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Abstract. A catalogue of simplicial hyperplane arrangements was first
given by Griinbaum in 1971. These arrangements naturally generalize
finite Coxeter arrangements and also the weak order through the poset of
regions. The weak order is known to be a congruence normal lattice, and
congruence normality of lattices of regions of simplicial arrangements can
be determined using polyhedral cones called shards. In this article, we
update Griinbaum’s catalogue by providing normals realizing all known
simplicial arrangements with up to 37 lines and key invariants. Then
we add structure to this catalogue by determining which arrangements
always/sometimes/never lead to congruence normal lattices of regions.
To this end, we use oriented matroids to recast shards as covectors to
determine congruence normality of large hyperplane arrangements. We
also show that lattices of regions coming from finite Weyl groupoids of
any rank are always congruence normal.
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1. Introduction

The first catalogue of simplicial hyperplane arrangements of rank 3 appeared
in 1971 [22]. This catalogue included three infinite families and 90 sporadic
arrangements. Since then, the catalogue has changed: certain arrangements
have been found to be isomorphic while some new arrangements have also
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been found, bringing the number of sporadic arrangements to 95 [9,23]. The
list is known to be complete for arrangements with up to 27 lines [8]. Until
now, the list was scattered in various formats through several published and
unpublished sources. In the present article, we provide a comprehensive list
of the known rank-3 simplicial hyperplane arrangements in a usable format.
Namely, we provide normal vectors realizing them along with several invari-
ants. This is all presented in Sect. 5 and Appendices A and B. The following
questions are still open: Is the list complete? Is there a finite list at all? To
answer these questions, it is natural to search for structures lurking behind
the list. Simplicial arrangements can be thought of as generalizations of finite
Coxeter arrangements. Furthermore, they correspond to normal fans of simple
zonotopes [35, Theorem 7.16]. What other combinatorial/geometric/algebraic
structures regulate the list?

It turns out that finite Weyl groupoids provide an algebraic justification
for around half of the sporadic arrangements. Finite Weyl groupoids are alge-
braic structures generalizing Weyl groups that were introduced to better under-
stand the symmetries of Nichols algebras and related Hopf algebras [11,24,25].
Each Weyl groupoid originates from the data of a “Cartan graph”, leading to
a so-called “root system”. In turn, these root systems generalize the usual no-
tion of root system of a Weyl group. Notably, they form the set of normals of
certain simplicial hyperplane arrangements. Finite Weyl groupoids of rank 3
have been classified and account for 53 simplicial arrangements [6].

Posets of regions form a family of combinatorial structures that encode
detailed information on hyperplane arrangements and the adjacency of regions.
For simplicial arrangements, the posets of regions are always lattices, no mat-
ter what the base region of the poset is [3, Theorem 3.4]. Reading showed that
simpliciality can be weakened to tightness—which is a connectivity condition
on facets of regions—to obtain lattices [33, Chapter 9] (see Lemma 2.6). Once
again, simplicial arrangements through their lattices of regions provide gen-
eralizations, this time of the weak order of finite Coxeter groups. Unlike in
the Coxeter case, a simplicial arrangement may lead to several non-isomorphic
lattices of regions. Apart from being lattices, much less is known about the
poset of regions of simplicial arrangements.

Lattice congruences of the weak order of Coxeter arrangements generate
several objects of study. For example, the permutahedron is perhaps the most
studied example of a simple zonotope that comes from the braid arrangement,
or Coxeter arrangement of type A. The corresponding poset of regions is the
weak order of the symmetric group and is a lattice. Moreover, Tamari and
Cambrian lattices, generalized permutahedra, and associahedra are all related
to lattice congruences of the weak order [26,29,32]. In particular, in type A
and B, every lattice congruence leads to a polytope [27,28]. To which extent do
these constructions extend to general simplicial arrangements? We focus here
on two important properties used to study lattice congruences and shard poly-
topes: congruence normality and congruence uniformity. Coxeter arrangements
are congruence normal and uniform [5]. Congruence uniform lattices admit a



Congruence Normality of Simplicial Hyperplane 3

bijection between their join-irreducible elements and the join-irreducible ele-
ments in the lattice of lattice congruences. Congruence uniform lattices are
thus particularly nice lattices as they allow one to more easily study the lat-
tice of congruences. Reading characterized congruence uniformity of posets
of regions using tightness and shards (i.e. pieces of hyperplanes) [33, Corol-
lary 9-7.22]. Reading also showed that supersolvable hyperplane arrangements
have congruence uniform posets of regions for some canonical choice of base
region [30]. Congruence uniform lattices admit a combinatorial construction
whose geometric aspects in this context have yet to be explored in detail.

In this article, we determine congruence uniformity and normality of
posets of regions of simplicial hyperplane arrangements of rank 3 and draw sev-
eral conclusions. To do so, we approach posets of regions through the oriented
matroids naturally associated with the normals of the hyperplane arrange-
ments, which are presented in Appendix A. Covectors of the oriented matroid
can be used to encode the “facial weak order” of simplicial hyperplane ar-
rangements [17]. Here, we use covectors and the intersection operation as our
main tools to elevate Reading’s characterization of congruence uniformity to
the level of oriented matroids (see Theorem 3.18 and Corollary 3.19). Namely,
we introduce shard covectors—which are covectors with some “*” entries—and
show they are in bijection with shards (see Theorem 3.12).

This approach led to the following results. The posets of regions of hy-
perplane arrangements coming from finite Weyl groupoids are always congru-
ence normal and congruence uniform (see Theorem 4.2). This result provides
a new proof that finite Coxeter arrangements are obtainable through a fi-
nite sequence of interval doublings (i.e. congruence uniform) [5, Theorem 6.
We further classify the known rank-3 simplicial arrangements according to
whether their posets of regions are always or sometimes or never congruence
normal (see Table 1). The approach through covectors gives a way to deter-
mine congruence normality of posets of regions without the data of the poset or
resorting to polyhedral objects (i.e. shards). Notably, this classification could
not have been carried out through the computation of the posets of regions
due to their large size. Hence, this framework provides an oriented matroid
approach to study congruence normality and uniformity for large posets of re-
gions. As an interesting outcome of this classification, five arrangements have
exceptional behavior. Two of the five arrangements are always congruence
normal: the non-crystallographic arrangement corresponding to the Coxeter
group Hj and its point-line dual arrangement which has 31 hyperplanes. The
three other arrangements are never congruence normal: they have yet to show
any connection to other known structures. Furthermore, we provide instruc-
tive examples which give deeper insight into congruence uniformity for posets
of regions. We verified that within supersolvable simplicial arrangements (by
[12, Theorem 1.2] these are the arrangements in 2 of the 3 infinite families)
only four are always congruence normal and all others are only sometimes
congruence normal, see Theorems 4.5 and 4.6. The algorithms used to carry
out the verifications and the data to construct known simplicial hyperplane
arrangements are available as a Sage-package [18].
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The article is structured as follows. In Sect. 2, we present the necessary
background notions on lattice congruences, posets of regions, congruence nor-
mality and uniformity and the theory of shards. In Sect. 3, we recast shards
and the forcing relation using covectors. In Sect. 4, we present the result of
the application of the approach of Sect. 3 to the known rank-3 simplicial hy-
perplane arrangements. In Sect. 5, we present combinatorial and geometric
invariants of the known rank-3 simplicial hyperplane arrangements with up
to 37 hyperplanes. In Appendix A, we give normals to realize each of these
arrangements. Finally, in Appendix B, we give a wiring diagram description
for these arrangements.

2. Preliminaries

We use the following notation: N = {0,1,2,...}, d,m € N\{0}, and [m] :=
{1,2,...,m}. We use bold faced n,p,x, etc. to denote vectors in the
real Euclidean space R? equipped with the usual dot product R% x R — R.
Let P denote a finite, ordered set of vectors. The linear span of P is denoted
span(P), its affine hull by aff(P), and its convex hull by conv(P). To ease
reading, we often abuse notation and write for instance span(xi,xs) instead
of span({xy,x2}). The orthogonal complement of a linear subspace A C R? is
denoted AT. The relative interior of a subset P of R? is denoted by int(P).
In Sect. 2.1, we review the notion of a lattice congruence. In Sect. 2.2, we
define hyperplane arrangements and posets of regions. In Sects. 2.3 and 2.4,
we discuss the notions of congruence normality and uniformity. Finally, in
Sect. 2.5, we describe Reading’s characterization of congruence uniformity for
tight hyperplane arrangements using shards. The material presented in this
section is mostly based on material treated in the book chapter [33, Chapter 9].

2.1. Lattice Congruences

Let L = (P;A,V) be a finite lattice, where P is a poset (P, <). An element
j € L is join-irreducible if j covers a unique element j, € L. Similarly, an
element m € L is meet-irreducible if m is covered by a unique element m® €
L. We denote the subposet of join-irreducible elements of a lattice L by Ly
and the subposet of meet-irreducible elements by L.. An order ideal of a
poset P is a subposet Q C P that satisfies x € @ and y < z = y € Q. The
order ideals of a poset P can be ordered by containment to get the poset of
order ideals denoted O(P). When L is self-dual, join- and meet-irreducible
elements are canonically in bijection. The dual map, therefore, allows one
to refine statements involving L and its irreducible elements. Join-irreducible
elements (and dually meet-irreducible elements) and posets of order ideals are
very useful to understand finite distributive lattices.

Lemma 2.1 ([2, Theorem 17.3]). Let L be a lattice, L\ be its subposet of join-
irreducible elements, and O(Lv,) be the poset of order ideals of L. If L is finite
and distributive, then L is isomorphic to O(Ly).
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Recall that cosets of a normal subgroup N < GG determine a congruence
relation and lead to a quotient group G/N, which is the image of the map
sending an element to its coset. Analogously, in lattice theory, intervals play
the role of cosets, and under certain conditions, they form a quotient lattice. In
this case, the equivalence relation is called a lattice congruence. For a thorough
discussion on congruences and quotient lattices, we refer the reader to [33,
Chapter 9-5 and 9-10] and the references therein.

Definition 2.2 (Lattice congruence). An equivalence relation = on the elements
of a lattice L is a lattice congruence if 1 = x4 and y; = yo implies x1 Ay =
To Ays and x1 V y1 = x2 V yo for any elements x1, x2,y1,y2 € L.

Lemma 2.3 (See, e.g. [33, Proposition 9-5.2]). An equivalence relation on a
lattice is a lattice congruence if and only if the following three conditions are
satisfied:

(1) FEvery equivalence class is an interval.
e map w| sending each element to the minimal element in its equiva-
2) Th f di h el t to th inimal el t in it '
lence class is order-preserving.
e map ™y sending each element to the maximal element in its equiva-
3) Th 1 d h el t to th lel t t
lence class is order-preserving.

Given a lattice congruence, the images of m| and m are sublattices, i.e. the
join and meet operations are preserved on the equivalence classes, and they are
referred to as quotient lattices.

Lattice congruences of a lattice can be numerous and the relations be-
tween them may be challenging to describe. In spite of that, the set of lattice
congruences on a lattice L may be partially ordered by refinement. The equiv-
alence relation with singleton classes is the smallest lattice congruence and
its associated quotient lattice is the lattice itself. Furthermore, the equivalence
relation with a unique class is the coarsest lattice congruence whose associated
quotient lattice has exactly one element. It turns out that under this partial
order by refinement, the set of lattice congruences forms a distributive lat-
tice which is called the lattice of congruences and is denoted by Con(L) [19].
The lattices of congruences we consider here are finite and, therefore, com-
plete. Consequently, given any set of relations, there is a smallest lattice con-
gruence which contains these relations [33, Proposition 9-5.13]. This makes
it possible to define two important congruences related to join- and meet-
irreducible elements. Consider a join-irreducible element j € Ly, then there is
a smallest lattice congruence cony () such that j and j, are equivalent. Simi-
larly, for a meet-irreducible element m, there is a smallest lattice congruence
conp (m) such that m and the unique element m® that covers it are equivalent.
In this case, we say that the congruence con, contracts j, and that cona
contracts m. As Con(L) is finite and distributive, we may use Lemma 2.1 to
obtain that Con(L) is isomorphic to O(Con(L)y ). That is to say that a con-
gruence is determined by an order ideal of join-irreducible congruences, i.e.,
by the join-irreducibles it contracts [33, Corollary 9-5.15].
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Definition 2.4. Let cony : Ly — Con(L) be the map that sends a join-
irreducible element j € Ly to the smallest lattice congruence in Con(L) such
that j = je. Dually, the map con, is similarly defined for meet-irreducible
elements.

The image of the map cony is Con(L)y, i.e., the congruence cony (j)
is join-irreducible in Con(L) and for every join-irreducible congruence « in
Con(L), there exists a join-irreducible j € Ly such that cony(j) = «a [33,
Proposition 9-5.14]. It may happen that two distinct join-irreducibles give
rise to the same congruence, i.e. that cony is not injective, leading to an
equivalence relation on join-irreducible elements in Ly,. Through the map cony,
these equivalence classes of join-irreducible elements in L are in bijection with
join-irreducible congruences of L.

2.2. Poset of Regions of a Real Hyperplane Arrangement

A (real) hyperplane H is a codimension-1 affine subspace in R%:
H:={xcR? : n-x=a for some nonzero n € R and a € R}.

The vector n is called the normal of H. A finite hyperplane arrangement A
is a finite non-empty set of m hyperplanes. If a = 0 for all hyperplanes in A,
then the hyperplane arrangement is called central. In this case, the hyperplanes
are completely determined by their normals. We denote the hyperplanes in A
by Hi,...,H,, and often reuse their indices to refer to objects canonically
related to them. The rank of A is the dimension of the linear span of the
normal vectors of the hyperplanes in A . The complement of the arrangement
in the ambient space (R%\ Uiepm) Hi) is disconnected, and the closures of the
connected components are the regions of the arrangement. The set of regions
of A is denoted by R(A). A region is called simplicial if the normal vectors of
its facet-defining hyperplanes are linearly independent. A hyperplane arrange-
ment is simplicial if every region in its complement is simplicial. Throughout,
we use the notation A (m,r); to denote the ith simplicial hyperplane arrange-
ment with m hyperplanes and r regions from our catalogue of simplicial ar-
rangements, see Appendix A. To proceed further, a base region B of A is
chosen. For each hyperplane H; € A, we fix a normal vector n; € R? such
that n; - x < 0, for all x € B. Given a region R of A, the separating set
Sepg(R) of R is the set of hyperplanes H; € A such that n; - x > 0, for all
x € R. The separating set of a region is the set of hyperplanes that separate
it from the base region B.

Definition 2.5 (Poset of regions, Pg(A)). Let A be a hyperplane arrangement
with base region B. The poset of regions Pp(A) of A with base region B is
the partially ordered set (R(A), <) such that

R; < Ry if and only if Sepg(R1) C Sepg(R2),
for all Ry, Ry € R(A).

An upper facet of a region R € R(A) is a facet of R which corresponds
to a cover relation of R in Pg(A). A hyperplane arrangement is tight with
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respect to B when the upper facets of every region intersect pairwise along a
codimension-2 face, i.e. they are neighbors in the facet-adjacency graph. When
a hyperplane arrangement A is tight with respect to every base region, we say
that A is tight. For convenience, when a hyperplane arrangement is tight,
we also call the corresponding posets of regions tight. The usual definition of
tightness also requires the dual statement to hold. As poset of regions are self-
dual, we have restricted the statement to upper facets. The following lemma
is a refinement of [3, Theorem 3.4].

Lemma 2.6. Let A be a finite, central hyperplane arrangement with base re-
gion B.

(1) If A is tight with respect to B, then Pg(A) is a lattice [33, Theorem 9-
3.2].
(2) If A is simplicial, then A is tight [33, Proposition 9-3.3].

Reading developed an approach to study congruences of lattices of
regions that is thoroughly described in [33, Chapter 9]. In particular, for posets
of regions, tightness is equivalent to semidistributivity [33, Theorem 9-3.8] (see
Sect. 2.4 for the definition of semidistributivity). Furthermore, to describe
the interplay between join-irreducible elements, the combinatorial notion of
“polygonality” of a lattice is used; in the case of posets of regions, this no-
tion is equivalent to the notion of tightness [33, Theorem 9-6.10]. Using the
polygonality property, it is possible to describe which join-irreducibles force
other ones to be contracted. This forcing relation can then be read off from the
hyperplane arrangement using pieces of hyperplanes called shards (see Defi-
nition 2.15 in Sect. 2.5). The interest in the notion of tightness lies in the
fact that being tight and having acyclicity on shards characterizes congruence
uniformity, see Theorem 2.19 in Sect. 2.5.

Throughout this article, we restrict our study to finite, central, and tight
hyperplane arrangements, so that the posets of regions are guaranteed to be
complete lattices regardless of the choice of base regions. We refer the reader
to [33, Chapter 9-3, 9-6] for further details on tightness and polygonality.

2.3. Congruence Normality

Definition 2.7 (Congruence normality, [15, Section 1, p. 400]). Let L be a
lattice, Ly C L be the subposet of join-irreducible elements of L, and L, be
the subposet of meet-irreducible elements of L. The lattice L is congruence
normal if

j <m implies cony (j) # cona(m),

for all j € Ly, and m € La. A hyperplane arrangement is called congruence
normal if its lattices of regions are congruence normal for every choice of base
region.

