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We investigate the nature of the ground-state of the spin- 1
2

Heisenberg antiferromagnet on the
shuriken lattice by complementary state-of-the-art numerical techniques, such as variational Monte
Carlo (VMC) with versatile Gutzwiller-projected Jastrow wave functions, unconstrained multi-
variable variational Monte Carlo (mVMC), and pseudo-fermion/Majorana functional renormaliza-
tion group (PF/PM-FRG) methods. We establish the presence of a quantum paramagnetic ground
state and investigate its nature, by classifying symmetric and chiral quantum spin liquids, and
inspecting their instabilities towards competing valence-bond-crystal (VBC) orders. Our VMC
analysis reveals that a VBC with a pinwheel structure emerges as the lowest-energy variational
ground state, and it is obtained as an instability of the U(1) Dirac spin liquid. Analogous conclu-
sions are drawn from mVMC calculations employing accurate BCS pairing states supplemented by
symmetry projectors, which confirm the presence of pinwheel VBC order by a thorough analysis of
dimer-dimer correlation functions. Our work highlights the nontrivial role of quantum fluctuations
via the Gutzwiller projector in resolving the subtle interplay between competing orders.

Introduction. The kagome lattice, which has played
such a decisive role in the higher echelons of frustrated
magnetism, owes much of its intriguing physics to the
corner-sharing arrangement of triangular motifs. This
geometry leads to only a marginal alleviation of frus-
tration in a system of antiferromagnetically interact-
ing spins, and in essence accounts for the appearance
of novel quantum paramagnetic phases such as quan-
tum spin liquids. In this paper, we consider the much
less explored non-Archimedean [1] variant of the two-
dimensional corner sharing arrangement of triangles,
namely the shuriken lattice [2] (also referred to as the
square-kagome or squagome lattice in literature) [see
Fig. 1]. Following the recent experimental reporting of
a gapless spin liquid in a first material realization of the
shuriken geometry by spin S = 1/2 Cu2+ magnetic ions
in KCu6AlBiO4(SO4)5Cl [3], there is renewed interest in
exploring the nature of frustration induced phases in the
quantum Heisenberg antiferromagnet.

In this work, we investigate the ground state of the
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Heisenberg antiferromagnetic model

Ĥ = J
∑
〈i,j〉

Ŝi · Ŝj (1)

for S = 1/2 operators Ŝi = (Ŝxi , Ŝ
y
i , Ŝ

z
i ) decorated on the

shuriken lattice, where the two symmetry inequivalent
exchange couplings, i.e., on the square (J�) and trian-
gular (J4) bonds (see Fig. 1(a)) are taken as equal and
denoted by J (=J4 = J�) [7]. We employ (i) Variational
Monte Carlo (VMC) with Gutzwiller-projected fermionic
wave functions on large system sizes (up to 2400 sites),
(ii) many-variable Variational Monte Carlo (mVMC) in-
volving an unconstrained optimization of a BCS pairing
function on system sizes up to 384 sites, and (iii) pseudo-
fermion functional renormalization group (PFFRG) anal-
ysis to firmly establish the absence of long-range mag-
netic order in the ground state of (1), which remained
to be conclusively established within exact diagonaliza-
tion [4, 7–10], mean-field [11], and perturbative [12, 13]
schemes. To identify the precise nature of the quantum
paramagnetic ground state, we construct symmetric and
chiral U(1) fermionic mean-field Ansätze of quantum spin
liquids, compute their projected energies, and investigate
their potential instability towards competing VBC or-
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FIG. 1. (a)-(b) Top row: Illustration of two types of magnetic orders within the ground state manifold of the classical Heisenberg
antiferromagnet on the shuriken lattice [4, 7]. The two symmetry inequivalent nearest-neighbor bonds are labelled as J4 and
J�. The q = 0 (

√
3 ×
√

3) order has an angle of 120° between neighboring spins, and a magnetic unit cell which is identical
(three-times enlarged) compared to the six-site geometrical unit cell is marked by a dashed line in (a). The green ellipses depict
further degrees of freedom present in the classically degenerate ground state manifold. Bottom row: The first (solid line) and
extended (dashed line) Brillouin zones of the shuriken lattice showing the location of the Bragg peaks with the fraction of the
total spectral weight of the classical (a) q = 0 order, at (4π, 0) and (2π, 2π) [and symmetry related points] with equal spectral
weight, and (b)

√
3 ×
√

3 order, at (2π ± q, 2π ∓ q) with q = 4π/3, and leading subdominant peaks at (q,−q) with 36%, i. e.,
λ/Λ = 0.36, of the spectral weight of the dominant ones [6]. The

√
3×
√

3 order breaks the four-fold rotational symmetry. From
(c) VMC, the size scaling of the hAF parameter (fictitious Zeeman field [7]) for q = 0 and

√
3×
√

3 orders on finite clusters of
Nsites = 6L2 sites, with L = 6, 9, 12, 15 and 18 (quadratic fit), (d) mVMC, the size-scaling of the sublattice magnetization for
the q = 0 order finite clusters of Nsites = 6L2 sites, with L = 2, 4, 6 and 8 (quadratic fit), and (e) PFFRG, the RG flow of the
susceptibility tracked at the dominant ordering vectors of the two classical orders.

ders which have been proposed within a quantum dimer
model approach [7, 13] and a large-N analysis [2]. Our
study finds an instability of the U(1) Dirac spin liquid
towards a pinwheel (PW) VBC order with a 2 × 2 ex-
panded, i. e., 24-site unit cell [7, 13] which emerges as
the lowest energy variational state, in contrast to the
findings in Ref. [13] which claimed for the stabilization
of a Loop-6 (L6) VBC, see also Fig. 2. An unconstrained
mVMC optimization of the BCS pairing function start-
ing from a random choice of pairing amplitudes is also
found to converge to a long-range dimer ordered ground
state with a PW-VBC type structure, as revealed from
the dimer-dimer correlation functions. These findings
are further corroborated by a PFFRG analysis of the
dimer response functions. The estimates of the ground
state energy on finite-clusters obtained within VMC by
the application of a couple of Lanczos steps to the PW-
VBC state supplemented by a zero-variance extrapola-
tion [10, 11], as well as those obtained from mVMC are
found to be in excellent agreement. The respective esti-
mates in the thermodynamic limit obtained by finite-size
scaling are in good agreement with those obtained from
our infinite projected entangled pair state (iPEPS) and
pseudo-Majorana functional renormalization group (PM-

FRG) calculations, thus lending strong evidence in favor
of a PW-VBC ground state of the S = 1/2 Heisenberg
antiferromagnet on the shuriken lattice.

Results. We start by employing fermionic VMC to in-
vestigate the possible presence of magnetically ordered
ground states with two different periodicity, (i) a trans-
lationally invariant, i. e., q = 0 state [see Fig. 1 (a)] and

(ii) the so-called
√

3×
√

3 state [see Fig. 1 (b)]. Details on
the form of the variational wave functions are given in the
Supplemental Material [7]. The Zeeman field variational
parameter, hAF, extrapolates to zero in the thermody-
namic limit [see Fig. 1 (c)], indicating the absence of long-
range magnetic order in the ground state. Additional ev-
idence is provided by mVMC calculations, in which the
sublattice magnetization m2 is computed by evaluating
the spin-spin correlation 〈Ŝi · Ŝj〉 at maximum distance
(for two spins i, j within the same sublattice) [16], where
〈· · · 〉 denotes the expectation value over the variational
state |φpair〉 [7]. The sublattice magnetization is seen
to display a similar size scaling as the hAF parameter
of VMC [see Fig. 1 (d)], thus confirming the absence of
magnetic order. These results are further corroborated
by a PFFRG analysis [7] which does not find in the RG
flow any evidence for a divergence or a breakdown of the
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TABLE I. For Hamiltonian (1), we present the mean-field
(MF) and Gutzwiller projected (proj) ground-state energy per
site (in units of J) on the 4×4×6 cluster for the different fully
symmetric (FS) and chiral U(1) quantum spin liquid Ansätze
[see Fig. S4 of [7]] labelled by the flux triad (Φ4,Φ.,Φ�) [see
text], as well as dimer states. The (π, 0, 0) and (π, 0, π) Ansatz
have extensively degenerate levels at half-filling which pre-
vents a computation of their energy (as the wave function
cannot be uniquely defined), and are thus marked by “−”.

Ansatz Fluxes MF energy Proj. energy MF spectrum

FS

(0, 0, 0) −0.36570 −0.42714(2) Fermi surface
(0, 0, π) −0.38388 −0.41720(3) Dirac points
(π, 0, 0) −0.36657 − Flat band
(π, 0, π) −0.37130 −0.41362(3) Fermi surface

Chiral

(π
2
, π

2
, 0) −0.35041 − Flat band

(π
2
, π

2
, π) −0.39803 −0.40489(3) Gapped

(π
2
,−π

2
, 0) −0.38040 −0.38702(4) Fermi surface

(π
2
,−π

2
,π) −0.36123 −0.40205(3) Fermi surface

Dimer
L6-VBC −0.41013 −0.43009(1) Gapped
PW-VBC −0.40623 −0.43333(1) Gapped

susceptibility at the ordering wave vectors of either the
q = 0 or

√
3×
√

3 orders [see Fig. 1 (e)].
Thus, having established the paramagnetic character

of the ground state, we proceed towards deciphering its
nature. To this end, we construct a family of fully sym-
metric and chiral fermionic mean-field Ansätze with a
U(1) gauge structure based on a symmetry classification
of flux patterns. These Ansätze are completely deter-
mined by specifying the fluxes threading three distinct
plaquettes within the unit cell of the lattice: vertically
oriented triangles (Φ4), horizontally oriented triangles
(Φ.), and squares (Φ�). Henceforth, we label the mean-
field Ansätze by specifying the flux triad (Φ4,Φ.,Φ�).
We obtain four distinct fully symmetric U(1) spin liquids
(see Table I and [7]), and several chiral states out of which
we focus only on those with a π/2 flux through triangles.
In Table I, we present the energies of the (self-consistent)
mean-field and Gutzwiller-projected wave functions for
these states. At the mean-field level, the chiral (π2 ,

π
2 , π)

state has the lowest energy, in complete compliance with
the Rokhsar rules [17] [18]. However, after Gutzwiller
projection, the chiral spin liquid is no longer energeti-
cally competitive, and the (0, 0, 0) flux uniform Ansatz
featuring a spinon Fermi surface (SFS) emerges as the
lowest energy spin-liquid state, followed by the (0, 0, π)
state which is a U(1) Dirac spin liquid (DSL). Since, in
two spatial dimensions, the U(1) SFS and DSL are poten-
tially susceptible to gap opening instabilities [19, 20], we
investigate their instability towards previously proposed
VBC candidates [7, 13].

