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Abstract
Superconductivity and magnetism are two phenomena which seem to be incompatible on
macropscopic view. Microscopically, this can be traced back to the different spin-orders
of both phases: Spin-singlet Cooper pairs versus ferromagnetic spin order. In this thesis
we investigate magnetic Fe atoms on the quasi-2D superconductor 2H-NbSe2 by means of
combined scanning tunneling microscopy and spectroscopy. The magnetic moment of the
Fe atoms locally interacts with the Cooper pair condensate and gives rise to in-gap quasi-
particle states - the so-called Yu-Shiba-Rusinov (YSR) states. The peculiar properties of
NbSe2 manifest in versatile features of the YSR states which we explore in detail. Capable
of atomic manipulation we assemble customized structures - atomic dimers and extended
chains - and investigate the hybridization within these structures.

We start by characterizing the pure substrate which exhibits an incommensurate
charge-density wave (CDW) that coexists with superconductivity at low temperatures.
Both correlated phases are driven by electron-phonon coupling yielding a highly anisotropic
superconducting order parameter which appears as a peculiar quasiparticle peak distribu-
tion in differential conductance spectra around the superconducting gap.

Fe atoms adsorbed on the surface exhibit multiple YSR resonances with extended
wave functions due to the quasi-2D nature of the substrate. The CDW wave induces local
variations of the density of states which affect the energy and symmetry of the YSR states.
Hence, apart from the two different crystalline hollow sites, the incommensurate CDW
creates a multitude of inequivalent sites for Fe atoms. The influence of the CDW on the YSR
states was systematically investigated and could be qualitatively modeled in collaboration
with theorists.

We study the influence of the CDW on the hybridization between the long-ranged YSR
states within the versatile energetic landscape arising from the incommensurate CDW.
We assemble various dimers and show that equal positions relative to the CDW are a
prerequisite for substantial hybridization. Further, we detect signatures of the quantum
spin nature in the coupling of atomic dimers.

We go beyond dimers and stepwise assemble a dilute chain where the coupling between
adjacent atoms is entirely mediated via the substrate. We track the formation of YSR
bands which are identified by tunneling into their van Hove singularities. In longer chains,
the incommensurate CDW induces band bending of the YSR bands. As a last step we
investigate chains consisting of densely packed Fe atoms in which direct exchange between
d orbitals drives the formation of Fe2 molecules on the surface.
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Kurzfassung
Supraleitung und Magnetismus sind zwei sehr interessante physikalische Phänomene,
welche aufgrund ihrer unterschiedlichen Spinstruktur - Spin-Singulett Cooperpaare und
ferromagnetische Spinordnung - widersprüchlich erscheinen. Im Zuge dieser Arbeit un-
tersuchen wir die Wechselwirkung zwischen magnetischen Fe Atomen und dem quasi-2D
Supraleiter 2H-NbSe2 mittels Rastertunnelmikroskopie und -spektroskopie. Das mag-
netische Moment der Eisenatome schwächt lokal die Supraleitung und führt zu lokalen
Quasiteilchenzuständen, so genannten Yu-Shiba-Rusinov-(YSR-)Zuständen, welche von
den besonderen Eigenschaften des Substrats beeinflusst werden. Zudem haben wir die
Möglichkeit, Atome auf der Oberfläche zu manipulieren, wodurch die Untersuchung der
Kopplung zwischen YSR-Zuständen in diversen Strukturen ermöglicht wird.

Anfangs gehen wir auf die vielfältigen Eigenschaften des Substrats ein, welches
bei tiefen Temperaturen neben Supraleitung eine inkommensurable Ladungsdichtewelle
(LDW) aufweist. Beide Phasen beruhen auf stark anisotroper Elektron-Phonon-Kopplung.
Dies spiegelt sich in dem hochanisotropen Paarpotenzial wieder, welches wir in differen-
ziellen Leitfähigkeitsspektren als Multi-Peak-Struktur der supraleitenden Quasiteilchenzus-
tandsdichte auflösen.

Einzelne Fe Atome induzieren mehrere YSR-Zustände, welche aufgrund der 2D-Eigen-
schaften des Substrats sehr langreichweitig sind. Die LDW kreiert periodische Schwankun-
gen der lokalen Zustandsdichte, was zu vielen inäquivalenten Adsorptionsplätzen führt.
Durch eine systematische Studie vieler Fe Atome konnten wir den Einfluss der LDW auf die
Symmetry, sowie auf die Energie der YSR-Zustände nachweisen. Die Ergebnisse konnten
im Rahmen einer Zusammenarbeit mit Theoretikern qualitativ reproduziert werden.

Die vielfältige Oberfläche und die Langreichweitigkeit der YSR-Zustände nutzen wir,
um den Einfluss der LDW auf the Kopplung zwischen Fe Atomen in diversen, gezielt
zusammengesetzten atomaren Dimeren zu untersuchen. Hierbei wählen wir den Abstand
zwischen Fe Atomen so groß, dass die Wechselwirkung ausschließlich durch das Substrat
vermittelt wird und enthüllen gleiche Positionen der einzelnen Atome relativ zur LDW als
Voraussetzung für Hybridsierung ihrer Wellenfunktionen.

In den Dimeren finden wir Signaturen des Quanten-Charakters der Spins, welche
in längeren Ketten bestehen bleiben. Durch den schrittweisen Aufbau längerer Ketten
untersuchen wir die Entstehung von YSR-Bändern, welche wir durch Tunneln in ihre
Van-Hove-Singularitäten identifizieren. Die LDW prägt langen Ketten ein kontinuierliches
Hintergrundpotenzial auf, was Bandverbiegungen hervorruft. Zu guter Letzt analysieren
wir die direkte Kopplung zwischen den d-Orbitalen in Ketten aus dicht-gepackten Fe
Atomen, wo wir Anzeichen für die Ausbildung von Fe2-Molekülen auf der Kristallober-
fläche finden.
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1Introduction

1.1 Motivation„Die Technik von heute ist das Brot von morgen – die
Wissenschaft von heute ist die Technik von morgen.

— Richard von Weizsäcker
Federal president of Germany 1981-1984

Today’s technology is tomorrow’s cash cow - today’s science creates future technologies.
There are indeed various examples showing that Weizäcker was right. One of them is the
development of the transistor.

In the beginning of the 20th century, vacuum triodes - being fragile and consuming
substantial power - have been widely employed to amplify currents for radio and telecom-
munication applications. Already back then first patents by J. E. Lilienfeld [Lil30; Lil32;
Lil33] and O. Heil [Hei35] of field-effect transistors were filed intending to be a solid
state replacement of the triode. However, being decades away of the capability to produce
high-quality semiconducting thin films, the concept of the field-effect transistor remained
completely unattended [FBM12; Arn98].

„Creative failures“ in the attempts to develop a field-effect transistor - as Shockley himself
later called it - led to the point-contact transistor as the first experimental realization of a
transistor [Sho84]. Although the point-contact transistor itself never made it to commercial
application, the discovery of the transistor effect gained the 1956 Nobel Prize and initiated
a lot of activity in the field [Arn98].

The first field-effect transistor that showed the desired characteristics was presented
in 1962 by P. K. Weimer [Wei62; FBM12]. Shortly thereafter, the first implementation of
multiple transistors on a single chip - a 4-bit microprocessor - was announced by Intel in
1971 [Int]. Thus, the journey of the field-effect transistor - from the first idea in the 1920’s
to the basic element of 21st century digital electronics - lasted several decades [Arn98;
FBM12]. In retrospect, one could place Lilienthal, Heil, Shockly, Weimer and all researchers
working in this field over decades in the development of modern microprocessors. However,
back then their research was motivated by other perspectives - the development of a novel
current amplifying device.

In that sense the research of this thesis might be placed in the far-fetched field of
topologically protected quantum computation and the concomitant race for Majorana
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fermions.1 The solid state version of the Majorana fermion emerges as zero-energy excita-
tion in topological superconductors. Such Majorana zero modes are predicted to serve -
if localized in space - as qubits for decoherence-free quantum computation [SA17; LF12;
Ali12]. There are various routes toward the realization of Majorana zero modes including
topological insulators [FK08; SA17; Ali12; LF12] or Weyl and Dirac semimetals [SA17].
Besides, semiconductors with strong spin-orbit coupling exposed to external magnetic
fields [Mou+12; LF12; LSD10] or chains of magnetic atoms [ORO10; PGO13; Nad+14;
Nad+13; Kli+13; BS13; VF13], both proximity-coupled to ordinary s-wave superconduc-
tors are considered as promising platforms for the search of Majorana zero modes. The
latter - adatom chains on superconductors - establishes the connection between quantum
computation and the research of this thesis.„The journey with a 1000 miles begins with one step.

— Confucius
Chinese philosopher and politician

The main motivation of the author of this thesis is the study of the intriguing physics
arising from the interplay between magnetism and superconductivity - both of them being
interesting phenomena. As a magnetic field is expelled by a superconductor - known as the
Meissner-Ochsenfeld effect2 - both phenomena seem to be incompatible on macroscopic
sight. Microscopically, a single magnetic atom on a superconducting surface locally
perturbs the superconducting condensate and thereby induces so-called Yu-Shiba-Rusinov
(YSR) bound states named after L. Yu, H. Shiba and A. I. Rusinov [Yu65; Shi68; Rus69] who
predicted their appearance already in the late 1960’s. However, there was no experimental
technique to investigate surfaces on the atomic level back then. This changed in the 1980’s
with the development of the first scanning tunneling microscope (STM) by the pioneering
work of G. Binnig et al. [Bin+82b; Bin+82a], which enabled real-space atomic-resolution
investigation of surfaces for the first time and thereby revolutionized the field of surface
science. After the successful implementation of the STM it took another 15 years for
scanning tunneling spectroscopy to reach the required energy resolution to observe YSR
states [Yaz+97].

Since the pioneering work of A. Yazdani et al. [Yaz+97], YSR states are subject to
intense research and there have been remarkable efforts in the investigation of their
properties. Meanwhile, STMs reach base temperatures of less than 1 K. Furthermore,
the use of superconducting tunneling tips increases the energy resolution beyond the
Fermi-Dirac limitation. This enabled the resolution of multiple YSR resonances within the
superconducting energy gap, which arise from the orbital structure of the impurity [Ji+08;
Rub+16; Cho+17a] or from magnetic anisotropy [Hat+15] revealing the exact geometry

1Named after E. Majorana who first introduced the theoretical concept [MM06].
2Superconductors act as perfect diamagnets and expel magnetic fields up to a certain critical field strength

as found by W. Meissner and R. Ochsenfeld (Meissner-Ochsenfeld effect) in 1933 [MO33].
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of the adsorption site to largely impact the YSR states. Moreover, the symmetry of the YSR
wave function is related to the anisotropy of the Fermi surface [SBS97; FB97; Mén+15;
Rub+16]. The total spin state of the system is governed by the intriguing relation between
superconducting pairing and the local exchange interaction between the magnetic moment
and the bath electrons (Kondo screening) [FSP11]. YSR states give us insight into the
interaction between the spin moment and the superconducting condensate and play a key
role in understanding the interplay between superconductivity and magnetism.

Beside the already interesting physics of a single magnetic impurity, we can go beyond
and study the coupling between quantum spins on a superconductor. The capability of reli-
able atom manipulation opens access to create customized adatom assemblies. The natural
interplay between spin exchange interactions, Kondo screening and superconducting order
yields a rich phase diagram of competing ground states [Yao+14b] which we can explore
using the STM. Hybridization between adjacent YSR states was already investigated using
atoms and molecules on a variety of 3D superconductors [Ji+08; Cho+18b; Rub+18;
Bec+21; Din+21] and interpreted within classical models [Rub+18; Yao+14a; Hof+15;
FR00; Bec+21; Din+21].

In 2015, G. C. Ménard et al. [Mén+15] observed extremely long-ranged YSR states of
buried Fe impurities in the quasi-2D supercondcutor 2H-NbSe2 showing that the decay of
the YSR wave function is related to the dimensionality of the substrate. Since then, NbSe2

is considered as a promising substrate not only for the study of single YSR states, but it
should also facilitate coupling between adjacent impurities. Dimers consisting of CoPc
molcules showed fingerprints of hybridized YSR excitations up to separations of ∼ 2 nm
putting forward NbSe2 as a well-suited platform to study hybridization between YSR states
[Kez+18]. Another remarkable property of NbSe2 is an incommensurate charge-density
wave (CDW) which coexists with superconductivity at low temperature. The impact of
such a charge-ordered state on YSR states was not addressed before.

In this thesis we use 2H-NbSe2 as a substrate for detailed studies of Fe atoms adsorbed
on the surface. We characterize single Fe atoms, for which the CDW turns out to have
a dramatic effect on the YSR states. Within the rich energetic landscape created by
the incommensurate CDW we study YSR hybridization in different dimers. We observe
signatures of the quantum spin nature which are not captured by classical models [Rub+18;
Yao+14a; Hof+15; FR00; Bec+21; Din+21].

We also investigate to what extent the 2D-character of NbSe2 and the CDW affect hy-
bridization between YSR states in larger atom assemblies. Multiple experiments investigate
(self-assembled or artificially constructed) adatom chains with direct exchange between the
d orbitals [Nad+14; Rub+15b; Fel+17; Paw+16; Rub+17; Kim+18; Sch+20; Sch+21a;
Sch+21b; Mie+21]. In contrast, the limit of dilute atom chains, where the interaction is
entirely mediated via the substrate has not been extensively addressed so far. Very recent
studies investigate dilute chains on 3D superconductors [Sch+21a; Sch+21b; Mie+21].
Motivated by the long-range YSR states, we assemble an extended adatom chain in the
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dilute limit and monitor the development of YSR bands which are identified by tunneling
into their Van Hove singularities. In the right parameter regime, such dilute chains are
predicted to host Majorana zero modes [PGO13; PGO14; Nad+13; Kli+13; AS17].

1.2 Thesis structure
The thesis is organized as follows. We get started in the field of scanning tunneling

microscopy and spectroscopy and outline the experimental setup in chapter 2. In the
following we desist from a pure theory chapter and rather deliver the required theory in
smaller portions at the beginning of each chapter.

We acquire a basic understanding of the microscopic physics of superconductivity by
outlining the key aspects of the BCS theory in the beginning of chapter 3. Subsequently,
we introduce the physical properties of the of 2H-NbSe2 which we use as substrate for
all experiments presented in this thesis. Due to its layered nature it gains 2D electronic
character to some extent which makes it a promising substrate for the investigation of
YSR states [Mén+15]. Further, the coexistence of different charge-ordered phases at
low temperature - CDW and superconductivity - and their entanglement across the Fermi
surface yields a complex superconducting order parameter far beyond the simple BCS
s-wave scenario.

Chapter 4 is dedicated to the investigation of single Fe atoms adsorbed on 2H-NbSe2.
Therefore, we first provide all basics of the interaction between magnetic atoms with a
metal and superconductor. Then, we investigate YSR states of single Fe atoms on NbSe2.
The local variations of the density of states imposed by the incommensurate CDW create a
manifold energetic landscape for the YSR states. We further find fingerprints of magnetic
anisotropy in the YSR states of Fe atoms.

One task during this thesis was the successful implementation of superconducting Nb
tips for atomic manipulation on the NbSe2 surface. Fe atoms could be reliably manipulated,
thereby allowing the assembly of customized adatom arrangements while retaining the
high energy resolution of a SC tip. After a short theory introduction, we go beyond single
atoms and investigate multiple atomic dimers assembled with the STM tip in chapter 5.
The quasi-2D character of the substrate yields long-range YSR wave functions and thus,
facilitates pure substrate-mediated coupling between adatoms being several crystal sites
apart from each other [Mén+15; Kez+18] - the dilute limit. We exploit the hybridization
between YSR states in the framework set by the CDW superimposed on the crystal lattice
which offers great diversity of different dilute dimer arrangements.

In chapter 6 we increase the atom number and assemble atomic chains. We outline
different models of magnetic chains on ordinary superconductors in the beginning of the
chapter. By stepwise bottom-up assembly of a chain we explore YSR band formation. We
realize an extended YSR chain in the dilute limit with > 50 atoms. The incommensurate
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CDW imposes a smoothly varying background potential which leads to band bending
within the extended chain. We further address the other coupling limit in a densely packed
adatom chain where the atoms couple via direct exchange. We find abrupt changes in the
electronic structure of the Fe atoms which points to the formation of covalently bound Fe2

molecules on the crystal surface.
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2A brief introduction to the field of
scanning tunneling microscopy and
spectroscopy

All measurement presented in this thesis are performed with a low-temperature scanning
tunneling microscope (STM). This chapter provides an introduction in the basic principles
of this technique and an overview of the experimental setup.

2.1 Scanning tunneling microscopy

There are various spectroscopic techniques such as angle-resolved photoemission spec-
troscopy (ARPES), low-energy electron diffraction (LEED) or X-ray absorption spectroscopy
(XAS) which provide information of structural and electronic properties of surfaces. How-
ever, all these techniques average over µm-size sample areas and are thus limited in their
spatial resolution. The development of STM in the 1980s by the pioneering work of G.
Binnig et al. [Bin+82b; Bin+82a] provided a milestone in surface science as it enables the
real-space investigation of sample surfaces beyond the optical Abbe diffraction limit.

2.1.1 The tunneling current

The key element of an STM is the tunnel junction consisting of an atomically sharp
metal tip in close vicinity to a conducting surface as schematically depicted in Fig. 2.1a.
The distance between tip and sample sets a potential barrier of thickness z whose height
is determined by the work functions of tip and sample, Φt and Φs (Fig. 2.1b). Classically,
electrons in tip or sample cannot overcome this barrier unless their energy is sufficiently
high. However, due the quantum nature of electrons there is a finite probability for
electrons to propagate through the barrier. In thermal equilibrium without any applied
bias, the chemical potentials of both electrodes align and there is no net current as electrons
travel equally in both directions between tip and sample (red arrow in Fig. 2.1b). However,
we expect a non-vanishing tunneling current if we apply a voltage V to the tunnel junction.
In the following we derive the tunneling current following J. Bardeen [Bar61], J. Tersoff
and D. R. Hamann [TH85; TH83].

We describe the tip and sample states independently by non-orthogonal wave functions
ψt and ψs, respectively. The total tunneling current I consists of electrons tunneling
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Fig. 2.1.: (a) Schematic model of the spherical tip with curvature R located at r0. The vacuum
barrier has width z. Inspired by [TH85]. (b) Schematic energy diagram of a metal-
vacuum-metal tunnel junction in thermal equilibrium. ψs,t and Φs,t are the tip and
sample wave and work functions, respectively. The Fermi energy and the vacuum level
are indicated by EF and Evac. The net electron transfer is zero (dark red arrow). (c)
Same junction as in (b) with an applied voltage V . The average barrier approximation
is illustrated in blue. There is non-zero current as indicated by the dark red arrows.

from tip to sample (It→s) and vice versa (Is→t). As obtained by J. Bardeen [Bar61], the
tunneling current I to first order can then be expressed as [SK93]

It→s = 2πe
~
∑
ts
f(Et) [1− f(Es)] |Mts|2δ(Et − Es + eV ),

Is→t = 2πe
~
∑
ts
f(Es) [1− f(Et)] |Mts|2δ(Et − Es + eV ),

I = It→s − Is→t = 2πe
~
∑
ts

[f(Et)− f(Es)] |Mts|2δ(Et − Es + eV ). (2.1)

Above, f(E) is the Fermi-Dirac distribution function. |Mts| is the tunneling matrix element
for tunneling between state ψt at energy Et and ψs at energy Es and captures the transmis-
sion probability between tip and surface. Assuming low temperatures and small voltages
we can simplify the above equation to [TH83; TH85]

I = 2π
~
e2V

∑
ts
|Mts|2δ(Et − EF)δ(Es − EF). (2.2)

As shown by Bardeen the tunneling matrix element yields [Bar61]

Mts = ~2

2m

∫
dS
(
ψ∗t ~∇ψs − ψs~∇ψ∗t

)
. (2.3)

The integral contains the probability current operator and has to be evaluated over
any surface S lying entirely in the vacuum barrier between tip and surface. Thus, the
essential problem is to calculate the tunneling matrix element. In order to evaluate the
integral, Tersoff and Hamann assumed a perfectly spherical tip centered at r0 with radius
R as depicted in Fig. 2.1a. The tip states ψt are described by spherical s-wave functions
decaying into the vacuum thereby neglecting any angular dependence of the tip states.

10 Chapter 2 A brief introduction to the field of scanning tunneling microscopy and spectroscopy



Further, Tersoff and Hamann expand the sample’s surface states ψs by Bloch states which
exponentially decay into the vacuum [SK93]:

ψs(r) =
∫

dk ake
−κzeik·r‖ , (2.4)

where r‖ is the in-plane component of the tip position. In the average barrier approximation
with Φav = (Φt + Φs)/2 (indicated in blue in Fig. 2.1c) the decay constant κ is given by
[ZH09; SK93]

κ =
√

2m
~2

(
Φav + eV

2 − Es

)
+ k2
‖ . (2.5)

Thus, we obtain [TH85; TH83]

|Mts|2 ∝ |ψs(r0)|2 ∝ e−2κz. (2.6)

|ψs(r0)|2 is the probability of sample state ψs at the position r0 of the tip. From this we
already note that the tunneling current depends exponentially on the tip-sample separation.
Taking all of above’s simplifications together, Eq. 2.3 can be evaluated and we arrive at
[TH83; TH85]

I ∝ νt(EF)V
∑

s
|ψs(r0)|2δ(Es − EF), (2.7)

where νt(EF) is the density of states (DOS) of the tip at the Fermi energy. The sum over
the sample states in Eq. 2.7 simply represents the local DOS at EF of the surface [TH85;
SK93].

2.1.2 Imaging on the atomic scale

As seen above, the tunneling current at a fixed voltage is proportional to the local DOS
which exponentially depends on the thickness z of the vacuum barrier (typically a few Å
for tunneling currents in the pA-regime). Thus, very small variations in the tip-sample
separation cause a sizeable change in the tunneling current around one order of magnitude
per Å. This characteristic is exploited in order to reach sub-nanometer spatial resolution
with an STM.

Figure 2.2a schematically depicts an STM. The position of the STM tip is precisely
controlled with piezoelectric elements in all dimensions. An image of the surface can be
achieved by laterally scanning the surface with the (atomically sharp) tip. There are two
fundamental operation modes. In the constant-current mode the position of the tip is
readjusted at each scan pixel by the feedback loop such that a fixed tunneling current
is maintained. Therefore, the tip’s vertical position carries the topographic information
of the surface as depicted in Fig. 2.2b. Due to the feedback loop, this imaging mode is
relatively slow. This limitation can be overcome in the constant-height mode where
the tip scans the surface at a fixed height. The topographic information is then stored

2.1 Scanning tunneling microscopy 11
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Fig. 2.2.: (a) Simplified working principle of an STM. The tip-sample distance z is controlled via
the feedback loop. The position of the tip is controlled with piezoelectric elements in
all three dimensions. (b) Constant-current operation mode: The vertical tip position
is regulated by the feedback loop such that the tunneling current is constant while
scanning the surface. (c) Constant-height operation mode: The vertical tip position is
constant while scanning the surface. Figure taken from [Rol18].

in the tunneling current signal (Fig. 2.2c). However, this operation mode bears the risk
of crashing the tip into the surface for non-flat samples which are either tilted or have
strong surface corrugations. As the tunneling current is proportional to the local DOS of
the sample (c.f. Eq. 2.7), STM images are always convolution of topographic information
and electronic structure of the surface states as we will explicitly see in section 3.2.1.

2.1.3 Manipulation of single atoms
In the early 1990s, shortly after the successful implementation of the STM as powerful

tool offering atomic-resolution surface imaging, IBM researchers demonstrated the capa-
bility of the STM to manipulate single atoms on surfaces [SE91; ELR91; ES90; LA91].

In order to manipulate single atoms we can exploit the short-range interactions existing
between the tip and the sample [LRT05; Hla05; BMR97]. There are several possible
mechanisms: (1) The use of electric fields strong enough to pick up an atom (by applying
rather large biases ∼ V) and subsequent release at the desired position. (2) When the tip
is really close to surface, one can make use of attractive van der Waals (vdW) and Pauli
repulsion forces to pull or push the atoms across the surface [LRT05; Hla05; BMR97].
This regime can be achieved with low voltages (a few mV) and high currents (of several
nA). The exact mechanism to successfully move atoms across the surface as well as the
reliability, reproducibility and stability of atomic manipulation sensitively depend on the
material system under investigation meaning that not every material system facilitates
atomic manipulation.

As we will see below, the use of superconducting tips offers drastically increased energy
resolution well beyond the Fermi-Dirac broadening (c.f. section 2.2.2). However, the well-
established Pb-coated tungsten tips [Rub+15a] are not stable enough for the controlled
manipulation of single atoms on metal surfaces due to the soft nature of the tip apex.

12 Chapter 2 A brief introduction to the field of scanning tunneling microscopy and spectroscopy
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Fig. 2.3.: (a) Mechanism to manipulate Fe atoms on the NbSe2 surface by attractive vdW forces.
(b) Constant-current topographies acquired during the build-up sequence of an extended
Fe chain on NbSe2. Constant-current set point is 100 pA, 10 mV.

One task during this thesis was the successful realization of atomic manipulation of Fe
atoms on the NbSe2 surface. In this scope, the fabrication procedure of Nb coated tips
was implemented. The more stiff Nb tips offer controlled manipulation of Fe atoms while
maintaining the desired energy resolution of a superconducting tip. Using a Nb tip the
Fe atoms could be reliably dragged across the NbSe2 surface as schematically depicted in
Fig. 2.3 at set points of 1-5 nA at ∼ 4 mV (exact values vary for different tip preparations).
With active feedback loop the tip is brought in close vicinity sideways to the atom until
the vdW forces cause the atom to hop to the next adsorption site. As soon as the atom is
following, the tip is withdrawn by the feedback in order to maintain the current. Using
this approach the atoms could be dragged over large distances (∼ 50 nm) and reliably
placed in any desired adsorption site. Figure 2.3 shows constant-current topographies
recorded during the build-up sequence of an extended chain of Fe atoms on the NbSe2

surface (c.f. chapter 6). The Fe atoms are visible as circular elevations.

2.2 Scanning tunneling spectroscopy

2.2.1 Insight into the density of states

As can be seen already from Eq. 2.7 the STM current bears information about the
local DOS of the sample. Thus, STM not only faciliates real-space imaging with atomic
resolution, but further allows us to get insight into the sample’s DOS.

We can rewrite Eq. 2.1 by replacing the discrete summation over all sample and tip states
by integration over the continuous DOSs νt(Et) and νs(Es) of tip and sample [Che93]:

I(V ) ∝
∫∫ +∞

−∞
dEtdEs νt(Et)νs(Es) [f(Et)− f(Es)] |Mts|2δ(Et − Es + eV ) . (2.8)

By evaluating the δ-distribution and renaming Es → E the above integral simplifies to

I(V ) ∝
∫ +∞

−∞
dE νt(E − eV )νs(E) [f(E − eV )− f(E)] |Mts|2, (2.9)

2.2 Scanning tunneling spectroscopy 13



which is a convolution of the DOS of tip and sample with additional Fermi-Dirac broadening.
We see that at low temperatures (T ≈ 0 K) only states within the energy window of eV
between the Fermi levels of tip and sample contribute to the tunneling current as sketched
in Fig. 2.4a. For metallic tips we can assume a constant DOS around the Fermi energy.
Further, we neglect the energy dependence of the tunneling matrix element. With these
assumptions we obtain

I(V ) ∝ |Mts|2νt(EF)
∫ EF+eV

EF
dE νs(E), (2.10)

and differentiating according to the bias voltage yields the differential conductance

dI(V )
dV ∝ |Mts|2νt(EF)νs(EF + eV ). (2.11)

Thus, by measuring the voltage-dependent differential-conductance signal we can directly
access the energy-dependence of the sample’s DOS. Such a dI/dV spectrum is achieved
by sweeping the bias voltage while recording the dI/dV signal at a specific point of
interest above the sample. Commonly, we do not access the dI/dV signal by a numerical
derivative of the tunneling current, but using a lock-in amplifier which offers superior
noise performance as discussed in section 2.3.2. Thus, we can also record the spatially
resolved dI/dV signal at a fixed voltage yielding so-called dI/dV maps. In the following,
all different measurement modes employed in this thesis are introduced.

As with the topographies there are different operation modes for spectroscopy. A so-
called constant-height dI/dV spectrum is obtained by opening the feedback at the
position of interest above the sample at pre-defined set point parameters for current
and bias. Subsequently, the bias voltage is swept in the range of interest while the
dI/dV signal is recorded without any movement of the tip. A constant-current dI/dV
spectrum is obtained by sweeping the bias and recording the dI/dV signal while the
feedback remains active and regulates the tip height in order to maintain a constant
current. This allows to investigate the DOS over a large voltage range within a single
spectrum (e.g. 0.2 V < V < 3 V). However, since the tip-sample distance changes during
the bias sweep the sample states appear at slightly shifted energies due to variations of the
tunneling matrix element. Further, this mode requires non-vanishing DOS as otherwise the
feedback drives the tip into the sample in order to maintain the set point current. Thus,
this mode is not suitable in the small energy window around the Fermi level (especially
when superconducting materials with an energy gap are involved).

Since we directly obtain the dI/dV signal using the lock-in technique, we can combine
imaging and spectroscopy in the so-called dI/dV maps which capture the spatial variation
of the dI/dV signal at a certain bias within an area of interest. Depending on the requests
of sample and tip we can in turn employ different modes. The simplest mode is again a
constant-height dI/dV map. As with a constant-height dI/dV spectrum, the feedback
is opened at the set point (at a certain lateral position), but instead of sweeping the bias
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Fig. 2.4.: (a) Schematic of the DOS of tip and sample illustrating the tunneling processes between
normal metals and superconductors. (a) Tunneling between two normal materials at
T = 0 K. A constant DOS is assumed for the tip. (b) Tunneling between two normal
materials at T > 0. The Fermi-Dirac broadening causes energetic smearing around EF.
(c) Tunneling between a metallic tip and a superconducting sample with energy gap 2∆s.
(d) Tunneling between two superconducting materials. tunneling current is suppressed
for energies eV < ∆t + ∆s. Sample states appear shifted by ∆t.

the tip lateral scans across the surface at a fixed bias (not necessarily the set point bias)
while the dI/dV signal is recorded. As discussed along with the imaging modes, this
method is not suitable for non-flat samples. For example, due to the 3D-character of
adatoms, the dI/dV signal will be more intense above the adatom while lacking intensity
on pristine parts of the surface. Here, the method of choice is a so-called constant-contour
dI/dV map. First, the constant-current z-profile at a suitable set point is recorded and
then retraced by the tip while recording the dI/dV signal at the desired bias voltage.
This mode is especially suitable to image the so-called YSR states of magnetic atoms on
superconducting surfaces and will be widely employed throughout this thesis (chapters
4,5 and 6).

