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Abstract

We study the sharp interface limit of the two dimensional stochastic Cahn-Hilliard equa-
tion driven by two types of singular noise: a space-time white noise and a space-time
singular divergence-type noise. We show that with appropriate scaling of the noise the
solutions of the stochastic problems converge to the solutions of the determinisitic Mullins-
Sekerka/Hele-Shaw problem.
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1 Introduction

We consider the stochastic Cahn-Hilliard equation with additive noise

1
du® = A( —eAut + gf@ﬁ))clt +¢°dW  inDp:=(0,T)xD,

Out = 0,Au® =0 on (0,7T) x 9D, (1.1)
u®(0) = ug,

where D = [0, 1]2, n is the outward unit normal to 9D, o > 0 is a constant, ¢ > 0 is
a small parameter and WV is a singular space-time noise which will be specified later on.
The nonlinearity in Eq. 1.1 is taken as f(u) = F'(u) where F(u) = %(u2 — 1?2 is the
double-well potential.

By introducing an additional variable, a chemical potential w?, it is possible to reformu-
late (1.1) as

du® = Awédr + £2dW in D7,
1
& — _eAuf + - € in Dr ,
w eAu +£f(u) in Dr (1.2)
ouf =9, wf =0 on (0,7) x 0D,
u®(0) = ug in D.
The deterministic Cahn-Hilliard equation (i.e. Eq. 1.2 with VW = 0) reads as
dud = Awg in Dr,
(1.3)

1
wp = —eAuf + gf(u%) in Dr.

The Cahn-Hilliard equation is a model for the non-equilibrium dynamics of metastable
states in phase transitions [6, 15, 17]. The parameter ¢ in Eq. 1.2 represents an “interaction
length”, which is typically very small, and u® is an order parameter (scaled concentration)
which assumes the values u® = 1 and u® = —1, respectively, in the regions occupied by the
pure phases. The phase separation consists of two stages a so-called spinodal decomposition
which is followed by a coarsening process. Starting from a fully mixed state, e.g., a random
perturbation around the initial mass, the system undergoes a short phase, so-called spinodal
decomposition, during which the initial phases are formed. The solution quickly approaches
the respective values 1, —1 in the regions occupied by the pure phases. The pure phases
are separated by a thin region with a width proportional to ¢, so-called diffuse interface.
Once the diffuse interface is fully formed, the evolution enters a second stage, so-called
coarsening phase, during which the originally fine-grained structure coarsens, the geometric
structure of the phase regions gradually becomes simpler and eventually tends to regions of
minimum surface area with preserved volume.

A rigorous sharp interface limit of the deterministic Cahn-Hilliard (1.3) has been
obtained in [1] Under the assumption that the interfaces have been formed, i.e., that there
exists a smooth closed curve I'gg CC D such that u®(0) &~ —1 in D™, in the region enclosed
by Too, and ¥ (0) ~ 1 in Dt := D\ (T U D7), it is shown in [1] that v := lim,_, ¢ w§
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along with I'; := lim_oT'f = {x € D : uf(t,x) = 0}, ¢ € (0,T) satisfy the
deterministic Mullins-Sekerka/Hele-Shaw problem:

Av=0in D\TIy, t>0,

9,v=0 on 0D,

v=AHon I}y, (14)

1
V= 5(8nrv+ — Oppv7) on Iy,

o = Too,

where A = \% f_ll F(s)ds, H is the mean curvature of I'; with the sign convention that

convex hypersurfaces have positive mean curvature,  is the normal velocity of the interface
with the sign convention that the normal velocity of expanding hypersurfaces is positive,
nr : [0, T] — S!is the normal to I'; and v, v~ are respectively the restriction of v on D;—L
(the exterior/interior of I'; in D).

The sharp interface limit of stochastic Cahn-Hilliard equation with trace-class noise has
been studied in [2]. There, the authors show that for sufficiently large o the sharp interface
limit of Eq. 1.2 satisfies the deterministic Mullins-Sekerka/Hele-Shaw problem (1.4). In the
recent paper [3] the authors show convergence of structure preserving numerical approx-
imation of the stochastic Cahn-Hilliard to the deterministic Mullins-Sekerka/Hele-Shaw
problem. In addition [3] obtains a uniform convergence result which implies convergence
of the zero-level set of the numerical solution to the free boundary I' := Up<;<7 (I'; x {t})
of Eq. 1.4. The case of 0 < 1 remains an open problem.

In this paper we study the sharp interface limit of stochastic Cahn-Hilliard equation
driven by singular noise. We consider the Cahn-Hilliard-Cook model, proposed by Cook,
cf. [6] and [15]), which incorporates thermal fluctuations in the form of an additive noise V¥V
in Eq. 1.2. We choose the noise as W = Wj or W = V - W5, where W is mass-conserved
L*(D, R)-cylindrical Wiener process and W> is an L*(D, RZ)-cylindrical Wiener process.
We note that in the latter case the equation is known as the time-dependent Ginzburg-Landau
(TDGL) equation and is also related to the stochastic quantization for ((f))é—quantum field.
For the existence and uniqueness results for these two kinds of equations we refer to [8, 22]
and the reference therein.