A quantum dimer model treatment of (1), truncated
to a minimal nearest-neighbor valence bond basis, identi-
fied a PW-VBC with loop-4 resonances [7] [see Fig. 2 (a)].
This picture was subsequently challenged in Ref. [13] by a
L6-VBC with loop-6 resonances [see Fig. 2 (b)] when ac-
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FIG. 2. Two competing dimer orders, (a) PW-VBC and (b)
L6-VBC on the shuriken lattice. (c) The evolution of the
energy per site during a typical VMC optimization for the
VBCs, here shown for Hamiltonian (1) on the L = 20 cluster.
The inset shows the finite-size scaling of the energy gain of
the PW-VBC state with respect to the U(1) DSL.

counting for a basis beyond nearest-neighbors. In partic-
ular, it was argued that the virtually excited long-range
singlets that are induced around defect triangles lead to
an enhancement of loop-6 resonances compared to loop-4,
helping stabilize the L6-VBC in lieu of the PW-VBC [13].
Here, we investigate the energetic competition between
PW-VBC and L6-VBC orders within VMC and mVMC
wherein the effect of quantum fluctuations is captured
via the Gutzwiller projector. To construct variational
VBC states within VMC, we consider each of the sym-
metric spin-liquid Ansätze listed in Table I, and allow
the hopping amplitudes to take different values accord-
ing to the dimer pattern of the strong/weak symmetry
inequivalent bonds within the 24-site VBC unit cells [21].
Our study reveals that while the SFS spin liquid remains
robust to both these VBC perturbations, the U(1) Dirac
spin liquid destabilizes towards both these VBCs, with
the PW-VBC yielding a lower energy [see Fig. 2 (c) and
Table I]. It is interesting to note that at the self-consistent
mean-field level the L6-VBC has a lower energy compared
to the PW-VBC, but the relative hierarchy is inverted
in favor of the PW-VBC once the Gutzwiller projector
is enforced within VMC, highlighting the role of quan-
tum fluctuations in resolving the delicate competition of
these two dimerized states. Furthermore, VMC calcula-
tions show that the energy gain of the PW-VBC relative
to the U(1) Dirac spin liquid remains finite in the ther-
modynamic limit [see inset of Fig. 2 (c)] indicating the
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FIG. 3. (a) Dimer-dimer correlations between the base bond (between sublattice B and C sites [7]), marked by a black dotted
line, and other bonds measured within mVMC on the L = 8 cluster. Solid red (dashed blue) lines represent positive (negative)
correlation values. An analogous figure with the base bond on the side of a triangle can be found in [7]. (b) Long-range
correlations between the base bond and other bonds labeled by α. Only correlations between the (0, 0) and (2n, 2m) unit cells
are shown due to the alternating 2× 2 pattern in bond correlations. (c) Infinite-volume extrapolation of the largest eigenvalues
of χD. (d) The dominant eigenvectors of χD: red bonds are positive, while blue are negative and other bonds are zero. In the
middle of each drawing, the high-symmetry momentum of the representation is shown, as well as the corresponding irreducible
representation label of the D4 point symmetry group.

size-consistency of the PW-VBC state, thereby lending
support to it being a stable variational ground state in
the thermodynamic limit. The energy of the PW-VBC
Ansatz is found to be lower compared to the SFS spin-
liquid state, thus representing the optimal wave function
within our VMC calculations.

To obtain competitive wave functions within mVMC,
we impose a 2 × 2 unit cell periodicity on the param-
eters of the variational state |φpair〉 [7, 22]. The prop-
erties of the optimized wave function are assessed by
measuring the dimer-dimer correlation function χDb,b′ =

〈D̂bD̂b′〉− 〈D̂b〉〈D̂b′〉 for all pairs of bonds in the system,

0 6 b, b′ < Nbonds, where D̂b = Ŝi · Ŝj , with i, j be-
ing sites at ends of the bond b. In Fig. 3 (a), we show
the dimer-dimer correlations between the base (square)
bond and other bonds lying within few unit cells, which
display the characteristic pinwheel structure found also
within VMC. To carry on a quantitative assessment of
the VBC character of the ground state, we need to define
suitable scalar order parameters to perform an infinite-
volume extrapolation of the dimer order. Thus, we regard
χDb,b′ as a matrix in the bond indices and we diagonal-

ize it; the resulting set of eigenvalues/eigenvectors pairs

(λ, Aλb ) is used to define the operators Ôλ =
∑
bA

λ
b D̂b,

each of them corresponding to a certain momentum and
irreducible representation of the lattice point group. The
tendency to establish a finite expectation value of one of
these operators, and thus spontaneously break the cor-
responding lattice symmetry, is measured by the suscep-

tibility χÔλ = 〈Ô†λÔλ〉 − 〈Ô
†
λ〉〈Ôλ〉 = λ extrapolated to

thermodynamic limit [23].

This extrapolation requires knowledge of the order pa-

rameter scaling law. We argue that 1/L2, i. e., inverse-
volume scaling is a suitable choice. To check that, in
Fig. 3 (b) we show long-range behavior of correlations
between the base bond (BC in the (0, 0) unit cell) and
bonds in the other unit cells with bond within unit cell
labeled by α (see drawing in Fig. 3 (c)). We observe that
(i) the correlator saturates almost immediately with dis-
tance, suggesting exponential decay finite-range correc-
tions to correlations, and (ii) correlations between the
base bond and bonds with different α converge to dif-
ferent and finite values, which paves the way to finite
susceptibility χÔλ for some symmetry-breaking operator

Ôλ.

In the illustrations shown to the left and right of
Fig. 3 (c) we depict the leading eigenvectors of χDb,b′ and
show the infinite-volume extrapolation of the correspond-
ing eigenvalues λ (i. e., of the susceptibilities χÔλ). We
observe that the susceptibilities corresponding to the
Aπ,π1 and Aπ,π2 irreducible representations, which are
reflective of the PW-VBC phase symmetry structure,
clearly extrapolate to finite values, while, the Bπ,π1 irre-
ducible representation susceptibility indicating L6-VBC
phase structure is found to vanish (within error-bars) in
the thermodynamic limit.

We also probe, within PFFRG, the tendency towards
PW-VBC and L6-VBC symmetry breaking patterns, and
observe that although the dimer-response functions for
these two orders get enhanced under RG flow indicating
dimerization, they are of similar magnitude [7]. The ab-
sence of a categorical identification of the dimerization
tendency within PF-FRG is rooted in the fact that one
does not take into account higher-point vertex functions
which ultimately seem to prove decisive in accurately re-
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solving the delicate competition between the two VBC
candidates.

Having established, from both VMC and mVMC, that
the ground state of the system possesses long-range dimer
order, we discuss other static quantities, namely the ex-
trapolation of the ground state energy, reported in Fig. 4,
and the equal-time spin structure factor, shown in Fig. 5.
Within VMC, an improved estimate of the ground state
energy on finite clusters can be achieved by applying
a few Lanczos steps to the variational state (here the
PW-VBC), and performing a zero-variance extrapola-
tion [10, 11, 24–27]. The resulting estimate of the ground
state energy is found to be equal (within three error-bars)
with the mVMC energies on the L = 4, 6, and 8 clusters.
Furthermore, the finite-size-scaling estimate of the ther-
modynamic ground state energy from VMC and mVMC

E∞mVMC = −0.43696(17), E∞VMC = −0.43730(13) (2)

are equal within two error-bars and in excellent agree-
ment with that obtained from iPEPS and consistent
with PMFRG at finite temperature directly in the ther-
modynamic limit. Finally, the (equal-time) static spin
structure factor S(q) [7] for the PW-VBC ground state
obtained from both VMC and mVMC approaches are
shown in Fig. 5. One observes a diffused distribution of
intensity along the extended Brillouin zone boundaries.
We observe that within VMC the estimate of the ground
state S(q) obtained by applying two Lanczos steps on
the bare PW-VBC wave function displays soft maxima
in close vicinity to the pinch points [Fig. 5(a)] seen in
a large-N analysis [Fig. S2 of [7]] in conformity with
mVMC [Fig. 5(b)].