We can further investigate the DOS of 3D adsorbates by regulating the tip’s z-position
directly on the dI/dV signal in the so-called constant-dI/dV maps. Similarly to to-
pography images obtained in the constant-current mode, the dI/dV magnitude is then
stored in the variations in tip height and the map displays a constant-DOS contour. Like
constant-current spectra, this technique can only be applied at energies for which there
is a finite DOS above the whole area of interest as the feedback drives the tip into the
sample otherwise. Hence, it is not suitable to image local states within the energy gap
of a superconductor. As introduced in [Ree+17], this technique is well-suited to image
molecular orbitals as it reduces artefacts caused by other measurement modes (as for
example constant-contour dI/dV maps).

2.2 Scanning tunneling spectroscopy 15



2.2.2 Spectroscopy beyond the Fermi-Dirac limit

As schematically depicted in Fig. 2.4b the energy window of eV in which electrons
contribute to the tunneling current is smeared by the Fermi-Dirac distribution around the
Fermi energy. Mathematically, this is included in Eq. 2.9. At a measurement temperature
of 1.2 K the Fermi edge limits the energy resolution to 3.5kBT ≈ 360 µeV hindering the
investigation of electronic features in the sub-meV range as, for example, the peculiar
quasiparticle DOS of NbSe2 (c.f. section 3.2.2).

A constant-height dI/dV spectrum recorded on NbSe2 using a metallic Au tip is pre-
sented in Fig. 2.5. The superconducting energy gap of the substrate can be discerned.
Despite the presence of the superconducting energy gap in the substrate which prevents
thermal broadening in the substrate, the sharp DOS of the superconducting coherence
peaks appears broadened due to the thermal smearing in the tip as discussed above. The
situation is schematically depicted in Fig. 2.4c.

By implementing superconducting tips we can significantly increase the energy reso-
lution. First, we can overcome the thermally limited energy resolution as depicted in
Fig. 2.4d [FSP11]. The energy gap prevents thermal smearing of electrons around the
Fermi level in the tip such that the energy resolution is now limited by other experimental
broadening effects. Second, the fact that we probe the sample DOS with the sharp co-
herence peaks of the tip DOS instead of a flat metallic DOS further increases the energy
resolution. The difference between the use of a metallic and superconducting tip becomes
evident when comparing Fig. 2.5a,b. The spectrum obtained with a Nb tip reveals rich
features of the NbSe2 which are not resolved with the Au tip. The substrate features will
be discussed in detail in section 3.2.2. Note that all sample states appear shifted by ∆t

(c.f. Fig. 2.4d).

However, the DOS of superconducting tips is clearly not constant around the Fermi
level such that we should reconsider above’s approximations resulting in Eq. 2.11. In
the following, we neglect the tunneling matrix element. Deriving Eq. 2.9 leads to the
differential conductance:

∂I(V )
∂V

∝
∫ +∞

−∞
dE ∂νt(E − eV )

∂V
νs(E, T )[f(E − eV, T )− f(E, T )]

+
∫ +∞

−∞
dE νt(E − eV )νs(E, T )∂f(E − eV, T )

∂V
. (2.12)

We see that both DOSs are entangled. As already mentioned, the major feature is that
all sample states appear shifted by ∆t. In the following section we deduce a numerical
approach to calculate the sample DOS from the dI/dV spectra based on Eq. 2.12.
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Fig. 2.5.: Normalized constant-height dI/dV spectra obtained with (a) a Au tip and (b) a Nb tip
on the pristine NbSe2 surface (set point: 200 pA, 4 mV and 700 pA, 5 mV). The tip gap is
indicated by the gray box. Filled and empty states are indicated in dark and bright blue.

2.2.3 Numerical deconvolution

In order to deduce the DOS from the dI/dV signal we can numerically deconvolve the
spectra as described in the following (similar to the procedure described in [Cho+17a]).
Equation 2.12 can be discretized into matrix form and then reads:

−−→
∂I

∂V
(V ) ∝ K(E, V, T )−→νs (E) . (2.13)

The vector on the left hand side contains the differential conductance data. −→νs (E) is the
local DOS of the sample to extract. The matrix K can be determined by comparing Eq.
(2.12) and Eq. (2.13) to

Kij(Ej , Vi, T ) = dE ∂νt(Ej − eVi)
∂V

[f(Ej − eVi, T )− f(Ej , T )]

+ dE νt(Ej − eVi)
∂f(Ej − eVi, T )

∂V
. (2.14)

Therefore, with the knowledge of the DOS of the tip, we can calculate νs (E) by finding
the pseudoinverse of K.

2.3 Experimental setup

2.3.1 Joule-Thomson scanning tunneling microscope

Data presented in this thesis were acquired with a commercially available Joule-Thomson
(JT) STM manufactured by SPECS1 that operates at a base temperature of 1.2 K and a base
pressure of ∼ 1 · 10−10 mbar. The system is equipped with a heating stage for temperature
dependent measurements and an out-of-plane magnetic field of up to 3 T.

1SPECS Surface Nano Analysis GmbH.
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Figure 2.6a is a 3D drawing of the experimental setup. To ensure mechanical stability
of the tunnel junction, the whole system is placed on pneumatic feet with pressurized air
damping and the STM head is suspended by springs. The ultra high vacuum conditions are
reached with several pumps (Turbo, Ion-Getter and Titan-sublimation pumps) and allow
the investigation of pristine surfaces without contamination of ambient molecules. In
order to allow in-situ sample preparation, the STM is directly connected to the preparation
chamber by a gate valve. Samples can be transferred between both chambers with the
manipulator. Further, the STM is equipped with evaporation ports that allow in-situ
evaporation of adsorbates on samples directly in the STM.

The low temperatures ensure stable adsorption of adsorbates (no thermally activated
cluster formation), increase the energetic resolution and reduce thermal fluctuations of the
tip sample-distance. Elaborate radio-frequency filtering at all input lines permits to reach
an energy resolution in the order of ≈ 50 µeV (in combination with the lock-in amplifier,
c.f. section 2.3.2). In order to achieve the low temperatures, the system consists of several
cooling stages including a liquid nitrogen and a liquid helium reservoir which pre-cool the
system to 4.5 K (Fig. 2.6b) and an additional cooling stage as outlined in the following.

Joule-Thomson cooling

To reach the base temperature of 1.2 K a Joule-Thomson cooling stage is integrated in the
system (Fig. 2.6c). At very low temperatures, further energy can be removed from the
system by adiabatic expansion of He. In our setup, high-purity pressurized He gas (. 2 bar)
is first passed through a liquid-nitrogen cold trap to remove residual contaminations.
Within the cryostat it is pre-cooled by the liquid helium reservoir and a back streaming
heat exchanger. Subsequently, it passes a small capillary (indicated by the red star) and
adiabatically expands into a small reservoir, the so-called 1 K-pot which is pumped to low
vacuum and thermally coupled to the STM head.

2.3.2 Lock-in amplifier in a nutshell

Of course, one could directly calculate the differential conductance from the voltage-
dependend tunneling current I(V ). However, using a lock-in amplifier a superior signal-
to-noise ratio can be achieved. The lock-in amplifier is a widely used technique which
enables detection of small signals hidden within a broad noise spectrum several orders of
magnitude larger. The trick is to excite the system at a known reference frequency. The
lock-in amplifier then filters noise at all frequencies except for the reference frequency,
which carries the signal of interest as outlined in the following based on [SRS].

The key principle is to add a small sinusoidal AC component with a known reference
frequency ωref to the DC bias voltage which is applied to the tunnel junction. Such a
time-dependent bias Vac(t) = Vmod sin(ωreft) will cause a response of the tunneling current
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Fig. 2.6.: Drawing of the combined vacuum system with STM and preparation chamber. Some
components are indicated in the sketch. (b) Design of the JT-STM bath cryostat with
different cooling stages. (c) Simplified scheme of the JT-cycle. Red indicates high
temperatures, whereas blue indicates low temperatures. Figure taken and adapted from
[Hat16].

as schematically depicted in Fig. 2.7. As the AC amplitude is small, we can expand the
response of the tunneling current as a Taylor series yielding:

I
(
V + Vmod sin (ωreft)

)
≈ I(V ) + dI(V )

dV Vmod sin(ωreft) +O(2). (2.15)

Here, the first term is the normal bias-dependent tunneling current (DC response). The
second term is the linear response (1st harmonic) of the junction to the AC bias and
proportional to the desired dI/dV magnitude. Note that one can in principle also detect
the 2nd harmonic in order to increase the sensitivity for very faint signals.

Generally, the junction’s response at the reference frequency ωref is hidden in broad-
band white noise of the current signal. The current signal is passed through a low-noise
current-voltage-amplifier which returns an amplified voltage signal being proportional to
the input current:

Vsignal(V ) = αI(V ) + α
dI(V )

dV Vmod sin(ωreft+ θ) +
∑
i

Vi sin(ωit+ θi). (2.16)

Above, α denotes the gain of the pre-amplifier (units V A−1) and θ is the phase of the
junction’s response. The last term represents the white noise which obscures the desired
signal (c.f. Fig. 2.7). Vsignal is then passed to the lock-in amplifier and multiplied with
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the reference signal Vref sin(ωreft + θref) by the central unit of the lock-in amplifier, the
phase-sensitive detector (PSD), yielding:

Vpsd(V ) = αI(V )Vref sin(ωreft+ θref)

+ α
dI(V )

dV VmodVref sin(ωreft+ θ) sin(ωreft+ θref) (2.17)

+ Vref
∑
i

Vi sin(ωit+ θi) sin(ωreft+ θref),

which we can rewrite2 as

Vpsd(V ) = αI(V )Vref sin(ωreft+ θref) (2.18)

+ α

2
dI(V )

dV VmodVref cos(θ − θref)−
α

2
dI(V )

dV VmodVref cos(2ωreft+ θ + θref)

+ 1
2Vref

∑
i

Vi
[
cos

(
(ωi − ωref)t+ θi − θref

)
− cos

(
(ωi + ωref)t+ θi + θref

)]
.

Thus, the output of the PSD unit yields a DC component proportional to the component of
the current signal whose frequency is exactly ωref . The PSD unit is followed by a low-pass
filter which performs time-averaging over the signal and thus removes all time-dependent
components resulting in

Vout(V ) = α

2
dI(V )

dV VmodVref cos(θ − θref), (2.19)

which is a DC voltage being proportional to the desired dI/dV signal. As the lock-in
amplifier filters all signals at frequencies which do not exactly match ωref , it provides a
superior signal-to-noise ratio.

The phase of the reference signal has to be adjusted in order to maximize the amplitude
of the output signal. The reference frequency has to be chosen as high as possible within
the filtering scheme and the cut-off of the current-voltage amplifier in order to not perturb
the feedback control of the STM and to allow efficient averaging. Moreover, it should
be chosen well off typical noise frequencies and their harmonics, as for example the
50 Hz utility frequency. Further care has to be taken when considering the amplitude
of the modulation. On one hand, the signal intensity scales with Vmod. On the other

2Using the trigonometric identity 2 sin(x) sin(y) = cos(x− y)− cos(x+ y).
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hand it should be small enough to avoid additional broadening of the spectral features
[Kle+73]. Lock-in amplifiers commonly measure the magnitude of the modulation by the
root-mean-square value Vrms corresponding to a modulation amplitude of Vmod =

√
2Vrms

(and a peak-to-peak amplitude of 2
√

2Vrms).

2.3.3 Sample preparation
Preparation of SC tips

Before we prepare the NbSe2 sample we have to prepare and characterize the STM tips.
In the scope of this thesis we use superconducting Pb and Nb tips. Both SC crystals are
cleaned by repeated sputtering and annealing processes as described elsewhere [Rub+15a;
Odo+19]. In order to reach annealing temperatures of & 2000 °C required for the Nb
crystal a home made high-temperature e-beam heating stage was developed and attached
to the preparation vacuum chamber in the scope of this thesis.

We obtain a superconducting tip by indenting the tip in the corresponding supercon-
ductor until a stable atomically sharp tip apex and a bulk-like superconducting gap is
achieved. The Pb tips are obtained with an electro-chemically etched W wire on a clean
Pb(111) surface, the Nb tips by indenting a cut NbTi wire into a Nb(111) crystal (see
[Rub+15a] for more details of the tip preparation process). Spectra recorded on bare
Pb(111) and Nb(111) surfaces after preparation of the tip are shown in Fig. 2.8. Pb is
a two-band superconductor exhibiting two superconducting gaps arising from different
Fermi surface sheets [Rub+15a; Flo+07]. The corresponding two pairs of coherence peaks
are well resolved in Fig. 2.8a. The tips are characterized by the fit procedure described in
detail in Ref. [Rub+15a] where a BCS-like DOS is assumed for the tip:

νt(E) = sgn(E)<

 E − iΓ√
(E − iΓ)2 −∆2

t

 . (2.20)

From this fitting procedure we determine the values of the superconducting order param-
eter ∆t and the depairing factor Γ. For Pb tips, we reliably achieve bulk-like values of
∆t ≈ 1.35 meV while the superconducting order parameter obtained for Nb tips varies
from the bulk value of ∆t ≈ 1.55 meV to smaller values. The depairing factors that are
found typically vary between 5-20 µeV.3

3Note that the spectrum recorded with the Nb tip on the Nb(111) surface shows increased smearing at the
low-energy edges of the coherence peaks indicating short quasiparticle lifetimes and thus, a big depairing
factor Γ. The Nb tips exhibit as good energy resolution as the Pb tips on the NbSe2. Therefore, we
attribute this broadening to the inhomogenity of the Nb(111) crystal surface we used for tip preparation
and characterization as achieving atomically clean Nb surfaces is demanding (and not required for tip
preparation) [Odo+19].
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Fig. 2.8.: Normalized constant-height spectra obtained (a) with a Pb tip on a Pb(111), and (b)
with a Nb tip on a Nb(111) sample (set point: 200 pA, 4 mV and 250 pA, 5 mV). The tip
gap is indicated by the gray box.

Preparation of the NbSe2 sample

After preparing the tip we can turn towards the sample preparation. The bulk NbSe2

crystals (grown by iodine vapor transport [Rah+12]) are supplied by K. Rossnagel.4 A
clean surface is achieved by cleaving the crystal in UHV and transferring it into the STM.
Afterwards we evaporate Fe atoms directly into the STM at temperatures below 15 K using
a commercially available electron-beam metal evaporator by Omicron.5 Dilute coverages
of ≈ 100 atoms/(100× 100 nm2) are achieved with a flux of 1 nA for 2-3 s.

4Institut für Experimentelle und Angewandte Physik, Christian-Albrechts-Universität zu Kiel and Ruprecht-
Haensel-Labor, Deutsches Elektronen-Synchrotron DESY, Hamburg.

5Scienta Omicron AB.
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32H-NbSe2 as a substrate

In the scope of this thesis the most important property of NbSe2 is its superconductivity
below Tc = 7.2 K which is required for the investigation of the Yu-Shiba-Rusinov states.
Therefore, a brief introduction to superconductivity is provided in the next section as basis
to understand the more complex superconducting pairing in NbSe2. Beside its complex
superconductivity, NbSe2 exhibits a CDW that coexists with superconducting pairing at
low temperatures. We introduce the rich substrate properties in the second part of this
chapter.

3.1 Introduction to superconductivity
In some metals the resistivity drops to zero below a certain critical temperature. This was

first observed by H. Kamerlingh Onnes in 19111 by cooling Hg down to 4.2 K. Some years
later, W. Meissner and R. Ochsenfeld revealed superconductors to be perfect diamagnets
(Meissner-Ochsenfeld effect) [MO33] meaning that superconductors expel magnetic fields
up to a certain critical field strength. Shortly after, J. N. Rjabinin and L. W. Shubnikov
discovered the existence of a second type of superconductivity, the so-called type II su-
perconductors where a magnetic field can penetrate the material without destroying
superconductivity within some range [RS35]. There were many different approaches in
order to explain the phenomena.2 However, it took more than 40 years until J. Bardeen,
L. N. Cooper and J. R. Schrieffer developed the first microscopic model explaining super-
conductivity, the so-called BCS theory in 1957 [BCS57a; BCS57b].

3.1.1 BCS theory
In a superconductor, the supercurrent is carried by pairs of electrons, the so-called

Cooper pairs (CPs). As shown by L. N. Cooper in 1956 [Coo56] the Fermi sea of a metal
is unstable against the formation of electron pairs if there is a net attractive interaction
between the electrons. This attractive interaction is based on the exchange of virtual
phonons, i.e. on electron-phonon coupling and is schematically illustrated in Fig. 3.1.
If an electron is traveling through the lattice, it tends to attract the positive ion cores
leading to a small lattice deformation (Fig. 3.1a,b). Subsequently, this positively charged
region attracts another electron traveling in the opposite direction (Fig. 3.1c). Due to
the long lifetime of a phonon, the distance between both interacting electrons is large (in

1Shortly after the first liquefaction of Helium [Kam08].
2In 1935, the London brothers came up with a phenomenological electrodynamic model that could explain

both fundamental properties, zero resistance and perfect diamagnetism [LL35]. In 1950 V. L. Ginzburg
and L. D. Landau developed a macroscopic theory based on thermodynamic arguments [GL09] which was
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Fig. 3.1.: Intuitive model of the phonon-mediated electron-electron interaction. (a) An electron
traveling through the lattice attracts the positive ion cores leading to a positive space
charge as shown in (b). (c) This space charge attracts a second electron traveling in
opposite direction. Inspired by [GM12].

the order of the superconducting coherence length3). Therefore, this phonon-mediated
interaction can overcome the short-ranged Coulomb repulsion [Tin04]. The momenta of
both participating electrons after the exchange of a virtual phonon with momentum q are
[GM12]

k′1 = k1 + q and k′2 = k2 − q . (3.1)

Since the Debye frequency ~ωD << EF is the limiting factor for the phonon energy,
the interaction takes place in a narrow shell around the Fermi sphere in the order of
δk ' mωD/~kF. The pairing is most effective if k1 = −k2 =: k as follows from momentum
conservation (see Fig. 3.2a,b) [GM12] and leads to a condensation of multiple CPs.

The total wave function describing a CP has to be antisymmetric with respect to the
exchange of two fermions. Thus, there are different possible combinations between orbital
and spin wave functions. The two spins can either be coupled to a singlet (antisymmetric,
antiparallel spins) or to a triplet (symmetric, parallel spins) and be combined with a
symmetric (i.e. s-type, d-type) or antisymmetric (p-type, f -type) orbital wave function.
The simplest case of superconductivity is the so-called s-wave superconductivity, where
an s-wave orbital function is combined with the spin singlet: (k ↑,−k ↓) [GM12]. Such a
singlet CP can be described by [Tin04]:

|Ψ0〉 =
kF+δk∑
k=kF

gkc
†
k↑c
†
−k↓ |F 〉 , (3.2)

where c†kσ(ckσ) are the fermionic creation (annihilation) operators, |F 〉 is the Fermi sea
and gk is the weighting coefficient. As this is a many-particle problem it is most convenient

able to broadly explain the observed phenomena. In 1957 A. A. Abrisokov was able to explain type I and II
superconductors based on the findings of Ginzburg and Landau [Abr57].

3Assuming a typical metallic Fermi velocity of vF ≈ 106 m s−1, the lower limit of the lifetime τ = 1/ωD ≈
10−14 s−10−13 s yielding superconducting coherence lengths from a few nm to hundreds of nm depending
on the material [GM12].
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Fig. 3.2.: (a) Illustration of the momentum conservation upon exchange of a virtual phonon. As
the momentum K = k1 + k2 = k′1 + k′2 = K′, has to be conserved, the interaction
is limited to the cross section of the two shells around the Fermi spheres (marked in
bright and dark blue). (b) When K = 0, i.e. k1 = −k2 the overlap of the two shells is
maximized and the pairing most effective. Inspired by [GM12].

to describe the BCS ground state (condensation of multiple CPs) as a grand canonical
ensemble by [Tin04]

|ΨG〉 =
∏

k=k1,...,kM

(uk + vkc
†
k↑c
†
−k↓) |φ0〉 , where |uk|2 + |vk|2 = 1 . (3.3)

Above, |φ0〉 denotes the vacuum state. We see that, |uk|2 and |vk|2 represent the probability
for a CP (k ↑,−k ↓) to be unoccupied or occupied, respectively.

The BCS Hamiltonian (in the notation of 2nd quantization) [Tin04]

HBCS =
∑
kσ
ξknkσ +

∑
kl
Vklc

†
k↑c
†
−k↓c−l↓cl↑ , with nkσ = c†kσckσ , (3.4)

describes the scattering from the occupied paired state (l ↑, l ↓) to the empty one (k ↑,−k ↓)
by the effective attractive interaction Vkl, with k = l + q. ξk = εk − µ = (~k)2/2m − µ
is the normal state kinetic energy dispersion. The interaction is attractive (Vkl < 0) only
for initial (l) and final (k) wave vectors for which q lies within the small shell around the
Fermi sphere (set by the Debye frequency) as discussed before (Fig. 3.2b) and vanishes
elsewhere. For a net attractive interaction the mean value 〈c−l↓cl↑〉 6= 0 (the same holds
for its complex conjugate counterpart) implying non-vanishing pairing correlations.

With this in mind, one can define the superconducting order parameter

∆k = −
∑

l
Vkl〈c−l↓cl↑〉 , (3.5)

which can be understood as the statistical mean value of the pairing interaction [GM12].
By considering only terms linear in 〈c†−k↓c

†
k↑〉 the Hamiltonian (Eq. 3.4) can be transformed

into the following form [Tin04]:

HBCS =
∑
kσ
ξknkσ −

∑
k

(∆kc
†
k↑c
†
−k↓ + ∆∗kc−k↓ck↑ −∆k〈c†−k↓c

†
k↑〉). (3.6)
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From that we can pass to the more convenient matrix notation [GM12]

HBCS =
∑

k

{
ξk + ∆k〈c†−k↓c

†
k↑〉+

(
ck↑, c

†
−k↓

)( ξk −∆k

−∆∗k −ξk

)(
ck↑

c†−k↓

)}
. (3.7)

This Hamiltonian illustrates the coupling between electrons and holes of opposite spin
directions (∆k on the off diagonal terms). In order to obtain the excitation spectrum of the
superconductor, this Hamiltonian can be diagonalized by the Bogoliubov transformation
(which is an unitary transformation) [Bog58; Tin04; Val58] by introducing the quasiparticle
operators γ†k and η†k [GM12]

(
ck↑, c

†
−k↓

)
=
(

u∗k vk

−v∗k uk

)(
γk

ηk

)
and

(
c†k↑, c−k↓

)
=
(
uk −vk

v∗k u∗k

)(
γ†k
η†k

)
. (3.8)

γk participates in creating an electron with −k ↓ and destroying one with k ↑ and hence,
reduces the system’s momentum by k and the spin Sz by ~/2. Similarly, ηk increases the
momentum by k and the spin by ~/2 (decreases by −k and −~/2). By choosing

|vk|2 = 1
2

[
1− ξk

Ek

]
and |uk|2 = 1

2

[
1 + ξk

Ek

]
, (3.9)

which satisfies the normalization condition |uk|2 + |vk|2 = 1, we finally arrive at [Tin04;
GM12]

HBCS =
∑

k
(ξk − Ek + ∆k〈c†−l↓c

†
l↑〉) +

∑
k
Ek(γ†kγk + η†kηk) with Ek =

√
ξ2

k + ∆2
k .

(3.10)

The first term is a constant which indicates the condensation energy, hence the net energy
gain upon transition in the superconducting state (at T = 0). The second sum describes
the elementary (fermionic) excitations of the system as it contains the number operators
γ†kγk and η†kηk of the quasiparticle operators defined in Eq. 3.8. The excitation spectrum is
gapped by ∆k compared to the normal state excitations (c.f. Eq. 3.10 and Fig. 3.3a). In
general, since γk and ηk are linear combinations of the creation and annihilations operators
(Eq. 3.8), the excitations are superpositions of electrons and holes.4 As the particle number
is conserved we can assume νN(ξk)dξk = νSC(Ek)dEk (where νN and νSC are the normal
and superconducting DOS, respectively). For a narrow energy range around the Fermi
energy we can consider the normal DOS to be constant within this range, i.e. νN(ξk) ≈ ν0.
For simplicity, we further assume a k-independent attractive interaction Vkl = −V which
yields also a constant value of the superconducting order parameter |∆k| = ∆ (this is the

4At the Fermi level the excitation has equal electron- and hole-character as the quasiparticles are equal-weight
superpositions of the creation and annihilation operators (uk = vk). For excitations far above (below)
the Fermi energy the nature of the excitation is purely hole-like (electron-like) as vk → 0, uk → 1 (vk →
1, uk → 0) implying that the particles are not affected by the pairing potential.
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Fig. 3.3.: (a) Comparison between the quasiparticle excitation energy Ek and the normal state
excitation energy ξk. For ξk < 0 (> 0) the excitations are hole- (electron-) like. (b)
Quasiparticle DOS of a normal metal (top) and a superconductor (bottom). Taken and
adapted from [Kle17].

case for isotropic s-wave superconductors). With this and Eq. 3.10 the superconducting
DOS can be deduced to be [Tin04]

νSC(E)
ν0

=


E

(E2−∆2)1/2 (E > ∆)

0 (E < ∆)
. (3.11)

The DOS of a normal metal and a superconductor is depicted in Fig. 3.3b. An energy gap of
2∆ opens in the quasiparticle DOS around the Fermi level with the narrow coherence peaks
at its boundaries. Hence, 2∆ is the minimum energy required in order to break a CP and
the CPs are protected against (small) perturbations explaining the vanishing resistance in
the superconducting state. Such external perturbations can be, for example, temperature,
but also external forces which lift the electron-hole-symmetry, as for example current
density (as the CPs acquire a net momentum) or a magnetic field (spin polarization). The
corresponding critical quantities are denoted as Tc, jc and Bc, respectively. As anticipated
in Eq. 2.20, the so-called depairing-factor Γ which accounts for the finite lifetime of the
quasiparticles is commonly introduced in Eq. 3.11 (E → E − iΓ) yielding a broadening of
the divergent DOS at E = ±∆. In the following we briefly introduce the BdG formalism as
it will be useful later in the thesis.

3.1.2 Bogoliubov-de Gennes formalism

We briefly introduce the so-called Bogoliubov-de Gennes (BdG) formalism [Bog58; De
99] which is very convenient to include superconductivity when it is not necessary to
precisely account for the microscopic origin of the pairing interaction. In the previous
section we have seen that the elementary excitations of a superconductor, the quasiparticles,
are no longer single particles as electrons or holes, but rather superpositions of the former.

Therefore, we introduce the Nambu-Spinor Ψk =
(
ck↑, ck↓, c

†
−k↓,−c

†
−k↑

)T
which spans the

4× 4-Nambu space, whereby two dimensions describe the electron-hole degree of freedom
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while the remainding 2D subspace is assigned to the spin direction. Up to a constant, we
can express the 2nd quantized BCS Hamiltonian [BH13; PGO13] as

HBCS = 1
2
∑

k
Ψ†kHBdG(k)Ψk, where HBdG = ξk τz ⊗ σ0 + ∆ τx ⊗ σ0 . (3.12)

HBdG is the BdG Hamiltonian. τi (σi) act on particle-hole (spin) subspace, ∆ is the
isotropic s-wave superconducting order parameter and ξk is as above the normal electron
dispersion. By introducing the Nambu spinor we doubled the degrees of freedom as
it spans a 4 × 4 space (two dimensions for particle-hole and spin subspace). In order
to describe an s-wave superconductor this seems to be redundant,5 however, the BdG
formalism will turn out to be very useful when it comes to more complex systems.

For systems where the momentum is not a good quantum number anymore, it is favorable
to pass to real space and replace the standard momentum operators acting in k-space
with field operators acting in real space by Ψ(r) =

∫ dk
(2π)3 Ψke

ik·r. The Nambu-Spinor

reads Ψ(r) =
(
ψ↑(r), ψ↓(r), ψ†↓(r),−ψ†↑(r)

)T
, where ψ†σ(r) and ψσ(r) create and annihilate

a quasiparticle with spin σ at position r, respectively. In this case the transformation is
carried out by [OPP17; PGO13]

HBCS = 1
2

∫
dr Ψ†(r)HBdGΨ(r), (3.13)

with the same BdG Hamiltonian as above.

3.2 2H-NbSe2 - not a simple BCS superconductor
Beside superconductivity, NbSe2 exhibits another correlated electronic phase, a charge-

density wave (CDW) that forms below 33 K and coexists with superconductivity at low
temperatures. In the following we introduce all relevant aspects of CDW ordering and the
superconducting pairing and their entanglement.

