x')’ v 2R v’

16
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we obtain v(x)d, = vo0y, which together with defining qNS(y, 1) = &S(x, 1) implies that (43)
becomes

0 = 13050 (46)

Assuming Neumann boundary conditions for (}5 at x = £R, these translate into
(0y®)|y=rry = 0 for the reformulated problem. Thus, expressed using y, the eigenvalues
and the eigenfunctions corresponding to (43) are those of a homogeneous wave equation on
the interval of the same length f(R) — f(—R) = 2R centered at y, = [f(R) + f(—R)]/2 with
Neumann boundary conditions and wave velocity vg:

1
— if n=0,
E,="T00 foy={ VR 47)
2R 1
ﬁ cos(nm/2 + nrly — yol/2R) ifn=1,2,...

with y = f(x) given by (45). Results involving q?) can thus be obtained using the above eigen-
functions and changing coordinates from y to x. Similarly for vertex operators constructed
using (}5, results follow using transformation rules for such vertex operators under a coordinate
transformation.

For the dynamics given by (43), our special case [cf. (3)] corresponds to

v(x) = vy/1 = (x/R)?, which implies vy = 2v/7, y, = 0, and
2R
f(x) = — arcsin(x/R). (48)
™

In this special case, even though the eigenfunctions in (47) are not exactly the same as the
asymptotic form given by (39) for those of an inhomogeneous TLL with K(x) and v(x)
satisfying (3), they give rise to exactly the same curved light-cone trajectories:

arcsin(x/R) — arcsin(x’/R) = +vt/R. (49)

These can be seen to be equivalent to those in (42).

Moreover, from (47) we see that recurrences are also present here, as for an inhomogeneous
TLL in the case of a parabolic trap. However, unlike in that case, the recurrences of (43) with
v(x) = vy/1 — (x/R)? are exact instead of approximate (since E, = nv /R always), with recur-
rence period T = 4R /vy = 27R/v and there is no sign inversion, cf. figures 2, 4 and 6 for the
inhomogeneous-velocity wave equation.

The above two properties (cf. properties (a) and (c) in section 4.2) shared by the two different
models are expected to be more generally valid on the basis of the WKB approximation: applied
to either the eigenvalue equations or the equations of motion, it shows that the high-energy
asymptotics are the same for inhomogeneous TLLs and the inhomogeneous-velocity wave
equation, since the dominant behavior is determined by the highest-derivative terms of the
equations of motion [cf. (43) and (44)]. The main difference between (32) and (43) is, however,
that the Huygens—Fresnel principle is valid for the latter but not for the former.

6. Possible experimental observations in ultracold atoms

In this section we discuss possibilities of experimentally observing the signatures of breaking
of the Huygens—Fresnel principle in ultracold atoms by studying first moments of density fluc-
tuations. Intuitively this is done by looking from the side; more specifically, in the experiment,
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this involves illuminating the gas with a light field and observing the density absorption by the
gas. This allows one to measure the single shot distribution of the atom density as a function of
space and time, cf. [33]. Using this technique brings us to the following proposal for studying
the Huygens—Fresnel principle in a cold-atom experiment:

Consider a one-dimensional gas trapped on an atom chip with an inhomogeneous mean
atom-density distribution. By repeating the experiment, one can estimate this distribution
ngp(x) using an average over realizations. Thus, we can verify that the system loaded into
the trapping potential and cooled to thermal equilibrium realizes the desired reference dis-
tribution, which gives rise to v(x) and K(x) in the inhomogeneous TLL Hamiltonian. By
averaging over realizations, we would additionally find that the first moment of the density-
fluctuation field vanishes up to statistical fluctuations. Using the DMD functionality available
on the atom chip [49], one can additionally, at the initial time, shine a localized repulsive
light field onto the atoms. This should induce a density distribution having a value that agrees
with the desired reference density distribution outside the region illuminated by the local light
field and a non-zero modification inside that region. At t = 0, we suddenly switch off the
local DMD potential and define the fluctuation fields as the expansion around the mean atom-
density distribution ngp(x) in (10) present during the time evolution. Thus, at r = 0, we would
find that (7 (-, 0)) = \/7/2(6p(-,0)) [see (7), or {7 (-,0)) = /7(dp:(-,0)) for a pair of quasi-
condensates] corresponds to the initial shape of a wave packet located in the region where the
atoms have been displaced by the DMD. Additionally, we can assume that the gas is static
(zero mean velocity) and set (A&)(~, 0)) = 0. For subsequent times ¢ > 0 the wave packet will
be propagated through the system according to