To analyze the sharp interface limit of the solution (u®, w®) to Eq. 1.2 for the case of
the space-time white noise YW = W], we adapt the approach of [2]. We estimate the differ-
ence of (u®, w®) to an approximate solution (u% , w%) which is constructed by the matched
asymptotic expansion method such that the interface I'; is the zero level set of u? (1), cf. [1].
The approximation satisfies a perturbed equation

duy = Aw’ in Dr,
£ 1 € & & . (1'5)
wy = gf(“A) —eAu’y +r, inDr,
along with the boundary conditions
ou’, oAU’
A A —(QondD.
on on
Since the rj goes to zero as ¢ — 0, we can show that for ¢ — 0 the differences u® — ufq,
& 107

w® — wf converge to 0 for o > 5. As a consequence the sharp interface limit of the
Eq. 1.2 satisfies the deterministic Hele-Shaw model (1.4) for o > % We note that the
low regularity of the considered noise, prohibits the direct application of 1t6’s formula to
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estimate u® — ui. Hence the arguments of [2] are not directly transferable to our case.
Instead, we make use of the idea of Da Prato-Debussche [10]: after introducing a variable
Zf = 8"fote_s(’_smzdl/\/‘v we study the translated difference Y° = u® — u% — Z° which
enjoys better regularity properties. By combining the estimates for Y and Z¢ we bound the
error u® — u®) and obtain the sharp-interface limit.

For the case singular divergence-type noise W = V - W, the Eq. 1.2 is ill-
posed in the classical sense, since the solution is not a function but a distribution.
Hence, it does not make sense to consider the sharp interface limit of Eq. 1.2 directly.
Instead we follow the renormalization approach: we employ a suitable regularization
wh .= W, x pn of the the space-time white noise W, and consider the regularized
equation:

1
duth = A (-gAu&h + = (fwh -3 ,us»h)> di + €7V -dWh,  (1.6)
. ,

where 3c,‘i, tu&h is a renormalization term (see Eq. 5.7) which ensures that #%" converges to
u® for h — 0, where u® is the unique solution of the renormalized version of Eq. 1.2, see
Eq. 5.11. The analysis in the case of the divergence-type noise is complicated by the fact
that for fixed ¢ > 0 the renormalization constant in Eq. 1.6 diverges, i.e., that CZ, , —> ooas
h— 0.

By choosing & < h* for some ¢ > 0 and & goes to 0 (see Theorem 5.6) the constant cj,
becomes small as 4 — 0 which enables us to control the term cZ’ tua’h. The remaining steps
in the analysis of Eq. 1.6 are analogical to the first case: we obtain that the sharp interface
limit of Eq. 1.6 for o > % is the deterministic Mullins-Sekerka problem (1.4).

The paper is organized as follows. In Section 2 we give an overview of existing
results on sharp interface limits for related problems. In Section 3, we introduce the
notation and state preliminary results. The sharp interface limit for the space-time white
noise is stated in Section 4 and we prove it in Section 4.1. In Section 5 we use a
similar argument as we used in Section 4.1 to prove the results for divergence-type
noise.

2 Overview of Existing Results

For stochastic Cahn-Hilliard eqaution, the authors in [2] prove that for large o the sharp
interface limit of Eq. 1.2 also satifies the deterministic Hele-Shaw model if W is a trace-
class noise. For o = 1, the sharp interface limit is also conjectured to satisfy the following
stochastic Hele-Shaw model:

Av=0inD\ Ty, t >0,
0,v =00n 0D,

v=AH +Wonly, Q.1

1
V= 5(a,lv+ —8,v7) on I},

o = oo,
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In [4], the authors prove that the sharp interface limit of generalized Cahn-Hilliard equation:
oru = A(—eAu + éf(u) — G%) + G7 satisfies the following Hele-Shaw model:

Av:—lirr%)GfinD\l",, t>0,
£—
0,v =0on dD,

v =)\H—€1iin G5onTy, 2.2)

1
Y= E(a,,u+ —d,v ) on Ty,

o = Too,

Since they require some regularity conditions for G5, G w.r.t time, which are not satisfied
by Bronwnian motions, it is not clear how to obtain the stochastic Hele-Shaw model rigor-
ously. Until now, the rigorous complete description of the motion of interfaces in dimensions
two and three in stochastic case stands for many years as a wide open problem.

Another simpler model is the following Allen-Cahn equation

ou = Au — %f(u). (2.3)
e

It is well-known that the movement of interface is characterized by mean curvature flow (see
e.g. [9, 11, 16]). Unlike the solution to the Allen-Cahn equation, the solution to the Cahn-
Hilliard (1.3) does not approach 1 away from the interface exponentially fast. The direct
application of the method of asymptotic matching in [9] does not lead to the desired approx-
imation solutions. In stochastic case which is also called Model A of [15]), the authors in
[12] and [26] consider the following stochastic Allen-Cahn equation

1 1
du = Au— — f(u)+ —Ef. 2.4)
& &

The noise E° is constant in space and smooth in time. For ¢ — 0 the correlation length goes
to zero at a precise rate and fot E5ds converges to a Brownian motion pathwisely. They prove
that the dynamics of the phase-separating hyperplane I'; appearing in the limit is given by
stochastic mean curvature flow (see also in [13, Chapter 4]). For space-time white noise, in
[25] the authors prove the “exponential loss of memory property”. But for sharp interface
limit, there is still no result for space-time white noise.

3 Notations and Preliminaries

Throughout the paper, we use the notation a < b if there exists a constant ¢ > 0 which is
independent to ¢ and time T such that a < cb. If c is depend on T, we use the notation
a <rb Wewritta =bifa <bandb < a.

Let D := (0, )2, Dy := (0, T) x D. In this paper, we always use (-, -) to denote the
L2(D)-inner product. For any E C D, we denote by g the characteristic function of E, i.e.
1if x € E,

XE(X)={Oifx¢E.