3.2.1 Crystal structure and charge density wave

Due to its intriguing properties 2H-NbSe2 is a widely studied material. It belongs to
the class of the transition-metal dichalcogenides (TMDCs) and crystallizes in a double
trilayer structure whereby each trilayer consists of a Nb layer sandwiched between two
Se layers. One unit cell is depicted in Fig. 3.4a. Each Nb atom is surrounded by six
Se atoms in a hexagonal coordination. The arrangement of the Se atoms is rotated by
180° between both trilayers (2H-configuration). Successive trilayers are coupled by weak
vdW interactions between adjacent Se layers. The lattice constants are a = 3.44 Å and
c = 12.54 Å [Mar+72]. In the top view (Fig. 3.4a) the different lattice sites are labeled as

5The unit matrix in spin state, σ0, was still included for clarity. We have actually performed this transformation
already along with Eq. 3.7, but in the sufficient 2× 2-particle-hole subspace.
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Fig. 3.4.: (a) Top view and 3D view of the unit cell of 2H-NbSe2. Crystal sites are labeled as
metal-centered (MC), chalcogen-centered (CC) and hollow-centered (HC). (b) Constant-
current topography of a clean NbSe2 surface with a set point of 100 pA, 10 mV (recorded
with a Nb tip). Areas with HC (CC) CDW pattern are highlighted in red (brown). (c,d)
Zooms in the areas indicated in (b). Black lines outline the CDW superstructure. Atomic
grids are overlaid as guides to the eye. (e) Sketch of the alignment between CDW and
atomic lattice for the HC and CC structure. The CDW is depicted by the black rhombus,
where gray (black) dots indicate CDW maxima (minima). Additionally, the Se grid is
overlaid in gray (Se atoms located at vertices of the triangles).

metal-centered (MC), chalcogen-centered (CC) and hollow-centered (HC) which will be
important for the CDW characterization and the adsorption of Fe atoms.

Below 33 K, NbSe2 exhibits an incommensurate two-dimensional CDW. This CDW is
driven by strong anisotropic electron-phonon coupling [Kis+07; LSD18; Ler+15; Rah+12;
Web+11; Ros+01; Ros11; MK13; Val+04; JMH06; JM08; Arg+14; Zhu+15] which
causes periodic lattice distortions in the order of a few percent of the unperturbed lattice
[MK13; Zhe+18; LSD18; San+21] accompanied by a periodic modulation of the local DOS.
Figure 3.4b shows an atomic-resolution constant-current topography of the clean NbSe2

surface. We find different patterns across the surface as highlighted by the colored boxes.
In the topographies the CDW-induced local variations of the DOS appear superimposed to
the atomic corrugation of the terminating Se layer (c.f. section 2.1.2). The periodicity of
the (incommensurate) CDW is & 3a [MAD75; Fen+12; Sou+13; McM76] and thus, the
CDW periodicity does not exactly match an integer multiple of the atomic lattice constant
leading to the emergence of different patterns across the surface which smoothly transform
into each other. Figure 3.4c,d show scale-ups of the colored boxes in (b) with overlaid
atomic grids serving as guides to the eye. In (c) the CDW maxima coincide with a HC site
leading to triangular patterns with three bright Se atoms (HC structure of the CDW). In
(d) the CDW maxima align with a Se site corresponding to the CC-CDW structure with
one bright Se atom. The CDW creates a superlattice as indicated with the black rhombi in
Fig. 3.4c,d with maxima on its edges and a minimum and local minimum in the interior.
Fig. 3.4e schematically illustrates the alignment between CDW and atomic lattice for both
structures. The CDW lattice is outlined by black lines with CDW maxima (minima) as gray
(black) circles. The Se grid is shown in gray with Se atoms sitting on intersections of the
lines.
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Fig. 3.5.: Constant-current topography of a clean NbSe2 surface with a set point of 100 pA, 10 mV
(recorded using a Nb tip). Areas with HC (CC) CDW wave pattern are highlighted in red
(brown). Red arrows point out distortions of the CDW in the vicinity of lattice defects.

Interestingly, while the HC and CC structures continuously evolve across the surface, we
do not find regions where the CDW maxima coincide with Nb atoms (MC-structure), as can
be verified in the large-scale topography in Fig. 3.5. The MC-configuration is energetically
disfavored as shown by DFT calculations (on single-layer NbSe2) and hence, does not
occur on the surface [GOY19; Zhe+18; Gus+19; LSD18; Cos+18]. HC and CC structure
form a continuous network in which the absence of the MC structure is resolved by domain
boundaries [GOY19]. Without any defects we expect a change from HC to CC domain
(shift of half a lattice site) after 10aCDW ≈ 10 nm. However, in real crystals the CDW can
be pinned by crystal defects [Cos+18; Lan+14; FW15; Cha+15; Arg+14]. Examples,
where defects perturb the CDW in their vicinity are marked by red arrows in Fig. 3.5.
Therefore, the exact configuration of the CDW is dictated by the complex interplay of
lattice defects and natural long-range order of the CDW.

3.2.2 Superconductivity and CDW - coexistence of correlated
phases

Results presented in this section were achieved in collaboration with A. Sanna6 et al.
within a combined STM and ab inintio study of the anisotropic superconductivity of bulk
2H-NbSe2 in the CDW phase and are published in [San+21]. All DFT calculations and

6Max-Planck-Institut für Mikrostrukturphysik, Halle.
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Fig. 3.6.: Constant-height dI/dV spectra at the positions indicated with the colored stars in the
topographies in the left (reproduced from Fig. 3.4c,d) (feedback was opened at the
position of the bright brown spectrum for all traces at 250 pA, 5 mV and a modulation of
Vrms = 15 µV was used). The Nb tip gap is indicated by the gray box (∆t ≈ 1.55 meV).

modeling were performed by A. Sanna and his colleagues. The author of this thesis
contributed the experimental part.

As introduced in section 2.2.2 we can investigate the quasiparticle DOS by dI/dV
spectroscopy employing superconducting tips (Fig. 3.6). Around the Fermi energy we
find a fully gapped region enclosed by a peculiar peak distribution in the range 2.1 mV <

∆/e < 3.1 mV. Comparing Fig. 3.6 and Fig. 3.3b we note that the DOS of NbSe2 does not
reflect a pure BCS-like DOS with a single pair of coherence peaks. All spectra recorded
at different positions on the surface exhibit a similar quasiparticle DOS with two main
peaks and further shoulders. Comparing dark and bright spectra of each color, which
are taken on a Se atom and a hollow site, respectively, we discern small variations of the
relative intensities of the different peaks and shoulders on the atomic scale. There are also
intensity variations on the scale of the CDW (HC vs CC structure) which can be discerned
by comparing the dark (bright) traces of different color. Additional positions with respect
to the CDW (spectra recorded on minima and local minima of the CDW) are compiled in
Fig. A.2.

Superconductivity in NbSe2 has been discussed in terms of multiband or anisotropic su-
perconductivity [HRW90; Yok+01; Noa+10; Noa+15; RV04; Boa+03; Fle+07; Gui+08a;
Gui+08b]. Furthermore, the interplay between CDW an superconductivity in NbSe2 is still
under debate. Both coexisting charge-ordered phases are driven by strong momentum-
dependent electron-phonon interactions [Kis+07; LSD18; Ler+15; Rah+12] and it re-
mains a valid question if they boost or compete with each other [Kis+07; Xi+15; Cho+18a;
LSD18; Zhe+18; Sou+13; Ler+15; Uge+16; Yan+18].

First-principles simulations based on superconducting density functional theory (SCDFT)
enable full k- and real-space resolution revealing the strongly anisotropic character of the
superconducting pairing ruling out the scenario of multiband superconductivity. The overall
structure of the quasiparticle DOS probed by STM (Fig. 3.6) could be well reproduced
[San+21]. In the following we briefly outline the main outcomes of the calculations (see
[San+21] for details).
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The CDW is approximated to be commensurate with the lattice, i.e. aCDW = 3a, as
otherwise calculations would require an exceedingly large unit cell. From experimental
point of view this is justified as the main peak structure (beside slight intensity variations)
does not significantly vary between different positions across the surface (c.f. Fig. 3.6).
Interestingly, calculations predict a unit cell with two crystallographically inequivalent
trilayers exhibiting the pure HC and CC CDW reconstruction. To recall, both structures
coexist on the surface (c.f. Figs. 3.4 and 3.5). This confirms them as the energetically
favored phases in agreement with prior DFT studies on single-layer NbSe2 [GOY19;
Zhe+18; Gus+19; LSD18; Cos+18].

The band structure and the DOS of the undistorted and CDW-ordered crystal is shown in
Fig. 3.7a in black and red, respectively. The latter was achieved by a backfolding procedure
to the original Brillouin zone (BZ). Note that the BZ is reduced due to the CDW-induced
superstructure. The key features of the CDW is the opening of a broad dip in the DOS
slightly above the Fermi level yielding a reduction of the DOS of ≈ 10 % and a band gap
opening along MK (blue and orange arrow). Panel (b) shows a kz = 0-cut of the Fermi
surface. The unperturbed Fermi surface is outlined in blue. It consists of two sets of
double-walled cylinders around K and Γ arising from two Nb-4d-derived bands that cross
the Fermi level several times and a pancake-like Se pocket having 4p-character around
Γ (innermost feature). The CDW reconstruction of the Fermi surface obtained from the
unfolding procedure is shown in white-red-black. The outer pair of Nb-cylinders (around
K) appear more blurred indicating a stronger influence of the CDW on this part of the
Fermi surface. The band gap opening along MK is indicated by the orange circle.

While the CDW wave leaves the phonon DOS largely unaffected it significantly alters
the momentum-dependent electron-phonon coupling. The electron-phonon coupling
strength obtained for the unfolded BZ within a small slice around kz = 0 are presented
in Fig. 3.8a. We observe a complex pattern of strong- (light) and weak-coupling (dark)
regions (c.f. [San+21] for more details). Superconductivity is implemented within this
CDW state from first-principles using SCDFT facilitating fully anisotropic calculations of
the superconducting gap in both reciprocal and real space. Note that the calculations yield
a critical temperature of Tc,DFT = 10.2 K (c.f. experimental value of Tc = 7.2 K) and hence,
overestimate the total gap size.7 The obtained superconducting state exhibits a complex
gap distribution that considerably varies within and across the different Fermi surface
sheets. This is in contrast to true multiband superconductors as MgB2 or Pb which exhibit
sheet-dependent gap anisotropies [Rub+15a; BY01; Flo+07].

The manifold superconducting order parameter is depicted in Fig. 3.8b,c. Panel (b)
shows the distribution of gap values computed over the full BZ and within a small slice
around the BZ center (kz < 0.1π/c) in green and red, respectively. Panel (c) shows

7This can be attributed to neglection of anharmonic corrections to the lattice dynamics and limits on the
precision in computing the phonon properties and dielectric screening imposed by the large size of the
CDW cell. See [San+21] for details.
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3.2 2H-NbSe2 - not a simple BCS superconductor 33



several cuts through the BZ with the gap size indicated by the color scale. Note that
the high energy gap values mainly arise from hot spots at the K-cylinders at 2/3 of the
ML-line exhibiting significant out-of-plane, but also sizeable k‖-character. The lower
energy features are mainly governed by the inner Fermi surface sheets around Γ within
the kz = 0-slice. Remarkably, the high energy values originate from the same Fermi
surface sheet that is gapped by the CDW (c.f. Fig. 3.7b, orange circle). We like to point
out that the gap distribution closely resembles the structure of the electron-phonon
coupling across the Fermi surface (c.f. Fig. 3.8a,c). The electron-phonon coupling is, in
turn, considerably affected by the CDW, constituting the connection between CDW order
and superconductivity in NbSe2 ([San+21] for details).

In order to directly compare the results to the STM spectra the superconducting DOS
of the sample was computed from the real-space projection of the gap distribution (see
[San+21] for details). To match the experimental energies the gap size was downscaled
by a factor of Tc/Tc,DFT and a superconducting s-wave tip (with the bulk value of the
superconducting order parameter of Nb) was assumed. Fig. 3.8c shows the computational
dI/dV conductance spectra obtained for the full bulk, the HC and CC layer (remember,
that the two structures appear in two distinct layers in the simulations) and two specific tip
positions mimicking the experimental positions of Fig. 3.6 on the maxima of the CDW. For
comparison, an experimental dI/dV spectrum obtained from averaging multiple traces
on different positions across the surface (see Appendix Fig. A.2) is shown in black. In
contrast to the experimental spectra, that only exhibit slight intensity variations across the
surface, the simulations reveal strong variations depending on the exact position of the tip.
While some theory traces reproduce the data (two main peaks with additional shoulders)
quite well, others differ strongly. The most intense STM peak can be identified with the
superconducting gap values arising from the K-cylinder hot spots at 2/3ML. Due to its
strong out-of-plane character it appears intense in the STM spectra (strong overlap with
the tip).

The deviations between data and simulation can be explained considering two aspects:
(1) The different CDW structures that are mapped on different layers actually exist on one
layer smoothly evolving into each other leading to additional hybridization of the electronic
states of the HC and CC CDW structure that is not captured by the calculations. (2) The
simulated spectra are acquired within the 3D crystal structure with periodic boundary
conditions. Hence, the tip is placed "within" the atomic layers and not above the surface
and the momentum sensitivity of the STM (k‖ in Eq. 2.5) due to the decay of the wave
functions into vacuum is not captured. The second consideration can be checked by height-
dependent measurements depicted in Fig. 3.9. We observe variations of the relative peak
intensities with tip height. While the largest peak is reduced in intensity upon tip approach
to the surface, the high-energy shoulders gain intensity. Especially the highest gap values
are found to exhibit (beside kz) significant k‖-character (c.f. Fig. 3.8b) and hence, they
decay faster into the vacuum than the low-gap values which mainly originate from around
Γ. Considering these issues we find nice agreement between simulated spectra and STM
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measurements. We assign the slight intensity variations found across the surface in the
experimental dI/dV spectra to spatial variations of the quasiparticle wave functions which
manifest in changes in the tunneling matrix element (c.f. section 2.1.1).

Concluding, the calculations performed by A. Sanna settle the long-standing discussion
about the superconducting nature of NbSe2 revealing the highly anisotropic nature of the
superconducting pairing arising from the momentum anisotropy of the electron-phonon
coupling across the Fermi surface. Further, it shines light onto the exact entanglement be-
tween both correlated phases: the formation of the CDW affects the momentum-dependent
electron-phonon coupling which then governs the anisotropy of the superconducting
pairing strength across the different Fermi surface sheets.

3.2.3 Additional properties of 2H-NbSe2

To close the chapter we briefly comment on further characteristics of 2H-NbSe2. Due to
its layered structure bulk NbSe2 has partially 2D electronic properties which are reflected
in the critical quantities for superconductivity. Note that NbSe2 is a type II superconductor
and vortices penetrate the material for Bc1 < B < Bc2 [HRW90]. We find upper critical out
of-plane and in-plane magnetic fields of Bc2⊥ ≈ 4 T and Bc2‖ ≈ 14 T, respectively [FM73].
The lower critical fields at which vortices start to penetrate the bulk crystal are very small8

around Bc1⊥,‖ ≈ 10-20 mT for both directions [ZW10]. For the superconducting coherence
length we find in-plane and out of-plane values of ζ‖ ≈ 90 Å and ζ⊥ ≈ 27 Å [FM73].

For completeness, we present dI/dV data covering higher energy ranges in Fig. 3.10.
The negative energies reveal a broad featureless DOS in agreement with the presence of
multiple bands below EF (c.f. Fig. 3.7a). A resonance found at & 0.2 V could emerge from
the flat band edges at Γ and K at these energies. We further find a broad region of low
DOS between 0.5-2.0 V which we associate with the region of low DOS in Fig. 3.7a. Above
2 V we find again increased DOS arising from multiple high-energy bands.

8The in-plane lower magnetic field is greatly enhanced in few layer samples [Dvi+18].
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4Single magnetic impurities on
2H-NbSe2

In this chapter we first set the essential theoretical basics of magnetic impurities on metals
and superconductors. After introducing the two stable species of Fe atoms we find on the
surface after evaporation, we will study the effect of the CDW on Yu-Shiba-Rusinov (YSR)
states focusing on one species. In the following we address the excitations arising from the
quantum nature of the impurity spin also focusing on this species. We close the chapter
with the study of the second Fe atom species which show tip-induced spatial variations of
their YSR excitations.

4.1 Magnetic adsorbates on a metal

4.1.1 Crystal field and magnetic anisotropy

In general, the magnetic moment is given by the number of unpaired electrons in d

orbitals. In gas phase, the ground state of an Fe atom (electron configuration of [Ar]
3d64s2) is determined by Hund’s rule to 5D4 within the usual terminology 2S+1LJ , where
S is the total spin, L the orbital angular momentum and J the total angular momentum
The total spin of S = 2 is carried by the electrons occupying degenerate d levels as
illustrated in Fig. 4.1a. Fig. 4.1b shows the usual representation of the unperturbed d

orbitals (dx2−y2 , dxy, dxz, dyz, dz2) in cartesian coordinates.1

If an atom is adsorbed on a surface, i.e. in an anisotropic environment, the gas phase
representation of the atomic orbitals does not hold anymore. The atomic orbitals hybridize
with the states of the surface atoms (ligands) and form new hybrid orbitals which (partially)
keep the symmetry of the unperturbed d levels. Depending on the magnitude of their
overlap with the ligands different d levels can experience different Coulomb repulsion
and hence, different energy shifts such that their degeneracy is lifted. The (qualitative)
energetic configuration of the d-block - called crystal field splitting - depends on the
geometry of the adsorption site. Being in the same order of magnitude as the spin pairing
energy, the crystal field splitting competes with Hund’s rule which tends to maximize the
spin. Thus, adsorption on the surface can change the spin configuration compared to
the atom in gas phase. A detailed derivation of crystal field splitting in transition metal
complexes can be found in [Jea05]. In the following we discuss different trigonal ligand

1These are linear combinations of the angular momentum eigenstates with ml = ±2,ml = ±1 and ml = 0
[Dem16].
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fields which are relevant for the adsorption of single atoms in hollow sites of the NbSe2

surface (MC and HC, c.f. section 3.2.1).

Figure 4.1c-e illustrate three examples of the crystal field split d-block in different
trigonal ligand fields. In (c) the atom is adsorbed between three in-plane ligands and two
out of-plane ligands. In (d) the out of-plane ligands are removed. In (e) the atom is slightly
lifted out of-plane compared to (d) such that the symmetry is further reduced. The levels
are named according to their symmetry class (a detailed derivation of the symmetry classes
can be found in [Jea05]). For the trigonal-bipyramidal and trigonal-planar configurations
with and without the vertical ligands (Fig. 4.1c,d) the state a1 inherits the characteristic
symmetry of the former dz2 . Comparing Fig. 4.1c and d we see how the presence or
absence of the vertical ligands affects the energy of a1 (blue arrow, Fig. 4.1c,d). The levels
labeled e′′ resemble the former dxz and dyz orbitals (c.f. Fig. 4.1b). The dxy and dx2−y2 can
lower their energy by mixing with the atom’s px and py-levels, respectively, resulting in
symmetry class e′. Hence, they do not keep the symmetry of the unperturbed d orbitals.
Similar findings hold for the pyramidal ML3-complexes (Fig. 4.1e), where the symmetry is
further reduced due to the out of-plane adsorption geometry. 1a1 can be traced back to
dz2 . The states 1e have the typical four-lobe shape of dxz, dyz, but are rotated with respect
to the orbitals of Fig. 4.1b as this adsorption geometry is easier described within a rotated
basis. The states labeled 2e arise from admixtures of former rotated d orbitals with p-states.
Usually pure s- and p-states are not relevant as they are too high in energy. However, here
the state 2a1 which originates from an admixture of the former s- and pz-orbitals is found
close to the d-block.

The final spin configuration, i.e. the occupation of the crystal field split levels is deter-
mined by the competition between energy gain due to parallel spin alignment (Hund’s
energy) and the energy splitting between the levels. For Fe atoms adsorbed on NbSe2 DFT
calculations predict a total magnetic moment of ≈ 3.8µB [Yan+20], i.e. the spin of the
d-shell remains largely unquenched upon adsorption on the surface (high-spin configura-
tion).2 Possible occupations of the d-block are depicted schematically in Fig. 4.1c-e by the
red arrows.

On first sight, this high-spin state with a total spin of S = 2 is five-fold degenerate
(ms = ±2,±1, 0) as there is no preferred spin direction. However, considering the orbital
angular momentum, this degeneracy can be lifted. The angular momentum couples to the
spin via spin-orbit interaction. The spin-orbit Hamiltonian reads HSO = λL · S, where λ is
the spin-orbit coupling constant and L the total angular orbital momentum.

The unperturbed five d orbitals (Fig. 4.1b) are constructed such that they all exhibit zero
angular momentum (as they are linear combinations of the ml = ±2,ml = ±1 and ml = 0
states). Hence, the orbital angular momentum of transition metal atoms is usually largely
quenched and spin-orbit coupling can be treated as perturbation leading to a small energy

2Similar results were obtained for Mn, Co adsorbed on NbSe2 [Cos+18].
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correction in the Hamiltonian. It is convenient to only use the spin angular momentum
to describe the system. The spin-orbit coupling term can be mapped into the so-called
effective spin Hamiltonian which reads (up to a constant) [DXW08; GSV06]:

Heff = DS2
z + E(S2

x − S2
y) , (4.1)

and only contains the spin quantum numbers. The parameter D ∝ λ2(Lz −L⊥) represents
the difference between the unquenched out of-plane (Lz) and in-plane (L⊥) orbital angular
momentum. Likewise, E ∝ λ2(Lx − Ly) accounts for the in-plane components of the
unquenched orbital angular momentum. Thus, the parameters D and E are called axial
and transverse magnetic anisotropy, respectively.

Therefore, any unquenched orbital angular momentum lifts the degeneracy of the high-
spin ground state inducing a preferred spin orientation within the crystal field. Figure 4.1f
illustrates schematically the effect of axial and transverse magnetic anisotropies for a total
spin of S = 2. Positive axial magnetic anisotropy (D > 0) energetically favors in-plane
spin alignment. Thus, ms = 0 is the ground state followed by the ms = ±1 and ms = ±2
doublets. Analogously, D < 0 favors high out-of-plane spin projections reversing the order
of the levels. Non-zero transverse magnetic anisotropy further lifts the degeneracy and
mixes states with ∆ms = ±2 [GSV06].

This splitting of the ground state multiplet occurs without the application of an external
magnetic field and is therefore often referred to as zero-field splitting. In an external
magnetic field, the split levels shift in energy due to the Zeeman effect. Magnetic anisotropy
is only relevant for spins exceeding S = 1/2 as the ground state remains doubly degenerate
for half-integer spins due to time-reversal symmetry (Kramer’s theorem).

4.1.2 Interaction with the substrate - Anderson model and Kondo
effect

In this section we will outline how a magnetic moment on a metal surface interacts with
the conduction electrons of the host before extending the problem to a superconducting
substrate in the next section. For simplicity, we consider a single spin of S = 1/2. A
magnetic moment remains unquenched, if the singly occupied d orbital lies below the
Fermi energy (εd < EF) while the Coulomb repulsion U shifts the doubly occupied level
above (εd + U > EF) as illustrated in Fig. 4.2a.

We can describe the system within the so-called Anderson-model [And61]. Within this
model, all interactions between the substrate and the localized magnetic moment are
summarized within the mean-field Hamiltonian [And61; Hew93]

H = H0 +Hd +Hsd . (4.2)

40 Chapter 4 Single magnetic impurities on 2H-NbSe2



EF

E

EF

E

(1)
(2)

(1)

(2)

(a) (b)
�d+U

�d

�d+U

�d

Fig. 4.2.: (a) Anderson model for a spin-1/2 impurity: the singly occupied level is at εd below the
Fermi energy while the doubly occupied level is at εd + U above EF. U is the Coulomb
repulsion energy. (b) Different spin-exchange scattering processes of the impurity with
the bath electrons. Virtual excitations involve the impurity level being empty (top) or
doubly occupied (bottom). The Kondo resonance is outlined at the Fermi level.

The first part describes the energy of the unperturbed electrons in the metal,

H0 =
∑
kσ
εknkσ , with nkσ = c†kσckσ. (4.3)

Here, εk is the energy of the electron state with momentum k and nkσ is the number
operator for momentum k and spin σ which contains the creation (c†kσ) and annihilation
(ckσ) operators of the Bloch states. The second term

Hd =
∑
σ

εdndσ + Und↑nd↓, with ndσ = d†σdσ (4.4)

contains the unperturbed energy εd of the d orbital relative to the Fermi energy and a term
that accounts for the Coulomb repulsion of electrons localized at the impurity site. d†σ (dσ)
act on the impurity, i.e. create (annihilate) an electron at the impurity site. The last term
Hsd inherits the scattering between the conduction electrons and the impurity:

Hsd =
∑
kσ

(Vkd
†
σckσ + V ∗k c

†
kσdσ), where Vk =

∑
j

eik·rj 〈φd|H|ψrj 〉 . (4.5)

Above, φd is the atomic d level wave function and ψrj are the Wannier functions describing
the conduction electrons at site rj . It further contains the 1st quantization Hamiltonian H
which reads:

H =
N0∑
i=1

(
p2
i

2m + Ũ(ri) + Vimp(r0)
)

+ 1
2

N0∑
i 6=j

e2

ri − rj
+

N0∑
i=1

λ(ri) li · σi . (4.6)

It accounts for kinetic energy terms, the periodic potential Ũ(ri) of all ion cores of the
substrate, the additional potential Vimp(r0) at the impurity site, the Coulomb interaction
between the electrons and spin-orbit coupling.
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The Anderson Hamiltonian (Eq. 4.2) can be transformed to the so-called sd-model via
the Schrieffer-Wolff transformation [SW66] and then reads [Hew93]:3

H =
∑
k,k′

Jkk′
(
S+c†k↓ck′↑ + S−c†k↑ck′↓ + Sz(c†k↑ck′↑ − c†k↓ck′↓)

)
+

∑
k,k′,σ,σ′

Kkk′ c
†
kσck′σ .

(4.7)

Here, Sz and S± = Sx± iSy are the spin operators of the impurity’s d level and Jkk′ (Kkk′)
are the exchange (potential) scattering strengths:

Jkk′ =V ∗k Vk′

( 1
U + εd − εk′

+ 1
εk − εd

)
(4.8)

Kkk′ = V ∗k Vk′

2

( 1
εk − εd

− 1
U + εd − εk′

)
(4.9)

If we assume isotropic exchange and potential scattering we can transform Eq. 4.7
(similarily to the BdG formalism, c.f. section 3.1.2) to matrix notation with the spinor
Ψk =

(
ck↑, ck↓

)T. As we are on a metal (and not on a superconductor), a 2× 2 representa-
tion is sufficient (no particle-hole, only spin-subspace). The Hamiltonian of Eq. 4.7 then
yields:

H = 1
2
∑

k
Ψ†kHΨk, where H = [Kσ0 + JS · σ] , (4.10)

where J andK are the isotropic exchange and potential scattering strengths at the impurity
site. σ0 is the identity matrix in spin space and σ = (σx, σy, σz)T denotes the vector of
Pauli matrices.

Kondo effect

The exchange scattering J with the continuum electrons gives rise to the so-called Kondo
effect which was first theoretically treated by J. Kondo in 1964 [Kon64]. Due to Heisen-
bergs uncertaincy relation an electron can hop off the impurity into a free substrate level at
the Fermi energy for a short time. The empty d level can then be reoccupied by a substrate
electron as depicted in the top panel of Fig. 4.2b, thereby effectively inducing a spin-flip of
the impurity level. A different scattering process involves the meanwhile doubly occupied d
orbital and the removal of the former electron of the impurity (bottom panel). Both virtual
processes induce a new many-body ground state in which the spins of the conduction
electrons coherently couple to the impurity spin. This coupling is usually antiferromagnetic
and thus, the impurity is screened by the bath electrons (Kondo cloud). The correlated
state gives rise to the so-called Kondo-resonance at the Fermi energy (c.f. Fig. 4.2b) with
a characteristic lineshape arising from the interference of the different tunneling paths
involving the Kondo cloud and unperturbed substrate electrons [Fan61; THS08]. Its width
Γ is a measure of the energy scale of the magnetic interaction and is usually quantified

3A detailed deviation can be found in [Hew93].
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by the Kondo temperature TK by Γ = kBTK. The Kondo temperature is related to the
exchange scattering strength J by [Hew93]

kBTK ∝
√
Je−1/(2Jν0), (4.11)

where kB is the Boltzmann constant and ν0 the DOS at the Fermi energy.

4.2 Magnetic impurities on a superconductor -
Yu-Shiba-Rusinov states

Equipped with the fundamental understanding of the interaction between magnetic
impurities on a metal we can study what happens in the case of a superconducting substrate.
Beside the Kondo effect which arises due to the exchange coupling between the impurity
and the electron sea, the impurity also couples to the Cooper pair (CP) condensate. As
first predicted in the late 1960’s by L. Yu, H. Shiba and A. I. Rusinov [Yu65; Shi68; Rus69],
a magnetic moment on or in a superconductor induces a local bound state, a so-called
Yu-Shiba-Rusinov (YSR) state. Experimentally, YSR states have first been observed using
Mn atoms on Nb(110) by [Yaz+97] in 1997.

4.2.1 Derivation of the YSR ground state

If a magnetic impurity is placed on a superconductor, its localized magnetic moment
interacts with the CPs of the superconductor. Let us, for simplicity consider a classical spin-
1/2-impurity (e.g. a singly occupied d level of an adatom). Assuming antiferromagnetic
exchange, the impurity spin attracts the electron of the CP with opposite spin and repels
the second electron of the CP. Hence, the magnetic moment locally reduces the binding
energy of the CP creating a localized quasiparticle state - the YSR state - within the
superconducting energy gap. Depending on the interaction strength this quasiparticle state
can be empty or occupied. This is schematically illustrated in Fig. 4.3a,b.