Conclusions. We have employed state-of-the-art nu-
merical quantum many-body methods to provide com-
pelling evidence that the ground state of the S = 1/2
Heisenberg antiferromagnet on the shuriken lattice fea-
tures long-range dimer-order breaking translational in-

−8π −4π 0 4π 8π
−8π

−4π

0

4π

8π
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−8π
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8π
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3

4
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FIG. 5. The static (equal-time) spin structure factor S(q)
obtained within (a) VMC and (b) mVMC on the L = 8 clus-
ter. The solid (dashed) white lines mark the first (extended)
Brillouin zones.

variance, i. e., a VBC. Combining the two variational
methods, (i) VMC with a priori given different QSL
and VBC Ansätze, and (ii) mVMC involving an uncon-
strained optimization of the projected-BCS wave func-
tion, we have revealed a consistent picture of a VBC
with pinwheel structure of correlations as inferred from
a comprehensive analysis of the dimer-dimer correla-
tion function. This finding is at variance with that
obtained within an extended (beyond nearest-neighbor
valence bond basis) quantum dimer model framework
which argued for a loop-6 VBC [13]. Given that
KCu6AlBiO4(SO4)5Cl [3] realizes a gapless spin liquid,
and consideration of a generalized model with J4 6= J�
and further neighbor couplings fails to reproduce the neu-
tron scattering profile as shown in Ref. [3], possibly hints
at the role of nonnegligible Dzyaloshinskii-Moriya inter-
actions at play, and the investigation of these interac-
tions would constitute an important future direction of
research. Finally, given that (lattice) nematic topologi-
cal quantum spin liquids have been proposed as compet-
itive Ansätze [11], a projective symmetry group classifi-
cation [28] of fermionic mean-field Ansätze of symmetric
and nematic Z2 spin liquids, and a subsequent analysis of
the energies and correlation functions of the correspond-
ing Gutzwiller projected spin states would constitute an
important direction for future investigations.
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I. LATTICE CONVENTION

The shuriken lattice is defined by a square Bravais lat-
tice with unit vectors

a1 = (1, 0) a2 = (0, 1), (S1)

and a unit cell of six sublattice sites, labelled from A to
F , whose relative coordinates are

δA = (−1/4,−1/4) δB = (−1/4, 1/4)

δC = (1/4, 1/4) δD = (1/4,−1/4)

δE = (0,−1/2) δF = (1/2, 0) (S2)

The resulting network of sites outlines a shuriken shape
inside the unit cell, made of four corner-sharing triangles
surrounding a square, as shown in Fig. S1. The sub-
lattice sites can be split into two topologically distinct
classes, one formed by A,B,C and D sites (vertices of
the square), and one made of E and F sites (vertices
of the spikes of the shuriken). The sublattice sites inside
each class are transformed into each other by lattice sym-
metries. We note that in our convention all the sites co-
ordinates are commensurate, and, therefore, an extended
Brillouin zone can be defined in reciprocal space, delim-
ited by the square connecting the (±4π, 0) and (0,±4π)
momenta.

II. METHODS

A. Large-N approximation

In Fig. S2, we show the static (equal-time) spin struc-
ture factor (at T = 0) for the Heisenberg model on the
shuriken lattice as obtained by a standard large-N ap-
proximation [S1]. This quantity is defined as

S(q) =
1

Ns

∑
06i, j<Ns

〈Ŝi · Ŝj〉eıq·(ri−rj), (S3)

A

B C

D

E

F

FIG. S1. A single unit cell of the shuriken lattice. Dif-
ferent colors refer to symmetry-inequivalent sublattice sites
(A,B,C,D in red, E,F in black) and symmetry-inequivalent
bonds (J� in red, J4 in black). Our study focuses on the
highly-frustrated antiferromagnetic Heisenberg Hamiltonian
with J� = J4 = J .

FIG. S2. Static structure factor obtained via large-N anal-
ysis featuring pinch-points at the boundary of the extended
Brillouin zone.

where Ns is the number of sites in the lattice, q is a
momentum inside the extended Brillouin zone, and ri
denotes the site positions (accounting for sublattice dis-
placements), following the convention outlined in Sec-
tion I. Within the large-N approach, the number of com-
ponents of a classical spin vector is artificially increased
from three to infinity and the resulting model is treated
in the saddle-point approximation. The spin structure
factor shows eight pinch point singularities inside the ex-
tended Brillouin zone, which are characteristic for clas-
sical spin models with corner-sharing triangles. In these
models, the ground states are determined by the condi-
tion that spins sum up to zero in each triangle. Since
these conditions can be fulfilled by an extensive number
of spin configurations the resulting state is highly degen-
erate and referred to as a classical spin liquid. The fact
that spin correlations in this state fall off with distance
according to a power law, is tightly connected with the
existence of pinch point singularities.

B. Variational Monte Carlo (VMC)

To unveil the ground state properties of the Heisenberg
model on the shuriken lattice we resort to a variational
Monte Carlo (VMC) approach [S2]. Our variational
Ansätze consist of uncorrelated fermionic wave functions
(i.e., Slater determinants), which are constrained to the
spin space by Gutzwiller projection. The construction of
the variational states relies on the Abrikosov fermion rep-
resentation of spin degrees of freedom, in which S = 1/2
spin operators are rewritten as suitable combinations of
fermionic bilinears, i.e.,

Ŝi =
1

2

∑
α,β=↓,↑

ĉ†i,ασα,β ĉi,β . (S4)

1



2

Here, ĉi,α / ĉ†i,α are fermionic operators which annihi-

late/create a fermion with spin α (=↑ or ↓) at site i,
and σ = (σx, σy, σz) is a vector of Pauli matrices. The
Abrikosov representation preserves the algebra of the
spin operators, but artificially enlarges the Hilbert space
of the system, introducing spurious fermionic states with
empty and doubly occupied sites. Yet, this fermionic
framework can be exploited for the definition of vari-
ational wave functions for the Heisenberg model, pro-
vided that a projection onto the spin Hilbert space is per-
formed. In other words, we can define variational wave
functions for spins as

|Ψ0〉 = P̂∞G |Φ0〉, (S5)

where |Φ0〉 is a certain uncorrelated fermionic state (see

below) and P̂∞G is the Gutzwiller projection operator,

P̂∞G =
∏
i

(ĉ†i,↑ĉi,↑ − ĉ
†
i,↓ĉi,↓)

2, (S6)

which enforces single fermionic occupation of lattice sites.
In this work, we choose |Φ0〉 to be the ground state of a

quadratic fermionic Hamiltonian, dubbed Ĥ0. For non-
magnetic phases we take a tight-binding Hamiltonian

Ĥ0 =
∑

(i,j),α

χij ĉ
†
i,αĉj,α, (S7)

with nearest-neighbor hopping terms, ti,j , which play
the role of variational parameters. An appropriate
parametrization of Ĥ0, based on a projective symme-
try group (PSG) analysis [S3, S4], allows us to define
different U(1) spin-liquid Ansätze on the shuriken lat-
tice, both fully symmetric and chiral, which are summa-
rized in Fig. S4. The various spin-liquid states are dis-
tinguished by different gauge-invariant fluxes threading
the elementary plaquettes of the lattice. These fluxes
are determined by the signs/phases of the hoppings,
which are fixed by the projective symmetry group of the
Ansatz [S3, S4]. On the other hand, the amplitudes of the
hoppings are free variational parameters, which are op-
timized to minimize the expectation value of the energy.
Specifically, the fermionic Hamiltonian defining the spin
liquid states depends on the ratio of two hopping ampli-
tudes, one for the bonds forming the squares (i.e., the
bonds connecting sites of sublattices A,B,C,D), named
χ�, and one for the bonds forming the triangular spikes
of the shurikens (i.e., the bonds connecting sites of sub-
lattices A,B,C,D to sites of sublattices E,F ), named
χ4.

As discussed in the main text, some of the spin-liquid
states of Fig. S4 are unstable to the formation of valence-
bond order. This means that a variational energy gain
is achieved by letting the hopping amplitudes take dif-
ferent values on different bonds [S5, S6], according to
certain dimer patterns [S7], as outlined in the main text.
In particular, a pinwheel valence-bond crystal wave func-
tion is found to provide the best variational energy for the

Heisenberg model on the shuriken lattice. The pinwheel
variational state explicitly breaks lattice translations, re-
quiring a 2 × 2 enlargement of the unit cell, and has a
lower point group symmetry (D2).

Additional VMC calculations are performed to rule out
the possible presence of long-range magnetic order in the
ground state of the system. For this purpose, we define
magnetically ordered variational wave functions by intro-
ducing a fictitious Zeeman field in the fermionic auxiliary
Hamiltonian, i.e.,

Ĥmag =
∑

(i,j),α

χij ĉ
†
i,αĉj,α + hAF

∑
i

mi · Ŝi, (S8)

Here, the variational parameter hAF determines the
magnitute of the Zeeman field, while the unit vec-
tor mi modulate its local orientation. We con-
sider a coplanar field in the xy-plane, taking
mi = [cos(q ·Ri + θi), sin(q ·Ri + θi), 0], where Ri is
the coordinate of the unit cell of site i, q is the order-
ing vector and θi are sublattice-dependent angles. By
appropriately choosing q and θi, we can impose differ-
ent magnetic orders in the wave function. As discussed
in the main text we consider two possible ordering pat-
terns, with neighboring spins oriented with a relative an-
gle of 120◦. For what concerns the hopping terms of
Ĥmag, we take a uniform Ansatz, with χ� (χ4) being
the hopping on the bonds forming the squares (triangular
spikes) of the shurikens. The variational wave function
for these magnetic phases is then obtained by projecting
the ground state of Eq. (S8), dubbed |Φmag〉,

|Ψmag〉 = Ĵ P̂∞G |Φmag〉. (S9)

In addition to the Gutzwiller-projection, we introduce a
long-range spin-spin Jastrow factor,

Ĵ = exp

∑
i,j

vi,jŜ
z
i Ŝ

z
j

 (S10)

which induces additional transverse quantum fluctua-
tions on top of the magnetic order in the xy-plane. The
pseudopotentials vi,j are taken to be translationally in-
variant and fully optimized to minimize the variational
energy, together with the parameters of Ĥmag, namely
χ4 and hAF (we set χ� = 1 to fix the overall energy
scale of the auxiliary Hamiltonian, which is irrelevant).
After optimization, a finite (zero) value of hAF in the
thermodynamic limit indicates the presence (absence) of
long-range magnetic order.