We consider the Neumann Laplacian operator A on L?(D) with domain

D(A) = {u € H*(D) : g—: =0on dD}.
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The operator —A is self-adjoint positive and has compact resolvent. It possesses a basis of
eigenvectors {ex}; 72 which is orthonormal in L2(D). In fact for k = (ky, ko) € Z2, ex(x)
is given by
eo(x) =1, ep,,0(x) = V2 cos Tkix1, ek (x) = V2 cos wkyxa, , G.1)
ex(x) :=2cosmkyxy - coswkoxy, kiky # 0. ’
It is associated with the eigenvalues {A;}, where Ay ~ k|2.
We also introduce a notation for the average of g € L?(D):

m(g) := (g, eo).

For any « € R, we define V¥ as the closure of C° (D) under the norm

Il 1= m(g)* + 3 ai{g. en)’.
k
It is easy to see that (V*, || - ||y«) is a Hilbert space and V¢ >~ H*, where H? is the classical
Sobolev space on domain D which can be defined as the closure of C°° (D) under the norm

gl = Y (14 10%(g. ex)*.
keZ?
In the rest of this paper, we use the notation H* to represent V¢ for simiplicity.
Moreover for any s, @ € R, we can define a bounded operator (—A)* : H* — H a=2s
by:
(—AN'u= > Muer
keZ2\{(0,0)}
where u =), ugex € H”.
We also set
Hy =={g € H* : (g, e0) g« = O},
where (-, -) ge denote the inner product in H*. Moreover we denote L% = Hg .
The analysis of this paper relies heavily on the existence of smooth solution to Eq. 1.4
which is guaranteed by the next theorem.

Theorem 3.1 [5, Theorem 1.1] For any T'gg € C3te for some a € (0, 1), there exists
a T > 0, such that Eq. 1.4 has a unique local solution {(v,T")};c0,7], where I €

C 5 ([0, T]; C3+9).

Throughout the paper we assume that I'gp and T satisfy the conditions of Theorem 3.1,
i.e., that the Mullins-Sekerka problem (1.4) admits a unique classical solution on [0, T'].
Consequently, it is possible to construct an approximate solution that satisfies (1.5). The
properties of the solution of Eq. 1.5 which are summarized in the theorem below are the
consequence of Theorems 2.1 and 4.12 of [1].

Theorem 3.2 Let {(v, I';)}:c[0,7] be the classical smooth solution to Eq. 1.4. Forany K > 0
there exists a pair (uy, w%) of solutions to Eq. 1.5, such that for a small enough & > 0, u’,
is uniformly bounded and

K-2
Irillcorn S et
Moreover
lwy —vllcor Se,
where v is the solution to Eq. 1.4 below.
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Finally for any x € D\ Ty such that d(x,T'y) > Ce*, where 0 < o < 1 and d(x,T;) is
the distance of x to I'; and C is a constant that is independent to € , it holds respectively that
by (t,x) — 1| Seon D}, b (t, x) + 1| S & on D, where D;” and D are respectively
the interior and exterior of T'y in D. u, also satisfies the following thin interface conditions:

L({(t,x) e Dy : ufy] < 1}) Se,

where L is the Lebesgue measure.

4 The Sharp Interface Limit for Space-Time White Noise

Let W = W be an L%(D)-cylindrical Wiener process on a fixed stochastic basis (2, F, P),

ie. % is the space-time white noise.

Theorem 4.1 ([8, Theorem 2.1])For P —a.s. w, there exists a unique solution u® to Eq. 1.2
inC(0,T]; H™).

We rewrite the Eq. 1.2 as

du® = Awédt +¢°dW in Dy,

wt = 1f(bﬁ) —eAufinD @D
= e T.

We assume that the interface has been formed initially. That is, there exists a smooth closed
curve g9 CC D such that u®(0) ~ —1 in D™, the region enclosed by I'gg, and u®(0) ~ 1
inDt =D \ (Too UD7).

Our main theorem will show that as ¢ — 0, w® tends to v, which, together with a free
boundary I' = Up<;<7 (I'y x {t}), satisfies the deterministic Hele-Shaw problem (1.4).

We present now the following spectral estimate which is useful in our proof.

Proposition 4.2 ([1, Proposition 3.1]) Let u’, be the approximation given in Theorem 3.2.
Then for all w € H' satisfying Neumann boundary conditions such that fD w = 0, the
Sfollowing estimate is valid

1
elwliz + - / flwspw? = —Collwll3,.
We consider the residual
R :=u® —uf, 4.2)

where u® is the unique solution to Eq. 4.1. We show bounds for this error R® in our main
theorem below.

Theorem 4.3 (Main Theorem) Let uf, be defined in Theorem 3.2 with large enough K
and let u® be the unique solution to Eq. 1.2 with initial value u®(0) = u’ (0). For any
o* >8>0,

y > 13,
1 13
R — + 26,
o >3y+3+
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where c* = o — % is introduced in Lemma 4.6, there exist a generic constant C > 0 and a
constant Cs > 0 for all § > 0 such that the following estimates hold

PLIR 2oy < C¥] 21— Coed,
IP>[”R€”L°°(0TH D) <C(5y Ly g0 —1-28+% )]
P[Ilw wAIILl(OTH ) < Ce5™ ]
107

Remark 4.4 Since § can be arbitrarily small, the best choice is 0 > -
Corollary 4.5 There exists a subsequence {&;}32 | such that for P —a.s. w € Q
lim u®* =1—2x,- in L>(Dr),
Jim Xxp; in L°(Dr)

where Dy is the interior of T'; in D.