Treating the impurity classical and assuming antiferromagnetic exchange we can describe
the system in real space by the following BdG Hamiltonian in the Nambu space spanned

by the 4× 4 spinor Ψ(r) =
(
ψ↑(r), ψ↓(r), ψ†↓(r),−ψ†↑(r)

)T
[PGO13; OPP17]:4

HBdG = ξk τz + ∆ τx + [Kτz + JS · σ]δ (r) (4.12)

This Hamiltonian is simply obtained by combining the BdG Hamiltonians of the s-wave
BCS superconductor (Eq. 3.12) and the s-d model (Eq. 4.10). τi (σi) act on particle-hole
(spin) space and σ = (σx, σy, σz)T denotes the vector of Pauli matrices. ξk = εk − µ is the
normal electron dispersion and ∆ is the isotropic superconducting order parameter. K and

4For clarity, if we write down all (redundant) unit matrices, the BdG Hamiltonian reads HBdG = [ξk τz +
∆ τx +Kδ (r) τz]⊗ σ0 + τ0 ⊗ [Jδ (r) S · σ].
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Fig. 4.3.: Schematic illustration of the interaction between a classical spin and the CP condensate.
(a) Free-spin regime: the spin-up electron attracts the electrons of the CPs with spin-
down while repelling the others. The bound state is unoccupied. (b) Screened-spin
regime. The interaction is strong enough to bind one quasiparticle to the impurity. (c)
YSR energy as a function of coupling strength A = πν0JS. For A < 1 (small exchange
coupling strength), the bound states energy is above EF and, hence, is unoccupied
corresponding to the situation sketched in (a). At A = 1, the energy of the YSR state
crosses the Fermi level and the system undergoes a quantum phase transition to a
screened-spin ground state (A > 1), i.e. one quasiparticle is bound to the impurity.
(d) Illustration of possible excitations by tunneling with one electron. For A < 1 the
excitation includes the occupation with a quasiparticle. For A > 1 we remove the
occupied quasiparticle. Figure taken and adapted from [Far19; Far+18].

J are the (isotropic) potential and exchange scattering strengths. The δ-function restricts
the interaction to the impurity site (isotropic point-like scatterer at r = 0).

Choosing the impurity spin to point along the z-axis (i.e. S · σ = Sσz) separates the
above 4× 4 Hamiltonian into two independent 2× 2 matrices [PGO13],

HBdG,± = ξk τz + ∆ τx + [Kτz ± JSτ0] δ (r) , (4.13)

for the spin-up and the spin-down subspace which are related by particle-hole symmetry.

Focusing on the Ψ+ =
(
0, ψ↓, 0,−ψ†↑,

)T
subspace we can solve the eigenvalue problem for

Eq. 4.13 and obtain the following subgap solution [PGO13; OPP17; Rus69]:

E+ = ∆ 1−A2 +B2√
(1−A2 +B2)2 + 4A2

. (4.14)

Here, A and B are dimensionless parameters for the exchange and potential scattering
with A = πν0JS and B = πν0K. The corresponding eigenstate at the position of the
impurity are found to be [PGO13; OPP17]

Ψ+(0) =
(
u(0)
v(0)

)
= C

( √
1 + (A−B)2

−
√

1 + (A+B)2

)
, (4.15)
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or in the original four-Spinor representation Ψ =
(
ψ↑, ψ↓, ψ

†
↓,−ψ

†
↑

)T

Ψ+(0) = C


0√

1 + (A−B)2

0
−
√

1 + (A+B)2

 . (4.16)

In the above equations, C is a normalization constant. We note that the bound state
consists of an electron and hole component, representing the quasiparticle nature. Fig. 4.3c
visualizes the dependence of the corresponding eigenenergy E+ on the parameter A =
πν0JS for B = 0. Note that there is no subgap solution for vanishing exchange coupling
(A = 0). For A < 1, i.e. small exchange coupling J , the ground state is empty (blue region)
and no quasiparticle is bound to the impurity, called free-spin regime (Fig. 4.3a). At a
critical exchange coupling Jc (A = 1) the energy crosses zero. The system changes its
ground state from even to odd parity to the so-called screened-spin regime, in which the
YSR state is occupied by a quasiparticle for A > 1 (red region, Fig. 4.3b,c). In other words,
the interaction between impurity and CPs is strong enough to bind a quasiparticle to the
impurity.

When investigating such a system with STM, we do not probe the ground state. Instead,
we excite the system by tunneling with single electrons. As depicted in Fig. 4.3d the
excitation involves the creation of the quasiparticle in the free-spin regime, while the
quasiparticle is annihilated by the excitation in the screened-spin regime. Hence, single-
electron tunneling changes the parity of the system from odd to even or vice versa
(depending on the ground state). Because the YSR state has both, a hole-like and an
electron-like component, we detect such excitation processes as two peaks at ±EYSR. Thus,
we cannot directly determine the ground state of the system (free-spin or screened-spin).
The potential scattering strength B induces an asymmetry between electron and hole
components, such that the resonances at ±EYSR do in general have different spectral
weight, i.e. asymmetric intensities.

The quantum phase transition (QPT) was observed in various STM studies [FSP11;
Hat+15; Far+18; Mal+18; Hua+20; Odo+20; Cha+21] in which variations of the
coupling strength between impurity and substrate leads to the zero-energy crossing.

4.2.2 Spatial extent of the YSR wave functions
The full spatial extent of the electron- and hole-components of the YSR wave functions

depends on the dimensionality of the substrate. By introducing tan δ± = (Kν0 ± JSν0)
the YSR energy can be written as EYSR = ∆ cos(δ+− δ−). In the continuum limit (i.e. fully
isotropic environment) the YSR wave functions can be evaluated to be [Mén+15; Rus69]

u(r), v(r) = 1√
NkFr

sin(kFr + δ±)e−∆ sin(δ+−δ−)r/~vF (3D) (4.17)

4.2 Magnetic impurities on a superconductor - Yu-Shiba-Rusinov states 45



for three-dimensional substrates, and

u(r), v(r) = 1√
NπkFr

sin(kFr −
π

4 + δ±)e−∆ sin(δ+−δ−)r/~vF (2D) (4.18)

for two-dimensional substrates. N is a normalization factor. Independent of the dimen-
sionality, the YSR wave functions have oscillatory character which is determined by the
Fermi wave vector kF. The exponential decay is mainly governed by the superconducting
coherence length as it is defined by ζ0 = ~vF

π∆ [Tin04; GM12]. In general, electron- and hole-
components oscillate with different phases. In tunnel experiments we observe this spatial
extent of the electron- and hole- components (|u|2 and |v|2) at opposite bias polarities.

The important difference between 2D and 3D substrates is that the YSR wave function
decays (beside the exponential part) with 1/r for 3D, while it is decreases with 1/

√
r in the

case of 2D materials. Hence, the YSR states on 2D materials are more extended than in 3D
superconductors. Indeed, buried Fe impurities in NbSe2 showed extreme long-ranged YSR
wave functions in the order of tens of nanometers [Mén+15]. Hence, due to its strong 2D
electronic character, NbSe2 is a very promising candidate to study the interaction between
YSR wave functions in larger magnetic structures as will be addressed in detail in chapters
5 and 6.

In the above calculations an isotropic scattering environment was assumed. In real
materials, the geometry of the long-range decay of the YSR wave function is governed by
the anisotropy of the Fermi surface [SBS97; FB97]. Experimentally, this was observed,
e.g. for Mn impurities on Pb(111) surface [Rub+16] or for buried Fe impurities in NbSe2

[Mén+15] where the observed YSR wave functions reflected the threefold and sixfold
geometries of the Fermi surface, respectively.

Besides the impact of the Fermi surface which mainly governs the long-range oscillations
the geometry of the orbital hosting the spin can affect the spatial appearance of the YSR
wave function. Various studies observed the presence of multiple YSR states (e.g. [Ji+08;
Rub+16; Cho+17a]) being related to the orbital structure of the impurity. Transition
metals can have several singly occupied d levels which are split in energy due to the
local crystal field (partially) lifting the degeneracy (c.f. section 4.1.1). This in turn yields
orbital-dependent potential and exchange coupling strengths, which are imprinted on the
YSR states [Moc+08]. The orbital character mainly influences the YSR wave function in
direct vicinity of the impurity.

Another reason for the presence of multiple YSR peaks is magnetic anisotropy in systems
with S ≥ 1 which energetically splits the different spin projections along the z-axis as
introduced in section 4.1.1. As this energy splittings are usually in the order of ∼ meV
there can be several excitation channels of one YSR state within the SC energy gap
involving different spin projections Sz. Magnetic anisotropy split YSR excitations have
been theoretically studied in [ŽBP11] and experimentally observed in MnPc molecules
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on Pb(111) [Hat+15]. The YSR wave functions of such multiplets should exhibit similar
patterns (neglecting spin-orbit coupling) [OF21].

After setting the theoretical framework we can now move on to experimental findings of
single Fe atoms on NbSe2 in the remainder of the chapter.

4.3 Adsorption of Fe atoms on 2H-NbSe2

Figure 4.4a shows an atomic resolution STM topography of a clean NbSe2 surface after
deposition of Fe atoms. In order to study single magnetic impurities we evaporate a dilute
coverage of Fe atoms of approximately 100 atoms/(100× 100 nm2) directly into the STM at
temperatures below 12 K (c.f. section 2.3.3). With such a preparation, we find two stable
species of Fe atoms with different apparent heights. One atom of each species appears in
the topography in Figure 4.4b. The corresponding height profiles can be found in Fig. 4.4d
exhibiting apparent heights of ≈ 140 pm and ≈ 100 pm for the large and small species,
respectively.

In order to identify the precise adsorption sites we overlay atomic grids on various
atomic-resolution STM images. An example is shown in Fig. 4.4c which is the same image
as in (b) with a reduced z-scale in order to resolve the atomic background (the surface Se
atoms are located on intersections of the gray grid). We find that all Fe atoms are adsorbed
in hollow sites of the terminating Se layer (HC or MC as introduced in section 3.2.1, see
also Fig. 4.4e) as indicated by the colored triangles (pointing in different directions). One
species is reliably found in one type of hollow sites while atoms of the other species always
sit on the other. Refering back to section 3.2.1 we know that the CDW maxima do not
coincide with MC sites [GOY19; Gus+19]. As we find Fe atoms with low apparent height
coinciding with maxima and minima of the CDW we identify these to be adsorbed in HC
sites. Examples of HC atoms located on a maximum and minimum of the CDW will be
extensively discussed later in this chapter along with Fig. 4.6 (atoms labeled with I and
III). Consequently, we identify the large species to be adsorbed in MC sites.

Low-energy constant-height dI/dV spectra recorded on the two atoms of Fig. 4.4b (blue,
red) can be found in Fig. 4.5a (substrate in black). The tip energy gap is indicated in gray.
For both species the data reveal multiple intense YSR resonances with energies ranging
from deep within the superconducting energy gap of the substrate up to energies within the
range of the coherence peaks. The presence of YSR multiplets presumably originates from
several singly occupied d orbitals exhibiting different exchange- and potential-scattering
strengths with the substrate [Rub+16; Cho+17a] and is further addressed in section 4.5.
Note that there are resonances within the tip energy gap (gray shaded area). These can be
attributed to the excitation of thermally occupied YSR resonances (see Appendix A.3.1 or
[Rub+15c] for an extensive study). Their intensity scales with their energy, being most
intense for resonances at the Fermi level. The strong negative differential conductance
(NDC) present at the high-bias flank of some YSR resonances can be explained by the
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Fig. 4.4.: (a) Atomic-resolution STM image showing the surface after deposition of Fe atoms
(constant-current set point: 100 pA, 10 mV, recorded with a Nb tip). (b,c) Topography
showing two adatoms in different crystalline adsorption sites with different z-scales (set
point: 200 pA, 4 mV, recorded with a Pb tip). In (c), the atomic lattice of the top Se layer
is overlaid in gray (Se atom at intersections). Blue (red) triangles indicate a HC (MC)
adsorption site and black dots mark the atoms’ center. (d) Line profiles across the atoms
shown in (b). (e) Top view of 2H-NbSe2, with different lattice sites labeled as HC, CC
and MC. Gray dashed lines indicate mirror axes (exemplary shown for a HC site).

convolution of the superconducting DOS of tip and sample leading to the observed negative
dI/dV signal when energetically sharp resonances are probed (c.f. section 2.2.2).

Data of the higher energy ranges can be found in Fig. 4.5b,c. Possible d levels of each
species are indicated with colored arrows. Resonances found at positive bias presumably
originate from tunneling via empty or half filled d orbitals (εd +U > EF, c.f. section 4.1.2).
Peaks at negative energy belong to filled or half filled d levels. We note that the two species
differ in their d level resonances. The adsorption sites of both species are identified as
MC and HC sites and therefore differ in the presence or absence of a Nb atom beneath.
Therefore, they sense a different crystal field leading to a different energy splitting of the
d-block as discussed in section 4.1.1 [Jea05].

The Fe atoms are presumably in a high-spin configuration (S = 2) [Yan+20] in agree-
ment with the number of YSR resonances as we discuss in more detail in section 4.5.
Therefore, we expect - depending on the degree of degeneracy of the d levels - at least
three resonances at V > 0 and up to five at V < 0 (c.f. Fig. 4.1c-e). At V < 0 we iden-
tify one resonance for MC atoms and two resonances for HC atoms. It is possible that
resonances at negative biases are not detected as they strongly hybridize with the filled
substrate bands inducing substantial broadening. For V > 0 we detect three resonances
for MC atoms and four resonances for HC atoms. Slight changes in the adsorption ge-
ometry of a few pm can lift the remaining degeneracy of the d levels in the crystal field
(c.f. Fig. 4.1c-e). In NbSe2, lattice distortions induced by the CDW which lie in the order of
a few percent of the undistorted lattice [MK13; Zhe+18; LSD18] could further reduce the
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Fig. 4.5.: (a) Constant-height dI/dV spectra taken on the substrate (black) and on the atoms
shown in Fig. 4.4b (set point: 200 pA, 4 mV; Vrms = 15 µeV, spectra offset by
0.3 µS). 2∆t is indicated by the shaded area. (b) Constant-height spectra (set point:
500 pA,−0.5 V, Vrms = 2 mV) of NbSe2 (black) and on Fe adatoms in a HC (blue) and a
CC (red) site. (c) Constant-current spectra (100 pA, Vrms = 5 mV) of NbSe2 (black) and
on Fe adatoms in a HC (blue) and a CC (red) site.

trigonal symmetry of the HC sites yielding more than three d level resonances at V > 0. In
agreement with the findings at higher energies, the presence of multiple YSR states also
suggests several singly occupied d orbitals.

While the signal probed in the higher energy ranges (Fig. 4.5b,c) exhibits only minor
differences within atoms of one type, the YSR states differ strongly across atoms of the
same species, even though they sit on equal crystalline adsorption sites. This can be linked
to the local variations of the DOS imposed by the CDW and will be addressed in detail in
the following section. The exact number of YSR resonances is addressed further in section
4.5.

4.4 Influence of the CDW on YSR states
Results presented in this section were achieved in collaboration with S. Acero González

and F. von Oppen who performed the theoretical modeling and are published in [Lie+20].
The author of this thesis was involved in the experimental part. Results with focus on the
theoretical work are further published in the dissertation of S. Acero González [Ace20].

As already mentioned above, HC adatoms can coincide with CDW maxima and minima
while this is not possible for MC adatoms as the CDW avoids MC domains. Therefore, we
focus on HC adatoms in order to elucidate the role of the CDW on the YSR states. MC
atoms will be addressed in section 4.6.

Topographies of six different Fe atoms labeled with I-VI all adsorbed on a HC site can
be found in Fig. 4.6a. The z-range is chosen such that the atomic background is resolved.
Note already, that the CDW is in the HC phase (CC phase) for atoms I,III and VI (II,IV and
V) as can be discerned in the atomic background. Thus, even though atoms I-VI are all
adsorbed in equivalent atomic lattice sites they can differ in their position relative to the
CDW.

4.4 Influence of the CDW on YSR states 49



IVIII V VI

2 nm

III

0
20

z
(p
m
)

sample bias (mV)
-1.5 -1.2 1.2 1.5

0

1

2

3

dI
/d
V
(a
rb
.u
.)

x5

x5

x5

x5

x0.5
��

��

��

��

��

��

��

����

��

����

��

�� ��

��
��

��
��

��
�� �� ��

��

-3 -2 -1 1 2 3

0

1

2

3

4

5

+4.0�S

+3.5�S

+2.5�S

+2.0�S

+1.2�S

dI
/d
V
(�
S)

I
II

III
IV

V

VI

sample bias (mV)

(a)

(c)(b)

Fig. 4.6.: (a) Constant-current STM images of several HC Fe atoms labeled by I-VI. The z-scale
is reduced in order to resolve the atomic background (set point: 200 pA, 4 mV). (b)
Constant-height dI/dV spectra taken at the center of atoms I-VI (color) and on the
substrate (gray). Spectra offset as indicated (set point: 200 pA, 4 mV;Vrms = 15 µeV).
The Pb tip gap is indicated in gray. (c) Close-ups of the spectra in (b). YSR resonances
are labeled by ±α,±β. Some spectra are scaled up/down in intensity as indicated.

For all HC atoms, low-energy spectroscopy reveals the presence of several YSR reso-
nances with their energies ranging from deep within the gap up to the substrate’s coherence
peaks. Interestingly, we find rich differences in energy and intensity of the YSR resonances
found on the different atoms (Fig. 4.6b). YSR resonances that fall in the range of the
superconducting coherence peaks are rather broad and short-ranged and are thus hard
to disentangle from the background (c.f. section 4.5 and [Sen+19]). We therefore focus
on the two low-energy YSR resonances which are found deep inside the superconduct-
ing energy gap on all atoms. They are labeled as α- and β-states in Fig. 4.6c which is
a low-energy zoom of Fig. 4.6b. Note that the α- and β-resonances exhibit their main
intensity away from the atoms’ center and thus appear with rather low intensity in the
spectra taken on the atoms’ center (Fig. 4.6b,c). In order to gain insight into the YSR
wave functions we examine dI/dV maps (Fig. 4.7a) of the β- and α-states of atoms I-VI
in the top and bottom panel, respectively. Scale-ups (2× 2 nm) of the atoms’ center can
be found in the bottom right of each map. All maps show a long-range (several nm)
oscillatory decay of the YSR wave functions which is associated with the Fermi wavelength
and the shape of the Fermi surface (c.f. Fig 3.7b) as introduced in section 4.2.2. In detail,
the electrons/holes scattered at an impurity are focused into directions, which originate
from flat parts of the Fermi surface [Wei+09] leading to beam-like patterns reflecting the
symmetry of the Fermi surface [Mén+15]. The short-range pattern (∼ 1 nm, insets) is
expected to be dominated by the geometry of the crystal-field split d orbitals [Rub+16;
Cho+17a]. Therefore, considering the sixfold symmetry of the Fermi surface and the
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threefold symmetric adsorption site we expect D3-symmetry (3-fold rotational and mirror
symmetry) for adatoms located on both hollow sites as indicated in Fig. 4.4e exemplary
for a HC site by the gray dashed lines.

4.4.1 CDW-induced symmetry reduction

Comparing the YSR patterns of the different atoms one realizes that they obey different
degrees of symmetry. The α- and β- maps of atom I and III show three mirror axes with
the predicted orientation (the directions of the lattice symmetry axes are indicated as gray
dashed lines in the bottom panel for each atom). On the contrary, the symmetry, both in
the direct vicinity and in the long-range oscillations is reduced to one-fold symmetry (D1,
one rotation and mirror axis) for atoms II, IV and V. Here, the single mirror axis present in
the dI/dV data is indicated by the thick axis while the remaining two crystal symmetry
axes are plotted as thin lines. On atom VI no symmetry is observed neither in the direct
vicinity of the atom nor in the long-range decay. In order to identify the origin of the
observed symmetry reductions we study the location of the six atoms with respect to the
CDW as this is their main difference.

Figure 4.8a contains the same topographies as already presented in Fig. 4.6a. The red
cross indicates the center (maximum of the atoms, placed with a different z-scale, not
shown) of each atom. The black grids illustrate the CDW „lattice“ with gray (black) dots
indicating maxima (minima) of the CDW. Atom I (atom III) coincide with a CDW maximum
(minimum). For these positions, the CDW respects the atomic D3-symmetry (indicated
by white dashed lines) in agreement with the symmetry observed in the dI/dV maps. All
other atoms are not located on such a high symmetry point. By close inspection of Fig. 4.8a
one remaining symmetry axis relative to the CDW grid can be discerned for atoms II,IV
and V and is indicated by the white dashed lines. Again, the orientation of the mirror
axis found in the dI/dV maps exactly matches the prediction from the topographies. For
atom VI no symmetry is found in the maps in accordance with Fig. 4.8a. Concluding, the
detected degree of symmetry agrees with the symmetry of the adsorption sites relative to
the CDW.

One can now classify all HC sites regarding their different positions relative to the CDW
which is schematically depicted in Fig. 4.8b. This classification will be important thoughout
the thesis as the CDW also affects the hybridization of YSR states as we will see in chapter
5. As in Fig. 4.8a the CDW is illustrated by the black grid with gray (maxima) and black
(minima) dots. Additionally, the Se atoms of the surface are indicated by the gray grid
(Se atoms located on the intersections), where triangles pointing upwards (downwards)
represent HC (MC) sites. The top panel shows the HC structure of the CDW, i.e. the
CDW maxima/minima are aligned with atomic HC sites. The high symmetry HC sites
are indicated in dark blue/red in agreement with the coloring of atom I and III. All sites
marked in bright brown exhibit no symmetry with respect to the CDW lattice as atom VI.
Note, that there is a third site with expected D3-symmetry (uncolored). However, we do
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Fig. 4.7.: Constant-contour dI/dV maps of the YSR (α-,β-) states of HC atoms I-VI (set point:
200 pA, 4 mV;Vrms = 15-25 µeV, Vbias as indicated). Black dashed circles (diameter 1 nm)
outline the atoms’ position. The insets show a 2× 2 nm close-up view around the center
of the atoms. Thick (thin) gray lines in the maps indicate the presence (absence) of
mirror axes. On atom III, α- and β-states overlap; on atom VI there is no symmetry.
Data of thermal resonances and the other bias polarity can be found in Figs. A.3 and A.4.
(b) Numerical results of the electronic probability density |u(r)|2 of the YSR state in the
presence of the CDW potential for band 2 for adatoms located at positions equivalent
to those of atoms I-VI (field of view: 40a × 40a around the atom). The parameters
are JS/2 = 120 meV,K = 0, V0 = 30 meV. (c) Close-up views of the α- and β-states
around the center of the atoms I, II, IV, and V with superimposed triangles illustrating
the presence (red circles) and absence (blue circles) of intensity at their vertices.
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Fig. 4.8.: (a) Same topographies as in Fig. 4.6a. The CDW is depicted by the black grid, where
gray (black) dots indicate CDW maxima (minima). The center of each atom is marked
by the red cross. The from the position of the atoms’ center relative to the CDW grid
expected symmetry axes are indicated by the white dashed lines. (b) Sketch of the
different possible adsorption sites of HC adatoms for the two CDW structures (HC and
CC). The CDW grid is the same as in (a), i.e. maxima (minima) as gray (black) dots.
Additionally, the Se grid is overlaid in gray (Se atoms located at vertices of the triangles).
The HC (MC) adsorption sites correspond to triangles pointing up (down). Colors
indicate different adsorption sites (chosen such that they indicate the positions of atoms
I-VI) relative to the CDW.

not find Fe atoms adsorbed in this third symmetric site.5 The bottom panel contains the
same grids, but illustrates the CDW CC structure where the maxima/minima coincide with
Se atoms. All adsorption sites are located on one of the symmetry axis of the CDW (i.e. obey
one-fold symmetry) and differ by their exact location within the CDW lattice. All bright
blue (bright red) HC sites are situated a/

√
3 apart from a CDW maximum (minimum).

The dark brown sites are located close to (a/
√

3) the local minimum of the CDW. Again,
the colors are chosen such to reflect the adsoprtion sites of atoms II, IV and V. Remember,
that the CDW maxima/minima are not found on MC sites (MC structure of the CDW is
not observed in experiment, see section 3.2.1). Furthermore, the CDW varies smoothly
across the surface transforming between the HC and the CC structure which will become
important later in this section. Therefore, the six sites discussed here are limiting cases
appearing in regions with pure HC and CC CDW structure.

Summarizing so far, the symmetry reduction of the YSR wave function observed in
experiment can be linked to the position of the atoms relative to the CDW which breaks the

5The CDW varies smoothly between the HC and CC structure across the surface as they are energetically
very similar [Gus+19; GOY19; Cos+18; LSD18]. Hence, Fe atoms are found in a broad range of positions
relative to the CDW. As discussed in great detail in this section, the CDW affects the YSR states. On the
other hand it is known that the CDW can be pinned/influenced by defects [Cos+18; Lan+14; FW15;
Cha+15; Arg+14]. We can also flip/switch the phase of the CDW - especially in areas high density of
intrinstic defects - by manipulation of Fe atoms with the tip to a different energetically similar configuration.
Hence, the Fe atoms (being surface defects) also affect the CDW to some extent. Attempts to place an Fe
atom in this third symmetric HC site always induces a local switch of the CDW phase.
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D3-symmetry expected for adsorption in HC lattice sites. In the following section we will
introduce a theoretical model capturing the microscopic origin behind these findings.

4.4.2 Modeling the role of the CDW

The microscopic origin behind these findings can be modeled within a phenomenological
mean-field description of the CDW incorporated in the classical YSR model (c.f. Eq. 4.12)
foregoing a realistic description of the d level physics. The essentials of the substrate’s band
structure are covered within a tight-binding model of NbSe2. Thus, the model aims at a
qualitative understanding of the microscopic physics rather than a quantitative comparison
to the experiment. The basic aspects of the model will be outlined in the following. A
more complete elaboration can be found along with [Lie+20] and also in the PhD thesis
of S. Acero González [Ace20], who was carrying out all calculations.

The NbSe2 is described within an effective tight-binding model following [SKD85;
Ros+05; Ino+08; Ino+09; Rah+12; Mén+15]. As the relevant states near the Fermi
energy have mostly Nb character, the Se-derived band around the Γ-point is neglected
reducing the band-structure problem to the triangular Nb sublattice. Focusing on one d
orbital per Nb atom and including hopping up to five nearest neighbors reproduces the
band structure symmetries and the approximate shape of the Fermi surface and hence,
captures the essential physics of NbSe2 (two Nb derived bands forming the two paired
cylinders around the K- and Γ-points of the Fermi surface, c.f. section 3.2.2). The model
neglects intralayer couplings making it purely two-dimensional. Considering the strong 2D
electronic character of 2H-NbSe2 and the fact that the Fe predominantly couples to the
top layer, the simplified model should still capture all relevant physics in order to give a
qualitative understanding of the involved processes.

Superconductivity is included by the usual BdG Hamiltonian (c.f. Eq. 3.12) assuming
isotropic s-wave pairing of ∆ = 1 meV which is not capturing the strongly anisotropic
nature of NbSe2, but, as we focus on the low-energy YSR states this simplification should
again be fair enough to provide qualitative insights.

As previously used in [Mén+15], the YSR states in NbSe2 are considered by treating
the magnetic impurity as classical spin S interacting with the substrate electrons via the
(isotropic) exchange interaction JSσz/2 and the (isotropic) potential scattering K. As
we consider Fe atoms in HC sites, the impurity possesses equal hopping amplitudes to its
three Nb neighbors. Furthermore, it is necessary to consider non-local exchange coupling
between the three Nb sites in order to obtain only one YSR state per impurity. Assuming
equal hopping amplitudes and the impurities spin aligned along the z-direction yields

HYSR = −JS/23
∑
i,j

∑
s,s′

c†isσ
z
ss′cjs′ +

K

3
∑
i,j

∑
s

c†iscjs , (4.19)
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which includes exchange and potential scattering terms. The sums over i and j run over
the three nearest-neighbor Nb sites of the impurity, σz denotes a Pauli matrix, and c†is (cis)
creates (annihilates) an electron on site i with spin s.

Finally, we need to find a way to account for the CDW. The CDW in NbSe2 manifests
as tiny lattice distortions (c.f. section 3.2.1). Hence, the CDW sets an additional periodic
potential which couples to the electrons via electron-phonon interaction. Therefore, we
can incorporate the CDW by a small additional modulation of the on-site potential

HCDW =
∑
r,σ

c†rσV (r)crσ , (4.20)

where the sum runs over the Nb lattice sites of the triangular lattice. The CDW potential is
described by

V (r) = V0
∑

i=1,2,3
cos(Qi · r + φi), (4.21)

where the Qi (φi) are the CDW wave vectors (phases) in real space (see below) and V0

denotes the amplitude of the CDW potential. In order to reproduce the CDW’s symmetry
and shape, one possible choice of the phases φi is φ1 = φ2 = 0 and φ3 = π/3. An
appropriate set of wave vectors is given by

Q1 = q(1− δ)(
√

3/2,−1/2),

Q2 = q(1− δ)(0, 1), (4.22)

Q3 = q(1− δ)(−
√

3/2,−1/2) = −(Q1 + Q2),

where q = 4π√
3 3a and δ � 1 accounts for the fact that the CDW is not exactly commensurate

with the lattice.6 The length of the (commensurate) wave vector q is achieved using
q = 2π

λCDW
and λCDW =

√
3

2 3a (a is the lattice constant).7

Numerical results showing the electronic probability density |u(r)|2 of the YSR state in
the presence of the CDW are displayed in Fig. 4.7b for different positions relative to the
CDW according to those of atoms I-VI. The displayed result is achieved by considering
scattering with one Nb band only (see [Lie+20; Ace20] for results of the other band). The
results obtained considering the other Nb band yield qualitatively similar results, although
details of the band structure (e.g. anisotropic character) affect the YSR wave functions. In
any case, the effect of the CDW potential on the symmetries of the YSR wave functions
should be captured correctly. Indeed, we find that positions I and III exhibit D3-symmetry.
For positions II,IV and V we find one symmetry axis while no symmetry is left for position
VI, in agreement with the experiment. Note that the theoretical plots are rotated differently
than the dI/dV maps in Fig. 4.7a, the symmetry axes are indicated in gray. Again, thick
(thin) lines denote the presence (absence) of symmetry in the probability density plots.

6The periodicity of the CDW is & 3a yielding a slightly reduced wave vector.
7aCDW & 3a and λCDW are indicated in Fig. 4.9a (left panel).
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Concluding, the CDW can be modeled by an additional periodic potential included in a
simple tight-binding model of NbSe2 in combination with a classical magnetic impurity
reproducing the symmetry-reduction observed in the experiment.