Our variational calculations are performed on 6×L×L
clusters with periodic boundary conditions which respect
the full symmetry of the shuriken lattice. For the numer-
ical optimization of the variational parameters we apply
the stochastic reconfiguration method [S8].

Once we have obtained the optimal variational wave
function |Ψ0〉, which corresponds to the pinwheel VBC
state, we can iteratively apply a number of Lanczos steps
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to systematically improve the variational energy [S9–
S11]. This procedure yields the variational state

|Ψp〉 =

(
p∑

n=0

αnĤn
)
|Ψ0〉, (S11)

after p iterations, where the coefficients αn are variational
parameters that minimize the expectation value of the
energy

Ep = 〈Ψp|Ĥ|Ψp〉. (S12)

We perform p = 0, 1, 2 Lanczos steps and compute an es-
timate of the energy in the p→∞ limit by extrapolating
Ep as a function of the variance [S10, S11]

σ2
p = 〈Ψp|Ĥ2|Ψp〉 − 〈Ψp|Ĥ|Ψp〉2. (S13)

C. Many-variable wave function (mVMC)

The many-variable variational Monte Carlo (mVMC)
method can be successfully used in studies of strongly
correlated spin and electronic systems [S12, S13]. In par-
ticular, the method can be applied to distinguish between
quantum spin liquid and valence bond solid phases, such
as in the case of the j1-j2 Heisenberg model on the square
lattice [S14, S15]. In this work, we employ the mVMC
implementation from Ref. [S16, S17]. To apply mVMC,
fermionic operators are first mapped to pseudofermionic
bilinears as given in Eq. (S4).

Inspired by the Anderson resonating valence-bond
wave function, the mVMC ansatz has the form

|φpair〉 = P̂∞G exp

∑
i,j

fi,j ĉ
†
i,↑ĉ
†
j↓

 |0〉, (S14)

where single occupation is ensured by the P̂∞G Gutzwiller
projector such that fermionic Hilbert space is mapped to
the original Hilbert space of spin operators. The wave-
function value 〈σ|φpair〉 of a specific spin configuration
|σ〉 is evaluated using the Slater determinant of the ma-
trix with elements fi,j . Here, σ represents a string of ±1,
which, for each lattice site, stands for the respective spin
eigenstate in the Sz basis. The parameters fi,j are opti-
mised using the stochastic reconfiguration optimization
technique [S8], which can be seen as a way of performing
imaginary-time evolution in the variational parameters
manifold [S2, S18].

To obtain accurate wave functions, we employ
quantum-number projections. The point-group symme-
try Ĝ is projected by applying its generators until the
symmetry orbit is exhausted

|Ψξ〉 = P̂ |Ψ〉 =
∑
n

ξnĜn|Ψ〉, (S15)

where ξ is the desired projection quantum number and
|Ψξ〉 the resulting symmetrized state. The projection
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FIG. S3. Dimer-dimer correlations between the base bond,
marked by a dotted black line, and other bonds measured
within mVMC on the L = 8 cluster. (for typographical rea-
sons χDb,b′ is multiplied by 102 and rounded to 2 digits). Solid
red (dashed blue) lines represent positive (negative) correla-
tion values. Top panel: base bond is between sublattices B
and C. Bottom panel: base bond is between sublattices C and
E.

onto the total spin S is performed by superposing the
SU(2)–rotated wave functions [S17]. In this work, for
systems with more than 36 sites, we partially impose
translational symmetry directly on the variational pa-
rameters fi, j . Namely, we introduce translational sym-
metry modulo 2 × 2 unit cells sublattice structure and
project the 2×2 translations and the point-group symme-
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tries using Eq. (S15). The resulting procedure amounts
into 2× 2× 62 ×L2 variational parameters with L being
the number of unit cells in each lattice direction. Such
partial translational symmetry imposition is a reasonable
compromise between the ability to express complicated
wave function and and the required time to learn the
wave function.

In Fig. S3 we show dimer-dimer correlations measured
within mVMC on the 8× 8 lattice.

III. PFFRG

A powerful and unbiased method in the investigation
of the interacting many body problem is found in the
functional renormalization group (FRG) which reformu-
lates such problem in terms of an infinite hierarchy of
first order differential equations for the n-particle ver-
tex functions [S19]. While the fermionic FRG formalism
is well-defined for models of Hubbard-type [S20, S21],
employing spin operators directly in an FRG formalism
is fundamentally challenging and requires significant al-
teration of the usual method [S22]. However, using a
decomposition of spin operators into pseudofermions as
in Eq. S4, one can map this problem onto the fermionic
Hilbert space instead. The problem of unphysical states
introduced by this parton-decomposition of spins is cir-
cumvented by a restriction to zero temperatures, where
these states are expected to gap out due to their van-
ishing spin S = 0. In this pseudofermion (PF-) FRG,
the bare pseudofermion propagator is initially modified
by the introduction of a sharp Matsubara frequency cut-
off G0

i (ω) → θ(|ω| − Λ)G0
i (ω). This cutoff defines the

renormalization scale Λ which enables turning from an
effective high-energy model at Λ → ∞, in which the
pseudofermion vertices are trivially known, to the de-
sired cutoff-free limit at Λ = 0. To resolve the Λ-
dependence of vertices the emerging infinite set of cou-
pled integro-differential equations is truncated at the
three-particle level. The obtained finite number of the so-
called flow equations for the self-energy and two-particle
vertex may then be integrated numerically. Most impor-
tantly, the PFFRG employs the improved Katanin trun-
cation scheme, which includes crucial contributions from
the three-particle vertex [S23]. Using this scheme, the
FRG becomes asymptotically exact in the limit of large
spin magnitudes S and large N , where SU(N) refers to
the spin’s symmetry group [S24, S25]. Since the limits
S → ∞ and N → ∞ capture the physical properties of
magnetically ordered and disordered states, respectively,
the PFFRG has achieved great success in mapping out
the magnetic phase diagrams of a variety of two- and
three-dimensional systems. From the two-particle vertex,
any correlator bilinear in the fermionic creation and an-
nihilation operators can be recovered, most importantly,
the static magnetic susceptibility defined as

χΛ
ij =

∫ ∞
0

dτ〈Szi (τ)Szj (0)〉. (S16)

While at larger cutoff scales the susceptibility is sup-
pressed, at low Λ . J instabilities can be observed at
the onset of spontaneous magnetic ordering. Since cor-
relations in the two-particle vertices can only be treated
numerically up to a maximal correlation distance, the on-
set of magnetic order is featured by no divergence, but
rather a finite peak of the Fourier-transformed suscep-
tibility χΛ

k at a critical energy scale Λc ∼ Tc [S24, S26].
The point k in momentum space at which this divergence
occurs, further specifies the type of magnetic order. Ac-
cordingly, magnetically disordered phases display no such
feature but rather a continuously growing susceptibility
down to Λ = 0 at all k.

While dimer- and plaquette correlators themselves are
quartic in the spin operators and thus inaccessible to
the PFFRG at the current level of truncation, a sys-
tem’s affinity for dimerization can still be investigated
for initially specified dimerization patterns. To this
end, the couplings Jij are initially slightly strength-
ened by δ along the dimerized bonds within this pat-
tern, while being weakened on the corresponding non-
dimerized bonds [S27]. One may then determine the sys-
tem’s response to this particular dimer pattern as

χΛ
d =

J

δ

∣∣∣∣χΛ
+ − χΛ

−
χΛ

+ + χΛ
−

∣∣∣∣ , (S17)

where χΛ
+ (−) refers to the real-space correlator between

two spins along such a strengthened (weakened) bond.
Dimer states that are accepted by the system typically
develop large growth during the flow Λ → 0, while pat-
terns which are rejected remain comparable, or even de-
crease from their initial value of χΛ→∞

d = 1. In the
present case, we investigate the Pinwheel VBC and the
Loop-6 VBC by strengthening the colored bonds in fig-
ure 2 of the main text and simultaneously weakening
the non-colored bonds by δ = 0.01J . Fig. S5 shows the
RG flows of the dimer response for the L6 and the pin-
wheel VBC patterns respectively. Since the unit cell al-
lows for the individual evaluation of Eq. S17 for several
nearest neighbor bonds that are distinct by spatial sym-
metry, we compare the averaged dimer response. In both
cases, the average response increases approximately four-
fold from its initial value of 1 which indicates a moderate
tendency towards dimerization. Although the pinwheel
order maintains a slightly stronger response throughout
most of the flow, the Loop-6 response remains relatively
comparable so that no definite statement regarding the
preferred dimerization pattern can be made within this
analysis.
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<latexit sha1_base64="LKzNUVkH7uNh7xjulCHYOFs39OE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVtXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBemuMuA==</latexit>

0
<latexit sha1_base64="j9JFVFD3Ckskm1EQysQQdgqvyJU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh14i+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vktZF1atV3fvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP1EPjdE=</latexit>⇡

<latexit sha1_base64="LKzNUVkH7uNh7xjulCHYOFs39OE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVtXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBemuMuA==</latexit>