R
(7(x, 1)) = / dx’ (Gm(x, x50 (AP, 0)) + Grr(x, x5 1) (R(X, 0))) , (50
-R
where due to the initial conditions only G.(x,x";1) = Gy(x,x';1) + 1/2R [see (36) and
appendix C] plays a role.

To give a specific example, let the initial condition for the density fluctuation be

(7(x,0)) = Ce™ %0723, (51)

where C is a constant and owp is the range of the action of the DMD potential centered around
Xo. This together with (Ag(-,0)) = 0 yields

R
(7(x,1)) = C / dx’ G (x, X3 e 507275 (52)
-R

for the propagation of the density fluctuation. After switching off the local DMD potential we
expect two wave packets to emanate from the point x, propagating in opposite directions. This
could then be observed by considering the measurement of the mean atom-density distribution
in time and comparing with ngp(x). Given the above, we expect that, if owp is smaller than
the length scale of the amplitude ‘leakage’ into the light cone due to the Huygens—Fresnel
principle violation, then this violation could be observed in a cold-atom experiment; see figure 7
for plotted numerical results of the propagation in the presence of a harmonically modulated

density distribution.
The example in figure 7 uses realistic parameters for state-of-the-art atom-chip experiments
[33, 49, 52]. The smallest length-scale in such experiments is the healing length and is in

18



J. Phys. A: Math. Theor. 55 (2022) 054002 M Gluza et al

a) b) Homogeneous C) Inhomogeneous
T 90 T T T T 90 T T T T
| 8 |
PAAA AR
wobih i1 fL G i 80 | 1 Mos 80 |
¥t % I% % 1k
11 % k1 % %
¥ X X X ¥ I Xt -
¥ 1 1% ¥ox Y oFr fx
= AN A 70 1 70 |
= S T 402
< 100 - —— S—
SINIRTRTETRIEY ) .
= SRV EIEERE 60 60 |-
RIRIRIRIRT for
S 80 i Poxr oir %4 — —
N ol %f iU £ 50 > £50 L
+~ % ~ ~
£ ¥ . o =
: : !
< 60 - 240 540 |
E H 4 A H | !
o —-0.1
® 30 - 30 -
-
% 40 H v -
4-0.2
= 20 20 -
20 K A K "
10 1 |3 10+
ol . . 0 . . ! . 0 . X ) .
0 20 40 10 20 30 40 50 10 20 30 40
Position = (MIIl) Position z (pm) Position z (pm)

Figure 7. a) Consider a mean atom distribution corresponding to a homogeneous dis-
tribution of 5000 atoms in a box of length 50 um (blue circles) and an inhomogeneous
one modulated by a sine function with amplitude 30% of the density in the homogeneous
case and commensurate with the system size (red crosses). b) Plot of the spatio-temporal
dynamics of the first moment of the density fluctuation (7 (x, r)). The results of propagat-
ing a localized wave packet ((7(x,t = 0)) is a Gaussian function centered in the middle
of the system) which is initially static ((A¢(x, = 0)) = 0). The wave packet splits
into two counter-propagating packets that repeatedly traverse the system at constant
speed. ¢) The same initial condition propagated with the inhomogeneous Hamiltonian
that arises from the modulated mean-atom distribution. Again two counter-propagating
wave packets are visible but due to the inhomogeneity of the couplings there is no (bal-
listic) localization anymore. The results in both b) and c) are obtained using a lattice
discretization approach discussed in [62, 63] with lattice spacing equal to the spacing of
the bullets in a).