Equivalently, finite congruence normal lattices are exactly the lattices
obtained from a one-element lattice by a sequence of doublings of convex sets
[15, Section 3], see also [1, Theorem 3-2.39] and [21]. The following example
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FI1GURE 1. The Hasse diagram of the lattice Ls which is not
congruence normal and the equivalence classes of cony(c) =
conp(c)

illustrates a local condition showing how a lattice may fail to be congruence
normal.

Ezample 2.8. Consider the lattice Ls with the Hasse diagram illustrated in
Fig. 1. The element c is join-irreducible, and the smallest congruence cony (c)
such that b = c is illustrated on the right-hand side.

Following Definition 2.2, setting b = ¢ forces the lattice to project onto
a three-element chain. By order-reversing symmetry, the smallest congruence
such that ¢ = d is the same as the smallest congruence such that b = c.
Since ¢ is also meet-irreducible, we get cona(c) = cony(c). Since ¢ < ¢,
the lattice L3 is not congruence normal.

This example complements Reading’s example of forcing of polygons
nicely, see, e.g. [33, Example 9-6.6] and the exercise on congruence normality
of polygonal lattices [33, Exercice 9.55]. The intervals [0, d] and [b, 1] intersect
on more than one cover and removing ¢ from L3 makes it congruence normal.
Unfortunately, such local obstructions may not be used on lattices of regions
of a hyperplane arrangement. The corresponding Hasse diagrams are isomor-
phic to the 1-skeleta of the associated zonotopes, and two polygons as in the
example may not intersect along more than one cover relation for convexity
reasons. As we shall see in Example 2.13, there are non-congruence normal
lattices of regions.

2.4. Congruence Uniformity
A lattice is join-semidistributive if for z,y,z € L,
xVy=zxVzimplieszV(yAz)=zVy.
It is meet-semidistributive if
xAy=2xAzimpliesz A(yVz)=zAy.
A lattice that is both join-semidistributive and meet-semidistributive is called
semidistributive.

Definition 2.9 (Congruence uniformity, [14, Definition 4.1]). Let L be a finite
lattice. If the maps cony and con, are injective, then L is called congruence
uniform.
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FIGURE 2. Five of the six sublattices that obstruct semidis-
tributivity, the sixth is L3 illustrated in Fig. 1

Congruence uniformity describes the lattice of congruences of the involved
lattice through the map con, . If L is a finite congruence uniform lattice, then
the map cony gives a order-preserving bijection between L, and Con(L).
Lemma 2.1 then permits one to study the whole of Con(L). Congruence uni-
formity is a stronger condition than congruence normality in that it should
be obtained from a one-element lattice by a sequence of doublings of intervals
[14, Theorem 5.1].

Theorem 2.10 ([15, Section 2]). A finite lattice is congruence uniform if and
only if it is both congruence normal and semidistributive.

Corollary 2.11. A tight poset of regions Pp(A) is congruence normal if and
only if it is congruence uniform.

Proof. By Lemma 2.6, the poset of regions Pg(A) of a A is a finite lattice,
independent of the choice of base region B. Furthermore, A is tight with
respect to B if and only if Pg(A) is semidistributive [33, Theorem 9-3.8].

Remark 2.12. (1) Since lattices of regions are self-dual, it suffices to verify
the injectivity of cony to determine whether they are congruence uniform.

(2) Semidistributivity can be described using sublattice avoidance [1, Theo-
rem 3-1.4]. The six sublattices obstructing semidistributivity are
illustrated in Figs. 1 and 2. Four out of the six non-semidistributive lat-
tices are not congruence normal (Ls, Ly, Ls, and Ms3) and share the prop-
erty that two polygons share more than 1 cover. Nevertheless, semidis-
tributivity is neither necessary nor sufficient to obtain congruence nor-
mality: L and Lo are congruence normal but not semidistributive and
Example 2.13 gives a poset of regions which is semidistributive but not
congruence normal.

(3) While considering two polygons in a polygonal lattice, and verifying
congruence normality as in Example 2.8, one realizes that M3, L3, Ly,
and Ls should be avoided. For poset of regions, this comes as no surprise
as polygonality, tightness and semidistributivity are equivalent [33, The-
orem 9-3.8 and 9-6.10]. In general, one might be tempted to ask, what is
the relationship between polygonal and semidistributive lattices?

Ezample 2.13. ([30, Figure 5] and [33, Exercise 9.69]) Figure 3 illustrates the
stereographic projection of the simplicial hyperplane arrangement A (10,60)3
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Ficure 3. The simplicial hyperplane arrangement
A(10,60)3 = F(10) whose lattice of regions with the
marked base region is not congruence normal

in R3 with 10 hyperplanes through the intersection of 5 hyperplanes which are
mapped to lines. This arrangement is .4(10, 1) in Griilnbaum’s list [23, p.2-3],
see Sect. 4.
The lattice of regions with respect to the base region marked by a black dot
is semidistributive as the arrangement is simplicial. In Example 2.20, we use
shards to demonstrate that this arrangement is not congruence normal, hence
not uniform by Corollary 2.11. It is the smallest known simplicial hyperplane
arrangement of rank three with that property.

Examples 2.8 and 2.13 illustrate failures to be congruence normal. Ex-
ample 2.13 is particularly interesting in that it does not fail to be congruence
normal because of forbidden sublattices blocking semidistributivity.

2.5. Congruence Normality of Simplicial Hyperplane Arrangements Through
Shards

Reading characterized congruence uniformity of posets of regions via two con-

ditions, the first one is tightness and the second is phrased using pieces of

hyperplanes called shards. When the arrangement is central, these pieces are

polyhedral cones defined through certain subarrangements.

Definition 2.14 (Rank-2 subarrangements and their basic hyperplanes, see [33,
Definition 9-7.1]). Let A be a hyperplane arrangement with base region B,
and let 1 <14 < j < m. The set

Alij={HeA : H>(HnH,)}

is called a rank-2 subarrangement of A. The two facet-defining hyperplanes of
the region of A|; ; that contains B are called the basic hyperplanes of A|; ;.

Definition 2.15 (Shards, see [33, Definition 9-7.2]). Let H; € A and set
pre(H;) :={Hy € A : Hy is basic in A|;; and H; is not basic in A|; }.
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FIGURE 4. The shards of the simplicial hyperplane arrange-
ment A (10,60)3 = F(10) with respect to the dotted region

The intersection of the hyperplanes in pre(H;) with the hyperplane H;
breaks H; into closed regions called shards. We denote shards by capital Greek
letters such as 3,0, and Y. The hyperplane of A that contains a shard ¥ is
denoted by Hy. We write X to indicate that it is contained in H;. Hyperplanes
in pre(H;) are said to cut the hyperplane H;.

Ezample 2.16 (Example 2.13 continued). Figure 4 illustrates the 29 shards
obtained from the base region marked with a dot.

On the one hand, due to the particular choice of projection, it is nec-
essary to distinguish whether two unbounded straight line segments lying on
a common line form 1 or 2 shards. For example, the unbounded line seg-
ments on the line labeled H3 form one shard X, and Hy is basic and, there-
fore, is one shard itself. The unbounded line segments on the line labeled Hg
form 2 distinct shards ¥’ and X”. Similarly, the hyperplanes H; and Hg also
split like Hg. On the other hand, it is possible to solve this by changing the
projection to obtain only circles, though simultaneously losing symmetry.

The following directed graph records the cutting relation among hyper-
planes.

Definition 2.17 (Directed graph #pg(A) [31, Section 3]). Let #p(A) be the
directed graph whose vertices are the hyperplanes of the arrangement A, and
whose oriented edges are such that

H;, — H; if and only if H; € pre(H;).

The following directed graph keeps track of the cutting relation along
with the “geometric proximity” between shards.
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FI1GURE 5. A cycle in the shards of the simplicial hyperplane
arrangement from Example 2.13

Definition 2.18 (Shard digraph, see [31, Section 3][33, Definition 9.7.16]). Let
Shp(A) be the directed graph on the shards of A such that

e Hyi — Hyy; in #Hp(A) and

1 ] . . : )
x'— 27 if and only if e >X'MN Y7 has dimension d — 2.

The following theorem gives a characterization of congruence uniformity
in terms of the directed graph on shards.

Theorem 2.19 ([33, Corollary 9-7.22]). Let A be a hyperplane arrangement
with a base region B. The poset of regions Pp(A) is a congruence uniform
lattice if and only if A is tight with respect to B and Shg(A) is acyclic. In
this case, Shg(A) is isomorphic to the Hasse diagram of Con(Pg(A))y .

By Corollary 2.11, the theorem implies that acyclicity of the directed
graph on shards S$fip(A) characterizes the normality and uniformity of tight
posets of regions Pp(A).

Example 2.20 (Example 2.16 continued). Let 6, 0%, T8 and =° be the shards
illustrated in Fig. 5. The directed graph on shards contains the cycle £6 —
010 — Y8 — =9 — %6, Thus, for this choice of base region, the lattice of
regions is not congruence normal.

3. Congruence Normality Through Restricted Covectors

In this section, we recast shards as certain restricted covectors—which we call
shard covectors—in the point configuration dual to the arrangement A. We
then describe how to detect cycles in SAp(A) using shard covectors. This
reduces the verification of congruence normality for tight posets of regions to
its simplest combinatorial expression, one that does not require the entire poset
nor the usage of polyhedral objects. Furthermore, it is possible to express an
obstruction to congruence normality for tight hyperplane arrangements.

In Sect. 3.1, we introduce restricted covectors and the intersection op-
eration. In Sect. 3.2, we define affine point configurations and their lines. In
Sect. 3.3, we interpret shards as covectors. In Sect. 3.4, we translate the forcing
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relation on shards into the language of covectors. Finally, in Sect. 3.5, we de-
scribe examples of obstructions to congruence normality in terms of restricted
covectors.

3.1. Restricted Covectors and the Intersection Operation

For standard references on covectors and oriented matroids, we refer the reader
to the books [4,16].

Definition 3.1 (Covector and restricted covector). Let P = {p;}icm) be an

ordered set of vectors in R%. A covector on P is a vector of signs (¢i)icim) €
{0, 4+, —}™ defined as

¢ := (sign(c - p; + a))igm);
where ¢ € R? and @ € R. Given a subset U C P and a covector ¢ on P,

the restricted covector c|y with respect to U is equal to ¢ on the entries
{7 : p; € U} and contains a “*” symbol in every other entry.

Intuitively, a restricted covector “forgets” about certain hyperplanes while
keeping them encoded. Similarly, reversing the roles of ¢ and p; above, covec-
tors may be thought of as sign evaluations of a certain vector x with respect
to a set of vectors:

Definition 3.2 (Sign evaluation of a vector). Let P = {p;}ic[m) be an ordered
set of vectors in R? and x € R?. The sign evaluation of x with respect to P is
the covector

cp (%) = (sign(pi - X))c ) -

Inspired by the composition operation on vectors (i.e. affine dependences)
of oriented matroids [4, Chapter 3], we define an intersection operation on
restricted covectors.

Definition 3.3 (Intersection of restricted covectors). The commutative inter-
section operation N from {0,+, —, x} x {0,+, —, *} to {0,+, —, x} is defined
as

+ N+ =+, +N—=-N+:=0, —N—:=—
0Ne=en0:=0, *xMNe=€cNx:=g¢,

where ¢ € {0,4,—,x}. Let ¢,d € {0,+,—,*}™ be two restricted covectors,
then their intersection ¢ N ¢ is the vector of signs (c; N d;)icpm)-

The vector of signs (¢; N ¢;)icpm is not necessarily a covector, though
it nevertheless records the information of the sign evaluation of points in an
intersection. It is possible to interpret this intersection operation using sub-
sets of the real numbers. That is, if one replaces the four symbols 0, +, —, %,
respectively, by the sets {0}, R>0, R<0, R, and consider their intersections, we
get exactly the same results. The associativity of this operation then follows
easily.
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3.2. Affine Point Configurations and Lines

We use duality to pass from a hyperplane arrangement 4 in R? with a base
region B to an acyclic point configuration A}, see [4, Section 1.2] for more
detail. Indeed, the normals {n;};c[m) are oriented so that the linear hyper-
plane orthogonal to vp € int(B) separates them from the base region B,
i.e.vp-n; <0, for all i € [m], making the set {n;};c[m acyclic.

Definition 3.4 (Affine point configuration relative to a base region). Let A be
a hyperplane arrangement in R?, B € R(A), and vp € int(B). Let

Ap:={xeR?: vp -x=—1},

and associate the point p; := fﬁ -n; € Ag C R? to the normal n,. The
ordered set of vectors {p;}ic[m) is the affine point configuration of A relative

to the base region B and is denoted Aj.

Choosing a different normal vector vp € int(B) yields an affine point
configuration which is projectively equivalent to A 5. Hence, up to projective
transformation, this construction does not depend on the choice of vg.

Definition 3.5 (Lines of a point configuration, L (P)). Let P = {pi}icim) be
an ordered set of vectors in R? . A subset of P consisting of all the points that

lie on the affine hull of two distinct points of P is called a line. The set of lines
of P is denoted by L (P).

Lemma 3.6. Let A be a hyperplane arrangement in R? with base region B,
te L(AL), and p; and p; be the two vertices of the segment conv().

(i) The lines in JL(Af)are in bijection with the rank-2 sub-
arrangements of A .

(i) The hyperplanes H; and H; are the basic hyperplanes of the rank-2 sub-
arrangement corresponding to £.

Proof. (i) Let A" :={H,; : i € T}, for some Z C [m]. The subarrangement A’
is a rank-2 subarrangement if and only if

dim(ﬂHi>:d—2 and dim ﬂ H; | <d—2, for every j ¢ T.

i€l 1€TU{j}

Equivalently,

dim (span(n; : ¢ €7Z))=2 and

dim (span({n;} U{n; : ¢ €Z})) > 2, for every j ¢ 7.
By passing to the affine point configuration in the affine space Apg, the above
statement is equivalent to {p; : ¢ € I} € L(A}). Thus, the map sending a

rank-2 subarrangement A’ to the line {p; : ¢ € Z} is a bijection.
(ii) Let B|;; be the region of A|; ; that contains B:

Blij={x€R? : py-x<0, for all p; € ¢},
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by part (i). Let py be the normal of a facet F' of B|; ; and x be contained in
the relative interior of F' so that pj - x = 0. Since p; and p; are the vertices
of conv(¢), we have p = A\yp; + (1 — A\x)p;, for some 0 < A, < 1. Then

0=xpr = Ae(x-Pi) + (1 = \p)(x-Pj).
As p;-x <0 and p;j- x < 0, the above equality implies that p, must
be p; or p;.
3.3. Shards as Restricted Covectors
Let A be a tight hyperplane arrangement with respect to a base region B
and A} be its associated affine point configuration. Every shard ¥ of A has a
corresponding unique join-irreducible region Jy; [33, Proposition 9-7.8]. In the
lattice of regions, Jy is the meet of all regions R such that

Hs, € Sep(R) and RN X has dimension d — 1.

The next lemma shows how pre(Hy) and Sep(Jyx) yield a description of the
shard as the intersection of half-spaces. It is originally stated for simplicial
arrangements, though the same holds true for tight hyperplane arrangements.

Lemma 3.7. (see [31, Lemma 3.7]) A shard ¥ has the following description:

E{XGHE

n; -x >0 if H; € pre(Hx) N Sep(Jx)
n; -x <0 if H; € pre(Hs)\ Sep(Jx)

To interpret shards on a hyperplane H; as covectors, we focus on a certain
subconfiguration containing p;.

Definition 3.8 (Subconfiguration localized at a point). Let p; € A}%. The sub-
configuration A ; of Aj localized at p; contains p; and the vertices of the
convex hulls of lines of A that contain p; in their interior.

Lemma 3.6 (ii) and Definition 2.17 imply the following lemma.

Lemma 3.9. The subconfiguration Af; ; satisfies
Ap; ={pitU{p; : Hj € pre(H;)}.

Definition 3.10 (Shard covectors of a point). Let p;, € Aj. A shard covector
of p; is a restricted covector o = ¢| 75 . with respect to A} ; such that

° g;, =« if and only if p; ¢ A ;, and

e the restriction of o* to the subconfiguration A} ; is a covector with ex-

[19¢l

actly one zero in position “¢

Example 3.11. In Fig. 6, the left image illustrates the affine point configuration
A(6,24)* for the rank-3 braid arrangement with 6 hyperplanes. The right
image illustrates the subconfiguration of A (6,24)* localized at pg, A(6,24)§.
There are two pairs of oppositely signed shard covectors of pg:
06$+ = (+a*a+777750)7 96’+ :(+7*57a+7770)7

0-67_ = (_7*a _7+7+50)7 967_ = (_7*7+7_a+70)'
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P2
[ ]
Ps o e Ps5 Ps o ® Ps5
[ ] [ ]
Ps Ps
Pire e D3 P1 e e P3

FIGURE 6. The point configuration A (6,24)* for the rank-3
braid arrangement and the subconfiguration A (6,24)§ local-
ized at pg

It is possible to obtain these shard covectors by drawing a line through pg
in A(6,24)g, and choosing a positive and a negative side. Rotating the line
about pg in all possible directions, and recording the sign evaluations of the
points in A (6,24) relative to the line exhausts all possibilities.

We now associate a restricted covector to each shard using the sign
evaluation of vectors. Let »* be a shard contained in hyperplane H;, and
let x € int(X"). Using Lemmas 3.7 and 3.9, we get

0 ifj=4i,
Uﬂg)i(x) = “ﬂgyi(x)j =<+ if H; € pre(H;) N Sep(Jx)

— if H; € pre(H;)\ Sep(Jx) jelm] and pyes

Completing this sign evaluation to the configuration A}, we get the restricted
covector

o e [ i — cay,(x); if Hj € pre(H;) U {H;}
R if Hj ¢ pre(Hi) U{H:}) -

This restricted covector is independent of the choice of vector x € int(X?),
thanks to Lemma 3.7, and only depends on the choice of base region B.