0

<latexit sha1_base64="5Fr1pFqWPh18KLUY/AynWlZD6OM=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJUKCUrih6LXjxWsB/SLiWbZtvQJLskWaGU/govHhTx6s/x5r8xbfegrQ8GHu/NMDMvTAQ3FuNvb2V1bX1jM7eV397Z3dsvHBw2TJxqyuo0FrFuhcQwwRWrW24FayWaERkK1gyHt1O/+cS04bF6sKOEBZL0FY84JdZJjyVcxuVOws+6hSKu4BnQMvEzUoQMtW7hq9OLaSqZslQQY9o+TmwwJtpyKtgk30kNSwgdkj5rO6qIZCYYzw6eoFOn9FAUa1fKopn6e2JMpDEjGbpOSezALHpT8T+vndroOhhzlaSWKTpfFKUC2RhNv0c9rhm1YuQIoZq7WxEdEE2odRnlXQj+4svLpHFe8S8r+P6iWL3J4sjBMZxACXy4gircQQ3qQEHCM7zCm6e9F+/d+5i3rnjZzBH8gff5A8bMjxY=</latexit>

(0, 0,⇡)

<latexit sha1_base64="LKzNUVkH7uNh7xjulCHYOFs39OE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVtXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBemuMuA==</latexit>

0

<latexit sha1_base64="LKzNUVkH7uNh7xjulCHYOFs39OE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVtXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBemuMuA==</latexit>

0
<latexit sha1_base64="LKzNUVkH7uNh7xjulCHYOFs39OE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVtXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBemuMuA==</latexit>

0
<latexit sha1_base64="LKzNUVkH7uNh7xjulCHYOFs39OE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVtXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBemuMuA==</latexit>

0

<latexit sha1_base64="LKzNUVkH7uNh7xjulCHYOFs39OE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVtXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBemuMuA==</latexit>

0

<latexit sha1_base64="LKzNUVkH7uNh7xjulCHYOFs39OE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVtXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBemuMuA==</latexit>

0

<latexit sha1_base64="2raUNF2h7t6tB2t68T5Gde+z0xQ=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSJUkLIrih6LXjxWsB/QLiWbzrah2eySZIWy9Ed48aCIV3+PN/+NabsHbX0h8Hhvhpl5QSK4Nq777aysrq1vbBa2its7u3v7pYPDpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGd1O/9YRK81g+mnGCfkQHkoecUWOlVsU9t++sVyq7VXcGsky8nJQhR71X+ur2Y5ZGKA0TVOuO5ybGz6gynAmcFLupxoSyER1gx1JJI9R+Nlt3Qk6t0idhrOyXhszU3x0ZjbQeR4GtjKgZ6kVvKv7ndVIT3vgZl0lqULL5oDAVxMRkejvpc4XMiLEllCludyVsSBVlxiZUtCF4iycvk+ZF1buqug+X5dptHkcBjuEEKuDBNdTgHurQAAYjeIZXeHMS58V5dz7mpStO3nMEf+B8/gDtS439</latexit>

(0, 0, 0)

<latexit sha1_base64="bkVC6BS9d4EmO4+NEvSYL779gIs=">AAACCnicbVDLSsNAFL2pr1pfUZduRluhgpSkILosunFZwT6gCWUynbRDJw9mJkIJWbvxV9y4UMStX+DOv3HaZmGrBy6cOede5t7jxZxJZVnfRmFldW19o7hZ2tre2d0z9w/aMkoEoS0S8Uh0PSwpZyFtKaY47caC4sDjtOONb6Z+54EKyaLwXk1i6gZ4GDKfEay01DePK1XHF5ikTsyytJ6dL76ss0rfLFs1awb0l9g5KUOOZt/8cgYRSQIaKsKxlD3bipWbYqEY4TQrOYmkMSZjPKQ9TUMcUOmms1MydKqVAfIjoStUaKb+nkhxIOUk8HRngNVILntT8T+vlyj/yk1ZGCeKhmT+kZ9wpCI0zQUNmKBE8YkmmAimd0VkhHUWSqdX0iHYyyf/Je16zb6oWXf1cuM6j6MIR3ACVbDhEhpwC01oAYFHeIZXeDOejBfj3fiYtxaMfOYQFmB8/gDbfJm2</latexit>

(⇡2 , ⇡
2 , 0)

<latexit sha1_base64="yHbJ3Ix/HxyTjLv3wdE2vy2jx68=">AAAB9HicbVBNS8NAEJ31s9avqkcvi0XwVJKi6LHoxWMF+wFNKJvtpl262cTdTaGE/A4vHhTx6o/x5r9x2+agrQ8GHu/NMDMvSATXxnG+0dr6xubWdmmnvLu3f3BYOTpu6zhVlLVoLGLVDYhmgkvWMtwI1k0UI1EgWCcY3838zoQpzWP5aKYJ8yMylDzklBgr+V6oCM28hOdZPe9Xqk7NmQOvErcgVSjQ7Fe+vEFM04hJQwXRuuc6ifEzogynguVlL9UsIXRMhqxnqSQR0342PzrH51YZ4DBWtqTBc/X3REYiradRYDsjYkZ62ZuJ/3m91IQ3fsZlkhom6WJRmApsYjxLAA+4YtSIqSWEKm5vxXREbA7G5lS2IbjLL6+Sdr3mXtWch8tq47aIowSncAYX4MI1NOAemtACCk/wDK/whiboBb2jj0XrGipmTuAP0OcPGNCSTw==</latexit>⇡

2
<latexit sha1_base64="yHbJ3Ix/HxyTjLv3wdE2vy2jx68=">AAAB9HicbVBNS8NAEJ31s9avqkcvi0XwVJKi6LHoxWMF+wFNKJvtpl262cTdTaGE/A4vHhTx6o/x5r9x2+agrQ8GHu/NMDMvSATXxnG+0dr6xubWdmmnvLu3f3BYOTpu6zhVlLVoLGLVDYhmgkvWMtwI1k0UI1EgWCcY3838zoQpzWP5aKYJ8yMylDzklBgr+V6oCM28hOdZPe9Xqk7NmQOvErcgVSjQ7Fe+vEFM04hJQwXRuuc6ifEzogynguVlL9UsIXRMhqxnqSQR0342PzrH51YZ4DBWtqTBc/X3REYiradRYDsjYkZ62ZuJ/3m91IQ3fsZlkhom6WJRmApsYjxLAA+4YtSIqSWEKm5vxXREbA7G5lS2IbjLL6+Sdr3mXtWch8tq47aIowSncAYX4MI1NOAemtACCk/wDK/whiboBb2jj0XrGipmTuAP0OcPGNCSTw==</latexit>⇡

2

<latexit sha1_base64="yHbJ3Ix/HxyTjLv3wdE2vy2jx68=">AAAB9HicbVBNS8NAEJ31s9avqkcvi0XwVJKi6LHoxWMF+wFNKJvtpl262cTdTaGE/A4vHhTx6o/x5r9x2+agrQ8GHu/NMDMvSATXxnG+0dr6xubWdmmnvLu3f3BYOTpu6zhVlLVoLGLVDYhmgkvWMtwI1k0UI1EgWCcY3838zoQpzWP5aKYJ8yMylDzklBgr+V6oCM28hOdZPe9Xqk7NmQOvErcgVSjQ7Fe+vEFM04hJQwXRuuc6ifEzogynguVlL9UsIXRMhqxnqSQR0342PzrH51YZ4DBWtqTBc/X3REYiradRYDsjYkZ62ZuJ/3m91IQ3fsZlkhom6WJRmApsYjxLAA+4YtSIqSWEKm5vxXREbA7G5lS2IbjLL6+Sdr3mXtWch8tq47aIowSncAYX4MI1NOAemtACCk/wDK/whiboBb2jj0XrGipmTuAP0OcPGNCSTw==</latexit>⇡

2
<latexit sha1_base64="yHbJ3Ix/HxyTjLv3wdE2vy2jx68=">AAAB9HicbVBNS8NAEJ31s9avqkcvi0XwVJKi6LHoxWMF+wFNKJvtpl262cTdTaGE/A4vHhTx6o/x5r9x2+agrQ8GHu/NMDMvSATXxnG+0dr6xubWdmmnvLu3f3BYOTpu6zhVlLVoLGLVDYhmgkvWMtwI1k0UI1EgWCcY3838zoQpzWP5aKYJ8yMylDzklBgr+V6oCM28hOdZPe9Xqk7NmQOvErcgVSjQ7Fe+vEFM04hJQwXRuuc6ifEzogynguVlL9UsIXRMhqxnqSQR0342PzrH51YZ4DBWtqTBc/X3REYiradRYDsjYkZ62ZuJ/3m91IQ3fsZlkhom6WJRmApsYjxLAA+4YtSIqSWEKm5vxXREbA7G5lS2IbjLL6+Sdr3mXtWch8tq47aIowSncAYX4MI1NOAemtACCk/wDK/whiboBb2jj0XrGipmTuAP0OcPGNCSTw==</latexit>⇡

2

<latexit sha1_base64="LKzNUVkH7uNh7xjulCHYOFs39OE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVtXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBemuMuA==</latexit>

0

<latexit sha1_base64="2pRoj+GEcWkGCEUjnj27aSk+uXY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoseiF48VTFtoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wju5nfeuLaiEQ94jjlQUwHSkSCUbSS303FRa1XrrhVdw6ySrycVCBHo1f+6vYTlsVcIZPUmI7nphhMqEbBJJ+WupnhKWUjOuAdSxWNuQkm82On5MwqfRIl2pZCMld/T0xobMw4Dm1nTHFolr2Z+J/XyTC6CSZCpRlyxRaLokwSTMjsc9IXmjOUY0so08LeStiQasrQ5lOyIXjLL6+SZq3qXVXdh8tK/TaPowgncArn4ME11OEeGuADAwHP8ApvjnJenHfnY9FacPKZY/gD5/MHMI2ORg==</latexit>