4.4.3 Effect on the YSR energies

Up to now we understand how the CDW reduces the symmetry of the YSR wave function.
However, we find that atoms I-VI - beside their different degrees of symmetry - further
differ in the energies at which the YSR resonances are probed (Fig. 4.6b,c). So far the α-
and β-states were simply assigned to the two resonances lowest in energy. In the following
we track their energetic evolution by analyzing similarities in their wave function patterns.
Note that the strong locally variating NDC complicates the assignment. In particular, the
β-maps of atoms II, IV and V are strongly affected by the NDC of the energetically close
α-resonances. We thus focus on the direct vicinity around the atoms’ center (close-ups
of both states around the center of atom I,II,IV and V in Fig. 4.7c). Starting with atom
I we find that both, the α- and β-state, are characterized by a triangular pattern with
three intense lobes at its sides. However, the β-resonance additionally exhibits intensity
at its vertices (red circles) while the α-state does not (lack of intensity in blue circles).
Fingerprints of these characteristics are also present in the reduced symmetry cases of
atoms II,IV and V. Among them, we find enhanced intensity in at least one of the three
vertices for the β-state (red circles) while the α-state still lacks intensity at all vertices
(blue circles). Note that both resonances overlap at zero energy for atom III (c.f. dark red
data trace in Fig. 4.6c) and hence, the dI/dV maps cannot be interpreted individually (in
terms of seperate α- and β-wave functions) in this case.

The above identification of the α- and β- states is further supported by the similarity
found across the dI/dV images of the thermally activated duplicates (at energies within
the tip energy gap) which are less affected by NDCs. Extensive data and discussion can be
found in the Appendix A.3.1. With the above assignments we can now track the energy
of the α- and β-excitations along the CDW. Remember, as the CDW transforms smoothly
between the HC and CC structures we can find adatoms covering a broad range of positions
relative to the CDW (adsorption sites in between the ones of atoms I-VI).

Therefore, we analyze more than 90 different HC atoms (acquired across several sam-
ple/tip preparations) which are adsorbed along (or close to) a symmetry axis. One
complete period of the CDW along one symmetry axis (with length 2λCDW =

√
3 aCDW,

c.f. Eq. 4.22) is indicated in Fig. 4.9a (left panel) in yellow starting at a maximum, reaching
a minimum at 2/3λCDW and a local minimum at 4/3λCDW. The center of the Fe atoms
along the symmetry axis can be determined from the STM images (see superimposed CDW
grid on the STM topographies in Fig. 4.8a). The error in finding the position relative to the
CDW is estimated to be δx = ±0.05λCDW, which accounts for the inaccuracy in placing
the CDW grid and finding the center of the atom as well as possible drift effects.
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Fig. 4.9.: (a) Constant-height dI/dV map recorded at T = 8 K and Vbias = 0 mV (set point:
200 pA, 4 mV;Vrms = 100 µeV; some z-drift is visible). aCDW, λCDW and one complete
period along one symmetry axis of the CDW are indicated with the black and yellow
arrows, respectively. The right panel shows the FFT-filtered data of the left panel. (b)
Deconvolved data of atoms I-VI (substrate data is shown in gray). Offsets are indicated
on each trace. (c) Evolution of YSR excitation energies Eα and Eβ of approximately
90 atoms with position relative to the CDW (measured on several samples with several
Pb tips) obtained by fitting the deconvolved spectra as described in the text. Error bars
are also discussed in the text. Black and gray show the evolution of Eβ . Dark and
bright red data points correspond to Eα. For the bright red data points a negative Eα is
assumed as the excitation changes bias side. Corridors with no data points are marked
in gray. (d) Evolution of the α- and β-YSR energy obtained from averaging the the
data from (c) within intervals of ±0.05λCDW. Error bars include standard deviation
from the averaging method and experimental errors from (c). (e) Linecut along the
yellow-dashed arrow in the right panel of (a). The signal is averaged over the radius
of influence (125 pm corresponding to one covalent radius of Fe). (f) Calculated CDW
potential (blue), local DOS (bright red), and YSR excitation energies (black) using
the tight-binding model discussed in the text for JS/2 = 360 meV and K = 0 which
corresponds to the strong-coupling regime.
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In order to obtain the local DOS, all data were deconvolved as described in sections 2.2.3
and A.1. Exemplary deconvolved data (of atoms I-VI) can be found in Fig. 4.9b. Subse-
quently, the energy at which we probe the α- and β-states is determined by fitting the
low-energy region with a set of four Gaussian curves as follows:

LDOS(E) = ν0 +A1e
−(E−Eα)2/(2σ2) +A2e

−(E+Eα)2/(2σ2)

+B1e
−(E−Eβ)2/(2σ2) +B2e

−(E+Eβ)2/(2σ2). (4.23)

Here, ν0 is an offset, Eα and Eβ are the YSR energies, A1,2 and B1,2 are four amplitudes
and σ is the width of the Gaussian peaks. In addition to the standard deviation of the fit
routine errors of the YSR energy include the uncertainty in the exact value of the tip energy
gap ∆t, the lock-in modulation of the bias voltage and the sampling interval. Additionally,
an error of ±σ/2 was added to the energy uncertainty if the peaks are not well separated
(i.e.Eα − Eβ ≤ 2σ). This is mainly the case for atoms around the CDW minimum (such
as atom III), where the α- and β-resonances overlap as they are both very close to zero
energy. Some of these atoms can be fitted with only one pair of Gauss peaks as the YSR
states coincide. In this case both energies have the same value (Eα = Eβ).

Figure 4.9c shows the extracted energies of the YSR excitations (of the set of approxi-
mately 90 atoms) with respect to their location relative to the CDW (including all energy
errors as discussed above and ±0.05λCDW for the position along the CDW). Note that for
atoms close to position III negative values of Eα (bright red data points) are assumed as
will be explained in the following.

Starting at the maximum the energy of both resonances drop with increasing distance
relative to the CDW maximum (position I → position II). By default, the fit outputs for
the excitation energies Eα and Eβ are positive. Assuming that Eα and Eβ follow a similar
trend, we suggest a zero-energy crossing of the α-excitation (meaning that we find the
+α-resonance at negative bias). Hence, Eα < 0 was assumed for the atoms in close vicinity
to the CDW minimum (the set of atoms with Eα < 0 is marked in bright red and gray).
This implies a change from the screened-spin to the free-spin regime or vice versa [FSP11;
Mal+18; Far+18]. Remember, that we a priori cannot discern the ground state of the
α- and β-states (c.f. section 4.2.1). Having passed the minimum (i.e. position IV) the α-
and β-peaks are separated and can be identified again in the dI/dV maps (see Fig. 4.7a),
i.e.Eα > 0.

We note, that there are regions not covered by adatoms (gray shaded in Fig. 4.9c-
f). These regions correspond to the energetically unfavorable MC phase of the CDW
(c.f. section 3.2.1) and are not observed in experiment.8 A schematic illustration of the
alignment between CDW and atomic lattice within one complete period can be found in
Appendix A.3.2.

8Also the third symmetric adsorption site at 4/3λCDW which could not be achieved in experiment contributes
to the gray areas.
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In Fig. 4.9d we average over all atoms which are found within the error interval of
±0.05λCDW. In the previous section the symmetry-reduction could be explained by the
presence of the CDW which imposes a spatial variation of the DOS. Furthermore, we notice
that the YSR energy depends on the normal state DOS at the Fermi-energy (c.f. Eq. 4.14).
Experimentally, we access the CDW-imposed DOS in a constant-height dI/dV map recorded
at zero bias and T = 8 K (i.e. above Tc) after FFT-filtering. The filtering is necessary to
isolate the CDW-induced DOS from the atomic corrugation. Both maps (non-filtered and
FFT-filtered) can be found in Fig. 4.9a. The CDW-induced variation of the LDOS along
one symmetry axis can be found in Fig. 4.9e which is extracted along the big arrow in the
FFT-filtered map. In fact, comparing Fig. 4.9d and e one realizes that both YSR excitation
energies follow the trend of the CDW-induced LDOS. Therefore, we can not only link the
observed symmetry reduction of the YSR wave functions to the CDW, but also correlate
their energy shifts to the variations of the DOS induced by the CDW.

Now after establishing the correlation between YSR excitation energies and CDW-DOS
experimentally we can interpret the results by considering the simplified classical picture
(neglecting the potential scattering K in Eq. 4.14). As already mentioned, the YSR energy
depends (beside the exchange coupling strength J and the spin S) on the normal DOS at
the Fermi energy ν0. Thus, one indeed expects the YSR ground state energy to depend on
the exact location of the adsorption site relative to the CDW.

The direction of the energy shift of the YSR excitations depends on the value of the
exchange coupling strength J between impurity and substrate, being correlated (anticor-
related) to the LDOS in the screened-spin (free-spin) regime, respectively (c.f. Fig. 4.3c).
Hence, within this simple picture, the data suggests both YSR states to be in the screened-
spin regime meaning that the α- and β-YSR states have negative ground state energies
(c.f. Fig. 4.3b, red region), except the α-resonance at the minimum of the CDW, where it
crosses the QPT to the free-spin regime.

Turning towards the more sophisticated model calculations introduced above we find
that the CDW influences the YSR energies in general via two mechanisms. First, the
CDW potential (Eq. 4.21 and Fig. 4.9f, blue trace) causes an anticorrelated LDOS (bright
red) which affects the YSR energy as discussed already. Beside this DOS effect, the CDW
potential can be rationalized as additional (spatially variating) contribution to the potential
scattering (neglected in the simplified picture). The CDW potential shifts K to K + V (r),
where r denotes the adsorption site of the impurity relative to the CDW. Considering only
the DOS effect we expect the YSR excitation energy to anticorrelate with the LDOS in the
weak coupling regime. However, rather strong potential scattering can overcome the DOS
effect and reverse the correlation yielding YSR excitation energies being correlated with
the LDOS. On the contrary, no such reversal is found for a strongly coupled impurity as
the impact of K is generally weaker. We thus expect correlation between LDOS and YSR
excitation energy for all values of K.
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Concluding, unless the impurity is a surprisingly strong potential scatterer9 (in the free-
spin regime) the model suggests strong coupling between the impurity and the substrate -
in agreement with the simplified model discussed above. Figure 4.9f (black trace) contains
the calculated excitation energies for a strongly coupled impurity (K = 0) confirming the
experimental trend. A more detailed elaboration and plots with different parameter sets
can be found in [Lie+20; Ace20].

4.4.4 Observations at higher energies

Before closing the section we comment on the d level resonances observed on the
different HC atoms. Spectra of atoms I-VI covering a broad energy range can be found in
Fig. 4.10. Possible d-resonances are marked by the gray-shaded areas. Some resonances
shift across atoms I-VI (marked by arrows) and, hence, seem to be affected by the CDW.
On the CDW maximum (atom I) the intense resonance just above 1.8 V (zoom in the
inset) is about 50 mV lower in energy compared to atom III (minimum on CDW). On the
contrary, the resonance located below 0.2 V exhibits an opposite trend, i.e. the resonance
appears at lower energies on atom III (minimum) than atom I (maximum). For the other
resonances no shift is resolved. As discussed in section 3.2.1, the origin of the CDW is a
slight lattice distortion coupling to the electronic degrees of freedom via electron-phonon
interaction. The atomic displacements are expected to be in the order of a few percent
of the undistorted lattice constants and, hence (should be well below) < 10 pm [MK13;
Zhe+18; LSD18; San+21]. However, such deviations of the local crystal field can lead
to the small energetic shifts observed for some d-resonances. Depending on the exact
shape of the orbital, the overlap with the Se-ligands might be enhanced, non-affected or
decreased and therefore lead to the observed energetic shifts in different directions.

To close the section, the reduction of expected D3-symmetry of the YSR-resonances on
HC atoms can be explained by simply symmetry arguments considering the crystalline
adsorption sites relative to the CDW. The experimentally observed YSR energies follow the
CDW-induced LDOS which can be explained in the simple classical YSR model indicating a
strongly coupled impurity. Both experimental findings are qualitatively reproduced within
a general tight-binding approach where the CDW is included in the model by an additional
(incommensurate) on-site potential which affects the YSR energy via the CDW-induced
DOS, but there is also a contribution via the potential scattering channel.

The experimental and theoretical results presented in this section are quite general as
they are also valid for a broad range of other material systems exhibiting periodic DOS
modulations. Examples include other materials exhibiting CDWs, but DOS modulations
are also found in Moiré structures which is a growing field in the context of topological
phase engineering using 2D materials [Kez+20b; Kez+20a; Cao+18]. Especially, one

9As we do not observe strong intensity asymmetry between the electron- and hole-like YSR resonances, this
scenario is unlikely.
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Fig. 4.10.: (a) Constant-current spectra (set point: 100 pA, Vrms = 5 mV) of atom I-VI (top to
bottom) and the substrate (black). Traces stacked with offsets of 0.25. (b) Constant-
height spectra (set point: 500 pA,−0.5 V, Vrms = 2 mV) of atom I-VI (top to bottom)
and the substrate (black). Traces stacked with offsets of 1 nS. (c) Constant-current
spectra (set point: 100 pA, Vrms = 5 mV) of atom I-VI (top to bottom) and the substrate
(black). Traces stacked with offsets of 2. The inset shows a zoom to the intense
resonance (traces without offsets).

needs to consider above findings when coupling magnetic impurities to larger structures
as chain or lattices one substrates exhibiting a modulated DOS.

4.5 Excitations in the presence of multiple
Yu-Shiba-Rusinov states

In the previous sections we could deduce a correlation between the CDW-induced DOS
and the YSR energies of the two low-energy resonances (α and β) by investigating various
Fe atoms on different positions within the CDW. However, we did not pay attention to
the YSR resonances at higher energies as they overlap with the substrates coherence
peaks and are not featured by such characteristic wave functions as the long-ranged
in-gap resonances. Therefore, it was not possible to trace their energy along the CDW.
Furthermore, we did not comment in detail on the exact number of YSR resonances and
their possible origin.

Fig. 4.11a,b contains spectra recorded on an Fe atom on a maximum (a, blue, type I)
and minimum (b, red, type III) of the CDW. A substrate spectrum is shown in gray in each
panel. (c,d) show stacked false-color plots of dI/dV spectra recorded along a line across
both atoms as indicated in the inset topography (white arrow). The horizontal dashed lines
indicate the precise location of the spectra of (a,b). The data were acquired using Nb tips.
Beside small intensity deviations the data is in full agreement to the data acquired with Pb
tips (c.f. Fig. 4.6b). The gap is indicated as the gray box and dashed lines in (a,b) and (c,d),
respectively. On the HC atom on the CDW maximum, we can discern four resonances.
The largely discussed α- and β-states and two more states within the substrates coherence
peaks which are labeled γ and δ. One is easy to identify as it is intense, the other manifests
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as a shoulder with asymmetric intensity at the low-energy flank of the former. All four
states are labeled and indicated by the white dotted lines in (c).

dI/dV maps of all states can be found in Fig. 4.11e. In the corresponding panels we
identify the specific oscillatory patterns of the α- and β-resonances and the expected
overall D3-symmetry as discussed in section 4.4 and [Lie+20] (c.f. corresponding Pb tip
data in Fig. 4.7a, atom I). Similary to the patterns acquired with the Pb tip, the near-field
pattern of the β-state exhibits intensity at the sides and vertices of a triangular shape. The
α-state has largest intensity at the sides of the triangle and only small residual intensity at
the vertices.

We further note that all four resonances exhibit different dI/dV patterns. As already
mentioned, the states at higher energies (γ, δ) are short-ranged and featureless (compared
to their in-gap counterparts) which we attribute to scattering with the quasiparticle
continuum reducing their lifetimes [Sen+19]. Both states have their maximum intensity
on the atom center (opposed to α and β). δ is dominated by a circular shape while we can
discern a more triangular shape for γ.

From the previous section we know that the α- and β-state are both found close to
zero energy on the HC atom at the minimum of the CDW (type III, Fig. 4.11b). Beside
these two resonances we identify three additional peaks as indicated in the linespectra
(Fig. 4.11d) by the white dashed lines. We label them with γ, δ and β’ for reasons that will
become clear below. Note that the overall weak β’-resonance has no intensity directly on
the atom’s center and hence, does barely appear in the spectrum in (b). In the dI/dV maps
(Fig. 4.11f) we find signatures of the overlapping α- and β-resonances close to zero energy.
At +1.80 mV we find a resonance which exhibits striking similarity with the +β-resonance
(c.f. map at 1.35 mV). At negative bias the signal of the β-resonance is largely suppressed
by the NDC which makes a comparison challenging. Note that the two highest-energy
resonances are labeled as γ̃ and δ̃ ascending in energy as we are not able to identify clear
signatures (Fig. 4.11e).

Thus, the data reveals different numbers of YSR resonances for atoms placed on different
positions relative to the CDW. The Fe atoms presumably carry a spin S = 2, i.e. four singly
occupied d orbitals. In materials with non-zero interband scattering, each d level induces
one YSR bound state, disregarding the presence of multiple superconducting energy gaps
[Moc+08; Rub+16; Cho+17a]. Thus, we expect maximum four resonances per bias
polarity, which is true for the atoms of type I, but not the case for the atoms on the CDW
minimum. From the previous sections we further know that the CDW induces slight
energetic shifts of the d levels (Fig. 4.10), but we do not find significant changes, such as a
resonance crossing the Fermi level which would lead to a different d level occupation and
hence to a changed spin configuration.

In section 4.1.1 we introduced the concept of magnetic anisotropy within a crystal field.
For magnetic impurities with a spin S ≥ 1 the quantum nature of the spin yields multiple
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Fig. 4.11.: (a,b) Normalized differential conductance spectra recorded on an Fe atom (color) and
the substrate (gray) of a type I (a) and a type III (b) HC atom. Feedback was opened at
250 pA, 5 mV in (a) and 750 pA, 5 mV in (b) and a modulation of 15 µV was used. The
(Nb) tip gap of ∆t ≈ 1.55 meV in (a) and ∆t ≈ 1.30 meV in (b) are indicated in gray.
(c,d) Stacked spectra recorded across the atoms from (a,b) as illustrated in the inset
topographies (constant-current mode with set point 100 pA, 10 mV). Horizontal dashed
lines indicate the precise location of the spectra from (a,b). Vertical gray dashed lines
indicate ∆t. All YSR resonances are indicated by dotted lines and labeled below the
panels. (e,f) Constant-contour dI/dV maps recorded on all energies marked in (c,d) by
the dotted lines. Bias voltages are given above each panel. Constant-contour feedback
set point and modulation same than for spectra in (a,b).
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YSR excitations involving different spin projections Sz. YSR excitations on Mn-phthalo-
cyanine molecules revealed magnetic anisotropy splitting of YSR resonances [Hat+15].
Here, the molecular spin of S = 1 arises from unpaired spins in the dz2 and dxy orbitals
of the Mn center. As it points towards the surface only the spin of the dz2-orbital couples
to the superconducting condensate. The spin S = 1 is subject to magnetic anisotropy
yielding rich YSR excitation spectra as modeled in [ŽBP11]. However, there is no general
model accounting for the presence of multiple singly occupied d orbitals coupling to the CP
condensate which also incorporates magnetic anisotropy effects. Such a model is presented
in [OF21]. In this thesis, we outline the basic concepts in the following and discuss the
possible manifestations in our material system. A detailed discussion can be found in
[OF21].

We describe the high-spin quantum impurity (spin Simp) subject to a crystal field by
expanding the Hamiltonian of a classical S = 1/2-impuritiy (c.f. Eq. 4.12). The impurity
can couple to 2Simp electron channels (indexed by i) which are represented by individual
single-site superconductors [OF21]:

H =
∑
i

∆(c†i↓c
†
i↑ + ci↑ci↓) +

∑
σσ′

∑
i

c†iσ[Kiτzδσσ′ + JiSimp · sσσ′ ]ciσ′ (4.24)

+DS2
imp,z + E(S2

imp,x − S2
imp,y). (4.25)

s = 1/2σ is the electron spin in terms of the Pauli vector σ. As in Eq. 4.1 D and E are
the axial and transverse magnetic anisotropies. Ji and Ki are the exchange and potential
scattering strengths which can be different for all i channels. States arising from a subset
of degenerate d orbitals have identical Ji and Ki.

For simplicity, we assume vanishing transverse anisotropy, i.e.E = 0. Furthermore, we
assume T = 0, such that magnetic anisotropy splitting of the ground state does not lead to
thermal occupation of the split levels (which would further complicate the excitation pic-
ture). The total spin of the system (impurity and substrate) S = Simp +

∑
σσ′
∑
i c
†
iσsσσ′ciσ′

depends on the number of screened channels. In the absence of transverse anisotropy
(i.e.E = 0) the projection of the total spin along the z-axis Sz remains a good quantum
number. To recall D < 0 favors out-of-plane spin alignment (maximizing Sz) while D > 0
tends to align the spin in plane (minimizing Sz). Furthermore, we can classify the ground
state of the system by the number of bound quasiparticles (occupied substrate channels)
Q. Thus, the ground state can be specified by the set of quantum numbers (Q,Sz). If Q is
even the ground state has even parity while odd Q indicates an odd parity ground state.

Figure 4.12 shows the phase diagram (ground state of the Hamiltonian in Eq. 4.25) of
an Simp = 2 impurity coupled to the superconductor with different exchange coupling
strengths Ji for the four channels depending on the superconducting pairing strength ∆
and the axial magnetic anisotropy D. For simplicity, we neglect potential scattering by
setting Ki = 0 for all channels. We know first discuss the different phases/ground states
and then consider different excitation spectra in the next step.
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In the top (brown, gray) of the diagram (Fig. 4.12), the pairing strength is larger than
all exchange couplings Ji. Hence, all spin channels are unscreened implying a total spin
(impurity and substrate) of S = 2 and the number of occupied quasiparticles is zero,
i.e.Q = 0. For D < 0, large spin protections are favored yielding (Q,Sz) = (0,±2)
(brown) while for D > 0 the spin is aligned in-plane yielding (Q,Sz) = (0, 0) (gray). For
decreasing ∆, the spin channel with the highest Ji will change its ground state to be
screened while the other three states remain unscreened (Q = 1, bright and dark red).
Hence, one quasiparticle is bound to the impurity and the total spin of the system is
reduced by 1/2 to S = 3/2. The ground state is (Q,Sz) = (1,±3/2) for D < 0 (bright red)
and (Q,Sz) = (1,±1/2) for D > 0 (dark red).

If ∆ is further decreased (relative to the coupling strengths) a second state undergoes the
quantum phase transition. Then, two quasiparticles are bound to the impurity decreasing
the total spin by 1 to S = 1, such that (Q,Sz) = (2,±1) for D < 0 (bright blue) and
(Q,Sz) = (2, 0) for D > 0 (dark blue). Further decreasing ∆ leads to three bound
quasiparticles and a left over total spin of S = ±1/2. Therefore the ground state is
(Q,Sz) = (3,±1/2). As spin-1/2 systems are not subject to magnetic anisotropy (Kramer’s
degenerate), there is no phase boundary at D = 0.

We note that large positive axial anisotropies suppress states with uneven parity as those
do not have zero spin projection, but the minimum achievable spin along z is Sz = ±1/2.
This manifests in the phase diagram in the rapid closing of the dark red and dark yellow
regions at D > 0.

Finally, when the pairing strength (compared to the exchange couplings) is small
enough, also the 4th channel is screened and hence, (Q,Sz) = (4, 0) which is also not
further affected by magnetic anisotropy (bright yellow).

Let us now consider possible excitations. One tunneling event, i.e. adding/removing a
single electron to/from the sample will change the the parity of the system by ∆Q = ±1
and the spin along the z-axis by ∆Sz = ±1/2. With these selection rules we can determine
all possible excitations.

As discussed in section 4.4, the α- and β-states are likely in the screened-spin regime on
the maximum HC-atom, but α crosses over to the free-spin regime on minimum HC atoms.
Careful analysis of how the γ- and δ-resonances shift as a function of the position relative
to the CDW suggest that one of them is in the screened-spin as it downshifts in energy
along with α and β when moving away from the CDW maximum. Thus, three resonances
are presumably in the screened-spin regime and one remains unscreened, when the Fe
atom is located at the CDW maximum. However, as already discussed we cannot trace γ
and δ along one complete period of the CDW and therefore an unambiguous assignment to
one regime is not possible. Hence, as we cannot definitely access the number of screened
channels, we discuss different possible scenarios in the following.
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Fig. 4.12.: Phase diagrams for a Simp = 2-impurity depending on the uniaxial anisotropy D
and the pairing strength ∆ for different exchange coupling strengths of J1 = 1, J2 =
0.8, J3 = 0.6, J4 = 0.4. All Ki = 0 and E = 0, for simplicity. The different ground states
are labeled according their quantum numbers (Q,Sz). All possible tunnel excitations
are indicated by black and white arrows for the case of 4 screened (a), 3 screened (b)
and 2 screened (c) YSR states. The factor on the left indicates magnetic anisotropy
split levels that can be excited (see text for detailed discussion). The figure is taken
and adapted from [OF21].

If γ and δ are in the screened-spin regime, we have four screened YSR resonances on the
maximum of the CDW. Possible excitations in this case are illustrated in Fig. 4.12a. When
all channels are screened, the ground state is (Q,Sz) = (4, 0) as indicated in bold (bright
yellow). We can excite the system to (3,±1/2) by emptying one of the bound quasiparticle
states for D < 0 and also 0 < D . 1. As we assumed four different exchange couplings Ji
we expect four YSR resonances (per bias side) at different energies (indicated by the black
and white arrows for D < 0 and D > 0, respectively). There are no further excitations
allowed considering the selection rules for single-electron tunneling. This scenario is
in agreement with the observations on the HC atom on the CDW maximum, where we
discerned four YSR resonances with different spatial appearance.

Starting with three screened states and one free spin, i.e. (Q,Sz) = (3,±1/2), the
excitation scheme becomes more complex (Fig. 4.12b). This scenario could apply for an
HC atom on the minimum of the CDW with γ and δ screened or to a maximum atom
where one of γ or δ is unscreened. For D < 0 we can excite the system to (4, 0) (bright
yellow) by occupying the empty quasiparticle state or to (2,±1) (bright blue) by removing
one quasiparticle from the substrate. As there are three different Ji involved, the latter
produces three peaks at different energies (indicated by black arrows). Furthermore,
magnetic anisotropy splits the latter excitations to Sz = ±1 and Sz = 0 doublets each,
separated by D. Similar findings hold for D > 0 with the difference that the magnetic
anistropy split reverses the energetic order of the Sz = ±1 and Sz = 0 doublets (white
arrows). Thus, possible excitations include one channel without further splitting by
magnetic anisotropy and three magnetic anisotropy split doublets. This scenario could
explain the appearance of the β′-resonance detected on the minimum atom which is not as
intense, but very similar to the β-state, and hence, these two states constitute a magnetic
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anisotropy split doublet. Note, that it is not surprising that we do not observe all possible 7
resonances (which include three doublets) as resonances may coincide within our energy
resolution, be very unintense or be shifted outside the superconducting gap.

Finally, we discuss the scenario of two screened and free-spin channels each which could
apply for the minimum atom if - additional to α - one of γ or δ is in the free-spin regime
(Fig. 4.12c). The ground state is characterized by (Q,Sz) = (2,±1) for D < 0 (bright
blue) and (Q,Sz) = (2, 0) for D > 0 (dark blue). For D < 0 excitations now involve two
channels (two Ji) emptying occupied quasiparticle states, i.e. to (1,±3/2) and two channels
tunneling into empty substrate channels, i.e. to (3,±1/2). The former two excitations
each split into doublets (1,±3/2), (1,±1/2) by magnetic anisotropy. D > 0 yields a similar
spectrum with the energetic order of the doublets reversed as (1,±1/2) is favored. Thus,
also in this scenario we find YSR doublets which can expain the experimental findings.10

Concluding, the presence of more than four resonances for an impurity with Simp = 2
cannot be explained considering four singly occupied d orbitals acting as individual
classical spins. We introduced a quantum model where multiple scattering channels as
well as magnetic anisotropy is considered [OF21]. Even though we cannot unambiguously
deduce the exact amount of screened channels for the HC atoms from experiment, several
scenarios (considering pure axial anisotropy) explain the presence of > 4 YSR resonances
originating from magnetic anisotropy split doublets as found on minimum HC atoms.

Having extensivley studied Fe atoms adsorbed on HC sites we dedicate the next section
to Fe atom on MC sites.

4.6 The MC adsorption site - spatially varying YSR
states

As discussed already in section 4.3 MC sites do not coincide with CDW maxima and
minima. But nevertheless there are differences in their positions relative to the CDW.
Fig. 4.13a,b show data obtained on two MC atoms (within the HC phase of the CDW)
which are located close to a CDW maximum (a) and minimum (b) and labeled type (i) and
type (ii) in the following.11 The position of the MC sites relative to the CDW is indicated
in Fig. 4.13e using the same scheme as for HC atoms by the thick triangles (c.f. Fig. 4.8b).
Topographies with overlaid CDW grids can be found in Fig. A.7.

10For completeness, also if both, γ and δ, are in the free-spin regime, we can explain the experimental findings.
This corresponds to a ground state of (Q,Sz) = (1,±3/2) and (Q,Sz) = (1,±1/2) for D < 0 and D > 0,
respectively. Possible excitations involve once (0,±2) and triply (2,±1) which are further split by magnetic
anisotropy into a triplet and three doublets. Again, for D > 0 we find similar excitations with the energetic
order of the multiplets reversed.

11To make a clear difference to the HC atoms which we labeled with capital roman numbers, we choose small
roman numbers (i), (ii) for the MC atoms.
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Fig. 4.13.: (a,b) Normalized differential conductance spectra recorded centrally on (dark) and
in the vicinity (bright) of MC Fe atoms of type (i) in (a) and type (ii) in (b). The
precise positions of the spectra are indicated in panels (c,d) in the corresponding
color. Reference NbSe2 spectrum in black. Vertical black dotted lines mark the YSR
energy of the intense in-gap YSR excitation away on the atoms’ center. Feedback was
opened at 250 pA, 5 mV and a modulation of 15 µV was used. (c,d) Stacked spectra
recorded across the atoms from (a,b) as illustrated in the inset topographies (constant-
current mode with set point 100 pA, 10 mV). The (Nb) tip gap of ∆t ≈ 1.34 meV is
indicated by the gray box and white dashed lines). Horizontal dashed lines indicate
the precise location of the spectra from (a,b). (e) Adsorption positions relative to the
CDW of both atoms in the equivalent scheme as Fig. 4.8b. The MC sites of atom (i)
and (ii) are indicated by the thick triangles in blue and red, respectively. (f) Stacked
spectra recorded across an atom of type (ii) with a different tip as illustrated in the
inset topography (constant-current mode with set point 100 pA, 10 mV). Feedback was
opened at 750 pA, 5 mV and a modulation of 15 µV was used. The (Nb) tip gap of
∆t ≈ 1.30 meV is indicated by white dashed lines.