Proof We note that by Theorem 4.3 the problem (1.4) has a unique strong solution on [0, T].
Hence, by the construction of u‘i‘, see [1], it holds uniformly ¢ € [0, T'] that

lirr}J ujp=1-2 X uniformly on compact subsets.
E—>

For any 1 > 0, choosing ¢ small enough such that Ces < n, then we have

Y
PR | 3p,) > 0] < P[||RS||L3(DT) > cga] < Csé?,

which implies that || R®||;5 converge in probability to 0. Thus there exists a subsequence
(still denoted as ¢), such that

lim || R® =0P—a.s..
;) || ”L3(DT)

Since R® = u® — u’|, we obtain the assertion.

O
4.1 The proof of the Main Theorem
4.1.1 The Decomposition of the Equation for the Error
On Combining (4.1), (1.5) and noting (4.2) we obtain
dR® = —eA’R°dt + éA (f@s + R®) — f(uf))dt + Aridt +&°dW,
4.3
R _IAR o i -
Let Z; 1= ¢° fot e~ =9)er?y W;, which is the mild solution to the linear equation:
dZf = —eA*Z8dt + 7 dW,
CVARY.VA 4.4

= =0 on 9D.
on on
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Then Y¢ := R® — Z? satisfies:

1
dY® = —eA*Yedt + — A (f'Wf)(YE + Z°) + N'(ufy, YE + Z%)) dt + Aridt,
&

4.5)
aY®e  0AY?
= =0 on 9D.
on on
where N (u, v) := f(u +v) — f(u) — f' (u)v.
Moreover, we define a stopping time Ty by:
t
T, :=T Ainf{t > 0: / YN ds > &7}, (4.6)
0
for some y > 1.
4.1.2 Estimate for Z¢
Lemma 4.6 For any § > 0, there exists a constant Cs > 0, such that
P[Qs,.] > 1 — Cse®,
where C1 > 0 is a universal constant, Qs ¢ == {| Z°|lc(p;) < Cls(’*_z‘s}, ando* =0 —%

Proof By the factorization method in [7] we have that for « € (0, 1)

& sin(

Zf(t) =¢
i

k) [! o
(t—s) MMt —s),x,-), U(s))ds,
0
where M (et, x, y) is the kernel of the semigroup {efstAz} and
N
U(s,-) = / (s — r)_Ke_S(S_’)AZdWr_
0

Similarly to the proof of Lemma 2.12 in [7], we have that
E[1Z*Dllewp] Sr & E[IU 120 pp)] - @.7)

It suffices to estimate E [||U* |12y (p, | for p > i~
In fact, we have that

2 ' Y o
€ < _ ok ,—e(s—r
E[IU 01 )] N/DTE /0 (s —r)*e aw,| | dsdx

s ) 2 P
< / E f (s — r) K e6—NA dW,‘ dsdx.
'Dr 0

Here we used that U® (x) belongs to the first order Wiener-chaos and Gaussian hypercon-
tractivity (cf. [21, Section 1.4.3] and [20]) in the second inequality. Moreover, we obtain
that

|

Since M(t, x, y) is the kernel of e_tAQ, we have that for any g € L?

/D Mt x, y)gdy = e g(0) = 3 (g, e M) er ).
k

(4.8)

s 2 s
/ (s —r)_"e_g(s_’)Ader’ } 5/ / (s —r) " *M(e(s —r), x, y)’dyds. (4.9)
0 0 JD
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Hence .
Mt x,y) > > e e (x)er(y). (4.10)
k
where ¢; is defined in Eq. 3.1. Note that ex (x)ex(y) = %(ek (x —y) +er(x + y). Thus we
obtain

M@t x,y) =Y e M (v — y) + el +3)) = Pt x — )+ P(t.x +), (@A11)
k

Then Eq. 4.9 becomes
d

By [24, p282, (c)], we have that

K 5 2 s
f (s — r)Ke*m*’)A“dW,‘ }5/ / (s—r)~% (P(s(s =), x =) +Pe(s — ), x + y)z) dyds, .
0 0 JD
(4.12)

i
P S lxf 72 B <72, vy e 10, 20, 4.13)
Then taking (4.12) into (4.13), we deduce that

s
E U/ (s — r)"eig(“”Ade,
0

2 s
}583 / / (s =1 (I 3720 4 e =y 742) dyds
0 D

5 8—%81—2K—% |x|—2+2n.

(4.14)

Here we require that
1—2x—g>0, 24270,
that is
1 <n<2—4k, (4.15)

which can be obtained by choosing small enough « > 0. Hence by Eqgs. 4.7 and 4.8, we
obtain that for any p > 1

_1
E [”UE “Lz”(DT)] Ses,
This implies that for any 2 > n > 1 and small enough « > 0,
_n_x
E[I1Z%lepn] S e+ 2. (4.16)

Hence the statement follows by Cheybeshev’s inequatliy. O
4.1.3 Local-in-time estimate for Y* up to T, on the set 25,

In the remainder of the proof we fix w € 5, where Q5 is defined in Lemma 4.6 and
work pathwise. We note that by definition || Z* (@) llc(py) S e B forw e Qs
By taking inner product with (—A)~!Y¢ in both side of Eq. 4.5 we have that
1d”Y8”%-I*' &2 [ e e e e e e £ e ye
T +ellYi g = —g(f WO+ Z) + Ny, Yo+ 25, Y%) — (ry, Y¥).
“4.17)
We estimate each term in right hand side of Eq. 4.17 separately. Using Proposition 4.2 we
have that

1
= YY) < ellY¥ 13, + Coll Y¥ 13, (4.18)
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For —%(f”(ui)(Ys, Z®) by Theorem 3.2 we know that u%, is uniformly bounded in Dr.
Thus we have that

1 1 x_1_
SN @Y Z S Il 20 g S e =28 v, 5, (4.19)

[N

where we used Holder’s inequality in the first inequality and Lemma 4.6 in the last
inequality.