⇡/2

<latexit sha1_base64="2pRoj+GEcWkGCEUjnj27aSk+uXY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoseiF48VTFtoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wju5nfeuLaiEQ94jjlQUwHSkSCUbSS303FRa1XrrhVdw6ySrycVCBHo1f+6vYTlsVcIZPUmI7nphhMqEbBJJ+WupnhKWUjOuAdSxWNuQkm82On5MwqfRIl2pZCMld/T0xobMw4Dm1nTHFolr2Z+J/XyTC6CSZCpRlyxRaLokwSTMjsc9IXmjOUY0so08LeStiQasrQ5lOyIXjLL6+SZq3qXVXdh8tK/TaPowgncArn4ME11OEeGuADAwHP8ApvjnJenHfnY9FacPKZY/gD5/MHMI2ORg==</latexit>

⇡/2

<latexit sha1_base64="2pRoj+GEcWkGCEUjnj27aSk+uXY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoseiF48VTFtoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wju5nfeuLaiEQ94jjlQUwHSkSCUbSS303FRa1XrrhVdw6ySrycVCBHo1f+6vYTlsVcIZPUmI7nphhMqEbBJJ+WupnhKWUjOuAdSxWNuQkm82On5MwqfRIl2pZCMld/T0xobMw4Dm1nTHFolr2Z+J/XyTC6CSZCpRlyxRaLokwSTMjsc9IXmjOUY0so08LeStiQasrQ5lOyIXjLL6+SZq3qXVXdh8tK/TaPowgncArn4ME11OEeGuADAwHP8ApvjnJenHfnY9FacPKZY/gD5/MHMI2ORg==</latexit>

⇡/2

<latexit sha1_base64="2pRoj+GEcWkGCEUjnj27aSk+uXY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoseiF48VTFtoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wju5nfeuLaiEQ94jjlQUwHSkSCUbSS303FRa1XrrhVdw6ySrycVCBHo1f+6vYTlsVcIZPUmI7nphhMqEbBJJ+WupnhKWUjOuAdSxWNuQkm82On5MwqfRIl2pZCMld/T0xobMw4Dm1nTHFolr2Z+J/XyTC6CSZCpRlyxRaLokwSTMjsc9IXmjOUY0so08LeStiQasrQ5lOyIXjLL6+SZq3qXVXdh8tK/TaPowgncArn4ME11OEeGuADAwHP8ApvjnJenHfnY9FacPKZY/gD5/MHMI2ORg==</latexit>

⇡/2
<latexit sha1_base64="GV7qhz/tTFI55CzBzawe9S16Sds=">AAAB9HicbVBNS8NAEJ2tX7V+VT16WSyCp5KIoseiF48V7Ac0oWy2m3bpZhN3N4US8ju8eFDEqz/Gm//GbZuDtj4YeLw3w8y8IBFcG8f5RqW19Y3NrfJ2ZWd3b/+genjU1nGqKGvRWMSqGxDNBJesZbgRrJsoRqJAsE4wvpv5nQlTmsfy0UwT5kdkKHnIKTFW8r1QEZp5Cc+zy7xfrTl1Zw68StyC1KBAs1/98gYxTSMmDRVE657rJMbPiDKcCpZXvFSzhNAxGbKepZJETPvZ/Ogcn1llgMNY2ZIGz9XfExmJtJ5Gge2MiBnpZW8m/uf1UhPe+BmXSWqYpItFYSqwifEsATzgilEjppYQqri9FdMRsTkYm1PFhuAuv7xK2hd196ruPFzWGrdFHGU4gVM4BxeuoQH30IQWUHiCZ3iFNzRBL+gdfSxaS6iYOYY/QJ8/G9qSUQ==</latexit>⇡

4

<latexit sha1_base64="yHbJ3Ix/HxyTjLv3wdE2vy2jx68=">AAAB9HicbVBNS8NAEJ31s9avqkcvi0XwVJKi6LHoxWMF+wFNKJvtpl262cTdTaGE/A4vHhTx6o/x5r9x2+agrQ8GHu/NMDMvSATXxnG+0dr6xubWdmmnvLu3f3BYOTpu6zhVlLVoLGLVDYhmgkvWMtwI1k0UI1EgWCcY3838zoQpzWP5aKYJ8yMylDzklBgr+V6oCM28hOdZPe9Xqk7NmQOvErcgVSjQ7Fe+vEFM04hJQwXRuuc6ifEzogynguVlL9UsIXRMhqxnqSQR0342PzrH51YZ4DBWtqTBc/X3REYiradRYDsjYkZ62ZuJ/3m91IQ3fsZlkhom6WJRmApsYjxLAA+4YtSIqSWEKm5vxXREbA7G5lS2IbjLL6+Sdr3mXtWch8tq47aIowSncAYX4MI1NOAemtACCk/wDK/whiboBb2jj0XrGipmTuAP0OcPGNCSTw==</latexit>⇡

2
<latexit sha1_base64="yHbJ3Ix/HxyTjLv3wdE2vy2jx68=">AAAB9HicbVBNS8NAEJ31s9avqkcvi0XwVJKi6LHoxWMF+wFNKJvtpl262cTdTaGE/A4vHhTx6o/x5r9x2+agrQ8GHu/NMDMvSATXxnG+0dr6xubWdmmnvLu3f3BYOTpu6zhVlLVoLGLVDYhmgkvWMtwI1k0UI1EgWCcY3838zoQpzWP5aKYJ8yMylDzklBgr+V6oCM28hOdZPe9Xqk7NmQOvErcgVSjQ7Fe+vEFM04hJQwXRuuc6ifEzogynguVlL9UsIXRMhqxnqSQR0342PzrH51YZ4DBWtqTBc/X3REYiradRYDsjYkZ62ZuJ/3m91IQ3fsZlkhom6WJRmApsYjxLAA+4YtSIqSWEKm5vxXREbA7G5lS2IbjLL6+Sdr3mXtWch8tq47aIowSncAYX4MI1NOAemtACCk/wDK/whiboBb2jj0XrGipmTuAP0OcPGNCSTw==</latexit>⇡

2

<latexit sha1_base64="yHbJ3Ix/HxyTjLv3wdE2vy2jx68=">AAAB9HicbVBNS8NAEJ31s9avqkcvi0XwVJKi6LHoxWMF+wFNKJvtpl262cTdTaGE/A4vHhTx6o/x5r9x2+agrQ8GHu/NMDMvSATXxnG+0dr6xubWdmmnvLu3f3BYOTpu6zhVlLVoLGLVDYhmgkvWMtwI1k0UI1EgWCcY3838zoQpzWP5aKYJ8yMylDzklBgr+V6oCM28hOdZPe9Xqk7NmQOvErcgVSjQ7Fe+vEFM04hJQwXRuuc6ifEzogynguVlL9UsIXRMhqxnqSQR0342PzrH51YZ4DBWtqTBc/X3REYiradRYDsjYkZ62ZuJ/3m91IQ3fsZlkhom6WJRmApsYjxLAA+4YtSIqSWEKm5vxXREbA7G5lS2IbjLL6+Sdr3mXtWch8tq47aIowSncAYX4MI1NOAemtACCk/wDK/whiboBb2jj0XrGipmTuAP0OcPGNCSTw==</latexit>⇡

2
<latexit sha1_base64="yHbJ3Ix/HxyTjLv3wdE2vy2jx68=">AAAB9HicbVBNS8NAEJ31s9avqkcvi0XwVJKi6LHoxWMF+wFNKJvtpl262cTdTaGE/A4vHhTx6o/x5r9x2+agrQ8GHu/NMDMvSATXxnG+0dr6xubWdmmnvLu3f3BYOTpu6zhVlLVoLGLVDYhmgkvWMtwI1k0UI1EgWCcY3838zoQpzWP5aKYJ8yMylDzklBgr+V6oCM28hOdZPe9Xqk7NmQOvErcgVSjQ7Fe+vEFM04hJQwXRuuc6ifEzogynguVlL9UsIXRMhqxnqSQR0342PzrH51YZ4DBWtqTBc/X3REYiradRYDsjYkZ62ZuJ/3m91IQ3fsZlkhom6WJRmApsYjxLAA+4YtSIqSWEKm5vxXREbA7G5lS2IbjLL6+Sdr3mXtWch8tq47aIowSncAYX4MI1NOAemtACCk/wDK/whiboBb2jj0XrGipmTuAP0OcPGNCSTw==</latexit>⇡

2

<latexit sha1_base64="LKzNUVkH7uNh7xjulCHYOFs39OE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVtXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBemuMuA==</latexit>

0

<latexit sha1_base64="2pRoj+GEcWkGCEUjnj27aSk+uXY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoseiF48VTFtoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wju5nfeuLaiEQ94jjlQUwHSkSCUbSS303FRa1XrrhVdw6ySrycVCBHo1f+6vYTlsVcIZPUmI7nphhMqEbBJJ+WupnhKWUjOuAdSxWNuQkm82On5MwqfRIl2pZCMld/T0xobMw4Dm1nTHFolr2Z+J/XyTC6CSZCpRlyxRaLokwSTMjsc9IXmjOUY0so08LeStiQasrQ5lOyIXjLL6+SZq3qXVXdh8tK/TaPowgncArn4ME11OEeGuADAwHP8ApvjnJenHfnY9FacPKZY/gD5/MHMI2ORg==</latexit>

⇡/2

<latexit sha1_base64="2pRoj+GEcWkGCEUjnj27aSk+uXY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoseiF48VTFtoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wju5nfeuLaiEQ94jjlQUwHSkSCUbSS303FRa1XrrhVdw6ySrycVCBHo1f+6vYTlsVcIZPUmI7nphhMqEbBJJ+WupnhKWUjOuAdSxWNuQkm82On5MwqfRIl2pZCMld/T0xobMw4Dm1nTHFolr2Z+J/XyTC6CSZCpRlyxRaLokwSTMjsc9IXmjOUY0so08LeStiQasrQ5lOyIXjLL6+SZq3qXVXdh8tK/TaPowgncArn4ME11OEeGuADAwHP8ApvjnJenHfnY9FacPKZY/gD5/MHMI2ORg==</latexit>