Theorem 3.12. Let A be a tight hyperplane arrangement with respect to a base
region B. The map sending a shard X' to the shard covector o* gives a bijection
between the shards of A with base region B and the shard covectors of Af.

Proof. Injectivity. Suppose o' = 0 for two shards ¥? and ©, for some i € [m].
By the definition of o’ and ¢, the shard covectors are obtained from some
points x € int(X*) and y € int(0*) and
sign(n; - x) = sign(n; - y) for every j such that H; € pre(H;)U {H;}.

By Lemma 3.7, an H-description of the shard is given by the sign evaluation
of any of its points in the relative interior with respect to the hyperplanes in
pre(H;). Because Y and ©! are both shards on hyperplane H;, and the sign
evaluation of x and y agree on all normals in pre(H;), ¥ and ©% must be the
same.

Surjectivity. Let ¢ be a shard covector with a unique zero at position
i € [m]. Considered as a sign evaluation, there is an x € R? such that
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H, H,

F3 (—)3 H’; [ ) [ ] [ ]

! T2

FIGURE 7. The shards of the Coxeter arrangement A,, and
their corresponding shard covectors

¢ =cay (x)| Az - The linear hyperplane with normal x separates the normal

vectors in pre(H;) as ¢ dictates. Thus, x is a point in the relative interior of a
shard ¥* of H; such that o* = c.

By Theorem 3.12, there is a unique shard covector associated with every
shard. We, therefore, use lowercase Greek letters o* to denote the unique shard
covector corresponding to a shard 3°.

Example 3.13. Consider the Coxeter arrangement A, with three hyperplanes
Hy, Ho, Hs, and choose a base region B between H; and H, as represented in
Fig. 7. Hyperplanes H; and Ho are basic, giving shards X! and Y2, and hyper-
plane Hj splits into two shards I'® and ©3. The affine point configuration A}
has three points on a line py, p3, p2, and admits exactly four shard covectors.
The table shows the bijection between shards and shard covectors using the
map of Theorem 3.12.

3.4. Forcing Relation on Covectors

In this section, we use Theorem 3.12 and interpret the shard digraph $A 5 (A)
using shard covectors of Aj. In Definition 2.18, the first condition to get an
edge ¥ — Y7 translates to the shard covectors of p; having a + or — at
position “¢”. The second condition requires one to interpret the dimension
of intersection of two shards using shard covectors. To do so, we define line
covectors of two hyperplanes.

Definition 3.14 (Line covector). Let £ € L(A}). A line covector of ¢ is a
covector A on A} such that

/’Li =0 if and only if pg €.

Line covectors record possible sign evaluations of non-zero points in the
intersection of two hyperplanes with respect to A . They come in oppositely
signed pairs which we denote by %% and 4%~ In the case of rank-3 hyperplane
arrangements, these covectors are actually cocircuits of the oriented matroid.
For higher rank hyperplane arrangements, the set of O-indices of a line covector
gives a flat of rank 2 in the underlying matroid.
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Ezample 3.15. (Example 3.11 continued) Let ¢ = {p1, ps, pe}. Since Ap has
dimension 2, the line ¢ has exactly two line covectors. From Fig. 6, we deduce
that the line covectors of £ are

/i€7+ = (07 +a _7+50?0)7
ﬁgv_ = (07 _a+7_50?0)'

Lemma 3.16. Let A5 = {pi}icpm) be an affine point configuration, 1 < i <
Jj < m, £ be the line spanned by p; and p;, and #* be a line covector of €. The
set {x € (H; N H;) : cay(x) =HA"} has dimension d — 2.

Proof. Let x € H; N Hj with czz(x) = £%. For any v € span(n;,n;)* and
€ > 0, the kth entry of ¢ 7z (x + ev) is equal to

iy (x + V) = sign (x - + (v - 1y))
B {0 if k € {i,j},
sign(x-ny +e(v-ng)) itk ¢ {i,j}.
When ¢ is chosen small enough, then
ey (X +ev)y = cag (X)k = hj,.
Thus dim({x € (H; N H;) : ca;(x) = £"}) = dim(span(n;,n;)*) = d — 2.

Ezample 3.17. (Example 3.11 continued) Figure 8 shows a stereographic pro-
jection of A (6,24) broken into shards. The shards ©%* and ©! = H; are
thickened and one sees that H; cuts Hg. The shards X! and 051 intersect at
a point so there is an oriented edge ©' — @5 in the shard digraph.

This fact translates to a property of the corresponding shards covec-
tors ol = (0,%,%,x,x,%) and 0% = (4, %, —, +,—,0). Indeed, consider the
line £ = {p1,ps,ps} and the line covector AT = (0,+, —,+,0,0). Then
Rt N5+t Nol = (0,4, —,+,0,0). For comparison, 4>~ = (0, —,+, —,0,0),
and A~ N O+t Nol = (0,-,0,0,0,0) # A%, Figure 9 illustrates the affine
point configuration A (6,24)* along with the three oriented lines describing
the involved covectors.

It is possible to interpret the fact that the two shards intersect at a
point as follows. Apply a clockwise rotation to the line labeled %% about the
point pg until it collides with the line corresponding to A%*. During the rota-
tion, the line did not cross any points in Aj ¢. Similarly, applying the same
with the line labeled ¢! about p; does not cross any points in Apq=2.

The theorem below shows that the above equality is exactly the necessary
and sufficient condition for the two involved shards to have an intersection of
dimension d — 2.

Theorem 3.18. Let Aj = {Pi}icim) be an affine point configuration, 1 < i <
J < m, and let £ be the line spanned by p; and p;j. Furthermore, let ¥ C H;
and ©J C Hj be two shards. The intersection YN ©J has dimension d — 2 if
and only if there exists a line covector h* such that i* No® N 67 = KL,
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FIGURE 8. The shards of the arrangement 4 (6,24) shown
via stereographic projection

FIGURE 9. The point configuration A(6,24)* and hyper-
planes describing the covectors o', #%%, and A%, where

= {plvpfn P6}

Proof. Assume dim(XN©7) = d—2. Hence, there exists x € 3*NO7 such that
the sign evaluation ¢ 7 (x)x equals zero if and only if py € £. Therefore, ¢ 75 (x)
is a line covector of £. If x is in the boundary of %%, then for z € int(X?), px €
A 4, either sign(x - px) = sign(z - px) or sign(x - px) = 0. As ¢ (x) equals
zero if and only if py, € £, o, = ca5(x)y for all k such that py € (Af,;\0).
Likewise, Hi = ¢z (x)x, for all k such that py € (A3 ;\¢). Thus,
cay (x)No' NO = cqy(x).
Assume now that there exists a line covector A¢ such that A¢ N o? N §7 = K.

Let S = {x € (H; N Hj) : cay(x) = A’} By Lemma 3.16, dim(S) = d—2. Let
x € 5,y € int(¥?), and z € int(07). As A No® = #Y, sign(x-px) = sign(y - px)
for all py € ﬂgyi\ﬁ. For pr € ¢, we have x - p = 0. For 0 < A < 1, let
my = (1 — Ay + Ax. Then czz (my)r = sign(y - px) for all k such that

k3



20 M. Cuntz et al.

pr € A, and A € [0,1). This shows that my € X' for all A € [0,1), and
thus x is contained in 3% A similar argument with z shows that x is in ©7.

Corollary 3.19. There is a directed arrow ¥ — 07 in Shp(A) if and only if
0! € {—,+} and there exists a line covector h® such that i* N o* N @I = L.

3.5. Examples of Obstruction to Congruence Normality
Ezample 3.20 (Example 2.13 continued). The normal vectors {n; };c[1q] for this

configuration can be chosen as follows. Let 7 = 1+T\/§ and ny = (0,1,0),ny =
(1,0,0),n3 = (1,1,0),ny = (1,1,1),n5 = (7 + 1,7,7),ng = (7 + 1,7 +
1,1),n; = (r+ 1,74+ 1,7),ng = (27,27,7),n9 = (27 + 1,27,7), 119 = (27 +
2,2741,7+1). Let B be the base region containing the vector v = (-1, -1, —2).
Figure 10 illustrates A (10,60)3 p along with four lines describing the shard
covectors
6 = (%, —, +, %, 0, %, %, —, %), 08 = (=, %, —, +, %, %, %, 0, %, +),
v = (%, —, —, %, +, %, %, +,0, %), E10 = (x, —, %, +, +, —, +, *, —,0).

Let {1 = {p2,Ps;Po},f2 = {P1,P6;Po},¥3 = {P5,P6, P10}, and £y =

{P1,Ps, P10} and consider the four line covectors

ﬁh = (_70,_a+7+7_a+7030a+)3 ﬁZQ = (07 _7_7+a+707+7+70,+)7
ﬁes = (+7 7a 77+7O707+7+7 770)7 ﬁZ4 = (Oa ) 77+a +7 77+707 7a0)

As v? has a “4-7 in position 8, Hg cuts Hy. Furthermore, one computes that
AN e8 No® = A%, By Corollary 3.19, there is a directed arrow 02 — Y9 in
Shp(A). Similar computations reveal that 68 — v° — 65 — ¢10 — 68 is a
cycle in 8fig(A). Thus, the poset of regions of A(10,60)s with respect to the
base region B is not congruence normal.

Ezample 3.21. Removing the hyperplane Hy from the arrangement A (10, 60)3
and taking the base region that contains the vector v = (—1,—1,2), one ob-
tains a non-simplicial, tight (hence, semidistributive) poset of regions with 52
regions that is not congruence normal as the cycle §% — v°
still occurs in the shard digraph. Figure 11 illustrates the resulting affine point
configuration. Is there a tight poset of regions which is not congruence normal
with at most 8 hyperplanes?

*)06%5104)98

Ezample 3.22. Tt is possible to have cycles in # (A ) while S 5(A) is acyclic,
settling the question raised in [30, p. 203]. Figure 12 shows the affine point
configuration of arrangement A (14,116) with respect to the base region that
contains the vector =~ (0.38,2.85, —7.85). There is a cycle Hy — Hy — H; —
Hy in #p(A). However, this cycle does not lead to any cycle among shards
included in these three hyperplanes as SAp(A) was computed to be acyclic
in this case. This can be seen geometrically as follows. Apply a rotation to
the line spanned by the points 1 and 2 about the point 4 until it collides with
the line spanned by the points 4 and 14. During the rotation (be it clockwise
or counterclockwise) the line crossed points in A 4. This means that a shard
on hyperplane 4 intersecting with a shard on hyperplane 1 along a face of
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® P4

FIGURE 10. The point configuration A (10,60); 5

e P1
P3 e
Ps | Ps
3 P
e P7
p.g ® P1o
P2 e ® Ps

FIGURE 11. An affine point configuration leading to a tight,
non-congruence normal hyperplane arrangement

dimension d — 2 can not have an intersection with a shard on hyperplane 7
that has dimension d — 2.

4. Congruence Normality of Simplicial Hyperplane
Arrangements

As the number of regions of a rank-three hyperplane arrangement grows quadrat-
ically with the number of hyperplanes, its poset of regions becomes costly
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FiGURE 12. The point configuration of arrangement
A(14,116) with respect to the base region containing =~
(0.38,2.85, —7.85)

to construct in practice when the number of hyperplanes gets large. Conse-
quently, checking if a given poset of regions is obtainable through doublings
of convex sets becomes impracticable. If one uses shards as geometric objects
to determine congruence normality, then one needs to determine polyhedral
cones contained in each hyperplane and the dimensions of intersection for pairs
of shards. In contrast, the combinatorial methods developed in Sect. 3 make
the determination of congruence normality for posets of regions of rank-3 hy-
perplane arrangements tractable and could be extended to higher dimensions
given a method for determining the covectors of the oriented matroid. Addi-
tionally, the oriented matroid approach makes it possible and natural to check
congruence normality for non-realizable oriented matroids.

One of the motivations for studying congruence normality is to better un-
derstand simplicial hyperplane arrangements. In rank 3, the number of simpli-
cial hyperplane arrangements is unknown [9,23]. So far, three infinite families
and 95 sporadic arrangements have been found. It is conjectured that there are
only finitely many sporadic arrangements. The largest sporadic arrangement
found so far has 37 hyperplanes. In this section, we apply our reformulation of
shards as shard covectors to classify which of the known simplicial hyperplane
arrangements of rank 3 are congruence normal. This verification was carried
out using Sage [34]. The computations took around 18 hours on 8 Intel Cores
(i7-7700 @3.60 Hz). The verification for each poset of regions was computed
independently, for example, the cocircuits were recomputed for each reorienta-
tion of the set of normals, but the computations of intersections on covectors
were cached. The computation could be further improved by applying the
reorientation on cocircuits directly to avoid recomputing them.

Our results are summarized in Table 1. We use the following notation:
A(m,r); denotes the ith hyperplane arrangement with m hyperplanes and r
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regions. The hyperplane arrangement in the ith infinite family with m hyper-
planes is denoted F;(m), see Sect. 4.3. We refer to congruence normality using
the acronym CN and NCN for non-congruence normality. The normals of the
119 arrangements from the known sporadic arrangements and two of the infi-
nite families are listed in Appendix A and the corresponding wiring diagrams
are listed in Appendix B. The list includes the sporadic arrangements and the
arrangements from the infinite families with at most 37 hyperplanes.

Table 1 provides material to check the veracity of [27, Conjecture 145],
which postulates the existence of certain polytopes for tight congruence nor-
mal arrangements. Section 4.1 looks at the arrangements that are always CN,
Sect. 4.2 at the arrangements that are sometimes CN, and Sect. 4.4 at the
arrangements that are never CN. In Sect. 4.5, we finish by discussing these
results and compiling-related questions.

4.1. Always CN Simplicial Arrangements

Fifty-five of the of 119 arrangements are congruence normal, that is, for any
choice of base region, the poset of regions is congruence normal, see Table 2.

Fifty-three of these arrangements come from finite Weyl groupoids of
rank 3 [10]. Finite Weyl groupoids correspond to (generalized) crystallographic
root systems. In the present context, affine point configurations A% play the
role of these root systems. A root system is crystallographic if there exists
a choice of normals {n;};c[n) for the hyperplanes such that for any base re-
gion, all normals are integral linear combinations of normals to the basic hy-
perplanes [6, Section 1]. Given a base region B, denote the set of rays of
span™ (Af) by A and call the elements of A, the positive roots. A positive
root p; € A% is constructible if

n; €A or n; =n,+ng,
where «, 8 € Af. We call Aj additive if every positive root in A% is con-
structible. If A} is additive, then it is possible to define the root poset (A%, <)
by

pingw:)nj—niENA.
The following is a fundamental result about finite Weyl groupoids.

Theorem 4.1 ([6, Corollary 5.6]. and [10, Theorem 2.10]) A simplicial
arrangement A corresponds to a finite Weyl groupoid if and only if Af is
additive for every choice of base region B.

Theorem 4.1 leads directly to the following theorem, which provides a new
proof that finite Coxeter arrangements are congruence normal [5, Theorem 6].

Theorem 4.2. Let A be the hyperplane arrangement of a finite Weyl
groupoid W. For any choice of base region B, the lattice of regions Pg(A)
is congruence normal.

Proof. Via the contrapositive statement, having a cycle in the graph #p(A) is
a necessary condition for Pg(A) not to be congruence normal. By Corollary 2.5
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TABLE 2. List of congruence normal rank-3 simplicial arrangements
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in [10], such a cycle between hyperplanes yields a cycle in the order defining the
root poset of Aj;. Hence, when Pg(A) is not congruence normal, the positive
roots A5 do not lead to a root poset. Thus, A5 cannot be additive.

Remark 4.5. There are arrangements such that A is additive, but there is no
relation between p; and p; in the root poset for two positive
roots p; and p; with H; € pre(H;). The additional assumptions that the
arrangement is simplicial and A% is additive with respect to every base region
ensure the relation exists.

There are two additional CN arrangements that do not stem from fi-
nite Weyl groupoids. Arrangement A (15,120) is the Coxeter arrangement for
the Coxeter group Hs and arrangement A(31,480) is its point-line dual. As
discussed in [13], there is a root poset for Hj supporting the fact that its ar-
rangement is always congruence normal. The dual arrangement A (31, 480) is
also always congruence normal, as we verified directly. Is there a proof of con-
gruence normality for A (31,480) using duality with H3? Example 3.22 shows
that having a root poset structure on Aj is not necessary for Pg(A) to be
congruence normal.

4.2. Simplicial Arrangements That Are Sometimes Congruence Normal

Sixty-one of the 119 arrangements are congruence normal for some base re-
gions and not congruence normal for others, see Table 3. Among them is the
arrangement A (10,60)3 which appeared in Example 2.13.

Reading proved that the poset of regions of a supersolvable hyperplane
arrangements is congruence normal with respect to a canonical base region [30,
Theorem 1]. In rank 3, the infinite families are exactly the irreducible super-
solvable ones [12, Theorem 1.2]. However, we show below that F»(m) with
m > 10 and F5(m) with m > 17 always have a base region for which the
associated lattice of regions is not congruence normal. For F5(m) with m <8
and F3(m) with m < 13, the posets of regions are always congruence normal,
see Sect. 4.1.