sub-micron regime [52]. In [49] a pixel of the DMD effectively changed the light-field potential
at opmp ~ 1 pm such that its effect on the atom density was visible using the absorption
imaging system which has a resolution of oa1s ~ 2 pum. While o 4ss is technologically difficult
to decrease, opyp could in principle be lowered such that a smoother potential would always
be created, but it is practical for these two resolutions to be comparable in order to see the effect
of the DMD by the absorption imaging system. The next length scale owp, which corresponds
to the size of the wave packets, should be chosen such that one can resolve its shape given
oars- This size can be tuned by programmably selecting enough DMD pixels to create a given
shape. Finally, the largest length scale is the size of the system itself, which for example in
[33] was L = 50 pm. Figure 7 shows an example where the density potential used to break the
Huygens—Fresnel principle was chosen to be modulated at a relatively small length scale of
opurp ~ 10 pum, corresponding to five minima over the length L = 50 pm of the system. This
modulation length scale oppypp is again decided by the DMD resolution opyp on the lower end
and by the system size L on the higher end (the parabolic shape being the minimal symmetric
example). In figure 7 we have a wave packet with an extension owp that is smaller than the
inhomogeneity inducing modulation ogypp. This suffices to illustrate a more intricate spatial
pattern signifying the breaking of the Huygens—Fresnel principle than for a parabolic potential.
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We point out that the other regime, owp > oggrp, can also be considered and is accessible using
the DMD technology, but that it may lead to a more complicated interpretation of the results.

7. Concluding remarks

Motivated by recent atom-chip experiments we studied physical properties of an inhomoge-
neous generalization of the TLL description, referred to as inhomogeneous TLL, where the
usual propagation velocity and Luttinger parameter are promoted to functions v(x) and K(x)
of the spatial coordinate x. While inhomogeneous TLL can be used to effectively describe dif-
ferent experimental setups (see figure 1) our main inspiration comes precisely from trapped
ultracold atoms on an atom-chip. Prompted by this application, we restricted our discussion
to the family of inhomogeneous TLLs where v(x)/K(x) is constant; this is quite general as it
describes the situation where both v(x) and K(x) are given by the mean density of the quantum
liquid, which is typically what introduces inhomogeneities in the TLL description. We showed
that this family can be studied by analytical means by expanding the fields in a suitable eigen-
function basis obtained from an associated Sturm—Liouville problem. As a specific example,
we presented explicit results for the special case where this basis is given by Legendre polyno-
mials, which is directly relevant for describing ultracold atoms in a parabolic trap in the weakly
interacting regime.

Our emphasis were on non-equilibrium properties, and we showed that inhomogeneous
v(x) and K(x) have profound effects on the dynamics. To identify the cause of each effect, we
compared with the case of a wave equation with only an inhomogeneous velocity (and constant
Luttinger parameter). The following three effects were observed:

(a) Due to v(x), the usual light cone becomes curved, as observed previously, see, e.g. [14].

(b) Due to K(x), excitations no longer propagate ballistically localized to the light cone.
Instead, in general, there is spreading inside the cone, meaning that the Huygens—Fresnel
principle is not valid.

(c) Due to K(x), there are approximate recurrences, with the same period as the exact
recurrences for when only v(x) depends on position.

From our Sturm-Liouville approach, one can observe that the above effects are encoded
in the eigenfunctions and the eigenvalues. For instance, when K(x) depends on position, the
eigenfunctions are no longer cosine waves (assuming Neumann boundary conditions), while
if only v(x) depends on position, the eigenfunctions can be written as cosine waves by a
change of coordinate. This is also consistent with the path-integral approach where one can
observe that v(x) is geometric in nature and can be encoded in the metric describing the emer-
gent curved spacetime, while K(x) cannot and appears in a non-trivial way in the Lagrangian
density.