Both atoms differ in their YSR resonances in agreement with the effect of the CDW on
YSR energies explained for HC atoms before. There are short-ranged resonances in the
energy range of the substrates coherence peaks as well as long-range in-gap resonances as
can be seen in the stacked spectra recorded along lines across both atoms in Fig. 4.13c,d.
Interestingly, the YSR excitation energies spatially vary. In particular, the intense in-gap
resonance is found further away from the Fermi level directly on the atom and smoothly
shifts into the gap away of the atom’s center until it saturates in energy (marked by vertical
black dotted lines in Fig. 4.13a,b). There are also resonances exhibiting an opposite trend
as can be discerned, for example, close to the coherence peaks across atom (ii). Thus, we
find resonances that are up- or down- shifted in energy when the tip comes close to the
atom. Such a behavior is not observed for HC atoms.

Fundamentally, YSR states have one specific energy defined by Eq. 4.14 at which we
observe the extended wave function (in the dI/dV maps, c.f. Fig. 4.11e,f). Thus, something
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must perturb the YSR excitations in our system. Actually, the STM tip itself can modify
electronic states and hence, the YSR excitation energies. Indeed, we find that the exact
shape of the tip apex largely affects the observed magnitude and trend of the spatial
energy shifts of the YSR states of MC atoms. As an example we show data obtained on
another type (ii) MC atom measured with a different tip. Comparing Fig. 4.13d,f we find
that the dispersion of the YSR resonances strongly differs even though both atoms are on
equal positions relative to the CDW. Importantly, the YSR energy far away from the atoms
saturates to a similar value for both atoms.

To further establish the influence of the tip on the YSR states we can compare data
obtained on identical lateral positions, but at different relative tip heights above the surface.
In Fig. 4.14 we show spectra recorded across both atoms with the same tip apex but with
the tip height increased by 200 pm (a,d), 100 pm (b,e) and 0 pm (c,f) relative to the usual
set point before sweeping the bias as sketched in the left of Fig. 4.14. Mainly visible for the
in-gap states we find that the resonances shift stronger, the closer the tip is to the surface.
This observation confirms that the presence of the tip affects the YSR excitation energies.
Note that we find spatially varying YSR resonances also with Pb tips. The geometry of the
tip apex seems to be important rather than the tip material. Exemplary data recorded with
Pb tips can be found in Fig. A.8.

Recalling Eq. 4.14 the YSR energy depends on the spin state S, the exchange coupling
strength with the substrate J and the DOS at the Fermi level ν0. There are different
tip-induced mechanisms that could modify one of these parameters and therefore cause
the observed spatial variations of the YSR excitation energies: (1) Influence of the local
electric field between tip and sample, and, (2) slight displacement of the atoms within
their adsorption site by attractive van der Waals (vdW) forces between the Fe atom and the
tip. In the following we explain and discuss both mechanisms in more detail and elucidate
how they influence the YSR energy.

To start with, even at zero bias there is always a local strongly inhomogeneous electric
field in the junction caused by the contact potential difference (CPD) between tip and
sample [Gir+93] (c.f. Fig. 2.1b). Literature values of the work function for NbSe2 yield
ΦNbSe2 = 5.6-5.9 eV [SOP94; LSW16]. The work functions of Nb and Pb are very similar
being ΦPb,Nb ≈ 4.2-4.3 eV [Mic77; Wil66; Eas70; Tra71]. Thus, for both tip materials the
CPD caused by the work function difference is in the order of > 1 V.

In metals, the electric field is screened by the surface electrons. Thus, the tip can
locally perturb the carrier density and basically acts as a local (top-)gate. In materials
with relatively low carrier density such as semiconductors or in purely 2D materials the
screening cloud significantly perturbs the electronic states. For example, STM measure-
ments on graphene revealed a large tip-induced screening cloud of r ≈ 50 nm [Zha+15].
Furthermore, for poor screening the electric field penetrates the sample resulting in band
bending near the surface [McE+93; Zhe+94; Fee94]. Recently, spatially varying YSR
states of subsurface impurities have been observed in FeTe0.55Se0.45 and explained by the
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Fig. 4.14.: Stacked spectra recorded across atom (i) in (a-c) and atom (ii) in (d-f) of Fig. 4.13a-
d as illustrated in the inset topographies (constant-current mode with set point
100 pA, 10 mV). Feedback was opened at 250 pA, 5 mV and a modulation of 15 µV
was used. The feedback is opened at the same parameters for each (constant-height)
spectrum, however, the tip is withdrawn by 200 pm (a,d), 100 pm (b,e) and 0 pm (c,f)
before sweeping the bias as sketched in the left of the figure. The (Nb) tip gap of
∆t ≈ 1.34 meV is indicated by white dashed lines. White dotted lines serve as guides to
the eye.

low carrier density yielding a large screening length which enables the electric field to
penetrate the sample inducing energetic shifts of the d orbitals [Cha+21].

However, NbSe2 has a considerable DOS at the Fermi level and thus the perturbation
by the tip potential should be negligible. Hence, a screening cloud exhibiting a sizeable
change of the LDOS and hence, causing the observed substantial energy shifts (. ∆) is
unlikely. Furthermore, such a tip-induced variation of the substrate’s LDOS should affect
HC and MC atoms in a similar manner which is clearly not observed in experiment.

Recalling the Anderson-model (c.f. εd in Eq. 4.9) energetic shifts of the YSR states can
originate from shifted d orbitals. Such energy shifts of atomic/molecular levels have been
observed if adsorbates are sufficiently decoupled from the surface as there is a sizeable
potential drop between the impurity and the surface. Such double barrier junctions
are achieved, for example, by molecules decoupled from the surface by their extended
ligands or by insulating/semiconducting buffer layers [Mar+08; Tei+08; Wu+04; Pra+05;
NQH05; Fer+12] However, the Fe atoms are clearly not decoupled from the surface.

As a further mechanism which can impose energy shifts on the d orbitals we consider
the Stark effect. The strong inhomogeneous electric field beneath the STM tip induces
small variations in the energy of surface states in the order of a few meV for currents
in the nA-regime [Gir+93; Lim+03; Krö+04]. Thus, the strong electric field of the tip
can polarize the d orbitals shifting them in energy. Generally, the Stark effect is stronger
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the further the states decay into the vacuum [Krö+04]. As the electric field beneath the
STM tip is strongly inhomogeneous [Gir+93] and depends on the tip apex, this could
explain the experimental findings. However, even though MC atoms stick out the surface
more compared to the HC atoms, one would expect a detectable Stark shift also for HC
atoms. Furthermore, similar materials systems including various adsorbates on metallic
substrates do not observe significant Stark shifts. Hence, even though we cannot exclude
Stark-shifted d orbitals as the origin of the dispersing YSR states this scenario remains
unlikely.12

Beside the effects caused by the electric field between tip and sample, we discuss
the attractive vdW forces between tip and sample in the following. Recent experiments
showed the tunability of the YSR energy exploiting the vdW forces between tip and
magnetic molecules adsorbed on a superconductor. The substrate-molecule distance could
be reliably altered by the vertical tip-sample distance thereby controlling the exchange
coupling J between the molecule and the substrate [Far+18; Hua+20; Mal+18]. In our
case, attractive vdW forces between the tip and the MC atoms can slightly displace the
atoms in their adsorption site when the tip laterally or vertically approaches the atom.
This changes the crystal field leading to different d orbital splitting. This in turn affects
the exchange and potential coupling strengths and thus, the YSR energies. Manipulation
experiments revealed that the HC atoms are more stable in their adsorption site than
MC atoms. Indeed, for some (reactive) tips using the usual set point (250-750 pA, 5 mV)
we observe unintended atom manipulations as the MC atoms tend to follow the tip. An
example is given in the appendix Fig. A.9. Importantly, such unintended manipulations do
not happen for HC atoms. Hence, this could explain why the variations of YSR energies
only occur for MC atoms.

Concluding, we cannot unambiguously discern attractive vdW forces as the origin of the
dispersing YSR states, however, this scenario appears to be most likely at the current level
of data interpretation. If the atom is (partially) decoupled from the surface by vdW forces
also the influence of the electric field could become valuable as discussed above, such
that probably both effects are entangled. Further measurements using an atomic force
microscope could be performed in order to get insight into the attractive forces necessary
for atom manipulation for both species [Ter+08].

Although tip dependent effects make an unambiguous interpretation challenging, we
can still gain insight into some basic properties of the MC atoms and compare them to the
properties of HC atoms.

12Performing spectroscopy at higher voltages (∼ V), we could not resolve any spatial variations of the d
level energies. Constant-current measurements with set points up to . 1 nA were tested. However, such
measurements are still in a different regime with higher tip-sample distances. For example, the lateral
difference between set points of 1 nA, 1 V and 250 pA, 5 mV on an MC Fe atom is ≈ 250 pm. Moreover,
the work function difference between tip and surface is (partially) compensated at positive bias yielding
reduced electric field strengths.
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The spatially shifting YSR resonances observed in the line spectra translate in ring-like
features in dI/dV maps (c.f. Fig. 4.15). The diameter of the rings increases (decreases)
with decreasing energy if the corresponding resonance shifts towards (away from) EF

away from the atoms’ center (two left dI/dV maps in Fig. 4.15a,b). The rings transform
to YSR wave functions with the typical oscillatory decay when the resonance reaches
its saturation energy, as can be seen in the panels at 1.51 mV for atom (i) and 1.73 mV
for atom (ii). Extended dI/dV maps at various energies for both atoms can be found
in Figs. A.10 and A.11. As their wave functions have very similar spatial appearance
the intense in-gap resonance on type (i) and (ii) atoms originates from the same YSR
state. It exhibits the opposite trend as the α- and β-states of HC atoms and anticorrelates
with the CDW-induced DOS as the excitation is at lower energy on the maximum of the
CDW. Thus, at least for this in-gap resonance we can conclude that the YSR state is in the
free-spin regime. In agreement with the CDW-induced symmetry reduction of the YSR
wave functions of HC atoms we find mirror symmetry indicated by the white dashed lines
for both MC atoms.

Before we close the section we comment on one last aspect. Close inspection of the line
spectra in Fig. 4.13c yields the presence of a second less intense in-gap resonance with the
same oscillatory decay as the intense one of atom (i) saturating to ≈ 1.4 mV. The dI/dV
maps reveal striking similar wave functions of both in-gap resonances (compare the panels
at 1.51 mV and 1.39 mV in Fig. 4.13a). Similarly, although not discernable from the line
spectrum (Fig. 4.13d) as it is faint, we find a low-energy replica of the intense in-gap
resonance also for atom (ii) (compare the panels at 1.73 mV and 1.41 mV in Fig. 4.13b).
These duplicates likely arise from excitations channels of the same YSR state energetically
split by magnetic anisotropy as already discussed for HC atoms in the previous section. As
can be seen from Fig. 4.14 the resonances of the doublets do not shift parallel in energy.
This is naturally expected, as the tip-induced change of the d orbitals (either via the
electric field or the slight movement of the atoms in their adsorption site as discussed
above) affects the magnetic anisotropy parameter D and, hence the energetic split of the
doublets.
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5Beyond single impurities - coupling in
magnetic dimers on 2H-NbSe2

After studying the properties of single Fe atoms adsorbed on the NbSe2 surface, we now
investigate the hybridization in atomic dimers. As introduced in section 2.1.3, the use
of superconducting Nb tips facilitates atomic manipulation and hence, opens access to
assemble customized adatom structures. As we have seen in the previous chapter, the
CDW is an important factor that has to be considered when creating hybrid structures
as it affects YSR energies and wave functions of the Fe atoms. As MC adatoms showed
tip-dependent variations and are less stable we focus on HC adatoms from now on. The
chapter is organized as follows. We introduce the basic concepts of coupling between
spins on a surface and YSR hybridization in section 5.1. Afterwards we demonstrate that
there is substantial YSR hybridization in dimers which sit on appropriate positions relative
to the CDW (section 5.2). Subsequently we will study the influence of the CDW on the
hybridization in section 5.3 by exploring dimers with different spacings.

5.1 Basic concepts of YSR hybridization

5.1.1 Interaction between spins on a metal or superconductor

Spins on a surface may interact via different mechanisms. To start with, the magnetic
dipoles of both spins can directly interact leading to antiferromagnetic (AFM) coupling.
However, this dipole-dipole interaction is overall small in magnitude and further scales
with ∝ 1/d3, where d is the separation between the impurities [AM07] resulting in small
interaction energies. Thus, one can usually safely neglect direct spin exchange even for
short distances [WZW11].1

The interaction between two spins on a metallic surface can significantly be enhanced by
their mutual interaction with the conduction electrons as first shown by M. A. Ruderman,
C. Kittel, T. Kasuya and K. Yosida in the 1950s [RK54; Kas56; Yos57]. In particular, one
impurity (partially) polarizes the spin of the bath electrons. This spin density is then
sensed by the second impurity and vice versa, thereby generating long-range interactions
mediated by the conduction electrons - the so-called RKKY interaction. Considering only

1Note that while direct dipole-dipole interaction is usually small compared to the substrate-mediated RKKY
interaction on metallic surfaces it was shown to be the dominating interaction between spins on insulating
surfaces as revealed by electron spin resonance measurements carried out with a specially equipped STM
[Cho+17b].
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isotropic exchange,2 we can describe the RKKY interaction by the following Hamiltonian
[WZW11]:

HRKKY = I(dij) Si · Sj , (5.1)

where Si and Sj are the spins of the two interacting magnetic atoms at positions ri and rj
separated by dij = ri−rj . The exchange constant I(dij) generally depends on the distance
and the lattice direction. For an isotropic electronic environment with dimensionality D
we can describe I(dij) by the following oscillatory decay [FK75; Yaf87]:

I(d) ∝ cos(2kFd+ δ)
(2kFd)D . (5.2)

Above, δ denotes the scattering phase. Depending on the sign of I(d) the RKKY coupling
between two impurities can be ferromagnetic (FM) or AFM. The RKKY interaction is
boosted in systems with reduced dimensionality. In Fig. 5.1 we plot I(d) for D = 2 and a
Fermi wave vector of kF = 5 nm−1 which approximately corresponds to the inner pair of
Γ-cylinders (of the NbSe2’s Brillouin zone [Rah+12], c.f. Fig. 3.7b) for two different phases
δ. For example, assuming an atomic separation of 1 nm depending on the exact phase δ
next nearest neighbor (NNN) contributions can be of comparable magnitude than nearest
neighbor (NN) interactions. Thus, in materials with relatively long Fermi wavelengths
(relatively small kF) compared to interatomic spacings relevent for experiments, NNN
contributions can play a significant role in linear structures with more than 2 atoms (which
will be important in section 6.2).

Experimentally, the oscillatory nature of the RKKY interaction was probed in different
systems involving magnetic adsorbates on metal surfaces [Zho+10; Mei+08; Kha+12] and
superconducting surfaces [Din+21]. Since the RKKY coupling arises from the continuum
states, the opening of the small superconducting gap does not significantly modify the
RKKY interaction [HMK15; Kli+13; GL02; AMY97]. Generally, the presence of local YSR
states gives rise to an AFM contribution as adjacent impurities with opposite spin favor the
condensation of a singlet CP. This AFM correction can be significant within specific param-
eter regimes (especially at kFr > ζ0/r) [Yao+14a; Hof+15], but for interatomic distances
relevant for our experiments (sections 5.2.1 to 6.3) conventional RKKY interaction should
dominate the coupling.

5.1.2 Excitations of a magnetic dimer

There are various classical models addressing the hybridization between YSR states
which could successfully explain many experimental findings of coupled impurities on
superconductors [Rub+18; Yao+14a; Hof+15; FR00; Bec+21; Din+21]. Classically, YSR

2For simplicity, we neglect the anisotropic Dzyaloshinskii–Moriya interaction [Dzy57; Mor60], which yields a
contribution ∝ D(dij) · (Si × Sj) including the Dzyaloshinskii-Moriya vector to the RKKY Hamiltonian
[WZW11; Wie09].
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states hybridize only for (partially) FM alignment between the impurity spins of both
atoms (no splitting of the resonances if their wave functions are orthogonal) while AFM
interaction induces energy shifts, but the YSR states remain degenerate. Since Fe atoms
on NbSe2 show Kondo fingerprints3 (c.f. section 4.1.2), we consider our impurities as
quantum spins in the following foregoing the classical approaches.

We introduce the rich phase diagram of two interacting magnetic moments with Si =
1/2 arising from the interplay between RKKY and Kondo exchange interactions with
superconductivity following [Yao+14b] based on a semi-classical calculation. Within this
approach, YSR and RKKY terms are considered separately as follows:4

H =
∫
dr Ψ†(r)

(
−~2

2m ∇
2 − µ

)
Ψ(r) +

∫
dr
(
∆ψ†↑(r)ψ†↓(r) + h.c.

)
+ J

2 S1 ·Ψ†(r1)σΨ(r1) + J

2 S2 ·Ψ†(r2)σΨ(r2) + IS1 · S2 . (5.3)

Above, Ψ(r) = (ψ↑(r), ψ↓(r)). The Hamiltonian contains kinetic energy, BCS pairing and
YSR terms of both impurities which are located at r1 and r2. The RKKY interaction is
captured by the last term containing both spin operators. The system is solved within
the numerical renormalization group approach (see [Yao+14b] for details) revealing
the existence of five competing subgap solutions which can be labeled (similar to the

3Not shown in this thesis.
4Note, that the YSR states and the RKKY interaction both result from exchange interaction of the magnetic

moment with the substrate. The different interactions are beared in the energy dependence of the exchange
interaction J̃(ε). The YSR states are governed by the exchange coupling strength at the Fermi level while
the the RKKY interaction is mediated by continuum states (also well above/below the Fermi energy)
[HMK15; Yao+14b]. Thus, one can approximate both as separate contributions to the Hamiltonian with
the corresponding constant values J = J̃(ε = 0) for the YSR states and I = J̃(|ε| >> 0) for the RKKY
interaction.
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approach in section 4.5) by the quantum numbers (Q,S) being the number of occupied
quasiparticle states and the total spin of the system S. The ground state depends on
the relative strengths of the superconducting pairing ∆, the RKKY interaction I and the
exchange coupling J . To recall, the connection between Kondo temperature and YSR
states is given by TK ∝ e−1/J (c.f. Eq. 4.11). Also, the overlap S between the YSR wave
functions plays an important role.

Figure 5.1b shows the phase diagram obtained for an overlap of S = 0.1 (reproduced
from [Yao+14b]). For large values of ∆/TK both substrate channels are empty corre-
sponding to the free-spin regime. The coupled moments can form a singlet (0, 0) or a
triplet (0, 1) state. For negative I (FM coupling) the free-spin triplet is the ground state
while the free-spin singlet is energetically favored for I > 0 (red and brown regions in
Fig. 5.1b). For large positive I the free-spin singlet phase extends down to ∆ = 0. For
small positive and negative values of I and decreasing pairing ∆ both impurities pass over
to the screened-spin regime and are individually screened by quasiparticles (blue region).
For large negative I they form a screened-spin triplet while the spins are antiparallel for
I & 0 (screened-spin singlet), both characterized by (2, 0). Finally, there is a phase with
only one quasiparticle state occupied with (1, 1/2) which we call hybrid doublet in the
following. As each of the impurities can bind the quasiparticle the YSR wave functions
hybridize and form symmetric and antisymmetric linear wave function combinations if
there is non-zero overlap S between the wave functions (white region). The splitting
between both levels depends on the size of the overlap S.

As largely discussed already we do not probe the ground state by tunneling with a single
electron, but we excite the system with the selection rules ∆Q = ±1 and ∆S = ±1/2. All
possible STM-excitations are indicated by black arrows in Fig. 5.1. For all ground states
except the hybrid doublet, the only possible excitations are those involving the symmetric
and antisymmetric wave functions of the hybrid doublet. For example, if the free-spin
triplet is the ground state we can probe both states of the hybrid doublet (which are split
in energy) by tunneling into the empty quasiparticle states.

YSR hybridization in magnetic dimers was observed in different material systems [Ji+08;
Cho+18b; Rub+18; Kez+18; Bec+21; Din+21] including atoms and molecules on
different superconductors. For NbSe2 hybridization between surface impurities is predicted
to be strong if the impurities are adsorbed along the same atomic row and weak otherwise
[Kez+18]. Dimers consisting of CoPc molcules showed fingerprints of split YSR excitations
up to separations of ∼ 2 nm putting forward NbSe2 as a well-suited platform to study the
interactions between magnetic atoms [Kez+18; FR00; KTK18].

5.2 Fe dimers respecting the CDW periodicity
Considering the results of section 4.4, we have to elucidate how to efficiently couple

YSR states of two Fe atoms in the framework of the CDW. Hybridization leads to the
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largest energy split, when the states obey the same symmetry and have the same energy
[Rub+18]. In this section we investigate the hybridization in Fe dimers with a separation
of 3a ≈ 1 nm which places such dimers well within the dilute coupling regime (c.f. section
6.1.2). Because the atoms sit on quasi-identical positions relative to the CDW (as the
smooth transition between the CDW structures happens on a larger scale), YSR energies
should be similar for both atoms and this should facilitate efficient coupling. Again,
we focus on the two low-energy resonances, labeled as α- and β-states above as their
wave function patterns are easy to resolve. Furthermore, they are more long-range than
resonances within the quasiparticle continuum and thus, should exhibit sizeable overlap
which is one main requirement for hybridization.

5.2.1 Hybridization starting from well separated states

Results presented in this section are published in [Lie+21].

Considering the findings from section 4.4 we choose two atoms sitting on a CDW
maximum (like atom I) as building blocks for the dimer. The α- and β-resonances are
well separated here. Furthermore, the wave functions exhibit the full D3-symmetry which
makes these atoms a good starting point to study the coupling between HC atoms.

Figure 5.2a contains spectra obtained on a single Fe atom (black) located on a CDW
maximum and on the substrate (gray) recorded with a Nb tip. In (b) the corresponding
line profile across the atom (as indicated in the inset topography) can be found (same
atom/data as in Fig. 4.11). For better comparison, the differential conductance maps of
the positive α- and β-resonances are reproduced in Fig. 5.3a (corresponding topography in
the left panel).

In the next step we precisely place a second Fe atom at a distance of 3a next to the first
atom in order to form an atomic dimer - without moving the first Fe atom. The dI/dV
spectra at the center of the two atoms (black and blue) and the complete set of spectra
along a line across the Fe dimer are shown in Fig. 5.2c,d. Compared to the monomer we
observe an increased number of YSR states in the dI/dV spectra, which can be verified by
comparing the low-energy zooms of the line profiles across the monomer and the dimer
in Fig. 5.2e,f (all resonances are indicated by white dotted lines). In particular, we find
four resonances (±α,±β) along the monomer, while there are eight resonances (four YSR
states) within in the energy gap of the NbSe2 on the dimer, i.e. we observe a doubling of
states within the energy region of the original α- and β-states. The oscillating intensity
distribution of the four dimer states exhibits horizontal mirror symmetry with respect to
the center of the dimer (Fig.5.2d,f). We further identify two states which lack intensity at
the center between the atoms, while the other two do not. These observations suggest the
formation of hybrid states formed by the symmetric and antisymmetric linear combinations
of the monomer YSR states.
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Fig. 5.2.: (a,c) Normalized differential conductance spectra recorded on the atom(s) (black, blue)
of the monomer (a) and dimer (c) and on the bare NbSe2 (gray). Feedback was opened
at 250 pA, 5 mV and a modulation of 15 µV was used. The (Nb) tip gap of ∆t ≈ 1.55 meV
is indicated in gray. (b,d) Stacked spectra recorded across the monomer (b) and the
dimer (d) as illustrated in the inset topographies (constant-current mode with set point
100 pA, 10 mV). Horizontal dashed lines serve mark the position of the spectra from
(a,c). Vertical dashed lines indicate ∆t. (e,f) Zoom into the energy gap of the substrate
of (b,d). The (hybrid) α- and β-states are indicated by the dotted lines and labeled on
the top of each graph. Data of the single Fe atom reproduced from Fig. 4.11a,c.
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dimer (b) in the right. Constant-contour feedback was opened at 250 pA, 5 mV and
a modulation of 15 µV was used. Bias voltages are given above each panel and are
indicated in Fig. 5.2e,f by the white dotted lines (∆t ≈ 1.55 meV). (c) Close-ups around
the atoms’ center for the monomer and dimer α- and β-states. Gray lines serve as guide
to the eye. For αd0 the thermally activated resonance (αd0∗) is shown. Data of the single
Fe atom reproduced from Fig. 4.11e.

To gain further insight, we examine dI/dV maps at the corresponding peak energies
in Fig. 5.3b (topography of the dimer in the left panel, only one polarity of the dI/dV
data shown, for clarity). Data of the opposite polarity can be found in Appendix A.5. In
agreement with the line profiles, the maps recorded at +1.86 mV and −1.61 mV clearly
exhibit suppressed intensity all along the line perpendicular to the dimer axis, i.e. a nodal
plane (horizontal dashed line as a guide to the eye), while the resonances recorded at
+2.03 mV and −1.68 mV do not. Thus, the wave functions indeed seem to be symmetric
and antisymmetric linear combinations.

As done in the previous chapter we can analyze the shape of the hybrid states to discern
their origin (hybrid α- or β-state). The near-field shapes of the YSR patterns are shown as
close-up views in Fig. 5.3c. The monomer β-state exhibits intensity at the sides and vertices
of a triangular shape (outlined by gray lines) while the monomer α-state has largest
intensity at the sides of the triangle and only small residual intensity at the vertices. Note
that the states at −1.68 mV and +2.03 mV are strongly affected by the negative differential
conductance (NDC) of the adjacent resonances at lower energy. Because of this we present
data recorded at the energy of the thermal duplicate (indicated with a star) of the state
at −1.68 mV in the scale-up (Fig. 5.3c). As being too far away from the Fermi level, no
thermal data for the state at +2.03 mV is available. The patterns of the dimer recorded at
−1.61 mV and −1.68 mV closely resemble the one of the original α-state at positive bias
(for comparison of the shape at the different polarity, see Fig. A.12). Therefore, these
states are identified as symmetric (antisymmetric) hybrid α-states and labeled - according
to the number of nodal planes - as αd0 (αd1). Note already that the hybrid states of the
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+α-resonance are found at negative bias, i.e. undergo a quantum phase transition (QPT)
upon hybrid state formation [Din+21]. Beside the similarity of the hybrid states with the
monomer wave function, the assignment of both hybrid α-states to be on the same side of
the Fermi level is supported by the fact that the hybrid states resemble linear wave function
combinations within our dI/dV maps corresponding to the hybrid doublet (c.f. section
5.1.2). As discussed in section 5.1.2, we expect different excitations if both hybrid states
are on different sides of the Fermi level. In this case, the lower energy state of the hybrid
doublet is the ground state and we cannot excite the other state of the hybrid doublet by
single electron tunneling. Hence, we do not expect to find both linear combinations within
the maps. Possible excitations (by tunneling with a single electron) involve wave functions
with different spatial fingerprints [Yao+14b].

Similarly - albeit with strong intensity deviations from the monomer due to the hy-
bridization and NDC effects - the states at +2.03 mV and +1.86 mV can be identified to
be β-like. The antisymmetric combination, labeled βd1 exhibits large intensity at one of
the vertices (right). The assignment of βd0 to the resonance at +2.03 mV is more difficult
as this state is strongly affected by the NDC of βd1. However, despite the suppression
of intensity by the adjacent resonance (βd1) it still exhibits fingerprints of intensity at
both left vertices. Furthermore, the energetic location (being within the energy gap) and
the nature of the long-range scattering pattern of the negative counterparts (data and
discussion can be found in Appendix A.5) further support this assignment.

Thus, we observe the formation of hybrid α- and β-states. From section 4.4 we know that
the α- and β-states are in the screened-spin regime for single HC atoms on the maximum
of the CDW implying a negative ground state energy (c.f. Fig. 4.3c, red region). In the
dimer, both α-resonances have crossed zero energy while both β-resonances stay on the
same bias side implying a transition to the free-spin regime for the α-states. Figure 5.4a
compiles the ground state energies of monomer and dimer extracted from deconvolved
data. Details on the data evaluation are provided in section 6.2.1 when we extend the
dimer by an atom and evaluate the hybrid trimer states.

As discussed in section 5.1.2 we can excite the symmetric and antisymmetric wave
functions of the hybrid doublet from different singlet and triplet ground states. Thus, in
the dimer, β is probably in the screened-spin singlet or triplet ground state depending on
the RKKY interaction I. As we find both hybrid doublet α-excitations on the other bias
side (free-spin regime, c.f. Fig. 4.3c, blue region) the ground state of the coupled α-state is
presumably one of the free-spin phases (c.f. Fig. 5.1b).

From Fig. 5.4a we extract splittings of Dα = (69± 33) µeV and Dβ = (173± 33) µeV.
Note that the energetic order of the symmetric and antisymmetric states of the α- and
β-states is reversed: βd0 is found at lower energies than βd1 while αd0 is at higher energies
than αd1. The hybridization between YSR wave functions depends on their overlap whose
sign and magnitude is governed by the oscillatory nature of the YSR wave functions
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[Rub+18]. Thus, the energetic order of the symmetric and antisymmetric hybrid states
can be reversed.