4.3. Congruence Normality for the Infinite Families

There are three infinite families of rank-3 simplicial hyperplane arrangements
[22]. The first family, F1(m) with m > 3 is the family of near-pencils in the
projective plane with m hyperplanes. The second family, F(m), for even m > 6
consists of the hyperplanes defined by the edges of the regular %-gon and each
of its % lines of symmetry. The third family, F3(m), for m = 4k + 1, k > 2,
is obtained from F(m — 1) by adding the line at infinity. Examples of these

families are illustrated in Fig. 13.
Theorem 4.4. The near-pencil arrangements of F1(m) are congruence normal.

Proof. There is exactly one rank-2 subarrangement with at least three hy-
perplanes. Thus, for any choice of base region, the length of any path in the
directed graph on shards is at most one, so there are no cycles.

Theorem 4.5. The second family F2(m) is sometimes congruence normal for
m > 10.
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VoK

A(10,60)3 F3(9) = A(9,48)

FIGURE 13. Arrangements from the three infinite families
of simplicial arrangements of rank 3 drawn in the projective
plane

~ A 2/61_
/ = 4
\
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FiGure 14. The simplicial hyperplane arrangement
A(12,84)3 from F whose lattice of regions with the
marked base region is not congruence normal

Proof. In rank 3, the infinite families are exactly the irreducible supersolvable
ones, thus there exists a canonical choice of base region such that the poset
of regions is congruence normal [12, Theorem 1.2]. On the other hand, with
respect to a certain choice of base region, there is a guaranteed four cycle in
the shards as demonstrated in Fig. 14. The figure shows the arrangement on
two projective planes and how some of the hyperplanes intersect at infinity. To
represent the central, three-dimensional hyperplane arrangement, we intersect
it with the unit sphere at the origin, and use two centrally symmetric planar
charts, giving the left and the right sides of the image, which are glued together
in the middle by the hyperplane (a dotted line in this case) at infinity. Let the
base region be bounded by e;, e, and ro. At point 1, the hyperplane ej is cut
by r5. At point 2, the hyperplane rg is cut by e5. At point 3, the hyperplane
ey is cut by rg. At point 4, the hyperplane rj is cut by e4. Thus, there is a
cycle in the shard digraph. Adapting this procedure when m > 14 similarly
provides a 4-cycle for every member of F5(m).

Theorem 4.6. The third family F3(m) is sometimes congruence normal for
m > 17.
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Ficure 15. The simplicial hyperplane arrangement
A(17,160)4 from F3 whose lattice of regions with the
marked base region is not congruence normal

TABLE 4. Simplicial arrangements that are never congruence
normal

Never congruence normal

(22,288) (25,360) (35, 680)

Proof. The proof is similar to that of Theorem 4.5. For m > 17, a four-cycle
among shards still occurs, and its location relative to the base region is illus-
trated in Fig. 15 for m = 17. The line at infinity is included in these arrange-
ments, and one of the intersection points in the cycle occurs in a rank-2 subar-
rangement that includes the hyperplane at infinity. Relative to the plane graph,
the cycle involves the same description as a embedded cycle for the family Fs.

4.4. Never CN Simplicial Arrangements

Three of the known simplicial arrangements of rank 3 are never congruence
normal, see Table 4. That is, there is no choice of base region such that the
lattice of regions is congruence normal. The first arrangement is an arrange-
ment with 22 hyperplanes with normals related to v/5, see Fig. 16. The second
arrangement has 25 hyperplanes with normals related to v/5 and is shown in
Fig. 17. The third arrangement is the new sporadic arrangement found in [9].
It is the only known arrangement with 35 hyperplanes and is illustrated in
Fig. 18. We are not aware of any geometric explanation for the provenance of
these arrangements and why they are never congruence normal.

4.5. Observations and Consequences

We make a few remarks on the verification and its implications. The number of
shards do not depend on the choice of base region: indeed, [27, Lemma 146] says
that in a simplicial arrangement, the number of shards is the number of rays
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FIGURE 16. The point configuration A(22,288)*. Three
points are not shown and can be obtained by continuing the
line segments

FI1GURE 17. The point configuration (25,360)*. Three
points are not shown and can be obtained by continuing the
line segments
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Ficure 18. The point configuration A (35,680)*. Three
points are not shown and can be obtained by continuing the
line segments

in the arrangement minus the dimension. So, computing the number of shards
leads to the number of facets of the corresponding simple zonotope. For rank-3
simplicial arrangements, the number of shards is one less than half the number
of regions. For example, the arrangements 4 (30,480) and 4 (31,480) have
different numbers of hyperplanes but the same number of shards and regions.
Finally, we end with questions that arose from this investigation.

Question 1
Question 2
Question 3

Question 4

Question 5

Question 6

What is the relationship between polygonal and semidistributive
lattices?

Is there a hyperplane arrangement with at most 8 hyperplanes that
yields a tight poset of regions which is not congruence normal?

Is there a proof of congruence normality for A (31, 480) using duality
Is there a geometric explanation for the provenance of the three
arrangements that are never congruence normal? Are the posets of
regions all isomorphic?

Reading used “signed subsets” to describe when an edge occurs
between two shards in type A and B [31]. Can shard covectors
be used in conjunction with positive roots to describe forcing on
shards?

Apart from being dual to 2-neighborly, what can be said about the
combinatorial types of the regions in a tight hyperplane arrange-
ment?

5. Invariants of Rank-3 Simplicial Hyperplane Arrangements

Table 5 gives a list of invariants for the simplicial hyperplane arrangements of rank 3
with at most 37 hyperplanes (excluding the reducible near-pencil arrangements).
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TABLE 5. continued

Domain

AGM EXP

AG

r-vector

t-vector

f-vector

Name

Sy O 00O OO 00 OO S O O O O S O Oy O O O
I A A Ny N [ N N N N o0 o0 o0 o6 B B
— = o — o - - — = o - -

— —

o™ o
e D D~ —~
‘—‘1—1O'\C\]’\F'C\fl—i\m'\c\]'\mo?‘mhc\fmhﬁ.\c\lmhl—(v—i\ N“|—(ﬂ|—1"
S— N S N N N S~—" S N N S~— S N N

— —~ e~~~ —
A~~~ ~ D~ — = — O —~ ~ <t~
A e A P i e S M Bl O P R S N A I
NN AN TSN RN N T HF
— oo N 00— D 00 00 — o~ D0 <t 0D DN

—~ —
—~~ — o O —~—~ —~ —~

— b~ (o] — N~ - — N ™

SN I o A e SIS A~ S

(s ~O 0~ -~ N e e N =) e} DD~ o~ o~
~—~ o~ <f -~ ™ 00 »@@Gb@v—([\\—i/\ ~ O ~N D M
ST R ) nOD ~ N o -~ P
C’JC"JOPC\](D-\ @?ﬁ »OOOOOOO’DOOO -~ O -~ D
- S ™ - -~ NS
@@ﬂﬁﬂﬂ%NMHHOOOOQO@@HMQOCDCOCOM
< v e T v N R A A A A A A
OOOOOOOOOOOOOOOOOOOOOOO
S N N e e N S N e e e e S e S S~— S—

—~ —
—~ —~ — — —~
— — — - ~—

N N~ e~ e~~~ O N NN o~ o~ N

—~ N 4O FO NN FTOO _~ON H1O ~H — © O
M —~~ e e e e e e e e e e O N NS
OnCﬁ@@@v‘O@M@OON?ﬁHHNNm@mOMMM
LN SN M T ANOCONNATOINNS E O 8D
N~ A 0~ A « «c—A N ANN - O ~—d -
N~ PN~ I N 1> N S o ~ D .~ o~
A~ O <F 1O L0 F AN O O 0N O O ™M <H oS _~00 0 o
DA A A 00 A A O
S N N S N e N e N e N e e S e e e e e e S N
e e e e e L e D e e e e L Ve e e e e e
~~O AN AN NN NFOOODODOAN FHFHOODOD O OO
@@l\n[\'\[\‘\l\h[\nl\nl\no()ﬁd?\w'\OO'\OO'\OO“d?\thb'\CDFCh“C?\@h@F
©n©nLOOOOOOOOOOO—iOOOOOCO@CDLOLOKDLOLOLO
DO OO OO OO A A AN ANANANANANNNMMMmMOMOM
S e R o o R B T R R M R R M R R i R s s R N
< F O~ I~~~ 0~ A== " ANMNMMOOO O OO
N MO M MN N O MM N IS

(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(

—~ ~ e~~~ ~ e~~~ NN N N~~~
O M AN M~ O ~ON <f M~ 10  ~D~ 00 b~ — & <H o
Lom P e e BT BT B A S S S S ﬁlih"oo"oo"cxfoo“oo“oo"
@F‘v—iﬂﬂv—(@v—iﬂﬁv—(v—(l\v—iﬂﬂv—(ﬁv—iﬂ
T<<§<§<§<§T<<§<§<§<<<<<§<§‘§‘§<§<§<§T
IH I II‘II I H‘II | B | A

RENERERRESEREREENENSNRS

33



O
ﬁH@

M. Cuntz et al.

CONNNNNCONNN

e = = =N i = i i i~ = = = =

I~~~ OO OO
i

(1'¢‘21°0€ ‘72)
)

ANH 08T ‘Lz
(1°,0°6¢°TT)
(;£‘6‘cz La)
(€eT ‘ce ‘72)

(1‘2°¢1 07 ‘cq)

A@ cT 0T ‘08)
140G ‘0F ‘eT)
0" s

(¢'76‘02°9
1°.07°9°8C ‘2
(9‘0T ‘ST ‘¢E
(1 150 ‘¥ ‘01
(1‘c‘L 0z €T

Aﬁ 0%‘9%C ‘12

¢)
92)
)
)
)
)
)
1,0 Nw ‘9z ‘02)
(1°0°,¢1 Ta)

AN@ 81 ‘12)

19°9°,02)

T9°9°,02)

T7°9°,02)
( N@ T1°72)
(70981 12)
(1'2‘9‘ce @HW

(
(
(
1

(1°0°21 ‘9T ‘8T

(8e1°202°0L)
(ZET'Y6T°L9)
(ZET'S6T°L9)
(ZET'I61°L9)
(92T'68T79)
(F2T'981°€9)
(0ZT'08T‘19)
(0ZT'08T‘19)
(0ZT'08T‘19)
(0ZT'08T‘19)
(0ZT'08T‘19)
(0TT'¢9T‘9%)
(0TT'¢91'9%)
(0TT'¢9T°9¢)
(0TT'¢9T°9¢)
(80T°291'CC)
(20T'eq1'29)
(00T‘0GT‘TS)
(00T‘0GT‘TC)
(00T'0GT‘TS)
(00T‘0GT‘TS)
(9677 1°67)
(96TF1°67)
(26'8€T'LY)
(26'8€T L)

Za
=
Il

—

NN A
I Il
- N ™

v\”

—~
N~~~ <f = N~
~ O I~

N, T H N0 M
P e e Rl e B e B B e e

~in

TITITISISIS
Il

X
z
<
I

™~

R = = = = = =

SIS
Il

NN N N N N S
© 00— ™M F 10 O

urewo(J

dXHd

10700A-]

10300A-f

34

ponuruos ¢ A4I4dv],



35

Congruence Normality of Simplicial Hyperplane

@ [vrer ‘1] (L%8)  (21°99) (F1,05L50) (1° Ho 16'%1)  (012'G1€°901) V'8e)y
Z [¥1e1 1] (1°9) (¥'er) (29£°0°9°0°1°;,0) (e‘T'9%1" T ¥)  (018'e1E'90T) 0TV ‘'82) ¥
7 [vrier ‘1] (1) (%) (For1'e T w010) (e‘1'9ar Nm ¥)  (01E'¢1E'90T) 0T ‘83) ¥
Z [¥1eT °T] (1'T) (1'2) (9T T T 0T50) (QIT9OTIFr1F)  (018°¢TE90T) 0TV ‘8T) ¥

2] I (¢'8) (¢'s) :1%n 0) (191°9°,07)  (002°00£°TOT) 00¥ ‘L2) 1
7 ler‘er ‘1] (1) (%) (e8F%‘C'T¥¢'0T,0) (;z'9ot'ov'6e)  (961°762°66) c6e L)Y
Z ler‘er‘r] (1) (@) (€°9°¢ez'9°0‘T «e Amm 9‘0t'ov‘68)  (961°76C66) T6E L)V
Z ler‘er ‘1] (c%) (¢'8)  (FL0T¥wcoT0) (T'0'e'96er8e)  (961'%6z'66) c6e LTy

O I (¢‘02) (¥‘0z) (0T‘G‘TT50) (Tr'ot‘ov‘ee)  (061°¢82'96) 08€‘92) ¥

ey ler‘err]  (L9gr) (v'zs) (E1°,0°€T40) (1 @o gLe1)  (281°'€LE'T6) 79€°92) 1
7 le1er ‘1] (12) (@) (78T L070) (1'e'9‘6°0e°Le)  (81'€LT'T6) 79€‘92) ¥
7 ler‘err] (1) (c¥) (TF7LG 7,150 (10‘evor'6e'ce)  (G81°€LT'T6) 79¢92) v

Ho) [ (eozr)  (ce'0T1) (0T°0°ST 40) (9ctov‘oe)  (081°0LT16) 09€ ‘62) 1

o ler‘tr'r]  (8¥'8p)  (8¥'8P) (F'0°ST‘0°¢ ‘40) (€c0°9‘2¢%c)  (891'cgT'a8) (8 9ge‘er) v

iy [er‘trt]  (8e'8y)  (9€'8P) (€10 2T “40) (1 ho 9'09'81)  (891'csz'es) (I 98¢ ‘CT) ¥
7z [er‘trr]  (er've)  (S¥'sp) (2T09‘'0°¢‘0'%;0) (9'0‘cT'8c 9¢)  (891°9E'98) (T 9 ‘ce) 1
7 lerar‘r] (19) (v'er) (:90'9°0°1;0) (F9'6‘0e‘9e)  (891'c¢z'e8) (9 9¢e‘eT) v
Z lerar‘r] (v'e1)  (P1%2) (@T0°€0°6°0°1°;,0) (v'9'6‘0e'9e)  (891'csz'e8) (¥ 9¢e‘eT) v
zZ ler‘ar ‘1] (cv) (¢‘8) (1T'0‘c7‘0‘c,0)  (T'0‘e‘zer've‘ee)  (891°zqT'e8) (L 9¢¢ ‘cT)

s ler'e‘r]  (ev'ee)  (6e'¢e) (0z'0‘¢'50)  (1°0 w ‘8‘0‘ze‘og)  (09t‘ove'18) (g 0z€‘et) v

O 0 (rr'or)  (11'91) F0VT T2 40) (12°.07'7s0c)  (09T°072'18) (¥ 02 ¥2)
(0} I (12) (c'%) (F291°9°0°T%,0) (e‘c'6'ce‘1e)  (8er'28T08) (€ 91EF2)

iy lerrrir] (se'sy) (9g'8w) (214.0°29c0) (1°50°99c1)  (9s1%ec'6L) (1 ATV

80 [ (ev'ee)  (6eC8) (02,07 c0) (1 No zr'o Ct ¢)  (eer'see’ll)  (z v0€‘¥e) ¥

O 0 (ror)  (rr'on) (00T ‘8T 40) (z‘1°0C 99 @ ) (esr'seeiLL) (¢ om mgw
0 I (1'2) (¢'v) (€9°L2'9'0°T°,0) (cvor‘geLe)  (svr'zee'er) (1 €y