Based on our results, we proposed experimental studies for trapped ultracold atoms
on an atom-chip, where we expect that the above effects can be experimentally observed
(see section 6). In addition to the violation of the Huygens—Fresnel principle, one could also
investigate the interplay between the inhomogeneities in the TLL description with other effects
such as non-linearities appearing at late times due to the underlying interactions, which can be
accounted for, e.g. through simulations of the time-dependent GP equation. Moreover, in an
appendix (see appendix B), we briefly discussed the prospect of using our Sturm—Liouville
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approach to study inhomogeneous systems with an effective mass term, which can also be
realized in atom-chip experiments; in that case, due to the non-trivial coupling of modes, this
could allow for selective addressing of specific modes in such systems.

One important question that we did not address concerns how the inhomogeneous TLL
phenomenology affects transport, e.g. in nanowires studied in solid-state applications and
nanotechnology. For instance, it would be interesting to study the conductive properties in
systems where the Huygens—Fresnel principle is violated due to inhomogeneities that lead to a
position-dependent K(x) and to address questions about purely ballistic versus diffusive trans-
port. This was, e.g. studied in [17] for the case when only v(x) depends on position through
a random function, modeling certain inhomogeneous systems with quenched disorder. More-
over, it would be interesting to study the effect of such disorder in the general inhomogeneous
TLL description presented here.

‘We note that corresponding results to those obtained here can, in principle, be obtained for
a (local) quantum quench in the following sense: couple the inhomogeneous TLL theory Hirrr,
to an external field producing a given initial wave form, say, in the ground-state expectation
of A(}S(x) or 7(x) with respect to the Hamiltonian for the coupled theory, and then turn off the
field and let this state evolve under Hjyr ;.. We did not study such a quench here, but our results
in section 4.2 describe the same kind of dynamics. On this topic, it would be interesting to
study a different (global) quantum quench, namely changing K(x) from one function K;(x) to
another function K, (x) at time zero, which would be an inhomogeneous generalization of the
type of interaction quench studied in [64, 65].

It would also be interesting to extend our results to finite temperature. For homogeneous
TLLs the combination of finite temperature and system size leads to expressions involving
elliptic functions for correlation functions of vertex operators, see [66]. The zero-mode contri-
bution, since it does not differ between the inhomogeneous setting studied here and homoge-
neous TLLs (depending on boundary conditions), would again give rise to elliptic functions.
On the other hand, the non-zero-mode contribution is much more complicated in general and
would not be expected to feature known special functions, except possibly for certain special
cases.

Lastly, in the context of the cold-atom application of TLL, it would be interesting to study
the interplay between the effects of a parabolic trap and the cosine interaction resulting from
the coupling of two parallel quasi-condensates as outlined in section 2. This can be done by
combining the techniques presented here with the Hamiltonian truncation methods [51, 54—56]
mentioned in the main text. Such a study is especially important for understanding some puz-
zling features of the dynamics in this experimental system. Specifically, it has been observed
that the dynamics exhibits an oscillation damping effect [67] with characteristics that are quite
unexpected in standard sine-Gordon theory [68] which is built as a perturbation of the homoge-
neous Gaussian massless boson model. This effect has been recently attributed to the presence
of the parabolic trap [69, 70], motivating the above proposed approach.
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Appendix A. Lagrangian density in curved spacetime

In this appendix we derive the general Lagrangian density £ in curved spacetime that
corresponds to the Hamiltonian

R
H=1 / dx (ﬂfru)z+v<x>K<x>[axés<x)]2+<Mv)2v<x>1<<x)&><x)2> (Al)
2) & K(x)

for general v(x) and K(x). (For simplicity, we omit normal ordering in this appendix.) When
M = 0, this is the same as H in (1), in which case we show that £ is given by (4) with the
associated metric.