⇡/2

<latexit sha1_base64="ONLhfdWfI/f2P5JTgniEuiONu6I=">AAACC3icbVC7SgNBFL0bXzG+Vi1thiRCBA27AdEyaGMZwTwgu4TZyWwyZPbBzKwQlvQ2/oqNhSK2/oCdf+Mk2cIkHrhw5px7mXuPF3MmlWX9GLm19Y3Nrfx2YWd3b//APDxqySgRhDZJxCPR8bCknIW0qZjitBMLigOP07Y3up367UcqJIvCBzWOqRvgQch8RrDSUs8sliuOLzBJnZhN0trk/GLxaZ2Ve2bJqlozoFViZ6QEGRo989vpRyQJaKgIx1J2bStWboqFYoTTScFJJI0xGeEB7Woa4oBKN53dMkGnWukjPxK6QoVm6t+JFAdSjgNPdwZYDeWyNxX/87qJ8q/dlIVxomhI5h/5CUcqQtNgUJ8JShQfa4KJYHpXRIZYZ6F0fAUdgr188ipp1ar2ZdW6r5XqN1kceTiBIlTAhiuowx00oAkEnuAF3uDdeDZejQ/jc96aM7KZY1iA8fULTcaZ7Q==</latexit>

(⇡2 ,�⇡
2 , 0)

<latexit sha1_base64="mPnhM1JgGvD0NwvjYeZNccb3zVE=">AAAB73icbVDLSgNBEOz1GeMr6tHLYCJ4Me4GRI9BLx4jmAckIcxOepMhs7PrzKwQlvyEFw+KePV3vPk3TpI9aGJBQ1HVTXeXHwuujet+Oyura+sbm7mt/PbO7t5+4eCwoaNEMayzSESq5VONgkusG24EtmKFNPQFNv3R7dRvPqHSPJIPZhxjN6QDyQPOqLFSq3TeiflFpdQrFN2yOwNZJl5GipCh1it8dfoRS0KUhgmqddtzY9NNqTKcCZzkO4nGmLIRHWDbUklD1N10du+EnFqlT4JI2ZKGzNTfEykNtR6Hvu0MqRnqRW8q/ue1ExNcd1Mu48SgZPNFQSKIicj0edLnCpkRY0soU9zeStiQKsqMjShvQ/AWX14mjUrZuyy795Vi9SaLIwfHcAJn4MEVVOEOalAHBgKe4RXenEfnxXl3PuatK042cwR/4Hz+AFO6jtc=</latexit>�⇡/2
<latexit sha1_base64="mPnhM1JgGvD0NwvjYeZNccb3zVE=">AAAB73icbVDLSgNBEOz1GeMr6tHLYCJ4Me4GRI9BLx4jmAckIcxOepMhs7PrzKwQlvyEFw+KePV3vPk3TpI9aGJBQ1HVTXeXHwuujet+Oyura+sbm7mt/PbO7t5+4eCwoaNEMayzSESq5VONgkusG24EtmKFNPQFNv3R7dRvPqHSPJIPZhxjN6QDyQPOqLFSq3TeiflFpdQrFN2yOwNZJl5GipCh1it8dfoRS0KUhgmqddtzY9NNqTKcCZzkO4nGmLIRHWDbUklD1N10du+EnFqlT4JI2ZKGzNTfEykNtR6Hvu0MqRnqRW8q/ue1ExNcd1Mu48SgZPNFQSKIicj0edLnCpkRY0soU9zeStiQKsqMjShvQ/AWX14mjUrZuyy795Vi9SaLIwfHcAJn4MEVVOEOalAHBgKe4RXenEfnxXl3PuatK042cwR/4Hz+AFO6jtc=</latexit>�⇡/2

<latexit sha1_base64="2pRoj+GEcWkGCEUjnj27aSk+uXY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoseiF48VTFtoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wju5nfeuLaiEQ94jjlQUwHSkSCUbSS303FRa1XrrhVdw6ySrycVCBHo1f+6vYTlsVcIZPUmI7nphhMqEbBJJ+WupnhKWUjOuAdSxWNuQkm82On5MwqfRIl2pZCMld/T0xobMw4Dm1nTHFolr2Z+J/XyTC6CSZCpRlyxRaLokwSTMjsc9IXmjOUY0so08LeStiQasrQ5lOyIXjLL6+SZq3qXVXdh8tK/TaPowgncArn4ME11OEeGuADAwHP8ApvjnJenHfnY9FacPKZY/gD5/MHMI2ORg==</latexit>

⇡/2

<latexit sha1_base64="2pRoj+GEcWkGCEUjnj27aSk+uXY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoseiF48VTFtoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wju5nfeuLaiEQ94jjlQUwHSkSCUbSS303FRa1XrrhVdw6ySrycVCBHo1f+6vYTlsVcIZPUmI7nphhMqEbBJJ+WupnhKWUjOuAdSxWNuQkm82On5MwqfRIl2pZCMld/T0xobMw4Dm1nTHFolr2Z+J/XyTC6CSZCpRlyxRaLokwSTMjsc9IXmjOUY0so08LeStiQasrQ5lOyIXjLL6+SZq3qXVXdh8tK/TaPowgncArn4ME11OEeGuADAwHP8ApvjnJenHfnY9FacPKZY/gD5/MHMI2ORg==</latexit>

⇡/2

<latexit sha1_base64="mPnhM1JgGvD0NwvjYeZNccb3zVE=">AAAB73icbVDLSgNBEOz1GeMr6tHLYCJ4Me4GRI9BLx4jmAckIcxOepMhs7PrzKwQlvyEFw+KePV3vPk3TpI9aGJBQ1HVTXeXHwuujet+Oyura+sbm7mt/PbO7t5+4eCwoaNEMayzSESq5VONgkusG24EtmKFNPQFNv3R7dRvPqHSPJIPZhxjN6QDyQPOqLFSq3TeiflFpdQrFN2yOwNZJl5GipCh1it8dfoRS0KUhgmqddtzY9NNqTKcCZzkO4nGmLIRHWDbUklD1N10du+EnFqlT4JI2ZKGzNTfEykNtR6Hvu0MqRnqRW8q/ue1ExNcd1Mu48SgZPNFQSKIicj0edLnCpkRY0soU9zeStiQKsqMjShvQ/AWX14mjUrZuyy795Vi9SaLIwfHcAJn4MEVVOEOalAHBgKe4RXenEfnxXl3PuatK042cwR/4Hz+AFO6jtc=</latexit>�⇡/2
<latexit sha1_base64="mPnhM1JgGvD0NwvjYeZNccb3zVE=">AAAB73icbVDLSgNBEOz1GeMr6tHLYCJ4Me4GRI9BLx4jmAckIcxOepMhs7PrzKwQlvyEFw+KePV3vPk3TpI9aGJBQ1HVTXeXHwuujet+Oyura+sbm7mt/PbO7t5+4eCwoaNEMayzSESq5VONgkusG24EtmKFNPQFNv3R7dRvPqHSPJIPZhxjN6QDyQPOqLFSq3TeiflFpdQrFN2yOwNZJl5GipCh1it8dfoRS0KUhgmqddtzY9NNqTKcCZzkO4nGmLIRHWDbUklD1N10du+EnFqlT4JI2ZKGzNTfEykNtR6Hvu0MqRnqRW8q/ue1ExNcd1Mu48SgZPNFQSKIicj0edLnCpkRY0soU9zeStiQKsqMjShvQ/AWX14mjUrZuyy795Vi9SaLIwfHcAJn4MEVVOEOalAHBgKe4RXenEfnxXl3PuatK042cwR/4Hz+AFO6jtc=</latexit>�⇡/2

<latexit sha1_base64="GV7qhz/tTFI55CzBzawe9S16Sds=">AAAB9HicbVBNS8NAEJ2tX7V+VT16WSyCp5KIoseiF48V7Ac0oWy2m3bpZhN3N4US8ju8eFDEqz/Gm//GbZuDtj4YeLw3w8y8IBFcG8f5RqW19Y3NrfJ2ZWd3b/+genjU1nGqKGvRWMSqGxDNBJesZbgRrJsoRqJAsE4wvpv5nQlTmsfy0UwT5kdkKHnIKTFW8r1QEZp5Cc+zy7xfrTl1Zw68StyC1KBAs1/98gYxTSMmDRVE657rJMbPiDKcCpZXvFSzhNAxGbKepZJETPvZ/Ogcn1llgMNY2ZIGz9XfExmJtJ5Gge2MiBnpZW8m/uf1UhPe+BmXSWqYpItFYSqwifEsATzgilEjppYQqri9FdMRsTkYm1PFhuAuv7xK2hd196ruPFzWGrdFHGU4gVM4BxeuoQH30IQWUHiCZ3iFNzRBL+gdfSxaS6iYOYY/QJ8/G9qSUQ==</latexit>⇡

4

<latexit sha1_base64="GV7qhz/tTFI55CzBzawe9S16Sds=">AAAB9HicbVBNS8NAEJ2tX7V+VT16WSyCp5KIoseiF48V7Ac0oWy2m3bpZhN3N4US8ju8eFDEqz/Gm//GbZuDtj4YeLw3w8y8IBFcG8f5RqW19Y3NrfJ2ZWd3b/+genjU1nGqKGvRWMSqGxDNBJesZbgRrJsoRqJAsE4wvpv5nQlTmsfy0UwT5kdkKHnIKTFW8r1QEZp5Cc+zy7xfrTl1Zw68StyC1KBAs1/98gYxTSMmDRVE657rJMbPiDKcCpZXvFSzhNAxGbKepZJETPvZ/Ogcn1llgMNY2ZIGz9XfExmJtJ5Gge2MiBnpZW8m/uf1UhPe+BmXSWqYpItFYSqwifEsATzgilEjppYQqri9FdMRsTkYm1PFhuAuv7xK2hd196ruPFzWGrdFHGU4gVM4BxeuoQH30IQWUHiCZ3iFNzRBL+gdfSxaS6iYOYY/QJ8/G9qSUQ==</latexit>⇡