go) [ (s¥'sp)  (8¥'8h) (70°9‘c1°,0) (°,0°8¢T1)  (¥p1'91C'CL) (8 ¥

urewo( dXH WOV ny JI0909A-.L I10)00A-] 10300A-f auwIR N

ponuIuod ‘G AIAV],



M. Cuntz et al.

36

a (61 LT T (L1'8v)  (9¢g'8p) ¥z M,o er’ 010 0) (15072 ‘2T ‘zzL)  (09€0¥S‘T8T) (2 Le)V = (0T L)Y
6 [er‘21T] (9g'90T)  (LT'CL) (61° <0'6'0°6' 0) (¢ £10'6 77T ‘22)  (09gope'18T)  (1°28)V = 2(0gL LE) Y
Z [61°L1°1] (cr've)  (8¥'8F) (GT0GT0F09°0°€40)  (£°0°0T°0%2 ‘5aL)  (09€°07¢ 181) (£°L8)V" = *(0aL L8
6 [st2r't] (9z'80T)  (LT'CL) (81° % N@ 0) (1°5:0°es1°81) (gbe'ercalr)  (1°98)y = (¥89°98) 1
5Y I ('0c) (#‘0z) (01°0°sz 28 (tz‘gzegior) (oveore'tL)  (1'9e)y = (089 °¢e)y
I [z191 ‘1] (0s‘CLT) (¥'99) (L1 o0 ‘21°50) (1,0°9eT°21)  (90€°657FST)  (1°FE)V = 2(319‘FE) ¥
Z L1091 ‘1] (19) (¥'er) (9°6°0°9°0F70°%6°50) (€°07°9'81°€9°09)  (90g'6STVeT) (T FE)V = W19 Ve ¥
gy [Lrier ‘1] (e16'821)  (981°%9) (LT450°9T“50) (1°,;0821T %) (88z'zer'ar)  (T'ee)y = (928°¢e)
ey [or‘er‘t] (e16'821)  (981°79) (o1° mo Nw 0) (1‘5:0°021°91) (zLa‘80¥'Le1)  (1°2e)V = (3PS T8k
Z [Lr'e1 1] (r'er)  (v1'72) (8T°0°€‘0°9'0'€0T,0) (€'0°1°9'Te‘Tvve) (eea'sLe’lel) (€T8)Y = ¢(¥0S‘18) Y
7 [L1€1°1] (r'er)  (v1've) (CT°0°9°0°6°0'T';0) (€°0°T1°9'Te‘er 7e) (ege'sLe’Lel) (¢ 1€)y = '(30S ‘1€) 1
s [er‘rrr]  (veozr) (ge'oet) (€2‘0°950) (er'o‘o‘or‘09) (0¥z‘09e‘1e1)  (1°1€)V" = (0SV‘TE) L
i [ervrr]  (9goeT)  (2T°09) SH mc ¢T*,0) (1¢3:0°c01°¢T)  (0FE‘09¢18T)  (1°08)V" = (087 °08) ¥
7 [91‘e1 1] (1) (@r)  (e1Fc1TceoT50) (TL19L1 9% 6F) (8eziree'oeT)  (£0)V = (9LF‘08) v
g, [ (g02) (¥*0z) (0z ¢ % 0) (ot‘tr'0‘07‘cq) (ogz'cre'or1) (2 0€)y = (097 ‘0€) ¥
L lerer 1] (Lv8)  (e1'99) (er” 0 2L0°L90) (1°40°L9812) (FaT'oce'e1T) (T°62)V = *(8¥F ‘62) 1
7 [¢1e1 1] (12) (@) 69 & ‘€Tr0oT0) (1T T9OVIYRer)  (vegoee'err)  (S6e)V = (871 ‘60) 1
Z ler‘er ‘1] (1°2) (@v) (;8°T Nm FTe0150) (T2T9OFIFrer)  (vog'oee'ell) (¥'60)Y = (8% ‘60) 1
Z ler‘er 1] (@7) (g'g) (OTr‘o'er'eo1,0) (g'o'g'oer’orvy) (veg'oge'eln) (€°68)y = (817 ‘60)k
<O I ('8) (¢'8) (91°8°6,0) (v T ov‘og) (ozz'oge‘11T)  (2'62)V = (0VF‘62) 1
O [¥1er ‘1] (19) (v'er) (€1°6°9°50) (geT‘cor‘sp) (oT1E'sTE'90T) (£°82)V" = °(0Th ‘Sg) ¥
O [F1e1 ‘1] (19) (¥'er) (€169 we (geT‘cor‘er) (01E'sTE901) (T‘82)V" = %(0TF ‘Sa) L
Urewo([ dXH WOV oy JI0909A-. I0909A-]) 109004~/ QUIRN]

penuruod ‘¢ A1dv],



Congruence Normality of Simplicial Hyperplane 37

The f-vector consists of the numbers of 0-, 1-, and 2-cells in the corresponding
CW-complex, i.e. f3 is the number of chambers. The ¢t-vector contains the numbers ¢;
of wvertices which lie on exactly ¢ lines; the r-vector contains the
numbers 7; of lines on which exactly ¢ vertices lie. The automorphism groups of
the CW-complexes are listed in the column AG, the automorphism groups of the
matroids are listed in the column AGM; a pair (a, b) represents the bth group of or-
der a in the database of small groups (as included for example in the system GAP [20]).
In the column EXP, we list the roots of the characteristic polynomials of the arrange-
ments when they are all integers. The column “domain” contains the minimal field
of definition for a realization of the matroid of the arrangement in characteristic zero
(as computed in [7]): Z stands for a crystallographic arrangement (which defines a
Weyl groupoid). The other domains are

Qi = Q(C+ Cil), ¢ an ith root of unity,
K = Q[X]/(X® - X +1),
K> = Q[X]/(X* —3X° +3X° —3X +1).
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Appendix A: Tables of Normals

Tables 6, 7, 8, 9, 10, 11, 12, 13, and 14 give the normals for the simplicial hyper-
plane arrangements of rank 3 with at most 37 hyperplanes, excluding the reducible
near-pencil arrangements. We use the notation A (m,r); to indicate the ith hyper-
plane arrangement with m hyperplanes and r regions. We use the following algebraic
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TABLE 6. The normals of all known simplicial hyperplane arrangements of rank 3 with 6 to 14 hyperplanes
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numbers:
7= (1+5)/2
p = real root of 2 — 3z — 25 at ~ 3.26463299874008
v = real root of z* — 3z +32° — 3z 41 at ~ 0.4643126132
{ri=C+¢ " ¢ Caprimitives throot of unity ,4 € [18]}.

The normals for the crystallographic arrangements and their orderings are chosen in
a canonical way: we chose the root system of the chamber which is lexicographically
the smallest one including those with permuted coordinates. The normals for each
arrangement are also ordered lexicographically. This is why we need permutations
in the list of wiring diagrams in Appendix B. Although most of these simplicial
arrangements are presented in Griilnbaum’s catalogue [23], it requires some work to
extract the normals from his pictures. One can for example obtain a realization using
the matroid structure as performed in [7]. The reader interested to use the normals
is invited to use the I¥TEX source to extract the data. Alternatively, one may use the
Sage-package CN-HyperArr [18].

Appendix B: Wiring Diagrams

In this section, we reproduce wiring diagrams that correspond to the oriented ma-
troids defined by the irreducible simplicial arrangements of rank 3. A wiring diagram
consists of a sequence of moves between wires in such a way that each pair of wires
meets exactly once in some move (see, for example, [4] for details). Figure 19 shows
an example: the wires in this picture correspond to the lines of the arrangement
A(31,480) = A(31,1). The moves are the intersection points. To encode the infor-
mation of the moves it suffices to list for each intersection point the first and last
label of the bundle of wires which meet. Thus, in this example, the moves begin
with (11,12), (3,4), (21,22), (12,16), (16,18) and so on. The tables in the appendix
contain such a description for each known irreducible simplicial arrangement with
up to 37 lines (Table 15). The first sequence is a bijection between these labels and
the normals of Appendix A.
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FIGURE 19. A wiring diagram for the arrangement A(31, 1)
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Congruence Normality of Simplicial Hyperplane
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Congruence Normality of Simplicial Hyperplane

((rz ‘€g) ‘(21 ‘91)
‘(e1 ‘21) ‘(L ‘@) ‘(91 ‘e1) ‘(L& ‘Fe) (81 ‘o1) ‘(6 ‘L) ‘(01 ‘6) ‘(61 ‘1) ‘(¥¢ ‘zz) ‘(€1 ‘01) ‘(3¢ ‘Ta) “(¥1 ‘€1) (9T F1) ‘(81
‘91) ‘(12 ‘8T) ‘(€T ‘12) ‘(8T ‘21) ‘(g2 ‘gz) (L1 ‘S1) ‘(2 ‘9) ‘(92 ‘sz) ‘(1 ‘z1) ‘(1z ‘0T) ‘(21 ‘11) ‘(6T ‘97) ‘(€T ‘1T) ‘(9T ‘S1)
(1T °2) “(9g ‘ez) ‘(1 ‘T1) (L ‘9) ‘(g ‘1) “(¢T ‘e1) ‘(gg ‘ga) ‘(¢ ) (8 ‘L) ‘(11 ‘01) “(gg ‘S1) ‘(LT ‘9%) ‘(¢T ‘F1) ‘(W1 ‘1T)
‘(0 ‘62) ‘(¥T ‘cz) ‘(11 “8) ‘(¥ ‘@) ‘(91 ‘¥1) ‘(21 ‘11) ‘(92 Fz) ‘(L1 O1) ‘(b1 ‘T1) ‘(8 ‘¥) ‘(91 ¥1) ‘(g2 ‘12) ‘(6 ‘) ‘(2T ‘6)
‘(T ‘1) ‘(ST PT) ‘(ST ‘eT) ‘(61 ‘ST) ‘(12 ‘61) ‘(¥g ‘12) ‘(21 ‘11) ‘(g2 ‘¥g) ‘(61 L1) ‘(¥ ‘¢) ‘(6 ‘L) ‘(LT ‘91) ‘(1T ‘61)

(62
‘ez) ‘(zz ‘Tz) ‘(6T ‘1) ‘(1T ‘6) ‘(2 ‘9) (gt ‘zz) ‘(2T ‘6T) ‘(6T ‘8T) ‘(ST ‘1T) ‘(11 ‘O1) ‘(01 ‘2) ‘(€2 ‘ze) ‘(L ‘%) ‘(07 ‘S1) ‘(92
‘qz) ‘(21 ‘oT) ‘(zz ‘0g) (8 ‘L) “(e1 ‘2T1) ‘(0T “8) (8T ‘A1) ‘(21 ‘01) ‘(1€ ‘62) ‘(62 ‘8T) (8T ‘9z) ‘(92 ‘ze) ‘(g¢ ‘1¢) ‘(1T ‘81)
(81 ‘91) ‘(91 ‘e1) (6T ‘21) ‘(21 ‘11) ‘(1T ‘6) ‘(6 ‘9) (9 ‘¢) (¢ ‘1) ‘(21 ‘e1) ‘(61 ‘21) ‘(g1 ¥1) ‘(0g ‘61) ‘(0T ‘6) ‘(21 ‘S1)
‘“(ez ‘0z) ‘(Lz ‘9z) ‘(0T ‘LT) ‘(Fz ‘€T) ‘(1 ‘91) ‘(2 ‘9) ‘(12 ‘0T) ‘(92 ‘F¥2) ‘(6 ‘L) ‘(91 ‘6) ‘(8T ‘91) ‘(0Z ‘ST) ‘(¥Z ‘07) ‘(GC
Fz) ‘(¢ 7)) — (6 ‘0€ ‘ST ‘0T ‘G ‘LT ‘TT ‘1T ‘9T ¥ ‘OT ‘T€ ‘€ ‘AT ‘T ‘8T ‘1€ ‘0T ‘6T ‘T ‘ST ‘T ‘€T ‘T ‘8 ‘€1 ‘6T ‘L ‘F1 ‘9 ‘S¢T) Hpog‘1e) Y
((91 “e1) ‘(82 ‘92) ‘(92 ‘12) ‘(1T ‘61) ‘(6T ‘8T) (8T ‘O1) ‘(9T “11) ‘(11 ‘6) ‘(6 ‘8) (8 ‘9)
“(9° v ‘(a1 Hﬁv Y(LT°91) ‘(23 ‘1e) (L 9) ‘(11 ‘2) ‘(L8 ‘92) ‘(€1 ‘T1) ‘(¥1 ‘€1) ‘(91 ‘F1) (12 ‘o1) ‘(11 ‘01) ‘(2 ‘12) ‘(L ‘Q)
‘(72 ‘eg) (8 ‘L) ‘(91 ‘e1) ‘(01 ‘8) ‘(92 ¥a) (12 ‘0z) ‘(ST ‘01) ‘(¢ ‘F) (L1 ‘¢1) ‘(81 ‘L1) “(0€ ‘92) ‘(0z ‘81) ‘(0T ‘6) ‘(ST ‘¥1)
‘(92 m ) Amm ‘0g) ‘(02 ‘61) ‘(6T ‘er) ‘(¢1 ‘e1) “(¢1 ‘1) ‘(21 ‘o1) ‘(01 ‘9) ‘(g ‘¢) (91 ‘1) ‘(12 ‘61) ‘(¢ ‘T) ‘(61 ‘81) (11
‘0 v (81 ‘o1) ‘(Lg ‘ez) ‘(zz ‘12) (91 ‘11) (9 ‘9) ‘(g2 Fz) ‘(21 ‘O1) ‘(1T ‘6) ‘(¥z ‘zz) ‘(8¢ ‘LT) ‘(6 ‘8) ‘(zz ‘L1) ‘(21 ‘IT)
“A ‘9) Anﬂ ‘eT) ‘(a1 91) ‘(vT ‘21) ‘(€2 ‘z2) ‘(21 ‘8) ‘(8T ‘LT1) ‘(8 ‘1) ‘(1€ ‘08) ‘(€1 ‘z1) ‘(0¢ ‘8T) ‘(8¢ ‘€¢) ‘(€2 ‘12) ‘(1T
‘0 v “(0z ‘ST) (8T ‘e1) (T “1T) ‘(17 ‘01) ‘(0T Q) ‘(8 ‘¢) ‘(61 ‘S1) ‘(¥z ‘c) ‘(g7 ‘61) ‘(BT ‘e1) ‘(61 ‘L1) ‘(¢T ‘€z) ‘(LT ‘91)
"A 8) ‘(0z ‘61) ‘(9T ‘F1) ‘(¢ ‘1) ‘(£2 ‘22) ‘(1 ‘6) ‘(2T ‘02) ‘(92 ‘sz) ‘(6T ‘8¢) ‘(ST ‘F1) ‘(6 ‘L) ‘(0 ‘¢T) ‘(82 ‘92) ‘(1% ‘0T)
‘(L 9) ‘(o1 ‘6) ‘(q1 ‘e1) (92 ‘13) ‘(€1 ‘@1) ‘(91 ‘S1) ‘(1g ‘61) ‘(31 ‘01) ‘(61 ‘S1) ‘(L& ‘9g) ‘(871 ‘91) (971 ‘z1) ‘(gz ‘12) ‘(¥
‘e) “(21 ‘1T)) — (62 ‘T ‘P ‘ST ‘ST 0T ‘TIT ‘T ‘8 ‘€C ‘LT ‘FT ‘G ‘9T ‘0T ‘0€ ‘1¢ ‘T ‘CT ‘6 ‘1€ ‘L2 ‘9 ‘€T ‘9T ‘¥¢ ‘L ‘8¢ ‘€ ‘61 ‘) (087‘18) 1
S8uIssor — 1 auwIR N

ponurnuod "G A1dv],



M. Cuntz et al.

78

((0z “81) “(zz ‘0zT) ‘(9 ‘) (8 ‘9) ‘(01 ‘8) ‘(21 ‘O1) ‘(FI ‘@1) ‘(9T F1) ‘(81 ‘o1) ‘(0T ‘S1)

12 ‘02) Ao ¥) (8 ‘9) ‘(01 8) ‘(21 ‘O1) ‘(1 ‘21) ‘(91 ‘F1) ‘(ST ‘91) ‘(0z ‘ST) ‘(¥ ‘€) ‘(9 ‘¥) ‘(8 ‘9) ‘(01 ‘8) ‘(21 ‘O1) ‘(¥
Hv ‘91 F1) (81 ‘O1) ‘(6T 8T) ‘(¥ ‘@) (9 ‘%) ‘(8 ‘9) (01 “8) (21 ‘01) ‘(¥T ‘1) ‘(91 ‘F1) (8T ‘91) ‘(¢ ‘1) ‘(¥ ‘@) (9 ¥)
9) ‘(01 “8) ‘(21 ‘01) ‘(¥1 ‘21) ‘(91 ‘F1) ‘(21 ‘91) ‘(g€ ‘LT) ‘(L1 ‘e1) ‘(1 ‘e1) ‘(€1 ‘17) ‘(11 ‘6) ‘(6 L) ‘(L ‘¢) ‘(¢ ‘¢) ‘(¢

‘1) (81 pﬁvhﬁbﬁ mﬁvhﬁmﬁﬁmﬁv"AmﬁnﬁﬂvFAﬁﬂh@vAA@FNVFA»hmVhﬁmrmvFAm"NVhﬁmﬁFpﬂvhﬁhﬁﬁmﬂvFAmﬁhmﬁvbAmﬂhﬁﬁvﬁAﬁﬂh@v
‘(6 °4) ‘(2 ‘g) ‘(g ‘e) “(0z ‘6T) (6T ‘LT) ‘(4T ‘e1) (ST ‘e1) ‘(€T ‘11) ‘(11 ‘6) ‘(6 ‘L) (2 ‘@) ‘(¢ ‘P) ‘(1€ ‘61) ‘(6T ‘A1) ‘(21
‘GT) “(eT ‘eT) “(eT “1T) ‘(1T ‘6) ‘(6 ‘L) ‘(L ‘) ‘(gg ‘Te) ‘(1T ‘6T) ‘(6T ‘LT) ‘(L1 ‘1) ‘(T ‘e1) ‘(€1 ‘11) ‘(11 ‘6) ‘(6 ‘L) ‘(L
‘9) ‘(€2 ‘12) ‘(12 ‘61) ‘(6T ‘LT) ‘(L1 “eT) ‘(T ‘e1) “(e1 ‘T1) (11 ‘6) ‘(6 ‘L) ‘(¥& ‘€) ‘(g ‘T2) ‘(1T ‘61) (61 ‘LT) ‘(L1 ‘S1)
‘(61 ‘e1) (et “11) (11 ‘6) ‘(6 ‘8) ‘(8T ‘€2) ‘(g2 ‘12) ‘(1T ‘61) ‘(61 ‘A1) ‘(L1 ‘1) ‘(er ‘e1) “(¢1 ‘11) ‘(171 ‘6) ‘(97 ‘cq) ‘(e
‘eg) ‘(gg ‘12) (1g ‘61) ‘(6T ‘L1) ‘(LT ‘1) ‘(a1 ‘e1) “(¢1 ‘1) ‘(11 ‘01) ‘(L& ‘¢a) ‘(s¢ ‘€q) ‘(¢g ‘1e) ‘(15 ‘61) ‘(61 ‘L1) ‘(L1
‘eT)) — (91 ‘L ‘TIT ‘¢ ‘P1 ‘€T ‘ST ‘ST ‘6T ‘L1 ‘¥¢ ‘TT ‘61 ‘LT ‘0€ ‘TE€ ‘ST ‘G ‘0T ‘1T ‘T€ ‘9C ‘6 ‘8 ‘CI ‘€ ‘ST ‘9 ‘0T ‘1 ‘€1 ‘%)
((81 ‘21) ‘(22 ‘sz) ‘(21