Let (h,,,) be an unknown metric tensor with Lorentzian signature (+, —) in the coordinates
(x%, x") = (vt, x) for some arbitrary velocity parameter v, i.e. ds* = h,, dx"dx". In the path-

integral formulation, we postulate the action S = [*_dt [* dx £ with

L= %\/—_h [AOR"(8,6)(D,6) — (Mv)’B(x)¢’] , (A2)

where A(x) and B(x) are two unknown functions of x. We recall that J, = 0/0x",
h = det(h,,) <0, and A"'""h,, = /. Let € = E(x) given by

1 [/ v(x)
£ =3 ( mm(x)z + V)K)[D ()] + (Mv)zv(x)K(x)cb(X)z) (A3)
be the Hamiltonian density corresponding to H in (Al). (For clarity, we write 7, with a
subscript to indicate that it is conjugate to the field ¢.) Then

1 oL
E—v7r¢80¢—5, W¢—;m. (A4)
On general grounds,
Ty = C(x)0o (A5)

for some unknown function C(x). We thus want to determine A(x), B(x), C(x), and h,,, such
that (A4) is satisfied. Since the metric must be diagonal for this to be true, the conditions in
(A4) are equivalent to the system of equations:

—h K

A S = e {2 - ;};X) C(xﬂ , VB = PR (g
foo wWKG) o)

A(x) jll =T, 2 — ’UK()C)C(X) =1. (A6b)
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The possible solutions are

K(x vK(x ()
AW =K®,  Bo =" o= K9 (YY), a7
—hyy u(x) v
where the only freedom is between B(x), kg, and £;;. Since all two-dimensional Lorentzian
manifolds are conformally equivalent, we can without loss of generality set #;; = —1, which
implies

27,2
£ = 2VZRKE) [ @,0006) — MoPF) . () = (”(’“)O/ ! _°1>. (A®)

In particular, the above gives (4) when M = 0. Note that the parameter v above is arbitrary for
general v(x) and K(x), while it can be chosen to be given by (2) if that condition is satisfied.

As a closing remark, note that (4) agrees with equation (10) in [15] since interchanging
8qu5(x) and 7(x) corresponds to replacing K(x) by K(x)~!. For the homogeneous case, but
which generalizes to inhomogeneous iTLLs, one way to observe this duality is to compare (1)
with equation (3.25) in [6], or explicitly by comparison with the corresponding formulas in
[60] where the notation is such that 9,®(x) = (1//v)7(x) and TI(x) = \/ﬂaxéﬁ(x).

Appendix B. Diagonalization of the inhomogeneous TLL Hamiltonian with a
mass term

In this appendix we discuss the diagonalization of the Hamiltonian [cf. (6) and the argument
leading to (14)]

R
Hew = 3 / dx (7002 = GOOIFAH(0] + MoPF@H?) . (BI)
—R

which contains an inhomogeneous mass term if M # 0. (For simplicity, we omit normal order-
ing in this appendix.) This Hamiltonian can be diagonalized as before using Sturm—Liouville
theory for the new operator

A = —0,F(x)d, + (Mv)*F(x) (B2)

with suitable boundary conditions. (Note that if the Sturm—Liouville problem is regular for
M = 0, then it is also regular for M # 0.)

Even though Sturm-Liouville theory guarantees that there is a complete basis of orthonor-
mal eigenfunctions, it may be non-trivial to construct them and find the corresponding eigen-
values for the more general case above. For this reason it is useful to (formally) solve this
problem by expressing the eigenmodes of the Hamiltonian for M # 0 as linear combinations
of those for M = 0. (This approach is formal since we do not address questions about uni-
tary equivalence between the Hilbert spaces for M = 0 and M # 0 nor do we discuss how this
affects the zero modes, since this is beyond the scope of this paper.)