Moreover, we note that both, α- and β-hybrid states exhibit large center of mass shifts
in different directions of Cα = (184± 29) µeV and Cβ = (−160± 29) µeV which cannot
be explained in the classical models [Rub+18; Din+21] which predict small shifts with
the same trend for all YSR resonances. Indeed, the substantial shift even drives α to the
free-spin ground state upon dimerization yielding a different spin state of the individual
atoms within the dimer as compared to the monomer. We can qualitatively explain these
observations by considering quantum-spin impurities interacting via RKKY interaction. To
recall, the energy contributions of the RKKY interaction of two coupled spins scale with
the total spin (∝ I(d) S1 · S2, c.f. Eq. 5.1)

For the single Fe atoms we assume a total spin of S = 1/2 resulting from one of the
higher energy YSR states, γ or δ, being in the free-spin regime and all other channels being
screened, i.e. (Q,S) = (3, 1/2). The situation without coupling is indicated in the left of
Fig. 5.4b, with (3, 1/2)⊗ (3, 1/2) being the ground state of two non-interacting impurities.
α- and β-excitations annihilate a quasiparticle and increase the total spin, leading to (2, 1)
for the excited single atom (indicated in dark red and blue). With coupling (right) the
levels are downshifted by the RKKY interaction. While the former ground state is only
slightly downshifted due to its small total spin (gray), the RKKY-induced shifts of levels
with higher total spin are stronger.

The α-states of both atoms in the dimer undergo the QPT to (2, 1) leading to a new
ground state with (4, 2) for the dimer when assuming FM coupling. Hence, we can
understand the QPT from monomer to dimer as being due to a larger gain in RKKY energy,
which overcompensates the cost in YSR energy for unscreening the α-states of both atoms
(2Eα, bright red). The two states (shown in dark red and blue) in which one of the
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monomers is in an excited state are further split by hybridization (t). In the dimer, exciting
the α-channel which is now in the free-spin regime creates a bound quasiparticle and
reduces the total spin (5, 3/2), while excitation of the β-channel annihilates a quasiparticle
and increases the total spin to (3, 5/2). These YSR excitations are indicated by red and
blue colored arrows for α and β states, respectively. Other excitations are not possible by
single electron tunneling. Thus, the large shifts (C) arise from the RKKY interaction, the
splitting (D) originates from the hybridization t.

Concluding, we identify clear symmetric and antisymmetric linear wave function com-
binations of the α- and β-states on the dimer with its atoms on adjacent maxima of the
CDW. We explain the large shifts upon dimerization by the RKKY interaction which even
drives the α-state through the QPT. In section 6.2 we will expand the dimer by stepwise
increasing the atom number and track the evolution of the hybrid YSR states. Before that
we investigate different dimers in the next two sections.

5.2.2 Hybridization starting from overlapping states

Before moving to dimers with different interatomic spacings which offer a rich play-
ground to examine the influence of the CDW on YSR hyridization we compare the result
of the previous section with a dimer with equal spacing of 3a, but consisting of atoms
sitting on minima of the CDW (c.f. atom III, section 4.4). Hence, we again expect effective
hybridization as the YSR states induced by both atoms (individually) have equivalent ener-
gies. In contrast to HC atoms on a maximum, where both resonances are well separated,
the α- and β-states already strongly overlap in single HC atoms placed on a minimum
of the CDW (c.f. sections 4.4 and 4.5). Hence, this dimer (min-min) provides a different
starting point for hybridization.

Figure 5.5a,b accommodates spectra recorded on the atom’s center (black) and spectra
recorded across a single Fe atom sitting on the minimum of the CDW (data reproduced
from Fig. 4.11b,d, but still shown here for better comparison). The α- and β- resonances
are found very close to zero energy, i.e. at | ± Vbias| & ∆t/e as discussed before (see also
the zoom to the energy gap of the substrate provided in Fig. 5.5e). Note that there is a
third state within the substrates energy gap (white arrow) which was discussed in terms
of a magnetic anisotropy-induced excitation of the β-state in section 4.5.

Without moving the first atom, we precisely place the second atom in a distance of 3a
on the adjacent minimum of the CDW. We note an enormous change in the spectra from
monomer to dimer (Fig. 5.5c,d,f). In particular, we detect four states within the low-energy
window (energy gap of the substrate) as indicated by the white dotted lines in Fig. 5.5f.
In turn, all resonances are mirror symmetric around the dimer center and exhibit either
increased or suppressed intensity centrally between both atoms which points towards
hybridization.
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Fig. 5.5.: (a,c) Normalized differential conductance spectra recorded on the atom(s) (black, red)
of the monomer (a) and dimer (c) and on the substrate (gray). Feedback was opened
at 750 pA, 5 mV and a modulation of 15 µV was used. (b,d) Stacked spectra recorded
across the monomer (b) and the dimer (d) as illustrated in the inset topographies
(constant-current mode with set point 100 pA, 10 mV). Horizontal dashed lines display
the precise location of the spectra in (a,c). Vertical dashed lines and gray box indicate
the Nb tip gap ∆t ≈ 1.30 meV. (e,f) Zoom into lower energies of (b,d). The hybrid states
are indicated by the white dotted lines and partially labeled on the top of each graph.
The white arrow points out an additional YSR resonance of the single atom within the
substrate’s energy gap. Data of the single Fe atom reproduced from Fig. 4.11b,d.
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As before, we inspect the wave functions in more detail in the dI/dV maps recorded
on the monomer and dimer (Fig. 5.6) in order to identify symmetric and antisymmetric
hybrid states. As discussed in section 4.4 the dI/dV map of the monomer close to zero
energy inherits signatures of the α- and the β-state as they nearly coincide. Analyzing
the patterns found across the dimer one clearly identifies symmetric and antisymmetric
states exhibiting none and one nodal plane, respectively. In particular, the states found at
±1.77 mV and ±1.37 mV display a nodal plane while the state at ±1.56 mV has enhanced
intensity between both atoms, i.e. at the dimer center. At odds, the state at ±1.62 mV has
symmetric character at positive bias while there seems to be a nodal plane at the negative
counterpart. However, as this state is in close vicinity to the one at ±1.56 mV, it could be
affected by its NDC presumably suppressing intensity at the dimer’s center.

Turning towards the α- and β-characteristics - intensity on triangle sides and vertices
for the β-states versus main intensity at the triangle sides for α-like states - we try to
classify the hybrid wave functions in terms of their origin (α- or β-like). The near-field
structures found at −1.77 mV and +1.37 mV inherit α- and β-characteristics, respectively,
as is illustrated in the close-ups in Fig. 5.6c and are therefore labeled as +αd1 and +βd1 (as
above the number pertains to the number of nodal planes). However, the patterns found
at ±1.56 mV do not inherit clear α- or β-fingerprints as can be seen in Fig. 5.6c, black box.
While one could find residual intensity at the right vertex (of each atom) mimicking a
β-like state at negative energies (labeled as +βd0), the state lacks intensity at its vertices at
positive energies rather pointing toward an α-like resonance (labeled +αd0). Thus, while
the number of states matches the expectations (four resonances at each bias side), it is
not possible to assign all hybrid states to be α- or β-derived (as in section 5.2.1, max-max
dimer).

As both states largely overlap in the monomer, it is probable that the simplified tight-
binding approach considering the α- and β-channels individually and expecting the hybrid
wave functions to be pure linear combinations of them fails here. As shown in the
previous section this model is adequate for the max-max dimer where both channels
remain separated, but seems to fail here when the (multiple) states overlap. When the
states are close in energy, they can mix (leading to a different set of basis wave functions)
and with that the hybrid states loose their α- and β-attributes. Furthermore, as already
mentioned above, if one of the α- or β-derived hybrid doublet phases is the ground state,
symmetric and antisymmetric combinations are located on different sides of the Fermi level
and there are different excitations involved (section 5.1.2) which do not necessarily inherit
characteristic (anti)symmetric wave function patterns. Thus, this can further complicate
the excitations probed with STM.

To conclude this section, we observe hybridization in dimers consisting of two atoms on
adjacent CDW minima. Identification of the hybrid states in terms of α- and β-signatures
as for the max-max dimer (section 5.2.1) is not possible due to possible mixing effects.
Similar findings hold for other dimers with spacing of 3a consisting of atoms on other
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Fig. 5.6.: (a,b) STM topographies (constant-current mode with set point 100 pA, 10 mV) of the
single Fe atom and a Fe dimer with spacing of 3a in the left. Corresponding constant-
contour dI/dV maps of the (hybridized) YSR states in the monomer (a) and dimer (b).
Constant-contour feedback was opened at 750 pA, 5 mV and a modulation of 15 µV was
used. Bias voltages are given above each panel and are indicated in Fig. 5.5e,f by the
white dotted lines (∆t ≈ 1.30 meV). (c) Close-ups around the atoms center of selected
monomer and dimer states. Gray/white lines serve as guide to the eye. Data of the
single Fe atom reproduced from Fig. 4.11f.
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positions relative to the CDW like atoms II or IV in section 4.4 (not shown). From that
we conclude that the magnetic moment of Fe atoms with spacing of 3a couple via the
RKKY interaction. However, we cannot access the sign on the RKKY interaction from
our tunneling experiment. Moreover, we observe clear fingerprints of YSR wave function
hybridization as the YSR states are sufficiently similar in dimers with interatomic separation
of 3a ≈ aCDW.

After having studied dimers which respect the CDW periodicity, we can go a step further.
We exploit the rich framework set by the CDW and study dimers with different interatomic
separations in the next section.

5.3 Hyridization within the landscape of the
incommensurate CDW

The slight mismatch between the CDW periodicity (& 3a) and the lattice causes a
landscape of alternating areas with the HC- and CC-CDW structure (which smoothly
transform into each other on the order of ∼ 10 nm). The two different phases of the CDW
are schematically illustrated in Fig. 5.7a,b using the same coloring as in section 4.4. To
recall, the high symmetry positions (HC structure) on the maximum and minimum are
colored in dark blue and dark red. The bright brown sites do not have any symmetry. In
the CC structure all sites have mirror symmetry, but different colored sites differ in their
position within the CDW lattice. As the position within the CDW lattice affects the YSR
energy and wave functions, the CDW creates different landscapes for coupling of the YSR
states.

Figure 5.7c,d show topographies of two different series of dimers with interatomic
spacings ranging from 4a to 1a (the single atom shown in the left panel, for clarity).
Such building sequences within a pure CDW domain are possible as the CDW transforms
between the two phases on a larger scale. The approach series displayed in (c) is obtained
in a region with HC-CDW structure. In (d) one can discern the CC-phase of the CDW in
the background around the atoms.5 Within each approach series, the atom marked with
the star is not moved while a second Fe atom is positioned precisely with the STM tip in
order to form the desired dimers. The exact arrangement of the dimer atoms relative to
each other and within the CDW for both approach series are indicated in Fig. 5.7a,b. The
star marks the location of the first (non-moved) atom. The position of the second atom is
indicated by the numbers (where the numbers indicate the spacing between both atoms in
terms of lattice sites). One can see that for the approach series within the HC-CDW (where
the static atom is located on a CDW minimum, dark red site) the atoms have equal CDW
positions only for an interatomic spacing of 3a. It was shown in the previous chapter that
such dimers indeed hybridize. For spacings of 4a, 2a, 1a the atoms forming the dimer do

5The only exception is the dimer with spacing 1a within the HC-series, where the CDW switched to the CC
pattern upon manipulation as discernable in the right of the topography (right panel in Fig. 5.7c).
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Fig. 5.7.: (a,b) Schematic illustrations of the different possible adsorption sites of HC adatoms
within the HC- (c) and CC- (d) CDW structure using the same coloring as in Fig. 4.8b.
The CDW is depicted by the black grid, where gray (black) dots indicate CDW maxima
(minima). Additionally, the Se grid is overlaid in gray (Se atoms located at vertices of
the triangles). Different atomic positions corresponding to the data in (c) and (d) are
indicated by the star and the numbers. (c,d) Constant-current STM images showing a
single Fe atom and dimers with different spacings as indicated above the panels (set
point: 100 pA, 10 mV, recorded with a Nb tip). The black star marks the atom which was
not moved during the data acquisition. The CDW in the background is in the HC and CC
phase in (c) and (d), respectively.

not sit on identical positions relative to the CDW and hence, their YSR energies and wave
functions differ. For the approach series within the CC-structure one finds that creation
of dimers with spacings from 4a→ 1a is possible with the dimer atoms placed on equal
positions relative to the CDW (star and numbers on bright red sites). Results of these two
different building sequences focusing on the dimers with separations of 2a, 3a and 4a are
discussed and compared in the following two sections in terms of the impact of the CDW
on the hybridization between the Fe atoms. Dimers with spacing of 1a are not placed in
the dilute coupling limit, but interact directly via their d levels. Results obtained on such
dimers are addressed in detail in section 6.3.

5.3.1 Different dimers in the HC-CDW structure

Figure 5.8a,b compiles data of the approach series within the HC-CDW structure
(c.f. Fig. 5.7c). Note that all data of the single atom and the 3a-dimer is reproduced
from Fig. 5.5, but still presented here for better comparison. In (a) we plot spectra
recorded centrally on the single atom and the dimer atoms with different separations
as indicated for each set of traces. The black traces are recorded on the atom marked
by the star in Fig. 5.7c and the red/brown data on the second dimer atom. A substrate
trace is shown in gray in each panel. The colors are chosen to indicate the adsorption site
of the second Fe atom within the CDW lattice (c.f. Fig. 5.7a). Figure 5.8b accommodates
stacked spectra recorded along lines across all dimers (and the single atom) with the
precise location of each line indicated in the inset topographies. Further, the position of
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the spectra shown in (a) is indicated by the horizontal lines in the according color. As
before, ∆t is indicated by the gray box and the vertical dashed lines.

From the previous section we know that there is sizeable hybridization in the 3a-dimer as
identified by the symmetry in the line profile and the fingerprints of hybrid wave functions
in the dI/dV maps (c.f. Figs. 5.5 and 5.6). In this section, we do not aim to interpret every
single YSR resonance in terms of their α- or β-characteristics as their identification is not
straightforward (c.f. section 5.2.2). We rather exploit the dI/dV maps with regard to the
presence or absence of hybrid wave functions.

In Fig. 5.8a we see already that the spectra recorded on both dimer atoms are significantly
different from each other within the 2a- and 4a-dimer (compare black and brown traces).
Concomitant, we do not find horizontal mirror symmetry around the dimer center in the
corresponding line spectra. A zoom (of both line spectra) to lower energies can be found
in Fig. 5.9a,b. Note that in both dimers we find an increased number of resonances which
could be missinterpreted as fingerprint of hybridization. These resonances rather originate
from the long-range nature (several ∼ nm) of the YSR wave functions (of the single atoms)
which is much larger than the dimer separations of ≈ 0.7 nm (≈ 1.4 nm) for the 2a (4a)
dimer. Therefore, we find resonances of the second atom (brown) in the spectra of the first
atom (and vice versa). This scenario is further supported by the dI/dV data as discussed
in the following.

Representative dI/dV maps recorded on the 4a- and 2a-dimers are presented in
Fig. 5.9c,d (topography in the left). The bias voltages at which the maps are recorded are
given in the top of each panel and are indicated in the close-ups of the line spectra (vertical
dotted lines). The horizontal dashed lines at the center of each dimer serve as guides
to the eye. None of the patterns resembles symmetric or antisymmetric wave function
combinations with a horizontal mirror axis or nodal plane (as observed for the 3a-dimer,
Fig. 5.6) which would hint towards hybridization. Thus, the patterns rather result from
(long-ranged) YSR states emerging from the individual atoms within the dimer yielding
the complex patterns.

Despite the lack of any fingerprint of hybrid wave functions, we note that the wave
functions are still affected by the presence of the second impurity (i.e. we can not identify
characteristic wave function patterns of the single HC atom on the minimum of the
CDW in the data neither). The YSR energies are shifted with respect to the single-atom
resonances.

These experimental findings can be rationalized within the scheme presented in section
5.1.2. The spins of both atoms within the dimer couple due to the RKKY interaction (with
its magnitude and sign dictating the ground state). However, the hybridization between
the YSR wave functions (creating the hybrid doublet phase) can be significantly reduced
or completely suppressed as the YSR wave functions are detuned in energy (and also obey
different symmetry) owing to their different positions relative to the CDW. Moreover, since
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Fig. 5.8.: (a) Normalized differential conductance spectra recorded on the atom(s) of the monomer
(top) and dimers with different spacings (lower traces) as indicated in the graph acquired
in the HC-CDW structure. Data on atoms in black and color. A substrate spectrum is
shown in gray. Offsets are indicated in the right of each set of traces. (b) Stacked dI/dV
spectra recorded across the monomer and the different dimers from (a) as illustrated in
the inset topographies (topographies reproduced from Fig. 5.7c). (c,d) accommodate the
analogue data set of (a,b) within the CC-CDW recorded on the atoms shown in Fig. 5.7d.
Feedback was opened at 750 pA, 5 mV and a modulation of 15 µV was used. The (Nb)
tip gap ∆t ≈ 1.30 meV is indicated by the gray box/vertical lines. Horizontal dashed
lines in (b,d) indicate the position of the spectra of (a,c). Yellow arrows highlight some
features of the data as discussed in the text.
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Fig. 5.9.: (a,b) Zoom into the line profiles already presented in Fig. 5.8b for dimers with a spacing
of 4a (a) and 2a (b) in the HC-CDW. Vertical dotted lines indicate the bias voltage of the
dI/dV maps shown in (c,d). ∆t ≈ 1.30 meV is indicated by white dashed lines. (c,d)
STM topographies (constant-current mode with set point 100 pA, 10 mV) of the 4a and
the 2a dimer in the left. Corresponding constant-contour dI/dV maps of selected YSR
states of both dimers in the right. Constant-contour feedback was opened at 750 pA, 5 mV
and a modulation of 15 µV was used. Horizontal dashed lines serve as guide to the eye.

one atom located on the CDW minimum (where the α-state is in the free-spin regime)
is involved, both impurities can differ in the total spin S meaning that they can have
different numbers of occupied quasiparticle states. The fact that the dI/dV patterns seem
to originate from the individual impurities indicates that the exchange coupling between
each impurity and the substrate is stronger than the spin-spin interaction mediated by the
RKKY interaction (J,∆ > I) as otherwise (if the spins couple mainly among each other
and then the total spin of the dimer interacts with the substrate) one would expect one
single YSR wave function centered on the dimer.

Thus, we do not find clear evidence for hybridization in Fe dimers whose spacings do
not match the CDW periodicity. Indeed, considering the different positions within the CDW
lattice we know that the atoms exhibit different YSR energies and wave functions which
can reduce or prevent sizeable hybridization within the atomic dimers. Hence, our study
of such dimers underpins the importance of the position of the individual atoms relative
to the CDW as prerequisite to effectively couple YSR wave functions in magnetic dimers
on NbSe2. In order to further confirm the CDW as the reason for absent hybridization
we compare the results of this section to data of the analogue approach series within the
CC-CDW, where the CDW should allow hybridization also for 2a- and 4a-dimers.

5.3.2 Different dimers in the CC-CDW structure

Figure 5.8c,d presents the analogue dataset as shown in (a,b), but the dimers are as-
sembled within a region with CC-CDW structure (c.f. Fig. 5.7b,d). As before, the spectra
recorded on the different dimers are very different. However, within each dimer, we
notice that the spectra recorded on the individual atoms exhibit similar YSR states for
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all separations. This is in contrast to the findings of the HC-approach series, where the
spectra obtained one the individual atoms of the 4a- and 2a- dimers were very different.
Also the line spectra inherit a large degree of symmetry (horizontal mirror axis) for all
three different dimers. Enlarged views of the line spectra can be found in Fig. 5.10a-d. The
intensity distribution along the line spectra points towards the presence of hybrid wave
functions in all dimers as we find states which lack intensity and states with increased
intensity centrally between both atoms.

Again, we inspect dI/dV maps for further insight. We show representative maps
(energies indicated by vertical dotted lines in the enlarged line spectra) for the single atom
and for the different dimers in Fig. 5.10e-h (topography in the left and dI/dV data in
the right panels). Horizontal dashed lines through the dimer center serve as guide to the
eyes. As before, we do not aim at a complete identification of all hybrid wave functions
in terms of their origin (α- or β-like), but rather search for characteristics of hybrid
wave functions in the data. For the single atom, we show the map of the characteristic
β-state (c.f. Fig. 4.7a, atom IV). In the 4a-dimer we clearly identify the antisymmetric
combination of the single atom β-state at +1.58 mV (one nodal plane). Due to residual
intensity at the right vertex (of each atom) the state at −1.48 mV could be attributed to the
symmetric β-like linear combination (enhanced intensity between both atoms). However,
this assignment is rather tentative. For the 3a-dimer we also find symmetric (+1.45 mV and
−1.52 mV) and antisymmetric (−1.70 mV) wave functions in the data.6 Similar findings
hold for a spacing of 2a, where we discern a symmetric (antisymmetric) state at −1.50 mV
(+1.64 mV). However, as can be seen in the single and stacked spectra (Figs. 5.8c and
5.10d), several YSR resonances accumulate within an energy window of ≈ 0.3 mV around
1.5 mV for the 2a-dimer leading to a broad peak distribution. Therefore, also the signal
of several resonances overlaps within one dI/dV map yielding less pronounced features
such as nodal planes in the data.

Thus, in contrast to the data acquired in the HC-CDW, we find signatures of hybridization
for all three dimers with separations of 4a, 3a and 2a. In fact, this is in agreement with the
expectations from Fig. 5.7b. All atoms are located on equivalent positions within the CDW
lattice (bright red sites, c.f. atom IV in section 4.4) and, hence, should facilitate efficient
hybridization between the YSR wave functions. This confirms the CDW as origin of absent
hybrid states in the 2a- and 4a-dimers in the HC-CDW as it detunes the YSR energies such
that hybridization is avoided.

Yet, while the dimer with spacing of 3a exhibits perfect symmetry around the dimer’s
center (c.f. line spectra and maps Fig. 5.10c), there are few deviations from perfect mirror

6The careful reader might notice the similarity between the wave function patterns of the minimum-minimum
dimer (Fig. 5.6) and the data in Fig. 5.10g. This is not surprising as the positions relative to the CDW of
the atoms forming both dimers are not too different. In Fig. 5.6 the atoms are located on a CDW minimum
(c.f. atom III in section 4.4) while they sit close to the CDW minimum (c.f. atom IV in section 4.4) in
Fig. 5.10g.
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feedback was opened at 750 pA, 5 mV and a modulation of 15 µV was used. Dashed
lines serve as guide to the eye.
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symmetry for spacings of 2a and 4a as highlighted with the yellow arrows in Figs. 5.8c and
5.10b,d. While being very pronounced on one of the dimer atoms, some YSR resonances
seem to be suppressed by a strong NDC on the other atom. This can also be tagged in the
dI/dV maps at according energies. For example, the state at +1.84 mV of the 4a-dimer is
very intense on the top atom, while its intensity is strongly suppressed by the NDC around
the center of the bottom atom.7 A further example of asymmetric intensities is presented
along with the 2a-dimer maps at +1.51 mV. Importantly, such asymmetric wave functions
are not observed for any dimer with spacing of 3a.

As already pointed out earlier, we notice a delicate interplay between Fe atoms and the
CDW. On the one hand we find Fe atoms in many different positions relative to the CDW
as exploited in section 4.4. On the other hand we observe manipulation-induced switches
of the CDW. For example, attempts to place an Fe atom precisely in the third symmetric
position of the HC-CDW structure (which is not found a-priori after deposition of Fe on the
surface, c.f. Fig. 4.8b) induce a phase slip of the CDW relative to the crystal lattice. While
dimers with spacing of 3a locally match the periodicity of the CDW other geometries could
induce slight distortions in the CDW not discernable in the topographies which could cause
the spectroscopic differences within the 2a- and 4a-dimers.

To close this chapter, we find that the position of the individual atoms forming a dimer
within the CDW strongly affects the hybridization between the YSR wave functions. In
detail, YSR hybridization is only facilitated when both atoms sit on equivalent sites relative
to the CDW as their YSR wave functions and energies are otherwise too different to
enable sizeable hybridization. Beside slight distortions, we observe hybridization in dimers
with separations of 4a, 3a and 2a within the CC-CDW structure while the HC-structure
restricts hybridization to dimers with a spacing of 3a. Since both CDW-structures smoothly
transform into each other, the CDW sets a smoothly varying energetic landscape. Hence,
these findings are important prerequisites for the assembly of larger structures as addressed
in the following chapter where we go far beyond atomic dimers and assemble magnetic
chains.

7Note that the long-range pattern maintains the horizontal symmetry to some degree.
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6Beyond magnetic dimers - chains of
magnetic impurities on 2H-NbSe2

This last chapter is dedicated to larger structures where we investigate adatom chains
subject to different coupling mechanisms. First, we set the theoretical background. In 6.2
we track the formation of YSR bands in a dilute adatom chain and discuss the influence
of the incommensurate CDW on the hybrid YSR-bands. Finally - starting again with the
dimer - we exploit a different coupling regime in densely packed chains where the direct
interaction between d levels dominates.

6.1 Theoretical models describing the interactions in
atomic chains

In the first part of this section we study a very simple tight-binding model of a quantum
wire in order to get a feeling how long-range interactions - as the RKKY interaction - could
affect hybridization in assemblies with more than two atoms. Afterwards we introduce the
full Hamiltonians for chains of magnetic atoms on superconductors.

6.1.1 Toy model of a freestanding chain

In this section we start with a simple discrete model of a quantum wire with N sites
which allows us to study how additional on-site terms influence the eigenstates of the
system. The Hamiltonian of such a chain reads:

H =
N∑
i

(E0 + Vi) c†ici − t
N∑
i

(c†i+1ci + c†ici+1) , (6.1)

where E0 is the energy of the isolated state, t the hopping and c†i (ci) create (annihilate) an
electron at site i of the chain. There are additional site-dependent potential terms Vi which
could effectively represent RKKY interactions1 within a spin chain or long-range potential
scattering terms. Depending on the site i, we account for nearest neighbor (NN) terms
(V ) as well as next nearest neighbor (NNN) contributions (Ṽ ) and neglect longer-range
interactions. By defining Ψ = (c1, c2, ..., cN )T and applying H = Ψ†HΨ we can pass over
to matrix notation. Figure 6.1 shows Hamiltonians HN for different chain lengths. The
sketches of the chains and colors indicate the number of NN and NNN contributions for

1In section 5.1.1 we have seen that long-range oscillatory decay of the RKKY interaction can produce
significant NNN contributions.
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Fig. 6.1.: Schematic illustration of the influence of the NN and NNN potentials for atoms within
chains of different lengths.

each site within the chain. For example, in the dimer, there are no NNNs and each atom has
only one NN (gray). In the trimer, the two outer atoms have one NN and one NNN (bright
blue) while the center atom has two NNs (bright red). Only beyond a chain length of 5
atoms there forms a uniform chain center with constant on-site potentials (dark red).

We now study the influence of the NN and NNN potentials. Therefore, we solve the
eigenvalue problem for H2 to H10 for exemplary values of V and Ṽ and plot the results
in Fig. 6.2. For all panels, t = 0.05 and E0 = −0.05. Without additional on-site potentials
(panel a) we see the usual hybridization-splitting of states (all levels are equidistant)
and open a band of width 4t around E0. Depending on the sign of t the corresponding
eigenstates exhibit ascending or descending number of nodal planes with energy. In
Fig. 6.1b we add NN contributions yielding an overall center of mass shift such that the
band opens at E > 0. Furthermore, the energy splitting between levels is not equidistant
anymore. In panel (c) we switch on the NNN potential of comparable size and different
sign (which could arise from the oscillatory behavior of the RKKY interaction). As in part
(b) both dimer levels are shifted above E = 0 due to V . The influence of Ṽ which becomes
relevant only for N ≥ 3 reverses that trend such that the band opens around E = 0.

Note that NN and NNN potentials can lead to a reversed order within the eigenstates
such that the states are not necessarily sorted by their number of nodal planes anymore.
Further, there will be wave functions exhibiting enhanced and reduced spectral weight on
the boundary atoms depending on the relative signs and magnitudes of V and Ṽ .

Importantly, we point out that this toy model is not capable to predict or fit energies of
hybridized YSR states obtained from experiment. For deep in-gap states it might capture
correct trends for the dimer and the bandwidth for large N . However, for intermediate
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Fig. 6.2.: Eigenenergies of the Hamiltonian in Eq. 6.1 for different sets of parameters. (a) V =
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chain lengths N = 3, 4, 5..., the values of V and Ṽ do not have to be constant upon chain
elongation if the spin state of the atoms within the chain changes, i.e. if one or more YSR
hybrid states cross zero energy from screened to free spin or vice versa. Moreover, we
neglect possible long-range hopping terms and generally the hopping depends on the
spin-order within the chain (c.f. section 6.1.2). Furthermore, the model does not capture
all relevant physics of the system as the substrate is ignored. Especially, if YSR states are
close to each other or close to the quasiparticle continuum these simple tight-binding
scheme is not applicable. Nevertheless it gives us insight into possible effects of long-range
interactions.

6.1.2 YSR chains as a platform for topological superconductivity
Chains of magnetic adatoms proximity-coupled to an s-wave superconductor are con-

sidered to be a promising route towards the experimental realization of Majorana bound
states. In this section, after introducing the well-known model of the Kitaev chain [Kit01],
we outline more sophisticated theoretical approaches modeling magnetic chains on super-
conductors in the dilute and the dense limit yielding topological phases following [Pen+15;
PGO13; PGO14; Pie+15]2.

Kitaev chain

In 2001, A. Y. Kitaev introduced his famous model system of a spinless chain with pairing
correlations between neighboring sites described by the following Hamiltonian [Kit01]:

H = −µ
N∑
i

c†ici − t
N∑
i

(c†ici+1 + c†i+1ci) +
N∑
i

(∆cici+1 + ∆∗c†i+1c
†
i ) (6.2)

Above, t is the hopping amplitude between adjacent sites, µ is the chemical potential
and ∆ is the induced superconducting pairing. Note that the above equation describes a
spinless system and hence, the induced gap is p-wave.