It has been proved in [1, Lemma 2.2] that v\ (u, v) > —C|v|? for u in a bounded set
which is the case in the lines below. Then

1 1 1
—— Ny, Y+ Z°,Y%) = = (N, Y+ Z°),Y* + Z°) + —(N(u}y, Y* + Z°), Z°)
& & &

1 1
S —YE+ ZE 3 + — Ny, Y+ Z°), Z°))
e L £
1 * 1
< ;nYnia + 3721 Sl @, Yo+ 29, 29,

(4.20)

where we used Lemma 4.6 in the last inequality.
For |(N (u%, Y* + ZF), Z%)|, by the Taylor expansion, N'(u5, Y® + Z%) = f"(u% +
O(Y®+Z5)(YE+Z)? = 6(ufy +60(Y* + Z°))(Y® + Z°)?, where 6 € (0, 1). Then we have

N Wh, YE+25), 2| S e R IN s, YE + 29

SeT TRV ZE 3 + 1Y + 2513

*_2 4(c* =2 *—2 2 *—2
S e i D 6 PR 4 Y
(4.21)

where we used the uniform boundness of 1, in the second inequality and Lemma 4.6 in the
first and the last inequality.
For [(r§, Y*)|, by Theorem 3.2 we have

i YOI S eX20Ye il S 72070 . (4.22)
Leto® > 8, & < 1, § be small enough and K large enough. Collecting (4.17)-(4.22)

together, by using Holder’s inequality we have

d”YS(I)”%-I*I e2 1 &3 o*—1-28 3 e2 &3 3(0*—28)—1
e SIS Y e YNt Y N1V 700 +e :

Then for any t < T, we have

! —¢ 1 *_ 1 *__ —
17015 sfoe’ 3<g||Y’3||is+s" S P PR 1)ds

1
1 ! *_ 1 ! i *__ —
<r 5/0 1Yl sdT + 67 7172 (/0 ||Y€||23dr) +eXT

< gyl g o126, | 30" -28)-1

(4.23)

To estimate L2(0, T;; H') norm of Y%, we use the estimate presented in [1, p.171]

1 t t
—f/ f f”(ui)gzdxdssff%(/ gl sds)3, Vg e L.
&Jo JD 0
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Then

1 t t
—ff <f”(ui)Y5,Y5)ds58‘%(/ 1713 ds)F S &30,
€Jo 0

Combining (4.17), (4.19)-(4.22) and (4.24) we have for any t < T
/ 1Y5112,ds S 57~

4.1.4 Final step: Globalization T, =T

3
3

Let

= (/= DAGE" =2~ A" ~1-25+ 7).

2 5 . . y 2 5
V2= (gy—g)/\@(ﬁ —280)-2) N (o —2—28+§)/\(V—2)=(*J/—§)A(7/1—

then we have for any ¢t < T

t
2
sup Y12, < en, fnYEHHldsSs”.
0

s€l0,1]

*_9_ )4 *_ _ _
10 22, | 30292 4 -2

(4.24)

(4.25)

b,

(4.26)

We use the Sobolev’s embedding of HP into L? with B := 2(% — %) = ”sz. Then by

the interpolation we have
2 1
REFERS IIYEIIH% SIYEN Y el
For any t < T, by Eq. 4.26 we have

t
Y2113 sds < SUP 1Y N -1 IIYEII 1ds
0 H

< 87+V2.
Then we have that for ¢ small enough, 7, =T, if y < % + .
Let y; > % — % such that y, = %y — %, then we only need
2 n 10
> — —.
Y1 31/ 3
ie.
1 2 n 10
1> = -
14 33’ 3
3(c* —=28) —1 2 + 10
o* — —1> —
3773
y 2 10
Pl =24+ > = —.
7 t3T3r Ty

A direct calculation yields that
y > 13

- +13+2a
oF > — — s
3V 73

which also implies y; = (y — 1) A (6* — 1 =28 + %)_
Since R® = Y* 4+ Z?, by Lemma 4.6 we have for any w € Q5
IR @)l 3(pyy S €5 +67 2 < e,

2 -1 *_1-26+%
”Re(w)”LOO(O,T;H—l) 5 8]/ + SU +3 .
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Hence we note that
1
wé — u}f4 =eAY*+ 2% — A (f(ua) - f(ugA)) :

Using the embedding C (D) C L* we get

r *_
IAYE + Z 1o r.m-2) S 1Y 20,702 + 125l S &7 +67 2.

Similarly as above

Fw®) — fh) = fwy)R® +N@us, R)
FIWE)RE + £ (ufy + 0(R))(R)?
= f'WS)R® + 6(ufy + 0(R®))(R®)>.