‘6T) ‘(8 ‘) ‘(21 ‘11) ‘(81 ‘P1) ‘(61 ‘LT) ‘(gT ‘cT) (6 8) ‘(11 ‘6) ‘(0T ‘61) ‘(8T ‘Lz) ‘(b1 ‘T1) ‘(€T ‘zz) ‘(L1 ‘FT1) ‘(61 ‘LT)
‘(11 ‘o1) ‘(22 ‘6T) ‘(BT “eT) ‘(e ‘ze) ‘(61 ‘8T) ‘(0T ‘) ‘(81 ‘91) ‘(Lg ‘Fz) ‘(9T ‘P1) ‘(g ‘12) ‘(21 ‘91) ‘(1 ‘O1) ‘(2 ‘9) ‘(¥
‘zz) ‘(01 ‘6) ‘(9T F1) ‘(6 ‘L) ‘(1€ ‘0g) ‘(0g ‘22) ‘(LT ‘92) ‘(92 FT) ‘(bT ‘cT) ‘(€T ‘OT) ‘(91 ‘ST) ‘(T ‘e1) ‘(1 ‘21) ‘(21 ‘6)
‘6 ‘8) ‘(8 ‘) ‘(¢ 7) ‘(T ‘1) “(L1 ‘gT) ‘(g1 ‘21) ‘(gz ‘€z) ‘(ST ‘1) ‘(21 ‘11) (9 ¥) ‘(L1 ‘1) ‘(L ‘9) ‘(gT ‘ze) ‘(11 ‘L) ‘(g1
‘T1) “(e1 ‘e1) ‘(91 ‘s1) ‘(61 ‘o1) “(0Z ‘61) ‘(2 ‘02) ‘(b2 ‘ze) (€1 ‘21) ‘(8T ‘¥g) ‘(¥ ‘¢) ‘(0T ‘S1) ‘(21 ‘01) ‘(81 ‘21) ‘(62 ‘ST)
‘(7g ‘ee) ‘(L '7) ‘(¢g ‘0g) ‘(8 L) “(0z ‘1) ‘(01 ‘8) ‘(11 ‘01) ‘(1€ ‘62) (81 ‘11) ‘(61 Q1) ‘(1g ‘61) ‘(2T ‘1z) ‘(11 ‘6) ‘(¢¢C
‘zz) ‘(9z ‘ez) ‘(6 ‘9) ‘(61 ‘21) ‘(21 ‘T1) ‘(9 ‘@) ‘(6T ‘9z) ‘(11 ‘6) ‘(L1 ‘91) ‘(92 ‘¥z) ‘(¥T ‘tr) ‘(€T ‘6T1) ‘(61 ‘L1) ‘(LI ‘cT)
“eT PT) ‘(BT TT) (1T ‘01) (0T ‘8) ‘(8 9) “(2z ‘92) ‘(0T ‘6T) ‘(9T ‘FT) ‘(9 ‘2) ‘(6 ‘8) ‘(T ‘€1) ‘(61 ‘OT) ‘(97 ‘¢z) ‘(0€ ‘62)
‘(eg ‘zz) ‘(91 ‘F1) ‘(zz ‘61) ‘(6T ‘81) ‘(b2 ‘ze) (8T ‘OT) ‘(8 ‘9) (971 ‘S1) ‘(5T ¥z) ‘(zz ‘1z) (ST ‘8) ‘(21 ‘S1) ‘(1T ‘L1) ‘(be
12) “(8°4)) — (6 ‘8 ‘ST ‘FT ‘OT ‘T ‘€T ‘6T ‘L ‘TT ‘9T ‘TT ‘€ ‘ST ‘62 ‘T ‘9T ‘0€ ‘ST ‘LT ‘T ‘T¢ ‘0T ‘T ‘T€ ‘9 ‘LT ‘€T ‘G ‘¢ ‘sq)

¢
¢

¢

(
g
(8"

(vve‘ee) v

e(y0S 18) 1

s8urssorn —

aureN

penunjuod "GT ATdV],



79

Congruence Normality of Simplicial Hyperplane

(®1 ‘e1) ‘(0g ‘82) ‘(FT ‘TT) ‘(L1 ‘91)
Y11 °2) ‘(1) ‘(g1 ‘11) ‘(91 ‘e1) ‘(T ¥e) (81 ‘O1) ‘(8T ‘Lz) ‘(¢ ‘%) ‘(zz ‘S1) ‘(1 ‘@1) ‘(91 ‘s1) ‘(¥ ‘za) ‘(Lg ‘¥T) ‘(o1
‘01) ‘(81 ‘91) ‘(62 ‘2T) ‘(¥z ‘€T) ‘(L ‘g) ‘(01 ‘6) ‘(9T ‘@1) ‘(61 ‘81) ‘(€2 ‘1&) ‘(L& ‘9g) ‘(6 ‘L) ‘(1g ‘61) ‘(¢¢ ‘62) ‘(vz ‘1q)
‘(61 ‘91) ‘(21 ‘6) ‘(2 9) (91 ‘s1) ‘(€1 ‘T1) ‘(1T ‘61) ‘(e1 ‘€1) ‘(6 ‘2) ‘(1 ‘s1) ‘(g1 ‘11) ‘(61 ‘21) ‘(0T ‘61) ‘(6T ‘LT) ‘(1
6) ‘(L1 ‘91) ‘(6 ‘) ‘(21 ‘11) ‘(2g ‘02) ‘(0T ‘21) ‘(21 ‘T1) ‘(21 ‘6) ‘(8T ‘L2) ‘(1T ‘0T) ‘(87T ‘L1) ‘(0€ ‘8¢) ‘(0T ‘871) ‘(6 ‘T) ‘(€1
1) ‘(81 ‘91) “(5g ‘0g) ‘(8z ‘9g) ‘(1€ ‘0€) ‘(01 ‘6) ‘(g1 ‘01) ‘(€T ‘@z) ‘(T ‘T1) (92 ‘Se) (91 ¥1) ‘(LT ‘91) (02 ‘L1) ‘(T
0z) ‘(¥1 ‘e1) ‘(92 ‘zz) (L2 ‘ga) ‘(01 ‘8) ‘(zg ‘18) ‘(0g ‘2z) ‘(12 ‘61) ‘(€1 ‘OT) ‘(¢T ‘Fz) ‘(61 ‘ST) ‘(8 ‘L) ‘(81 ‘€1) ‘(LT ‘Sq)
‘(zg ‘o) ‘(0T ‘8) “(0z ‘ST) ‘(€1 ‘21) ‘(21 ‘01) ‘(8¢ ‘22) ‘(01 ‘6) ‘(gT ‘07) ‘(8T ‘A1) ‘(T ‘1) ‘(6 ‘9) ‘(sT ¥T) ‘(0T ‘ST) ‘(LT
‘qz) ‘(8T ‘eT) “(1Z ‘02) ‘(9 ‘) ‘(T ‘e1) ‘(0T ‘81) (Ve ‘ze) ‘(3¢ ‘1€) ‘(1€ ‘2%) ‘(LT ‘92) ‘(92 ‘Fe) ‘(¥g ‘cT) (€T 0T) ‘(0T ‘61)
(6T ‘21) (LT ‘eT) ‘(ST 1) ‘(BT ‘6) (6 ‘8) “(8‘9) “(9 D) ‘(¥ ‘e) (¢ ‘T) ‘(81 ‘21) ‘(gg ‘cz) ‘(€T ‘@z) ‘(01 ‘8) ‘(L1 ¥1) (8
‘6z) ‘(G ‘e) ‘(g2 ‘ea) ‘(1 ‘€1) (8 ‘¢) “(6 ‘8) ‘(1T ‘6) ‘(€1 ‘11) ‘(g1 ‘1) (91 ‘S1) ‘(€2 ‘91) ‘(b2 ‘€a) (92 ‘¥g) ‘(LT ‘9%) ‘(1
‘01) ‘(62 ‘2g) ‘(0 ‘62) (9T ‘FT1) (¢ ‘F) ‘(BT ‘TT) ‘(€€ ‘08) ‘(L1 ‘OT) ‘(b ‘za) ‘(91 FT1) ‘(1T ‘L) ‘(P71 ‘€T) ‘(0€ ‘82) ‘(8T ‘9T))
— (L '9€ ‘¥ ‘8T ‘ST ‘61 ‘T€ ‘1T ‘8 ‘9 ‘ST ‘0T ‘6T ‘L1 ‘€ ‘6 ‘€€ ‘9T ‘T1 ‘T ‘FI ‘TE ‘€1 ‘€T ‘T2 ‘1 ‘ST 9T ‘0T ‘0€ ‘O ‘S ‘IT ‘LT)
(21 “q1) ‘(21 ‘o1) ‘(61 “21) ‘(12 ‘61) ‘(9 ‘%) ‘(c1
‘(o1 ‘8) ‘(61 “L1) ‘(21 ‘01) ‘(15 ‘61) ‘(g¢ ‘Ig) ‘(€1 ‘B1) ‘(¢T ‘€1) ‘(¥ ‘e) ‘(9 ‘¥) ‘(LT ‘1) ‘(8
‘9) ‘(61 ‘LT) ‘(12 ‘6T) ‘(0T ‘8) ‘(€1 oﬁvkﬁmﬂﬁmﬂvRA»HFmﬂv,Aaﬁﬁuﬁv“Awﬁmv,Aomwaﬁvkﬁwnwvﬁﬁwﬁ@v,Aoﬁ,wvhﬁﬂﬂﬁoﬂvFAmH
TT) ‘(T “eT) (21 ‘sT) ‘(6T ‘LT) ‘(2 ‘T) ‘(¥ ‘@) (9 %) ‘(8 ‘9) ‘(1T ‘) ‘(€T ‘T1) (T ‘eT) ‘(LT ‘GT) ‘(8T ‘LT) ‘(€€ ‘81) A
v ‘91 ‘71) ‘(T ‘1) ‘(21 ‘o1) Aoﬁ ‘6) ‘(6 ‘L) ‘(L “g) ‘(¢ g) ‘(¢ ‘1) ‘(6T ‘ST) (8T ‘91) ‘(91 ‘FT1) ‘(¥1 ‘21) ‘(21 mv ‘(6 ‘L)
A 9) Aom ‘1) ‘(¢ ‘€) ‘(81 ‘91) (€ ‘@) ‘(91 ‘FT1) ‘(BT ‘T1) ‘(21 ‘17) ‘(1T ‘6) ‘(1T ‘07) ‘(0 ‘81) ‘(6 ‘L) ‘(871 ‘1) ‘(L ‘¢) ‘(97
vI) ‘(¢ ‘e) ‘(BT ‘11) ‘(2T ‘0T) ‘(0T ‘81) “(TT ‘6) ‘(8T ‘91) ‘(6 ‘L) ‘(91 ‘F1) ‘(€€ ‘zg) ‘(L ‘g) ‘(1 ‘€1) ‘(2T ‘0T) ‘(¢ ‘¥) ‘(€1
1) ‘(0T wﬁvFAwﬁFwﬁvﬁﬁﬁﬁn@vhAﬂm“mmvFANNFONVﬁhwﬁﬁmﬁvnﬁaupvﬁApnmv“AombwﬁvFAmH$HHv“Ammnwmv"Ath@ﬁvhAwmmew
‘p L
(

1) ‘(g2 ‘12) ‘(8 ‘9) ‘(LT ‘1)

AHH ‘6) ‘(91 ‘1) ‘(2z ‘0z) ‘(6 ‘L) ‘(ST ‘€1) ‘(L ‘9) ‘(0T ‘8T) ‘(92 ‘Fe) ‘(¢1 ‘11) ‘(¥z ‘zT) ‘(81 ‘1) ‘(11 ‘6) ‘(2T ‘0T) ‘(6 °

‘(a1 ‘e1) ‘(22 ‘9z) ‘(92 F¥T) ‘(0T ‘ST) (€T ‘1T) ‘(8T ‘L1) ‘(¥z ‘zz) ‘(11 ‘6) ‘(L1 ‘1) ‘(6 ‘8) ‘(2T ‘02) ‘(8T ‘9z) ‘(cT ‘e1) ‘(9
ve) “(0z ‘21) ‘(¢1 ‘11) (11 ‘6) ‘(¥T ‘@e) ‘(L1 ‘1) ‘(6T ‘8z) ‘(5g ‘02) (T ‘€1) ‘(8T ‘9z) (0g ‘61) ‘(€1 ‘11) ‘(9g ‘¥e) ‘(11
‘0T)) — (9T ‘L ‘1T ‘T ‘€T ‘8T ‘ST ‘LT ‘6T ‘¥1 ‘¥T ‘TT ‘61 ‘€€ ‘S ‘0¢ ‘LT ‘ST ‘TE ‘0T ‘T ‘€ ‘9T ‘6 ‘8 ‘T1 ‘€ ‘CI ‘9 ‘0T ‘1 ‘€1 ‘%)

YZ19v8) v

(9.6'¢8) 1

s8urssord —

owreN

ponunuos "G AI14dV],



M. Cuntz et al.

80

“(9z ‘pT) (LT ‘O1) ‘(¥T ‘12) ‘(¥1 ‘e1) ‘(1T ‘61) ‘(ST FT) ‘(61 ‘LT) (9 ‘F) ‘(LT %1) ‘(T ‘21)
‘6z) ‘(gg ‘1g) (1 ‘F1) ‘(P ‘€) ‘(11 ‘2) ‘(BT ‘11) “(9T ¥1) ‘(81 ‘91) ‘(62 ‘8z) ‘(1& ‘81) ‘(L %) ‘(9T ‘Tz) ‘(9z ‘sz) ‘(81 ‘A1)
‘(1T ‘0T) ‘(82 ‘92) ‘(8 ‘L) ‘(1T ‘0z) ‘(0T ‘8) ‘(1€ ‘83) (0T ‘81) ‘(21 ‘01) ‘(¥ ‘) ‘(PI ‘1) ‘(8 ‘9) ‘(8T ¥T) ‘(8T ‘Lg) ‘(0T ‘8)
Y61 ‘8T) ‘(22 ‘61) ‘(€2 ‘22) ‘(T ‘e1) “(¢1 ‘01) ‘(2T ‘€2) ‘(g€ ‘1) (1 ‘e1) (01 ‘6) (971 ‘e1) “(¢2 ‘12) ‘(9 ¥) ‘(¢1 ‘1) ‘(1
‘0g) ‘(63 ‘L) ‘(0T ‘O1) ‘(¥g ‘€a) ‘(6 ‘9) ‘(91 ‘e1) ‘(€T ‘02) ‘(9 ‘¢) ‘(¢1 ‘6) ‘(sz ‘€q) ‘(1€ ‘62) ‘(0 ‘61) ‘(L1 ‘91) ‘(¥1 ‘€1)
‘(6 ‘8) ‘(91 ‘FT) ‘(8 ‘9)

‘eg) ‘(¢g ‘ze) ‘(g ‘0g) ‘(0z ‘81) ‘(81 ‘91) ‘(91 ‘21) ‘(21 ‘1T) “(T1 ‘8) ‘(8 ‘) ‘(£ ‘¢) ‘(¢ ‘1) ‘(12 ‘02) ‘(8% ‘92) ‘(92 ‘cz) ‘(63
‘8z) ‘(€1 ‘11) ‘(g2 ‘1)

‘2) ‘(61 ‘91) “(0z ‘61) ‘(g€ ‘62) ‘(¥ ‘e) ‘(21 ‘11) ‘(91 F1) ‘(2 ‘9) (L1 ‘O1) ‘(1 ‘z1) ‘(62 ‘GT) ‘(91 ¥1) ‘(9¢ ‘¥z) ‘(¥C ‘0T)

((ez ‘1e) ‘(1€ ‘L3) ‘(8T ‘F1) ‘(b2 ‘€) ‘(61 ‘81) ‘(¥ ‘T) Aﬂm ‘6T) ‘(L3 ‘9g) ‘(6T ‘LT)
‘(L ‘9) “(zg ‘1€) ‘(21 ‘11) ‘(8¢

‘(6T ‘OT) ‘(LT ‘gg) ‘(9T ‘1) ‘(12 ‘6T) ‘(€T ‘1) ‘(¢¢ ‘ee) ‘(g¢ ‘1¢) ‘(1€ ‘0¢) ‘(0¢ ‘LT) ‘(LT 9T) ‘(92
‘(1T ‘01) ‘(T ‘1) ‘(17 ‘81) ‘(8T ‘91) “(¥e ‘ge) (91 ¥1) ‘(¢T ‘18) ‘(61 Q1) ‘(¥1 ‘11) ‘(1% ‘61) ‘(1