We expand the Hamiltonian (B1) using the eigenfunctions f,(x) corresponding to Hyp =
HF,M:O, which ylelds

M2 & NN
Hppy = Hppy—o + > 20 ot PuPr s (B3)

23



J. Phys. A: Math. Theor. 55 (2022) 054002 M Gluza et al

where we defined
R
T = / dx FOOfy(0) fr (). (B4)
R

By expanding F(x) in these eigenfunctions, F(x) = Y~ fu(x)F,, and inserting this into (B4),
we obtain

0 R
I = B [ 0t 0 i 0) (B5)

n'=0

From this we can read off a number of properties. First of all, if F,» decays sufficiently slow,
then J,,,» is small for n,n’ < n”, since the integral is oscillatory. Similarly, if F,» decays suf-
ficiently fast, then J,, is small for n,n' > n”, again since the integral is oscillatory. This
property is important and shows that the effect of adding the mass term affects most strongly
the low-lying modes.

From the above, we see that the eigenmodes for Hr .o can either be found by directly
solving the associated Sturm—Liouville problem or by attempting to diagonalize the infinite
matrix obtained from the Hamiltonian expressed in terms of the eigenfunctions f,(x); the latter
is in general non-diagonal due to J,,,,. Numerical solutions of the Sturm-Liouville problem
essentially rely on the second approach of expanding the problem in convenient basis functions,
truncating, and solving the resulting matrix problem.

As a first simple example, one can consider the case of a constant F(x) = F with Neumann
boundary conditions. In this case, the eigenfunctions for M # 0 are given by cosine functions,
F, < 0pp0, and J,,y o< §,,,¢ (the latter follows from that the eigenfunctions are orthonormal).

As a second example, we consider our special case in (3). Then F(x) = 1 — (x/R)?, for
which we recall that the energies E,, and the eigenfunctions f,(x) are given by (22) and (24)
obtained as solutions to Legendre’s differential equation. From (B4) it follows that

2n+ D2 +1) !
Iy =/ C2E DO D [ aa=rop© (B6)

(after a change of variables to ¢ = x/R). Using that 1 — ¢* = (2/3)[Py(¢) — P»(¢)], this can
be computed with the help of a so-called Wigner three-j symbol [71] to express the integral of
a product of three Legendre polynomials:

1
/ d¢(1 - Cz)Pn(C)Pn/(C) = COpp + dulpp—2 + dy Sy p2, (B7a)
-1
_ 4> +n—1) B 2n+ 1)(n +2)
Cn = @Cn+1)2n—1D2n+3)’ d, = _(Zn T D@13t 5) (B7b)

It follows that

R 00
/ dx F()c)qAS(x)2 = Z (M;lcn(;ﬁ +24/ W‘Md@bn(}Hg) + (zero modes)
-R

n=1

(B8)
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Figure 8. a) Lowest energy eigenvalues e, = E,R/v for Hp  for MuR = 0,2,4,...,30
(bottom to top curve) computed numerically (as described in the text) truncating after
N = 1000 modes. b) The same results illustrated differently.
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Figure 9. a) Log—log plot of the ground-state energy ep = EqR/v and b) plot of the
energy gap e; — eg = (E; — Eg)R/v for Hr y as functions of MvR computed numeri-
cally (as described in the text) truncating after N = 1000 modes.

which inserted into (14) together with (23) yields

Hep= Y (g [a,ﬁan, + anaﬂ ¥ {ajlai/ + aaD + (zeromodes) (B9)
nn' =1
with
1 M2 3 M2 3
gn,n/ = EEn(sn,n/ + T,UKn,n’a T = TvKn,n/’ (Bloa)

K, = dpbpy—2+ (n<>n')| (B10b)

Lontl 1 [VEnEDEnEs)
2E, 2 O 2VEErss

2
forn,n’ = 1,2,.... (We recall that the zero modes require a separate treatment and are thus
not explicitly considered.)
The Hamiltonian in (B9) can be diagonalized by means of a multi-mode (in reality, an
infinite-mode) Bogoliubov transformation. Note that the infinite matrix (K,,,/) is symmetric
and five-diagonal with non-constant coefficients. More precisely, (K,,,/) is non-zero only along
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Figure 10. Lowest eigenfunctions f,(x) for Hpy for MuvR =3 (solid lines) and
MwvR = 0 (dashed lines) computed numerically (as described in the text) truncating after
N = 1000 modes.

three parallel diagonals starting from the elements at (n,n") = (1, 1), (1, 3), and (3, 1). More-
over, its elements decay for large n since ¢, ~ d, ~ 1/n. This means that if we truncate the
infinite matrix up to a maximum dimension N x N, diagonalize the resulting finite matrix, and
repeat for increasing values of N, the spectra obtained in this way can be expected to converge
for large N to the exact spectrum of Hp .