Since {ui} are uniformly bounded in € and 6 € [0, 1], we have that

IIf (@) — f(“;)”Ll((),T;H—Z) S f@w®) - f(uix)”Ll(DT)
SR 1 ppy + IR 1oy + IR N L1 oy
S IR 3y + IR I3y + IR I3 5,

where we use the Soblev embedding L' ¢ H~? in the first inequality.
Hence we deduce that

: 4] o]
”we_wZ”LlOT'H_Z 583+ +83
.12 (4.30)

Y
< g3 L,

The statement of the Theorem 4.3 then follows on combining the above inequality with
Eq. 4.28.

5 Sharp Interface Limit for the Divergence-Type Noise

Throughout this section we consider the singular divergence-type noise YW = V - W,
where W is an L%(’D, Rz)-cylindrical Wiener process on stochastic basis (€2, F, P). For
g € L%(D, R?), we denote its component functions by g, g2 € L%(D), ie. glx) =
(g1(x), g2(x)), Vx € D. There exist two independent L%(D)—cylindrical Wiener processes
W' and W2 such that W = (WL, w2). Similarly as in [22, 23], it follows that the solu-
tion to Eq. 1.2 with the divergence-type noise is distribution-valued. It does not appear to
be possible to obtain the sharp-interface limit by directly considering (5.11). Thus we study
the sharp interface limit of the regularized (1.6) instead.

5.1 Existence and Uniqueness of Solutions to Eq. 1.6
In order to consider the convolution of the noise with an approximate delta function (the
standard mollifier). we need to extend the noise to the whole space R?. Considering the

Neumann boundary condition, it is reasonable to extend it evenly to [—1, 1]2 first, then do
a periodical extension to the whole space. That is, for any function g on D which satisfies
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the Neumann boundary condition, we view it as a function g on R? by
800 = g(xi+kil, latka)), Vx = (x1,x2) € R%, Vk = (ki, ko) € Z* when x+k € [~1, 1]
Moreover, for x € R? and ¢t > 0, define

Mt x) = —F~ 27" ),

where F~! is the inverse Fourier transformation on R2. By Poisson summation formula, for
any (x, y) € D?

Mt x,y) ==Y (M(t.x +y+2k) + M(t, x — y +2k))
keZ?

. 2 . . .
is the kernel of e *2” on D, where A is the Neumann Laplacian operator on D. A direct

calculation yields that for any g € L*>(D)

[ Max ey = [ s.x =iy, G
Define
K(t,x,y) = =VyM(t,x,y) = Y (K(t,x +y+2k) — K(t,x —y +2k)) ,
kez?
where K (1, x) = (K1(r, x), K2(t, x)) :== —VM(z, x), thus for any t > 0, KJi(t, ) is the

. . . . S S
inverse Fourier transformation of the function n — —min;e™ 2 el e,

K/ (t,x) := —F! (ninje_%|”"|4)(x)-

We use S(R?) to denote the Schwartz funtion on R2?, S’(R?) to denote the Schwartz
distribution on R? and s'®2){"» ") s(®2) to denote the dual between S (R?) and S’ (R?). Then
we know that K/ (¢, -) € S(R?) for any ¢t > 0. Moreover we define Z¢ by

¢ 2 ' ) .
ZE(1, x) = s“/o (K(e(t —5),x, ), dWy) 2p g2y = €7 Z/O sy (K (et —5),x =), dW]) 52,
j=1
(5.2)
Here W = (W1, WZ), Wi, j =1, 2is two i.i.d Wiener processes defined by
S/(R2)<Wj’ g>S(R2) = (W, g>L2('D),
for any g € S(R?) and g € L?(D) is defined as

g(x):= Y (g(x +2k) — g(—x +2k)), x eD.
kez?

For simplicity we write

2 t . ! _ -
75, x) = & Z/O sy (KI (e (1=5), x—=), dW)) g2, = s"/o s (R (e(t—5), x=).dWy)s.
j=1

We also denote
78 = 75 4 e m(y), (5.3)
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where z € H™1, m(z) is defined in Section 3. Then Z¢ is the mild solution to the linear
equation
dZf = —eN*Z° + ¢° BdW,
Z5(0) =m(z) € R,
with Neumann boundary conditions,
9Z°  OAZF

=0ondD,
on on

where
D(B) = H'(D,R?), B = div, D(B*) = H'(D), B* = —V. (5.4)
Let p, be an approximate delta function on R? given by

pix) = 20, fp — 1

Define for any (¢, x) € Dr

t
780t x) = 80/ s{K(e(t —r),x — ')’dWYh>S
0

. (5.5
=& [ sRtete = r)ox = ). s,
0
where W = W x p;, and K, (1, x) = (K} (1, x), Kj (2, X)),
Rl = [ R =mody
For fixed &, h > 0, let ¢®" be a solution to the following equation on D
dg®" 1 -
— A _ A 8,}’! — E,h ZE,h .
7 (medg™" 4+~ fle" + 2772 (5.6)

@®"(0) = (z — m(2)) * pp.

with A the Neumann Laplacian operator on D. Here : f(¢®" + Z&") : is the Wick power

defined by
3

_ 3 _ 3—k k
N ICEEADE kZ:o (k) H(Z0) () 57
where forany k =0, 1,2, 3

(=2 () () e’

: (Ze’h)o =1, (Zs’h) = (Zs’h), : (Z”’)2 = (Z&f")2 — ¢y (%),

(2 = (27 =3¢k, () (2°1).

B

!