‘9 7) “(0z ‘91) ‘(91 ‘e1) ‘(1 ‘1) ‘(€1 ‘01) ‘(0T ‘6) (92 ‘¥2) ‘(6 ‘9) ‘(1T ‘0T) ‘(¥g ‘€2) ‘(LT ‘9g) ‘(0¢ ‘62) ‘(11 ‘6) (9 ‘¢)
“(eg ‘1e) ‘(21 “11) ‘(6T ‘22) ‘(T ‘21) ‘(L& ‘€2) ‘(LT ‘F1) (81 ‘L1) ‘(€T ‘ge) ‘(8¢ ‘Lz) ‘(6 ‘8) ‘(vg ‘S1) ‘(¢ ‘2) ‘(¥& ‘ze) ‘(S¢
¥2) ‘(L2 ‘gT) (81 ‘91) ‘(91 ‘e1) ‘(1€ ‘2z) ‘(T ‘e1) ‘(T ‘1¢) ‘(61 ‘S81) ‘(T ‘6) ‘(LT ‘9%) ‘(871 ‘¢1) ‘(9% ‘zg) ‘(g€ ‘1€)) —
(LT ‘C€ ‘6 ‘6T ‘0€ ‘T ‘8T ‘G ‘9 ‘L ‘6T ‘T ‘1T ‘€ ‘9T ‘PT ‘9T ‘G1 ‘T€ ‘€1 ‘LT ‘8 ‘€€ ‘FT ‘I ‘FE ‘1T ‘0T ‘61 ‘0T ‘¥ ‘ST ‘ST ‘T1 ‘TT)
((6°L) ‘(11 *6) “(e1 ‘T1) “(e1 ‘€1) (21 “e1) ‘(61 ‘L1) ‘(1T ‘61) ‘(g2 ‘12) ‘(¥T ‘€2) ‘(£ ‘9) (6 ‘2) ‘(11 ‘6) ‘(€1 ‘T1) ‘(ST ‘€1)
‘(L1 “e1) ‘(6T “L1) ‘(1@ ‘6T1) ‘(2 ‘12) ‘(2 ‘¢) “(6 ‘L) “(TT ‘6) ‘(€T ‘T1) ‘(T ‘e1) ‘(L1 ‘1) ‘(671 ‘21) ‘(1% ‘61) ‘(g ‘12) ‘(¢ %)
“(Le) “(6°2) “(TT ‘6) “(e1 “1T) ‘(T ‘e1) ‘(L1 ‘e1) ‘(61 ‘L1) ‘(12 ‘61) ‘(g ‘€) ‘(£ ‘g) “(6 ‘L) ‘(11 ‘6) ‘(€1 ‘11) ‘(a1 ‘1) ‘(L1
61) (61 ‘21) (0T ‘61) (€ @) (G ‘€) ‘(L g) “(6 L) “(T1 ‘6) ‘(€1 ‘1T) ‘(a1 ‘€1) ‘(L1 ‘c1) ‘(61 ‘L1) ‘(¢ ‘1) ‘(¢ ‘©) ‘(2 ‘¢) ‘(6
2) (1T ‘6) (€1 “T1) (ST “eT) ‘(L1 ‘1) ‘(ST ‘1) “(¥€ ‘ST) ‘(81 ‘91) ‘(91 ‘F1) “(¥1 ‘1) ‘(21 ‘01) ‘(01 ‘8) ‘(8 ‘9) (9 ¥) ‘(¥
‘) ‘(2 ‘1) ‘(61 ‘ST) ‘(8T ‘9T) ‘(9T ‘FT) ‘(PT ‘2T) ‘(21 ‘0T) (01 ‘8) (8 ‘9) (9 ‘%) ‘(¥ ‘@) ‘(0z ‘ST) ‘(8T ‘9T) A@H F1) A ‘1)
‘(2T ‘oT) ‘(0T ‘8) (8 ‘9) (9 ‘%) ‘(¥ ‘¢) ‘(12 ‘0z) ‘(0T ‘8T) ‘(8T ‘91) ‘(9T FT) ‘(¥T ‘1) ‘(2T ‘01) ‘(0T ‘8) ‘(8 ‘9) (9 ‘F) ‘(zT
0z) ‘(0z ‘81) ‘(81 ‘91) (91 ‘¥1) ‘(1 ‘1) ‘(21 ‘01) ‘(01 ‘8) (8 ‘9) ‘(9 ‘¢) ‘(¢z ‘zz) ‘(zz ‘0%) ‘(0T ‘81) ‘(81 @ﬁv ‘(91 wﬂv
‘(71 ‘21) ‘(21 ‘01) ‘(01 ‘8) (8 “9) ‘(3% ‘@) ‘(gz ‘0z) ‘(0T ‘81) ‘(81 ‘91) (91 F1) ‘(¥1 ‘21) ‘(21 ‘01) ‘(01 ‘8) (8 ‘L) ‘(¢T ‘¥&)
‘(7T ‘ce) ‘(gg ‘0z) ‘(0T ‘8T) ‘(81 ‘91) ‘(91 #1) ‘(¥1 ‘21) ‘(21 ‘01) ‘(01 ‘8) ‘(92 ¥2) ‘(¥¢ ‘@e) ‘(vz ‘0z) ‘(0T ‘S1) ‘(81 Hv
ﬁhmﬁﬁwﬂvFAwHﬁmﬁvAﬁmﬂFoﬁv“noﬁhmvﬁhumbwmvﬁﬁwmﬁ vFAwN“NNV"Ammbomv“Aomhwﬂv"AwﬁF@ﬁvhhmﬁbwﬂv Awﬂ ‘e1) Amﬂ 01))

— (9T ‘PT ‘2T ‘0T ‘8 ‘0 ‘¥ ‘LZ ‘1€ ‘€2 ‘8T ‘61 ‘TC ‘T ‘9T ‘8T ‘0¢ V¢ Ve ‘0C ‘1T ‘€€ ‘ST ‘6T ‘T ‘LT ‘ST ‘€1 ‘1T ‘6 ‘L ‘¢ ‘€ ‘1)

(089°ce)

e(Z19¥8) ¥

SBUISSOID — L

aureN

ponurnuod QT ATAV],



—
0

Congruence Normality of Simplicial Hyperplane

((0z ‘81) ‘(1€ ‘08) ‘(8¢ ‘L2) ‘(1T ‘0T) ‘(8T ‘LT) ‘(6

‘) ‘(21 ‘6) ANH ‘1) Aomhbﬁv"ANNFONVFAom“NNVNANHﬁﬁﬁvhﬁpﬁh@HVNA@va"Aomhaﬁv“AHHF@vﬁﬁaﬁﬁbﬂvﬁﬁmmhomvBANMFmHV
‘(g1 ﬂﬂv ‘1z ‘61) ‘(e1 ‘e1) ‘(6 ‘L) ‘(22 ‘9g) ‘(91 ‘1) ‘(€1 ‘21) ‘(2T ‘12) ‘(0¢ ‘6T) ‘(61 ‘o1) ‘(6T ‘LT) ‘(21 ‘6) ‘(1T ‘61) ‘(LT
‘z) ‘(L ‘9) Amm vg) ‘(¥g ‘12) ‘(12 ‘02) ‘(0T ‘ST) ‘(6 ‘L) ‘(8T ‘L1) ‘(1€ ‘62) ‘(9z ¥z) ‘(L1 ‘T1) ‘(21 ‘11) ‘(¥e ‘cT) Aﬁﬂ ‘6)
‘(65 ‘9g) ‘(6 ‘8) ‘(61 “LT) ‘(8 ‘¢) “(9z ‘¥2) ‘(0¢ ‘67) ‘(€1 ‘TT) ‘(L1 ‘91) ‘(vg ‘61) (¢ ‘¥) ‘(& ‘92) ‘(v1 ‘1) (T ‘1) ‘(61 ‘L1)
‘(g ‘0g) ‘(1 ‘71) ‘(92 ¥2) ‘(0T ‘6T) ‘(BT ‘T1) ‘(¥ ‘2) ‘(61 ‘L1) ‘(9 ‘%) ‘(2 ‘9) (1 ‘L) ‘(€1 ‘T1) ‘(ST ‘€T) ‘(LT ‘1) ‘(8T ‘L1)
‘(12 ‘81) (2t ‘12) ‘(vg ‘ze) ‘(cg ‘ve) ‘(0€ ‘cg) ‘(1€ ‘0€) ‘(ST ‘F1) ‘(g€ ‘18) ‘(22 ‘02) ‘(¥e ‘ee) ‘(03 ‘61) (2 ‘) ‘(¥T ‘171) ‘(g¢

‘ze) ‘(¢z ‘02) (9¢ ‘cg) ‘(11 ‘o1) ‘(L& ‘7e) ‘(ve ‘ze) ‘(ve ‘62) ‘(6 ‘82) ‘(8¢ ‘9g) (9¢ Vo) ‘(v ‘ze) ‘(¢o ‘1) ‘(1¢ ‘v1) ‘(b1
‘e1) “(e1 ‘1) ‘(1T '6) ‘(6 ‘L) ‘(L ‘9) (9 ‘¢) ‘(¢ ‘1) ‘(gz ¥z) ‘(01 ‘6) ‘(g1 ‘e1) ‘(0g ‘S2) ‘(T ‘Te) (1 ‘0o1) ‘(91 ‘e1) ‘(c¢ ‘¥g)
‘(a1 ‘e1) ‘(12 ‘02) ‘(TE ‘ze) ‘(T€ ‘0%) ‘(0€ ‘62) ‘(6T ‘Fe) ‘(bT ‘€T) ‘(¢ ‘1T) ‘(12 ‘6T) ‘(61 ‘ST) ‘(8T ‘GT) ‘(9T ¥I) ‘(¥T ‘21)
Y21 T1) ‘(11 ‘9) ‘(g€ ‘2e) ‘(0T ‘81) ‘(9 ‘) ‘(9z ‘€a) ‘(81 “L1) ‘(¢ ‘¢) “(¢z ‘02) “(¢1 ‘11) ‘(07 ‘81) ‘(¥¢ ‘€z) ‘(z¢ ‘62) ‘(9¢
‘Fz) ‘(¢ ‘z) ‘(1z ‘0z) ‘(ST ‘e1) ‘(62 ‘sz) ‘(1T ‘O1) (8% ‘92) ‘(9z ‘sz) ‘(0z ‘S1) ‘(L ‘g) ‘(0¢ ‘S8z) ‘(¢1 ‘11) ‘(92 ‘02) ‘(1€ ‘0€)
Y8 L) “(F1 “e1) ‘(0T ‘61) ‘(1T ‘8) ‘(61 ‘1) (82 ‘cz) ‘(L1 ‘91) ‘(¢1 ‘1) ‘(0€ ‘82) ‘(91 ‘€1) ‘(gT ‘Fz) ‘(81 ‘91) ‘(1g ‘QT1) ‘(€1
‘21) ‘(2T ‘1) (8 ‘9) ‘(¥z ‘zT) ‘(9T ‘ST) ‘(92 ‘¥z) (21 ‘OT) (8T ‘92) ‘(6T ‘8z) (81 ‘OT) (g7 ‘02) ‘(0T ‘8) ‘(97 ‘5z)) — (6 ‘6T

‘TE ‘FT 0T ‘¥ ‘8T ‘PC ‘9€ ‘TT ‘L ‘LT ‘TE ‘ST ‘€ ‘€T ‘91 ‘F€ ‘T ‘SE ‘TT ‘0T ‘T¢ ‘T ‘L1 ‘ST ‘9T ‘€€ ‘9 ‘L€ ‘T1 ‘ST ‘C ‘€1 ‘0€ ‘6T ‘8) Yozl Le)y
((2z ‘gz) ‘(L1 ‘1) “(6T ‘21) “(6 ‘2) ‘(1T ‘6) ‘(1T ‘61) ‘(€T ‘IT)
‘(eT ‘18) ‘(ST ‘e1) ‘(9T ‘¢T) ‘(92 mwvﬁﬁpﬂhmﬁv"Apﬁwvﬁﬁmﬂhpﬁv“AmbuvnﬁﬁﬁﬁmvFAHNF@ﬁv$AmH#HHV“AmN"~NVhAmm"mmvbAmﬁ
“mﬂv“Ahﬂ,mﬂv,ﬁn,mvﬁﬁaﬁ,uﬂv ‘(6 L) ‘(1z ‘61) ‘(1T ‘6) ‘(€T ‘12) ‘(¥T ‘€T) ‘(€1 ‘TT) ‘(ST ‘€1) ‘(L1 ‘G1) ‘(61 ‘L1) ‘(g ‘%) ‘(L
‘) ‘(12 ‘61) ‘(€2 ‘12) ‘(6 L) “(TT ‘6) ‘(€T ‘TT) ‘(ST ‘eT) ‘(LT ‘1) ‘(6T ‘21) ‘(12 ‘671) ‘(2T ‘1T) ‘(g ‘e) ‘(L ‘g) (6 ‘L) ‘(1T ‘6)
‘(e1 ‘1) Amﬁ ‘er) ‘(L1 mﬁv ‘(61 bﬁvbAﬂmbmﬁvAﬁmﬁmvFAmnmvhAbhmvﬁAa“thAHHnmvhAmﬁhﬁﬁthmﬁﬁmHv “(LT “qT) ‘(61 ‘L1)
‘0z ‘6T) ‘(€ ‘1) (g ‘¢) ‘(2 ‘e) (6 VRAHﬂ,@v“AmH“HHV ‘(a1 ‘eT) ‘(21 ‘e1) “(6T ‘LT) ‘(9¢ ‘6T) ‘(6T ‘ST) ‘(81 @Hv ‘(91 wﬂv
‘(v i 21) ‘(1 ‘o1) (01 '8) ‘(8 ‘9) (9 %) ‘(¥ ‘z) (T ‘1) ‘(0 ‘81) ‘(8T “91) (91 ‘F1) ‘(b1 ‘21) ‘(z1 ‘01) ‘(0T ‘8) (8 ‘9) (9 ‘%)
‘(7 ‘z) ‘(12 ‘02) ‘(02 ‘8T) ‘(8T ‘OT) ‘(91 ‘F1) ‘(¥T ‘z1) ‘(TT oﬁvnﬁoﬁhwv“AwawvﬁﬁwhwvﬁﬁﬂhmvFANNAONV ‘(0z ‘81) ‘(81 ‘91)
‘91 F1) ‘(7T ‘21) ‘(21 ‘o1) ‘(0T ‘8) ‘(8 ‘9) “(¢¢ ‘ze) ‘(2T ‘07) ‘(9 ) ‘(0z ‘|T) ‘(871 ‘91) ‘(9T ‘¥1) ‘(¥1 ‘1) ‘(21 ‘OT) Avm
‘zz) “(zz ‘0z) ‘(0T ‘8) “(0z ‘8T) ‘(8 ‘9) (9 ‘g) ‘(8T ‘91) ‘(9T ¥T) ‘(¥1 ‘¢1) ‘(92 ‘¥g) ‘(v¢ ‘ze) ‘(gz ‘0z) ‘(T ‘01) ‘(0T ‘ST)
‘0T “8) ‘(8 ‘9) “(8T ‘9T1) (9T ‘FT) ‘(92 ‘Fz) ‘(b ‘zz) ‘(¥P1 ‘21) ‘(zg ‘0z) ‘(2T ‘01) ‘(07 ‘8T) (0T ‘8) (8 ‘L) ‘(8T ‘91) ‘(L&
‘9z) ‘(92 ‘¥z) ‘(91 ¥1) ‘(¥e ‘) ‘F1 ‘1) ‘(2g ‘0z) ‘(21 ‘01) ‘(0T ‘8) ‘(0T ‘8T) ‘(81 ‘91) (82 ‘92) ‘(9% ‘¥g) (91 ‘¥1) ‘(o
‘ze) (71 ‘1) ‘(gz ‘0z) ‘(21 ‘01) (01 ‘6) ‘(02 ‘81) ‘(62 ‘8T) ‘(8T ‘9z) ‘(81 ‘91) (9¢ ¥¢) ‘(91 ¥1) ‘(42 ‘za) ‘(¥1 ‘21)) — (¢

‘0T ‘€ “TT ‘P ‘C1 ‘S ‘€T ‘TT ‘FT ‘1T ‘ST ‘0T ‘9T ‘€T ‘LT ‘6T ‘8T ‘O¢ ‘6T ‘GE ‘0¢ ‘FE ‘1€ ‘9 ‘T€ ‘€€ “PI ‘L ‘GT ‘8 ‘9T ‘6 ‘AT ‘1 ‘S1) (¥89°9¢) v

mMQMmmO.HO — @Eﬁz

penunjuod ‘G1 dAI1dV],



M. Cuntz et al.

82

‘(LT ‘ez) ‘(Fe ‘ge) (91 ‘S1) ‘(1€ ‘0g) (6T ‘ST) ‘(7T ‘12) ‘(8T ‘LT) ‘(9 ‘Fe) (6 ‘9) ‘(2T ‘6
(g1

((ot ‘6) ‘(g€ ‘1€) ‘(a1 ‘€1) “(9 ‘¢) ‘(€1 ‘21) ‘(1T ‘61)
) AmH ‘21) ‘(81 ‘1) ‘(1T ‘81) ‘(¥
) ‘(¥1 ‘1) “(0Z ‘81) ‘(2T ‘9%)

12) ‘(LT Fz) ‘(o€ ‘2T) ‘(g€ ‘0g) “(¢T FT1) ‘(2T ‘1T) ‘(8T ‘LT) ‘(1T ‘07) ‘(6 ‘8) ‘(4T ‘cT)

‘(9
‘“(9¢ ‘ee) ‘(92 ‘¥z) ‘(8 ‘9) ‘(0g ‘62) ‘(ST ‘F1) ‘(b ‘07) ‘(g¢ ‘ze) ‘(21 ‘8) ‘(ze ‘0¢) ‘(0T ‘ST) ‘(PI ‘@1) ‘(81 ‘21) ‘(0¢ ‘927) ‘(1€
0g) “(¢1 F1) (92 ‘Fa) ‘(
‘ @NhNNVAAoHﬁ@vAAQ“NV"Awmﬁwmvﬁﬁmﬂhmﬁv ‘(81 ‘91) ‘(g ‘0z) ‘(62 ‘8) (92 ‘cz) ‘(1€ ‘62) ‘(L ‘¢) “(0z ‘8T1) (8 ‘1) ‘(a1 ‘8