4

<latexit sha1_base64="GV7qhz/tTFI55CzBzawe9S16Sds=">AAAB9HicbVBNS8NAEJ2tX7V+VT16WSyCp5KIoseiF48V7Ac0oWy2m3bpZhN3N4US8ju8eFDEqz/Gm//GbZuDtj4YeLw3w8y8IBFcG8f5RqW19Y3NrfJ2ZWd3b/+genjU1nGqKGvRWMSqGxDNBJesZbgRrJsoRqJAsE4wvpv5nQlTmsfy0UwT5kdkKHnIKTFW8r1QEZp5Cc+zy7xfrTl1Zw68StyC1KBAs1/98gYxTSMmDRVE657rJMbPiDKcCpZXvFSzhNAxGbKepZJETPvZ/Ogcn1llgMNY2ZIGz9XfExmJtJ5Gge2MiBnpZW8m/uf1UhPe+BmXSWqYpItFYSqwifEsATzgilEjppYQqri9FdMRsTkYm1PFhuAuv7xK2hd196ruPFzWGrdFHGU4gVM4BxeuoQH30IQWUHiCZ3iFNzRBL+gdfSxaS6iYOYY/QJ8/G9qSUQ==</latexit>⇡

4

<latexit sha1_base64="GV7qhz/tTFI55CzBzawe9S16Sds=">AAAB9HicbVBNS8NAEJ2tX7V+VT16WSyCp5KIoseiF48V7Ac0oWy2m3bpZhN3N4US8ju8eFDEqz/Gm//GbZuDtj4YeLw3w8y8IBFcG8f5RqW19Y3NrfJ2ZWd3b/+genjU1nGqKGvRWMSqGxDNBJesZbgRrJsoRqJAsE4wvpv5nQlTmsfy0UwT5kdkKHnIKTFW8r1QEZp5Cc+zy7xfrTl1Zw68StyC1KBAs1/98gYxTSMmDRVE657rJMbPiDKcCpZXvFSzhNAxGbKepZJETPvZ/Ogcn1llgMNY2ZIGz9XfExmJtJ5Gge2MiBnpZW8m/uf1UhPe+BmXSWqYpItFYSqwifEsATzgilEjppYQqri9FdMRsTkYm1PFhuAuv7xK2hd196ruPFzWGrdFHGU4gVM4BxeuoQH30IQWUHiCZ3iFNzRBL+gdfSxaS6iYOYY/QJ8/G9qSUQ==</latexit>⇡

4

<latexit sha1_base64="j9JFVFD3Ckskm1EQysQQdgqvyJU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh14i+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vktZF1atV3fvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP1EPjdE=</latexit>⇡

<latexit sha1_base64="GV7qhz/tTFI55CzBzawe9S16Sds=">AAAB9HicbVBNS8NAEJ2tX7V+VT16WSyCp5KIoseiF48V7Ac0oWy2m3bpZhN3N4US8ju8eFDEqz/Gm//GbZuDtj4YeLw3w8y8IBFcG8f5RqW19Y3NrfJ2ZWd3b/+genjU1nGqKGvRWMSqGxDNBJesZbgRrJsoRqJAsE4wvpv5nQlTmsfy0UwT5kdkKHnIKTFW8r1QEZp5Cc+zy7xfrTl1Zw68StyC1KBAs1/98gYxTSMmDRVE657rJMbPiDKcCpZXvFSzhNAxGbKepZJETPvZ/Ogcn1llgMNY2ZIGz9XfExmJtJ5Gge2MiBnpZW8m/uf1UhPe+BmXSWqYpItFYSqwifEsATzgilEjppYQqri9FdMRsTkYm1PFhuAuv7xK2hd196ruPFzWGrdFHGU4gVM4BxeuoQH30IQWUHiCZ3iFNzRBL+gdfSxaS6iYOYY/QJ8/G9qSUQ==</latexit>⇡

4
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FIG. S4. The fermionic mean-field Ansätze of the U(1) fully symmetric (top row) and chiral (bottom row) quantum spin liquids.
The Ansätze are completely characterized by gauge invariant fluxes (Φ) through (i) “up/down” triangles, (ii) “right/left”
triangles, (iii) squares, and henceforth, we adopt the notation (Φ4,Φ.,Φ�) to label the Ansätze. The solid (dashed) lines
represent real positive (negative) hopping, while for the chiral Ansätze the nontrivial phases of the bonds are mentioned next
to the arrows marking the bond orientation. The (π
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FIG. S5. Flow of the dimerization response as defined in
Eq. S17 obtained via PFFRG for the pinwheel (PW) and
Loop-6 VBC order, respectively. The results are averaged
over pairs of symmetry-inequivalent dimer bonds for easier
comparison. A large value of the response at the end of the
flow χΛ=0

d � 1 indicates a system’s tendency to favor dimer-
ization.

IV. PMFRG

Instead of implying complex fermions, the FRG for-
malism can also be applied after representing spin opera-
tors through Majorana fermions defined by the anticom-

mutation relation {ηαi , ηβj } = δijδ
αβ . In the SO(3) Ma-

jorana representation [S28], spin operators are expressed
by three different flavors (x, y, z) of Majorana fermions

Sxi = −iηyi ηzi , Syi = −iηzi ηxi , Szi = −iηxi ηyi .
(S18)

Crucially, the Hilbert space in this representation does
not contain any unphysical states in strong contrast
to the more common complex fermionic representation.
This allows for the Pseudo-Majorana (PM-) FRG formal-
ism to be applied at finite temperatures [S29].

Despite the absence of unphysical states, the SO(3)
Majorana Hilbert space is split into many degenerate
copies that are only distinguishable by their fermionic
parity. Although states of different parity lead to the
same physical observables, initially, it was shown that
this degeneracy leads to a Curie-type 1/T behaviour of
certain four-point parity correlators. Not unphysical by
itself, the corresponding 1/T dependence of certain ver-
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FIG. S6. Energy per site as obtained via PMFRG. At higher
temperatures, the results can be compared to the Padé [5, 4]-
approximant of the high temperature series expansion to
tenth order [S30]. EPMFRG denotes the lowest energy reached
at finite temperatures, whereas EmVMC is the many-variable
Monte-Carlo result at T = 0.

tices at very low temperatures shows to affect other ob-
servables at the current level of truncation.

Fig. S6 shows the results of a recently developed two-
loop PMFRG approach [S31] which extends the method’s
range of accuracy down to a temperature of T ∼ 0.2J .
At lower temperatures, strong contributions of divergent
vertices lead to an unphysical increase of the energy. We
note that in contrast to other approaches taken in this
work, the FRG is not motivated from a variational argu-
ment and as such the PMFRG energy may in principle
be lower than the physical ground state energy, although
no such observation was made yet.

V. iPEPS

Infinite Projected Entangled Pair States (iPEPS) are
two-dimensional tensor network ansatz, defined directly

in the thermodynamic limit [S32, S33]. Such techniques
do not suffer from negative sign problem and there-
fore, are very suitable for studying frustrated quan-
tum systems [S34, S35], and even real materials re-
cently [S36, S37].

For this work, we coarse-grain three spins in the orig-
inal shuriken lattice to a Honeycomb lattice with a two-
site unit cell, thus effectively giving us a six-site unit
cell. We then employ the simple update [S38] to optimize
the ground state of the model. Similar coarse-graining
schemes have been adopted for the Kagome lattice in
the past [S39, S40]. Once the tensors are optimized, the
ground state energy is obtained by doing a full contrac-
tion of the infinite 2D tensor network using the Corner
Transfer Matrix Renormalization Group (CTMRG) al-
gorithm [S41–S44]. The ground state energy per site for
different bond dimensions of the iPEPS (D) and the en-
vironment (χ) are shown in the Table S1. For each bond
TABLE S1. Ground state energy per site E0 for different
bond dimensions D of the iPEPS and the environment χ.

Energy per site E0

iPEPS Bond dimen-
sion D

Environment bond
dimension χ

E0

2 4 -0.408459
- 10 -0.408459
3 9 -0.419478
- 15 -0.419478
4 16 -0.425751
- 30 -0.425751
5 10 -0.428169
- 25 -0.42818
6 20 -0.430471
- 36 -0.430475
7 49 -0.431845
- 80 -0.431845
8 64 -0.432976
- 80 -0.432976
9 81 -0.433789
- 100 -0.433791

dimension D, the energies are well converged with the
environment bond dimension χ.
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[S26] J. Reuther and P. Wölfle, Phys. Rev. B 81, 144410

(2010).
[S27] Y. Iqbal, R. Thomale, F. Parisen Toldin, S. Rachel, and

J. Reuther, Phys. Rev. B 94, 140408 (2016).
[S28] A. M. Tsvelik, Phys. Rev. Lett. 69, 2142 (1992).
[S29] N. Niggemann, B. Sbierski, and J. Reuther, Phys. Rev.

B 103, 104431 (2021).
[S30] A. Lohmann, H.-J. Schmidt, and J. Richter, Phys. Rev.

B 89, 014415 (2014).

[S31] N. Niggemann, B. Sbierski, and J. Reuther, “in prepa-
ration,” (2021).

[S32] F. Verstraete and J. I. Cirac, arXiv e-prints , cond-
mat/0407066 (2004), arXiv:cond-mat/0407066 [cond-
mat.str-el].
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