Il
=}

and
¢ () =E [z&h(r, x)2] . (5.8)

Lemma 5.1 ([18, Example 5.2.27]) For any ¢, h > 0, there exists a unique solution (ps'h €
C([0, T1; L*(D)) to Eq. 5.6.
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Since m(z) € R, similar as in the proof in [19, 22, 23], forany k = 1,2,3,as h — 0,
: (Zs’h)k : converges in C ([0, T], C%) for any & < 0 whose limit is denoted as : (Zs)k .
Here C is defined as the Besov space Bg‘o’oo, see [23] and the reference therein for details.
Then we denote

o _ A(—eAg® + L flo® +Z%0),
dt e (5.9)
¢°(0)=z—m(2) € Hy ',
where
- ’ 73 — o\ 3—k k
D (e + Z°) u= Z <k> (Z2°)7 1 () (5.10)
k=0

Theorem 5.2 [22, Theorem 4.4] For P —a.s. w, there exists a unique solution ¢° to Eq. 5.9
in C([0,T]; H(;l)for any fixed ¢ > 0.

Remark 5.3 We note that in [22] the authors consider the periodical boundary condition,
which is different from the Neumann boundary condition. But by our extension method as
we explained before, a similar proof follows.

In fact, ° = limy_o@®" in C([0, TT; Hy '), Let u®h = ¢®h 4 z&" u®" also
converges to u® in C([0, T']; H _1), which is the unique solution to

1

du® = A(—eAu® + — : f(u®) )dt + ¢ BdW,

e (5.11)
ut(0)=ze H™',
with Neumann boundary conditions,
ou®  9Au®
L2 oD, (5.12)
on an

where : f(u®) :=: f(¢° + Z¢) : is defined in Eq. 5.10.

5.2 The Sharp Interface Limit of Eq. 1.6

Similarly as in the proof of Theorem 4.3 we prove that for a suitable choice h(g), the

solutions to Eq. 5.11 will converge to the solution to deterministic Hele-Shaw model (1.4).
The method is a modification of the one in Section 4.1. We consider the residual

RN =t — (5.13)
Let Y& = R&h — 7&h wwhich satisfies
1
dy®h = — e A’YShdr + — A (f’(ui\)(YS”’ + 25" + N, vo" + sth)) dt
&

- (5.14)
— BLA@G + 2+ o) 4 Aridr,
&

@ Springer



Sharp Interface Limit of Stochastic Cahn-Hilliard Equation with Singular Noise 513

where cfm is defined in Eq. 5.8. For Y we also have the energy estimate:

ld”Y&h”z” &h 2 L € &h &h & vyeh &h e.h

s HElY T OIG = = (@O + 20+ N, v+ 28, ve

CE
— (rf‘, YE,h) + %(ui + Y&‘,h + Z&‘,h7 ys,h>.

(5.15)

In order estimate Y*", we still need the estimation of Z*" and c; ,. Analogously to
Lemma 4.6 we have

Lemma 5.4 There exists a consant Cy > 0 such that for any 0 < § < 1,
E[1Z*"lcwn) < Cae™h 72,
B

where o, = o — . Then for any § > 0, there exists a constant Cs > 0, such that
/ )
P[5, ,] > 1—Cse’,

where Q ., = {1Z5" || c(py) < C26™ 2 h2).

Proof We follow a similar proof as in Lemma 4.6. A factorization formula implies that

sin
780t x) = &

t
T f (t — ) UMt —5),x — ), U (s))ds,
T Jo

where M (¢, x, y) is the kernel of e_’Az and

t
USh (s, x) = / (1 =) Kn(e(t — 1), x, ), dWy) 12 0p oy
0
where K} is defined in Eq. 5.21. Combined with Eq. 5.22, we have that

B
|Kn(et,x, )| S (e)73h7" (Jx — y| 7 + |x + y[79),
where B, ¢, n > 0 and B + ¢ + n = 3. Similarly to Egs. 4.9-4.14 we have that

2 B § B
E[ﬂU”’(&x)\ }5e‘fh—2"f f(s—r)—“-f (b + 9172 + 1 = 317 dyds
0 D

< e~ b p-omg1-2-4 2%
(5.16)
where we require that

1—2K—g>0, <1
Similarly to Eq. 4.8, we have that
B
E I:”UE’hHLQp('DT):I 5 e~ ap™N,

Let n = 2 and ¥ > 0 be small enough such that B < 1 — ¢ < 2 — 4k, ¢ < 1. Similarly
as in the proof of Lemma 2.7 in [7], we have that

E [IIZa’h(f)IIC(DT)] Sre’E [llUE’h ”LZI’(DT):I

5 (5.17)
settn2,

The statement then follows by Chebyshev’s inequality. O
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For ¢}, ,, we have the following estimate:

Lemma 5.5 There exists a constant C > 0 such that for any (t, x) € Dr and any e, h €
O, 1),
lc§ ()] < —Ce*~'logh

Proof Following a similar argument as in Egs. 4.10, 4.11 and 4.13, we obtain that for all
g € (g1.8) € L*(D.R?)

f Kt x, »)gdy = / K. x. y)g1 (0)dy + / K21, x. y)g2()dy
D D D

~ 3" (er Ikiler) + (2. [kalex)) e W e (x).
k

Hence

K@tx,y) =Y lkle ™™ ep(x)er(y). (5.18)
k

where ey, is defined in Eq. 3.1. Note that eg (x)ex (y) = % (ex(x — y) + ex(x + y)). Thus we
obtain