L1 ‘6T) ‘(¥e ‘ee) ‘(21 ‘11) ‘(€2 ‘1e) ‘(¢ ‘2) ‘(12 ‘L1) ‘(L1 ‘91) ‘(L& ‘92) ‘(zz ‘1e) (91 ‘¢1) ‘(21 ‘01)

v1 ‘2T) ‘(9T ‘P1)

€T Hm ‘(8¢ v ‘(g1 HHV ‘(ge ‘pe) (6 ‘8) ‘(gz ‘ea) ‘(71 ‘e1) ‘(0¢€ ‘8z) ‘(gT ‘) ‘(8z ‘Lz) (11 ‘6) ‘(L& ‘gz) (9 ‘q) “(¢1 It
‘(1€ ‘0g) ‘(g ‘1) ‘(g ‘) ‘(6 ‘@) ‘(11 ‘6) ‘(g1 ‘11) ‘(g2 ‘21) ‘(v¢ ‘€2) ‘(92 ‘7o) ‘(0g ‘9z) ‘(z€ ‘0€) ‘(¥e ‘ze) ‘(g

g1 oH ‘(vg ‘ge) ‘(0€ ‘6T) ‘(L& FE) (92 Fg) ‘(01 ‘8) ‘(L2 ‘9z) ‘(gz ‘Ta) ‘(€1 ‘21) (8 ‘L) ‘(6T ‘L2) ‘(¥g ‘ze) ‘(T1 ‘01) ‘(L

‘) “(zz ‘0e) ‘(v1 ‘21) ‘(ve ‘ee) ‘(0z ‘61) (ST ‘v1) ‘(g€ ‘62) ‘(62 ‘82) (8¢ ‘Ve) ‘(v¢ ‘o) ‘(gz ‘02) ‘(0g ‘81) ‘(81 ‘L1) ‘(L1

( )
M ‘(81 ‘o1) ‘(6T ‘8T) ‘(12 ‘6T) ‘(€T ‘12) ‘(g¢ ‘ez) ‘(6T ‘Gz) ‘(0g ‘62) (91 ‘1) ‘(1€ ‘0z) ‘(¥e ‘0€) ‘(cT ‘e1)

)
‘(¢e V)
A

\./\_/vx./

‘6T) ‘(6T ‘eT) ‘(6T ‘11) ‘(1T “2) (2 ‘9) ‘(9 ‘z) (61 ‘21) ‘(0€ ‘82) ‘(cT ‘Fe) ‘(1T ‘61) (8¢ ‘LT) ‘(LT ‘s1) ‘(21 ‘11) (8 ‘9) ‘(LT
‘az) ‘(6 “8) “(z ‘1) ‘(1T “6) ‘(92 ‘12) ‘(8T ‘11) (12 ‘02) ‘(91 ‘e1) ‘(9z ‘sz) ‘(0z ‘91) ‘(11 ‘01) ‘(2¢ ‘02) ‘(€2 ‘zT) ‘(91 ‘¥1)
(e ‘ea) “(P1 ‘e1) “(0z ‘61) “(e1 ‘TT) “(21 ‘O1) ‘(62 ‘c@) ‘(61 ‘1) ‘(11 ‘L) (1€ ‘62) ‘(¢€ ‘18) ‘(¢ ‘61) ‘(L1 ‘€1)) — (11 ‘L1
‘9z ‘0T ‘0T ‘2€ ‘ST ‘6 ‘ST ‘C ‘8 ‘FT ‘61 ‘L ‘FE ‘1 ‘9 ‘9T ‘CT ‘G ‘€€ ‘9¢ ‘¥ ‘T¢ ‘ST ‘€ ‘0¢ ‘T€ ‘C¢ ‘8¢ ‘6T ‘€1 ‘LT VT ‘T1 ‘€T ‘L€)

((21 “qT) “(81 ‘1)

ﬁﬁcmbwﬁthmmsomth@hpvﬁAHHFmvhﬁwmsmmvFAmHBMHV“A©thmvrﬁbmvwmvnﬁmﬂﬁmﬁvhAmH”mﬁvFAomanvﬁﬁmmhomvsﬁbﬁwth@hpv
‘(7 ‘gz) ‘(11 ‘6) ‘(92 ‘¥e) ‘(€1 “1T) ‘(T ‘e1) ‘(9T ‘ST) ‘(871 ‘91) ‘(0% ‘81) (3¢ ‘08) ‘(L ‘S) ‘(3¢ ‘ze) ‘(g
‘6) ‘(€1 ‘1T) ‘(9T ‘€1) ‘(8T ‘91) ‘(0T ‘81) ‘(3T ‘07) ‘(¥T ‘Gz) ‘(¢ ‘¥) ‘(£ ‘q) ‘(6 ‘L) (11 ‘6) “(¢1 ‘11) ‘(b1
‘91) ‘(0z ‘1) ‘(zE ‘0z) ‘(¢ ‘g) ‘(g ‘€) ‘(L ‘g) “(6 ‘L) ‘(11 ‘6) ‘(T ‘1T) ‘(91 ‘F1) ‘(8T ‘91) ‘(0T ‘81) ‘(3T
“(Lfe) ‘(6 °L) (11 ‘6) ‘(2T ‘TT) “(PT ‘1) ‘(971 ‘F1) ‘(81 ‘91) “(0z ‘S1) ‘(1T ‘02) ‘(€ ‘1) (5 ‘€) ‘(2 ‘¢) ‘(6 ‘2

‘(6 °2) ‘(1
H Y1) ‘(81
z) ‘(e

vz)
“mﬁv ‘(9
‘0g) ‘(¢ ¢ )
) ‘(e1 av ‘(51 NHV
A©H ‘P1) (81 ‘9T) ‘(0z ‘8T) “(2€ ‘02) ‘(0Z ‘6T) ‘(6T ‘21) ‘(21 ‘ST) ‘(ST ‘e1) ‘(¢1 ‘I1) ‘(11 ‘01) ‘(0T ‘8) (8 ‘9) ‘(9 %) ‘(¥ ‘@)
Yz ‘1) ‘(12 ‘61) ‘(6T ‘21) ‘(L1 ‘e1) ‘(ST ‘e1) ‘(€1 ‘o1) (0T ‘8) ‘(8 ‘9) ‘(9 ‘F) ‘(¥ ‘@) ‘(zT ‘Tz) ‘(1z ‘61) ‘(61 ‘LT) ‘(L1 mHv
Amﬁ ‘e1) ‘(1 ‘21) ‘(21 ‘o1) ‘(01 Q) (8 ‘9) ‘(9 ‘%) ‘(¥ ‘¢) ‘(¢ ‘12) (12 “6T) ‘(6T ‘LT) ‘(LT ‘1) ‘(ST ‘21) ‘(21 ‘01) ‘(0T ‘8)
‘(8 ‘9) ‘(9 ‘p) ‘(¥z ‘ge) ‘(¢z ‘12) ‘(1T ‘61) (6T ‘L1) ‘(LT ‘ST) ‘(ST ‘FI) ‘(¥T ‘z1) ‘(2T ‘OT) ‘(0T ‘8) ‘(8 ‘9) ‘(9 ‘g) ‘(cz ‘€)
Yz ‘12) ‘(12 ‘61) (61 “L1) “(LT F1) ‘(b1 ‘21) ‘(21 ‘01) ‘(92 ‘cz) “(cz ‘gz) ‘(01 Q) (g2 ‘12) ‘(8 ‘9) ‘(12 ‘61) ‘(61 ‘L1) ‘(L1
‘91) A@ﬁuﬂﬁvhﬁwﬂFmﬂvNﬁpm5mmvFAmthmvFAmﬁhoﬁvAﬁoﬂvanﬁmmﬁﬂmvFAwhpvhﬁﬁmbaﬂvhﬁaﬁﬁwﬂvFA@HNwﬁVFAwNNBNVAANNFmNW

‘(71 ‘e1) ‘(5T ‘gT) ‘(21 ‘o1) ‘(0T ‘8) ‘(gT ‘12) ‘(1T ‘61) ‘(61 ‘8T) ‘(8T ‘91) ‘(91 ¥1) ‘(6T ‘LT) ‘(LT ‘cT) ‘(¥1 ‘TI) ‘(ST ‘T
“(z1 ‘01) ‘(0T ‘6) ‘(g2 ‘12) ‘(17 ‘ST) (81 ‘o1) “(0¢€ ‘62) ‘(6T ‘22) ‘(91 ¥1) ‘(2z ‘cz) ‘(1 ‘21) ‘(271 ‘o1) ‘(¢z ‘€2)) — (z ‘01
‘CTT ‘T ‘T ‘C ‘ST ‘TT VT 1T ‘GT ‘0T ‘9T ‘€T ‘LT ‘61 ‘LE ‘ST ‘9L ‘6T ‘GE ‘0€ ‘VE ‘1€ ‘€€ ‘TE 9 PT L ‘ST ‘8 ‘OT ‘6 ‘LT ‘T ‘ST)

€02l LE) Y

202l LE) YV

s8urssord —

aureN

penunyuod ‘G1 dAI1dv],



Congruence Normality of Simplicial Hyperplane 83

References

[1] Kira Adaricheva and James B. Nation, Classes of semidistributive lattices, Lat-
tice theory: special topics and applications. Vol. 2, Birkhduser/Springer, Cham,
2016, pp. 59-101.

[2] Garrett Birkhoff, On the combination of subalgebras, Math. Proc. Combridge
Philos. Soc. 29 (1933), no. 4, 441-464.

[3] Anders Bjorner, Paul H. Edelman, and Giinter M. Ziegler, Hyperplane arrange-
ments with a lattice of regions, Discrete Comput. Geom. 5 (1990), no. 3, 263—288.

[4] Anders Bjorner, Michel Las Vergnas, Bernd Sturmfels, Neil White, and
Gilinter M. Ziegler, Oriented matroids, second ed., Encyclopedia of Mathematics
and its Applications, vol. 46, Cambridge University Press, Cambridge, 1999.

[5

Nathalie Caspard, Claude Le Conte de Poly-Barbut, and Michel Morvan, Cayley
lattices of finite Coxeter groups are bounded, Adv. in Appl. Math. 33 (2004),
no. 1, 71-94.

[6] Michael Cuntz, Crystallographic arrangements: Weyl groupoids and simplicial
arrangements, Bull. Lond. Math. Soc. 43 (2011), no. 4, 734-744.

[7] Michael Cuntz, Minimal fields of definition for simplicial arrangements in the
real projective plane, Innov. Incidence Geom. 12 (2011), 49-60.

[8] Michael Cuntz, Simplicial arrangements with up to 27 lines, Discrete Comput.
Geom. 48 (2012), no. 3, 682-701.

[9] Michael Cuntz, A greedy algorithm to compute arrangements of lines in the
projective plane, preprint, arXiv:2006.14431 (2020), 15 pp.

[10] Michael Cuntz and Istvén Heckenberger, Finite Weyl groupoids of rank three,
Trans. Amer. Math. Soc. 364 (2012), no. 3, 1369-1393.

[11] Michael Cuntz and Istvdn Heckenberger, Finite Weyl groupoids, J. Reine Angew.
Math. 702 (2015), 77-108.

[12] Michael Cuntz and Paul Miicksch, Supersolvable simplicial arrangements, Adv.
in Appl. Math. 107 (2019), 32-73.

[13] Michael Cuntz and Christian Stump, On root posets for noncrystallographic root
systems, Math. Comp. 84 (2015), no. 291, 485-503.

[14] Alan Day, Characterizations of finite lattices that are bounded-homomorphic im-
ages of sublattices of free lattices, Canad. J. Math. 31 (1979), no. 1, 69-78.

[15] Alan Day, Congruence normality: the characterization of the doubling class of
convex sets, Algebra Universalis 31 (1994), no. 3, 397-406.

[16] Jests A. De Loera, Jorg Rambau, and Francisco Santos, Triangulations, Algo-
rithms and Computation in Mathematics, vol. 25, Springer-Verlag, Berlin, 2010.


http://arxiv.org/abs/2006.14431

84 M. Cuntz et al.

[17] Aram Dermenjian, Christophe Hohlweg, Thomas McConville, and Vincent
Pilaud, The facial weak order on hyperplane arrangements, arXiv:1910.03511
(2019)

[18] Sophia Elia and Jean-Philippe Labbé, Congruence normality for hyperplane ar-
rangements, https://github.com/sophiasage/cn_hyperarr (2020), version 0.0.1.

[19] Nenosuke Funayama and Tadasi Nakayama, On the distributivity of a lattice of
lattice-congruences, Proc. Imp. Acad. Tokyo 18 (1942), 553-554.

[20] The GAP Group, GAP — Groups, Algorithms, and Programming, Version 4.11.0,
2020.

[21] Winfried Geyer, The generalized doubling construction and formal concept anal-
ysis, Algebra Universalis 32 (1994), no. 3, 341-367.

[22] Branko Griinbaum, Arrangements of hyperplanes, Proceedings of the Sec-
ond Louisiana Conference on Combinatorics, Graph Theory and Computing
(Louisiana State Univ., Baton Rouge, La., 1971), 1971, pp. 41-106.

[23] Branko Griinbaum, A catalogue of simplicial arrangements in the real projective
plane, Ars Math. Contemp. 2 (2009), no. 1, 1-25.

[24] Istvdn Heckenberger, The Weyl groupoid of a Nichols algebra of diagonal type,
Invent. Math. 164 (2006), no. 1, 175-188.

[25] Istvdn Heckenberger and Volkmar Welker, Geometric combinatorics of Weyl
groupoids, J. Algebraic Combin. 34 (2011), no. 1, 115-139.

[26] Christophe Hohlweg, Carsten E. M. C. Lange, and Hugh Thomas, Permutahedra
and generalized associahedra, Adv. Math. 226 (2011), no. 1, 608-640.

[27] Arnau Padrol, Vincent Pilaud, and Julian Ritter, Shard polytopes, preprint,
arXiv:2007.01008 (July 2020), 70 pp.

[28] Vincent Pilaud and Francisco Santos, Quotientopes, Bull. Lond. Math. Soc. 51
(2019), no. 3, 406-420.

[29] Alexander Postnikov, Permutohedra, associahedra, and beyond, Int. Math. Res.
Not. (2009), no. 6, 1026-1106.

[30] Nathan Reading, Lattice and order properties of the poset of regions in a hyper-
plane arrangement, Algebra Universalis 50 (2003), no. 2, 179-205.

[31] Nathan Reading, Lattice congruences of the weak order, Order 21 (2004), no. 4,
315-344 (2005).

[32] Nathan Reading, Cambrian lattices, Adv. Math. 205 (2006), no. 2, 313-353.

[33] Nathan Reading, Lattice theory of the poset of regions, Lattice theory: special
topics and applications. Vol. 2, Birkhauser/Springer, Cham, 2016, pp. 399-487.

[34] The Sage Developers, Sagemath, the Sage Mathematics Software System (Ver-
sion 9.1), 2020, https://www.sagemath.org.


http://arxiv.org/abs/1910.03511
https://github.com/sophiasage/cn_hyperarr
http://arxiv.org/abs/2007.01008
https://www.sagemath.org

Congruence Normality of Simplicial Hyperplane 85

[35] Giinter M. Ziegler, Lectures on polytopes, GTM, vol. 152, Springer-Verlag, New
York, 1995.

Michael Cuntz

Fakultét fir Mathematik und Physik, Institut fiir Algebra, Zahlentheorie und Diskrete
Mathematik

Leibniz Universitdat Hannover

Welfengarten 1

30167 Hannover

Germany

e-mail: cuntz@math.uni-hannover.de

URL: https://www.iazd.uni-hannover.de/de/cuntz

Sophia Elia and Jean-Philippe Labbé
Institut fiir Mathematik

Freie Universitat Berlin

Arnimallee 2

14195 Berlin

Germany

e-mail: sophiae56@math.fu-berlin.de

URL: http://page.mi.fu-berlin.de/sophiae56

Jean-Philippe Labbé
e-mail: labbe@math.fu-berlin.de
URL: http://page.mi.fu-berlin.de/labbe

Communicated by Nathan Williams
Received: 7 December 2020.
Accepted: 7 September 2021.



	Congruence Normality of Simplicial Hyperplane Arrangements via Oriented Matroids
	Abstract
	1. Introduction
	2. Preliminaries
	2.1. Lattice Congruences
	2.2. Poset of Regions of a Real Hyperplane Arrangement
	2.3. Congruence Normality
	2.4. Congruence Uniformity
	2.5. Congruence Normality of Simplicial Hyperplane Arrangements Through Shards

	3. Congruence Normality Through Restricted Covectors
	3.1. Restricted Covectors and the Intersection Operation
	3.2. Affine Point Configurations and Lines
	3.3. Shards as Restricted Covectors
	3.4. Forcing Relation on Covectors
	3.5. Examples of Obstruction to Congruence Normality

	4. Congruence Normality of Simplicial Hyperplane Arrangements
	4.1. Always CN Simplicial Arrangements
	4.2. Simplicial Arrangements That Are Sometimes Congruence Normal
	4.3. Congruence Normality for the Infinite Families
	4.4. Never CN Simplicial Arrangements
	4.5. Observations and Consequences

	5. Invariants of Rank-3 Simplicial Hyperplane Arrangements
	Acknowledgements
	Appendix A: Tables of Normals
	Appendix B: Wiring Diagrams
	References