Figure 8 shows the lowest energy eigenvalues of Hry computed numerically as described
above for different values of MvR. For sufficiently large MuR, the lowest levels come in
approximate pairs of nearby values, while the highest levels are closer and closer to those
for Hp p—o. The former can be explained by noticing that, for large MvR, the derivative term
of the Sturm—-Liouville operator is less significant compared to the mass term, which forces
the eigenfunctions to become more vanishing everywhere except near the boundaries. Thus,
the eigenfunctions differ mainly by contributions near the boundaries, with spatially symmet-
ric or anti-symmetric eigenfunctions having approximately the same energy, giving rise to the
observed approximate double degeneracy of the levels. Figure 9 shows the dependence of the
ground-state energy and the energy gap (between the first excited state and the ground state)
on MvR. The ground state energy appears to follow two different types of power-law behavior:
Ey ~ v for MuR < 1 and Ey ~ vVMvR for MvR > 1 (based on curve fitting). Lastly, figure 10
shows a comparison of the lowest eigenfunctions f,(x) for MvR = 3 with those for MvR = 0.
The relative difference is significant for small n but decreases for larger n.

Appendix C. Formulas for Green’s functions
In this appendix we give details for the Green’s functions for 7(x, ) and aéﬁ(x, 1) = Oy &S(x, 1.

If follows from (31) that the Heisenberg equation of motion for the 7 field is of the same
form as (32):

0P = 0?0, [F(x)0,7]. (C)
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Repeating the steps in section 4.2, we obtain

R
70 = [ 0¥ (Gule i R0+ Gl in MG 0)) . (€
-R
where
1 120c
N /. L ‘ N 2 /
GTA"Ir(xax ’ t) - Gq’)q’)(xax ’ t) + 2R5 Gﬂq’)(xax ’ t) - ’Un:l Enf;‘l(x)f;’l('x )gn(t),
(€3)

using Gg4(x, x';¢) in (36) and g,(r) in (34). [In the above we used that fy(x) = 1/v/2R and
Ey=0.]
Acting with 0, on both sides of (32), the Heisenberg equation of motion for the J¢ field is

820% = 1202 [F(x)a&s} . (C4)

The general solution in position space is given by (37) together with
Gagos(x,x'51) and Gpgr(x,x';1) in (38). [The computation includes a boundary term
+ ffRdx’ 0xGpp(x, x'; t)(}ﬁ(R, 0) that can be shown to be zero: each term in the sum over n > 0
in this boundary term, obtained by inserting Gg4(x, x';1) in (36) and changing order of the
integral and the sum, is proportional to [ fRdx’ Jf2(x") = 0, which follows from (17) since fo(x)
is constant.] The Green’s functions can explicitly be written as

Govoo(x, x'50) = =Y fO@LTVWN0ign(t), Gopr(x, x50 =0 fP(0) £, )ga2),

n=1 n=1
(C5)
where f{V(x) = O, fu(x) and £ V(x) = [Ty’ fu(x)).

Using analogous arguments, one can also show that

/

Guantxo ') = = [ 4 Gosxasn) = 1Y BAOL @0, (€O
—R n=1

In the special case F(x) = 1 — (x/R)?, the eigenfunctions f,(x) are given in (24), and, using
standard formulas for Legendre polynomials,

27+ 1 xP,(x/R) — RP, . 1(x/R
11900 = 0 1y R PR S RO (IR, (CTa)
_ 2n+1P,+1(x/R) — P,_1(x/R)
(=1 _ +1
L T Al : (C7b)

where we set P_1(-) = 0 (so that these formulas are valid foralln =0, 1,...).
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