Kt x,y) = Y kle™ ™ (er(x — ) + ex(x +3)) = Palt. x = y) + Pa(t, x +). (5.19)
k

By [24, p282, (c)], we have that for any (¢, x) € Dr,
1Py, )] < x| P FF < (z% + |x|)_3. (5.20)
Thus we obtain for any r € [0, T], x,y € D,
Ko x 0l S (€0t +1x 1)+ (@0 +14y)

We can extend the definition of K (¢, x,y) for x,y € R2 with the same form as in
Eq. 5.18, and denote

Kn(t, x,y) = /RZ on(D)K(t, x,y — z2)dz. (5.21)
Therefore (5.5) becomes
Z5h @, x) = s”/otm(s(t — ) x =), dWy) 2 pg2)
Then by [14, Lemma 10.17] we have that

. _3 , -3
\Kn(et, x, )] < ((ez)z Flx—yl +h) 4 ((at)z F x4+l +h) . (522

Then we have that for any (¢, x) € Dr.

t
|cfm(x)|582"/ f |KE(t —r, x, y)|*drdy
0 JD

te -6 te —6
5820—1/ f <r%+|x—y|+h) drdy+52"_1/ / (r%+|x+y|+h) drdy
o Jo o Jo

< —e2 ogh.

(5.23)
O
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The next theorem is the main result of this section.

Theorem 5.6 Let u®" be the unique solution to Eq. 5.11 and u’) be defined in Theorem 3.2
with large enough K > 0. For some 0 > 0 such that € < h?, we assume that

y > 13,
1 13 (5.24)
o > gy + 3 + 6.
Then there exist a generic constant C > 0 and a constant Cs > 0 forall0 < § < § — Ly —

% — % such that the following estimates hold

P IR I3, = Ce¥ | 2 1= Coe,
P [||R€’h||if,c(0 rgny =C (77 8"*_]_2‘3_9)] >1— Cye®, (5.25)
|

o, h 2 )
]P;I:HUF - wi”LI(O,T;H*% E C83 ] 2 1 - CBS 3

where
1
U&,h . e 2 uS,h g (f(ue,h) _ 362’1148,}1) .

Proof We proceed similarly as in Section 4.1. We define a stopping time

TS" .= T Ainf{r > 0 : /Ot||Y8‘h(r)||i3dr > e”}. (5.26)
Then let ¢ < T%" and fix an w € €, - Since
h2<e™ (5.27)
for some 6 > 0. We have that
—logh < —g loge < &9, (TS g2o—1-3, (5.28)

For C';—’ (ufy + yeh 4 z&h yehy we have that for small enough ¢

t o€
h,t r_ Y_n_
/—' [, + YO 4 Zz8h yemydr Seslel | S et 270
0o € ’

For the rest of the terms on the right hand side of Eq. 5.15, we follow the proof in
Section 4.1 by repalcing the estimate for Z¢ with the estimate of Z*" in Lemma 5.4. Thus
we have that for small enough ¢ and r < T* h

Y_o_ — 1= Y _ —285—0)—
sup ||Y8’h(l')”?_1_1dl' S 820’+§ 2-48 +8)/ 1 +8U* 1 25-‘1-3 6 +83(U* 25—6) 1.
7€[0,7]

Also,
t
Y_3_ 20, 1)— o os+ Y _ 05—0)— _
/||Y€’h(f)||%_,1d'f§820+3 3 5+83(y 1) ]+SU* 2 25+3 9+83((T* 25—0) 2+8V 2.
0
Hence we have

t
sup [YER(D)|3, dT < e, f Y& (@13, dr < e, (5.29)
7€[0,7] 0
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where

:(20—{-%—2—8)/\(0*—1—28—9—1—%)/\(3(0*—28—9)—1)/\()/—1),

2 5
=W —DA (g)’ - g)-

Similarly to Eq. 4.27, we have
"3 Hin
eI dr S e,

In order to prove T"3 N = T for small enough ¢, we need to prove y < %yl + y». First we

assume that y, = 5§ y ,1.e.
2 2
n=3rT3
Then %y] + v > y yields
2 10
Y1 gl/ + 3

A direct calculation yields that

y > 13,
1 13 B
= — +254+60+ —,
a>3y+3+ + +4

which implies that
ylz(a*—1—28—0+§)/\(y—l).

Since §, > 0 can be arbitrarily small, we can only assume that Eq. 5.24 hold and let
0<28<a—7y—?—

Since R&" = y&h 4+ 7&h and H! ¢ L3, we can obtain the estimate of R®" which is
similar to Eq. 4.29. Moreover since

1
UE,h e 2 uE,h g (f(us,h) 362’1146,]1) ,
similarly to Eq. 4.30, we obtain that

1 1
&h &h e o eh2
”U wA”Ll(O T:H— 2)<8”R ||L2(DT) + g”R ”LI(DT) + g”ch’tu ||L1(0,T;H72)

1 1
h h Jh
SellR? ||L3(DT)+E||R€ ||L3(DT)+E||CZ,;||L°°||R€ +uyll 3oy
58% — &2 21ogh < g5t

O

Remark 5.7 1t is easy to see that Eq. 5.24 implies the condition ¢ > % + 6. This implies
that the slower & converges to 0 than ¢, the smaller o could be. Since 6 can be arbitrarily
small, the lower bound for o is ?.

The next corollary is a simple consequence of Theorem 5.6 and can be shown as
Corollary 4.5.
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~

Corollary 5.8 There exist a subsequence {sx}32 | and {hi}72 | with 82 < h% such that for
P—as. weQ

lim u®M =1 =25 in L(Dr),

k— 00

where Dy is the interior of T'y in D.
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