2There has been great theoretical effort focusing on topological superconductivity and Majorana physics
arising from magnetic chains in proximity to an ordinary superconductor [Li+14; Nad+13; BS13; Kli+13;
AS17] to name a few of them.
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Now, one can formally construct two Majorana [MM06] operators from the fermionic
creation and annihilation operators

γi,a = ci + c†i and γi,b = −i(ci − c†i ), (6.3)

which satisfy the Majorana conditions:

γ†i = γi and γiγj + γiγj = 2δij for i, j = 1, ..., N (6.4)

which imply the special properties of Majorana particles, namely being its own antipar-
ticle and the special Majorana anticommutation relation. In principle, we artificially
decomposed one fermionic operator of one site in two Majorana operators. Naturally, the
Majorana operators pair up along the chain as sketched in Fig. 6.3a, top panel. However, if
the chemical potential is within the hybrid band of width 4t there is a topological phase
emerging with one unpaired Majorana operator at each end (Fig. 6.3a, bottom panel).
These appear as zero-energy eigenstates at both chains ends - so-called Majorana zero
modes (MZMs) - and are protected by the finite p-wave gap. If the chain is extended
enough, the MZMs will not merge. As the Majorana operators do naturally not appear in
any Hamiltonian preserving fermionic parity, the isolated MZMs are immune to any kind
of perturbation.

YSR states - being linear combinations of spin-up holes and spin-down electrons (or
vice versa) - are perfectly spin-polarized. Thus, we can transfer the Kitaev Hamiltonian
to a Hamiltonian describing a chain of (hybridizing) YSR states. Therefore, we associate
aboves fermionic operators c†i (ci) with the creation (annihilation) of a quasiparticle in the
YSR state at site i. Further, we identify the YSR energy E0 to play the role of the chemical
potential. Hence, we find that if the hybridization between the YSR states is strong enough
that the resulting YSR band spans the Fermi level |E0| < 2t the induced pairing correlation
will open up a p-wave gap within that band and we expect the system to be in a topological
phase hosting MZMs at its ends [Pie+15].

Even though it governs the basic principles of the emergence of MZMs in magnetic
chains with hybridizing YSR bound states, the Kitaev’s model neglects relevant physics of
a real system which are covered in more advanced models as outlined in the following.

Dilute chain

There are two routes to realize topological superconductivity within an adatom chain in
proximity to an s-wave superconductor which depend on the long-range spin order along
the chain mediated by the RKKY interaction. First, if the chain is ferromagnetically (FM)
ordered, all YSR bound states are perfectly spin-polarized along the chain. Hence, the
spin-singlet Cooper pair (CP) cannot proximity-couple to the dilute chain. We can generate
superconducting pairing correlations within the chain by including Rashba spin-orbit
coupling of the substrate which softens the singlet nature of the CPs and thus, enables the
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Fig. 6.3.: (a) 1D Kitaev chain with N electronic sites. Each site with creation operator c†i can be
decomposed into Majorana operators γ†a and γ†b . As discussed in the text, there is a trivial
and a topological phase with no or one unpaired Majorana mode at each end, respectively.
(b) Two possible realizations of topological superconductivity including a FM spin chain
(top) in combination with Rashba spin-orbit coupling in the superconducting host and a
spin-spiral (bottom). Figure taken and adapted from [Kle17].

CPs to enter the FM chain (Fig. 6.3b, top panel). The second option is that the atoms along
the chain form a spin helix (Fig. 6.3b, bottom panel). Singlet CPs can proximity-couple
to the chain’s YSR states as long as the electron of a CP enter on different sites and thus,
induce superconducting pairing within the chain. In the following we focus on the latter
scenario [PGO13; PGO14; Pie+15].

The spin helix along a chain of (classical) magnetic moments of size S can be expressed
as [PGO13]

Si = S(sin θ cosφi, sin θ sinφi, cos θ) , φi = 2khxi , (6.5)

where we restricted the discussion to helices with fixed opening angle θ. xi = id denotes
the position along the chain with interatomic separation of d.

If the atoms within the chain are sufficiently far apart from each other, direct hopping
between d orbitals can be neglected. The d levels of atoms within the chain remain
electronically inert and do not hybridize into d-bands. For YSR states deep inside the host’s
superconducting gap we can project out the quasiparticle continuum and describe the
system by a Kitaev-like Hamiltonian [PGO13; Pie+15]:3

H = E0

N∑
i

c†ici −
N∑
i 6=j

tij(c†jci + c†icj) +
N∑
i 6=j

∆ij(cjci + c†ic
†
j) (6.6)

Details of the long-range hopping tij and long-range pairing ∆ij amplitudes are goverened
by the delocalized nature of the YSR wave functions (c.f. Eq. 4.18) and are further affected

3A detailed derivation starting with the BdG Hamiltonian can be found in [PGO13].
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by the spin order of the system. For a planar spin helix (i.e. θ = π/2) they can be expressed
as [PGO13]:

tij = ∆0
sin kFrij
kFrij

e−rij/ζ0 cos khxij ,

∆ij = i∆0
cos kFrij
kFrij

e−rij/ζ0 sin khxij . (6.7)

Here, ∆0 is the superconducting paring strength of the host superconductor, kF is the
Fermi wave vector, xij = (i − j)d and rij = |xij | with d being the separation between
atoms within the chain. The above model results in a more complex phase diagram which
contains topological and trivial regions.

As one last aspect we point out that the helical spin-order along the chain can be mapped
into a spin-orbit coupling-like term for FM aligned spins (by the unitary transformation
eikhxσz , which rotates the spin basis along the direction of the local impurity spins [Pie+15;
Pen+15]). Hence, the physics of the FM chain with Rashba spin-orbit coupling and the
chain with helical spin order are closely related.

Dense chain

When the atoms within the chain are densely spaced, direct hopping between d levels
cannot be neglected and the above models are not applicable. We can rather describe
the system by a linear chain of Anderson impurities (c.f. section 4.1.2) embedded in a
superconducting host [Pen+15]:

H = H0 +Hd +Hsd . (6.8)

The first part describes the host superconductor

H0 =
∑
kσ
ξkc
†
kσckσ +

∑
k

∆(c†k↑c
†
−k↓ + c−k↓ck↑) . (6.9)

The second term

Hd =
∑
i,σ

(εd − µ)ni,σ + U
∑
i

ni↑ni↓ − w
∑
i,σ

(d†i+1,σdi,σ + d†i,σdi+1,σ) (6.10)

contains an additional term accounting for the hopping w between d-levels of adjacent
adatoms opening a spin-polarized d-band. d†i,σ(di,σ) act on impurity site i and ni,σ =
d†i,σdi,σ The last term Hsd remains in principle unchanged compared to section 4.1.2 with
the simplification of constant hybridization V between d level and substrate states

Hsd = −V
∑
i,σ

[d†i,σψσ(Ri) + ψ†σ(Ri)di,σ] , (6.11)
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with ψ†σ(Ri) creating and electron at site Ri = idx̂ in the superconductor. Topological
superconductivity requires one spin-polarized d-band to cross the Fermi energy opening a
p-wave gap at the Fermi level.

Recent experiments of self-assembled (dense) Fe chains on Pb [Nad+14; Rub+15b;
Fel+17; Paw+16] and artificially constructed Fe chains on Re [Kim+18; Sch+20; Sch+21a;
Sch+21b; Mie+21] showed zero-energy end states that putatively arise from Majorana
bound states. However, the emergence of MZMs sensitively depends on details of the
material system and the dispersion of the spin-polarized d-bands. For example, while Fe
chains on Pb exhibit MZMs no such states are found on Co chains on Pb [Rub+17].

Up to date extensive experiments studying dilute adatom chains are missing. Very
recent experiments involve Mn chains on Nb [Sch+21a; Sch+21b], Cr chains on β-Bi2Pd
[Mie+21] and Fe chains on Ta(100) [Kam+18]. In the following section we present the
experimental realization of an extended dilute chain which we assemble atom by atom
tracking the formation of the YSR bands.

6.2 Experimental realization of a dilute YSR chain
Results presented in this section are published in [Lie+21].

In order to successfully hybridize YSR wave functions in longer chains (� 2 atoms) we
first have to elucidate a suitable starting point. Since the CDW transforms from HC to
CC structure within ≈ 10 nm, one should choose a spacing which enables hybridization
within both structures. Therefore, considering the findings of chapter 5, we choose an
interatomic spacing of 3a because hybridization is absent for 2a- and 4a-spaced dimers in
the HC-structure. In the following section we stepwise increase the number of atoms and
trace the evolution of hybrid YSR states.

6.2.1 Linear trimer with spacing of 3a

In section 5.2 we have seen that dimers with an interatomic spacing of 3a clearly form
symmetric and antisymmetric hybrid wave functions which we can excite with single
electron tunneling. We choose atoms located on CDW maxima (HC structure) as starting
point for longer chains since their (hybrid) α- and β-states of the monomer and the dimer
are energetically well separated (c.f. section 5.2.1). To recall, we expect an increase in the
number of hybrid states upon chain elongation as each YSR state of the monomer leads to
N hybrid states in a chain of N atoms.

We start by adding a third atom to the Fe dimer discussed in section 5.2.1 in order to
from a linear trimer. The third atom is placed precisely 3a apart of the second atom such
that all three atoms are located on a CDW maximum. Corresponding data are compiled in
Fig. 6.4 which contains spectra recorded centrally on the three atoms in (a) and along a
line across the trimer axis in (b). Part (c) accommodates zooms in the low-energy region
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of (b). Compared to the dimer (Fig. 5.2), the data in turn show an increase in the number
of YSR states, suggesting a larger number of hybrid states as expected for an increased
number of atoms. However, the determination of the exact number of YSR states starts to
be complicated as discussed in the following.

Starting at the Fermi level, we clearly find two resonances (per bias polarity) around
±1.6 mV. Furthermore, there is one broader resonance around ±1.8 mV. By close inspec-
tion of the oscillating decay in Fig. 6.4e, we find alternating intensity modulations in the
long-range decay. This implies the presence of two states with different phases of their
oscillating wave functions (c.f. Eq. 4.18). Thus, we discern two resonances being present
in the narrow energy window around ±1.8 mV. The resonance at ±2.0 mV is again well-
separated from neighboring states. However, there is another state found at ≈ ±2.1 mV
which already falls in the onset of the substrate coherence peaks and overlaps with YSR
resonances at higher energies and is thus hard to disentangle from the background.

Therefore, searching for states in the energy region of the former α- and β-states we
discern six different resonances at each bias polarity which matches the expectation
for the trimer, i.e. three α- and three β-hybrid states. All resonances are indicated by
the white dotted lines in Fig. 6.4c. Additionally, the line profile obeys again horizontal
mirror symmetry around the center atom, further hinting towards the formation of hybrid
wave functions delocalized over the linear trimer. All resonances are labeled in a similar
nomenclature as done for the dimer in the top of the panels, i.e. according to the number of
nodal planes, we label the states with αt0,t1,t2 and βt0,t1,t2. In the following we investigate
the dI/dV maps in order to verify this assignment and to further corroborate hybrid trimer
states as the origin of the observed resonances (Fig. 6.4d).

The corresponding topography is located in the left and only one bias polarity is shown
(data of the other bias polarity can be found in Fig. A.12c). The energies at which the
dI/dV maps are acquired are marked in Fig. 6.4c by the dotted lines and are indicated
on top of each map. Although the patterns are complex due to the oscillatory nature of
the YSR states, we attempt to count the number of nodal planes perpendicular to the
trimer axis as fingerprints of hybridization. The horizontal dotted line at the center of the
trimer marks a nodal plane in the maps at +1.84 mV and +1.57 mV. Two nodal planes,
marked by dashed lines (centrally) between the Fe atoms, are clearly found in the map at
+2.02 mV and less pronounced at +1.79 mV. However, we note that the latter state is very
close in energy to the state at +1.84 mV and its shape may be partially obscured as both
states overlap (c.f. corresponding maps at V < 0 in Fig. A.12c). We find two states without
nodal planes at −1.65 mV and +2.11 mV. While being obvious for the former, the latter
is hard to disentangle from resonances at higher energies and the substrate quasiparticle
peaks. Furthermore, it suffers from the strong negative differential conductance (NDC) of
the adjacent resonance. Apart from these distortions, there is no clear evidence for a nodal
plane neither in the short nor in the long-range patterns. Additionally, the maps recorded
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Fig. 6.4.: (a) Normalized differential conductance spectra recorded on the atoms of the trimer
(black, blue, brown) and on the bare NbSe2 (gray). Feedback was opened at 250 pA, 5 mV
and a modulation of 15 µV was used. (b) Stacked spectra recorded along the trimer as
illustrated in the inset topography (recorded in constant-current mode with set point
100 pA, 10 mV). Horizontal dashed lines indicate the position of the spectra of (a). The
(Nb) tip gap ∆t ≈ 1.55 meV is indicated by the gray box (a) and dashed lines (b). (c)
Zoom to lower bias voltages of (b). The hybrid α- and β-states are indicated by the
vertical dotted lines and labeled on the top of each graph. (d) STM topography (constant-
current mode with set point 100 pA, 10 mV) of the linear trimer with spacing of 3a in the
left. Right: Corresponding constant-contour dI/dV maps of the hybridized YSR states
recorded at the bias voltages indicated in (c) by the dotted lines and also above each
image. Horizontal dashed and dotted lines serve as guides to the eye. Constant-contour
feedback was opened at 250 pA, 5 mV and a modulation of 15 µV was used. (e) Close-ups
of the oscillatory decay around 1.8 mV as indicated by the box in (c).
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at the other bias polarity (Fig. A.12c) and data recorded with a different tip (showing less
pronounced NDC effects) underpin the lack of a nodal plane for this state (c.f. Fig. A.13).

Beside the classification in terms of nodal planes we identify further similarities between
the trimer wave functions and the monomer and dimer states. For example, the near-field
structure of the state labeled βt2 closely resembles the shape of βd1 (compare Figs. 5.3b
and 6.4d) with increased intensity at the right vertex (of each atom). This assignment is
further supported by the long-range patterns (see also the other bias polarity in Fig. A.12c).
Although the long-range oscillations are rather weak for βt0 (as it overlaps with the
quasiparticle continuum) we can identify similar structures comparing it to βd0. Note
that the YSR resonances within the coherence peaks (γ- and δ-like, c.f. section 4.5) are
short-ranged and mainly localized on the atoms such that they should not contribute to
the long-range pattern. From the other bias polarity and data recorded with a different tip
with less pronounced NDCs we arrive at the same assignment for the βt0-state. Data and
discussion are provided in Appendix A.5. Assuming that the three hybrid β-states should
be found within the same energy corridor, the third β-state, βt1, is probably the one with
one nodal plane of the strongly overlapping states around ±1.8 mV.

Consequently, we assign the other three states (which have none, one and two nodal
planes) to be α-derived. Unfortunately, the near-field patterns (serving as strong indication
for the assignment of the dimer states) do not inherit clear characteristics of the α-like
wave functions. One might discern reminiscent fingerprints of the single-atom state at
both outer atoms of αt1 and αt2. We suggest that αt1 and αt2 are again screened (as all
β-states) and only αt0 remains unscreened which is based on observations in longer chains
and will become more clear section 6.2.2 when we study extended chains. Note already
that the presence of wave functions which much spectral weight on both outer atoms
points towards a strong influence of NNN potentials (c.f. ball model in Fig. 6.1).

We emphasize that the above assignment of α- and β-hybrid states is rather tentative.
However, with this assignment we can go a step further and quantify the splitting D and
center-of-mass shift C of the hybridized α- and β-states upon hybridization as described
in the following. Results for monomer and dimer were already presented in Fig. 5.4a.
For this, a precise determination of the YSR energies is necessary. As there are strong
spatial intensity variations we deconvolve multiple spectra of the lines of Figs. 5.2b,d
and 6.4b to obtain the local DOS of the monomer, dimer and trimer. The deconvolution
procedure is described in sections 2.2.3 and A.1. Exemplary data is shown in Fig. 6.5a
which contains all deconvolved spectra of Figs. 5.2a,c and 6.4a. To extract the YSR energies,
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Fig. 6.5.: (a) Deconvolved data of Fig. 5.2a,c (top and middle panel) and of Fig. 6.4a (bottom
panel). For the deconvolution ∆t = 1.55 meV and a depairing factor of Γ = 5 µeV was
used. (b) Fit results for one exemplary deconvolved spectrum (position of the original
spectrum marked by the black arrow in Fig. 6.4b). The graph contains the symmetrized
DOS (gray), the total fit (yellow) and the individual Gaussian peaks (shown for one
polarity only). (c) Energies of the (hybrid) α- and β-states of the monomer, dimer and
trimer obtained by fitting multiple deconvolved DOS traces as described in the text.
Errors are discussed in the text.

we then symmetrize the DOS in energy4 and fit the low-energy range of all data with the
appropriate number of Gaussians (similar to the analysis described along with Fig. 4.9):

DOS(E) = ν0 +
N∑
i=1

(
Ai e

−(E±Eαi )
2/(2σ2) +Bi e

−(E±Eβi )
2/(2σ2)

)
. (6.12)

Here, ν0 is an intensity offset, Ai (Bi) are the symmetric amplitudes of the α- (β-)
resonances and σ is the width of the Gaussian peaks. N is the number of atoms, i.e.
N = 1, 2, 3 for monomer, dimer and trimer.

While the fit results are reliable for the monomer and the dimer, the situation is more
complicated for the trimer due to the presence of multiple peaks within the gap. An
example of a fitted trace is shown in Fig. 6.5b (position of the original spectrum marked by

4The symmetrization halves the number of amplitudes as fit parameters, because the resonances found at
different bias sides have in general different intensities.
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|Dα(µeV)| |Dβ(µeV)| Cα(µeV) Cβ(µeV)
dimer 69± 33 173± 33 184± 29 −160± 29
trimer 388± 62 286± 79 14± 33 −201± 36

Tab. 6.1.: Results for the splits Dα,β and shifts Cα,β (relative to the monomer) of the hybrid α-
and β-states of the dimer and trimer obtained from Fig. 6.5c.

the black arrow in Fig. 6.4b). The gray trace is the symmetrized DOS, the total fit is shown
in yellow and the individual Gaussians are shown (for positive energies only) in color. The
fit yields reliable values for αt0, αt1 and βt2. However, as discussed already, αt2 and βt1

strongly overlap within one broader resonance (full width half maximum of ≈ 100 µeV)
reducing the reliability of the fit. Furthermore, note the flanks of the quasiparticle
coherence peaks at the graphs boundaries just above βt0 obscuring its energetic position.
Therefore, we added additional errors of ±50 µeV for the latter three resonances. For all six
states, errors accounting for the uncertainty of the tip energy gap, the lock-in modulation
of the bias voltage and the sampling interval were added to the standard deviation of the
fit. Figure 6.5c compiles the results for the monomer to trimer obtained by averaging over
the energies extracted from the fits of multiple spectra across monomer, dimer and trimer.
From these results we determine the energetic splittings Dα,β and shifts Cα,β (relative to
the monomer) of the hybrid states. Results are summarized in Tab. 6.1.

We note that the energetic order of the hybrid α-states is as expected (αt2 → αt1 → αt0).
However, the energetic order of the hybrid β-states does not follow the simple tight-binding
rule of increasing energy with increasing number of nodal planes as we find βt2 in between
βt0 and βt1. As outlined in section 6.1.1, the energetic order depends on the sign of the
hopping amplitude (sign of the overlap integral) and can further be affected by NN and
NNN on-site contributions which can arise due to long-range RKKY interactions. Recalling
Fig. 6.1, we see that such NNN contributions start to play a role for N ≥ 3. Furthermore,
the above assignment places the hybrid α- states on different sides of the Fermi level which
could explain the absence of clear linear combinations in the wave function patterns as
the excitation scheme is more complex.

To sum up the findings so far, we detect the correct number of resonances (six hybrid
states) in the expected energy window. While the hybrid wave functions keep charac-
teristics of the monomer states for both, α and β in the dimer (c.f. section 5.2.1), the
situation in the trimer is more complicated. Here, the single wave function character is lost,
except for βt0 and βt2. Nonetheless, the data show clear characteristics of hybridization in
terms of wave function symmetry and presence (absence) of nodal planes. Although the
assignment in terms of α- or β-nature in the trimer is rather tentative, it is unlikely that
the observed wave functions originate from non-hybridizing Fe atoms within the trimer.
We should keep in mind that the excitation scheme of the α-states can be complex as we
find not all hybrid state excitations on the same bias side. Also YSR resonances within the
coherence peaks (γ and δ) are unlikely to be the origin of the observed wave functions
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as they are short-ranged and mainly localized on the atoms. Thus, we expect only weak
hybridization for them and no long-range oscillatory nature.

6.2.2 Band formation upon increasing atom number

Figure 6.6 shows the sequential extension of the Fe chain up to a length of 11 atoms.
It contains stacked dI/dV spectra recorded along the entire chains as indicated in the
inset topographies. The last atom being added to the chain is marked by a red dot. The
tip energy gap is indicated by the white dashed lines. The dotted lines are located at
±2.15 mV, ±1.95 mV and ±1.7 mV corresponding to energies of ±0.6 meV, ±0.4 meV and
±0.15 meV (after subtraction of ∆t ≈ 1.55 meV), respectively, and serve as guides to the
eye. The data of monomer, dimer and trimer (a-c) is reproduced from from Figs. 5.2b,d
and 6.4b, but still shown here for better comparison.

The spectra appear with a rich subgap structure. Being challenging for the trimer already
(c.f. section 6.2.1) we cannot disentangle all individual peaks for more than three atoms
anymore. However, a qualitative assessment of the characteristic subgap features gives
valuable insights into hybridization. In the following we will go step-wise through the data
and identify fingerprints of hybrid states and successive band formation of YSR states.

Upon attachment of one additional Fe atom to the three-atom chain, the subgap structure
along the entire chain changes drastically (Fig. 6.6c,d). This points to the formation of
new hybrid states, in agreement with the expectation of four hybrid states to arise from
the α- and β-states each. Figure 6.7a contains exemplary dI/dV maps recorded on the
quadrumer (topography in the left). The energies are given in the top of each panel and
indicated in Fig. 6.6d by the red arrows. In particular, the states at −1.62 mV and 2.17 mV
have no nodal plane. At 1.95 mV there is a state with one pronounced nodal plane centrally
on the quadrumer. More data with different number of nodal planes can be found in
Fig. A.14a. Thus, the new wave functions exhibit characteristics of continuing hybridization
upon increasing the chain length. We can also identify similarities between the former
trimer and new quadrumer states further pointing toward coherent hybridization over
the entire chain length. For example, the states at 1.91 mV and −1.62 mV resemble the
trimer states at 1.84 mV and −1.65 mV, respectively (c.f. Fig. 6.4d). The state at 2.17 mV
most likely originates from the highest β-like hybrid state. Similarities between trimer and
quadrumer states are also present at other energies (see Figs. A.12c and A.14a for more
data and discussion). As already mentioned above, we can not disentangle all expected
eight hybrid states (2N) as they are strongly overlapping. For example, while we observe
a pronounced nodal plane at 1.95 mV, this nodal plane is not unambiguously present at
1.91 mV (c.f. blue arrow in Fig. 6.7a).

Attachment of a fifth atom again leads to a strong change of the hybrid states all along
the chain (Fig. 6.6d,e). In particular, there is a delocalized state at zero energy (dashed
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Fig. 6.6.: Stacked constant-height dI/dV spectra (normalized) recorded along lines across the
monomer, dimer, trimer (a-c) and chains containing 4-11 atoms (d-k) as illustrated in
the inset topographies (constant-current mode with set point 100 pA, 10 mV). Set point
for spectra 250-700 pA, 5 mV and a modulation of 15 µV was used. The (Nb) tip gap
∆t ≈ 1.55 meV is indicated by dashed lines. Dotted lines are at ±2.15 mV, ±1.95 mV and
±1.7 mV corresponding to energies of ±0.6 meV, ±0.4 meV and ±0.15 meV, respectively.
Data from (a-c) is reproduced from Figs. 5.2b,d and 6.4b, but still shown here for better
comparison. Red dots highlight the atoms added last. Red arrows indicate the energies
at which the dI/dV maps of Fig. 6.7 are recorded. Red ellipses outline the presence (j)
and absence (k) of a zero-energy end state. Horizontal dashed lines mark the chain
center in (b-i) and the inner part of the chain in (j,k).
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lines), with the strongest intensity in the very center of the chain and gradually decaying
toward the terminations (no nodal plane, map at 1.53 mV in Fig. 6.7b). We further identify
a couple of states at ∼ ±1.7 mV (inner pair of dotted lines in Fig. 6.6), where there were
no quadrumer states. Among these states there is one with enhanced intensity at the
chain ends (dI/dV map at 1.72 mV, Fig. 6.7b). The former quadrumer states that have
been just below 1.95 mV are slightly shifted towards the gap edge. Here, we find a state
being most intense at the three center atoms of the 5-atom chain (1.95 mV) which exhibits
similar features as found on the corresponding quadrumer state (blue arrows in Fig. 6.7b).
Such states with different intensity distributions along the chain in combination with
different number of nodal planes are expected from the simple tight-binding model of the
freestanding chain with additional NN and NNN contributions as introduced in section
6.1.1. However, a direct assessment of the number of nodal planes is difficult as several
hybrid states are overlapping within our energy resolution. As before, we find fingerprints
of the outermost β-state just above ±2.15 mV.

Upon addition of another Fe atom (N = 6, Fig. 6.6f), the zero-energy state disappears
along the entire chain and is slightly shifted away from the Fermi level. The corresponding
dI/dV map is displayed in Fig. 6.7c (1.61 mV). While finding a state with reduced intensity
on the chain center on the 5-atom chain, we can identify a state which is most intense
centrally on the chain (between the four center atoms) at 1.73 mV. Because of NDC effects,
this state is overall less intense. Interestingly, we in turn find a hybrid state with similar
signatures (blue arrows) at 1.95 mV which is also suppressed by a NDC, but the main
features are still observable. In turn, we find outermost β-state just above ±2.15 mV.

As we further increase to a length of N = 7 (Fig. 6.6g) we observe again spectroscopic
changes delocalized over the whole structure. For example, the former zero-energy state
(N = 5) which is shifted away from the Fermi level for N = 6 is in turn slightly shifted
to higher energy (1.64 mV, Fig. 6.7d). Around 1.95 mV we can again observe the similar
signatures than before (blue arrows).

While we cannot characterize the states individually, the variations of YSR states along
the entire chain upon increasing the chain length indicates their hybridization along the
whole structure. This observation remains valid upon further chain extension. Furthermore,
the linespectra exhibit perfect horizontal mirror symmetry around the chains center as
indicated by the horizontal dashed lines in Fig. 6.6b-i (of course this symmetry is also
present in the dI/dV maps in Fig. 6.7a-d). Importantly, this holds for odd and even
number of atoms within the chain. Starting from N = 8 (Fig. 6.6h-k), the rich variations
of the hybrid states upon chain elongation observed for low atom numbers become less
profound. Broader features seem to converge and fall into specific energy intervals around
±1.7 mV, ±1.95 mV and ±2.15 mV (dotted lines) and wave function patterns become more
uniform in the interior of the chain (outlined by the horizontal dashed lines in Fig. 6.6j,k).
Interestingly, dI/dV maps recorded at these energies exhibit similar characteristics as can
be found when comparing Fig. 6.7d-f. We ascribe this behavior to the onset of YSR band
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Fig. 6.7.: (a-f) STM topographies (constant-current mode with set point 100 pA, 10 mV) of the 4-,
5-, 6-, 7-, 10- and 11-atom chains with spacing of 3a in the left. Corresponding constant-
contour dI/dV maps at selected bias voltages in the right. The energies are indicated
in Fig. 6.6 as red arrows and within each panel (∆t ≈ 1.55 meV). Constant-contour
feedback was opened at 250 pA, 5 mV (a-c) or 700 pA, 5 mV (d-f) and a modulation of
15 µV was used. Blue circles/arrows highlight features in the data (see text).
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formation of the original α- and β-states of the monomer. Indeed, these findings are in
agreement with the considerations of section 6.1.1 expecting uniform wave functions in
the chain’s center to develop for N ≥ 6 in the presence of NN and NNN RKKY terms (dark
red circles in the sketch of Fig. 6.1).

We know that the highest β-state is always found around ±2.15 mV (outer pair of dotted
lines). Furthermore, the lowest energy β-state is found around ±1.95 mV (second pair
of dotted lines). Additionally, we observe resonances around the Fermi level at various
chain lengths. This suggests that the α-derived band likely opens around the Fermi energy.
One possible scenario is that the uppermost and lowermost α-states are located within
the broad features around ±1.7 mV. Recall, that we found both α-dimer states at opposite
bias in the free-spin regime (Fig. 6.5). This trend was partially reversed already in the
(tentative) assignment of the trimer states (c.f. Fig. 6.5). The opening of the α-band around
the Fermi level can be rationalized by the influence of NNN RKKY contributions which can
reverse the shift from N = 2→ N >> 2 as discussed within the model of the freestanding
chain in section 6.1.1.

Thus, we suggest a β-derived hybrid band to form within the energy window in between
the outer two pairs of dotted lines (i.e. within ±[1.95, 2.15]mV) and a α-derived band
to form around the Fermi level (within ±[1.7,−1.7]mV). The situation is schematically
depicted in Fig. 6.8. The quasiparticle continuum is indicated in gray. ±ε1, ±ε2 and ±ε3

correspond to the three pairs of dotted lines in Fig. 6.6. The particle- (hole-like) β-band
is indicated by the solid (dashed) blue line. The corresponding α-bands are drawn in
red. The enhanced DOS at the energies indicated by the dotted lines thus originates
from van Hove-singularities at the band edges (flat dispersion) of the α- and β-band as
schematically indicated in the right panel of Fig. 6.8. The bandwidth is determined by the
hopping amplitudes as indicated in the sketch. Note that we draw the α- (β-) bands with
the maximum (minimum) at k = 0 due to the reversed order of hybrid states with none
and one nodal plane in the dimer indicating a different sign of the hopping.

One interesting observation is a zero-energy state localized at the chain ends at a length
of ten atoms (Fig. 6.6j, red ellipse). Actually, the α-band spanning zero energy could open
the desired p-wave gap around the Fermi level (c.f. section 6.1.2). However, this state is
not a sought-after MZM as it disappears upon addition of another Fe atom (Fig. 6.6k, red
circle). dI/dV maps are provided in Fig. A.15. Hence, we ascribe it to a hybrid state that
happens to have strong intensity at the chain terminations as already observed for shorter
chain lengths.

We note that we carefully monitored the phase and stability of the CDW around the
chain upon the build-up sequence (c.f. Fig. A.16) such that all atoms of the chain are
found on maxima of the CDW. Hence, a change of the YSR states due to an altered CDW
configuration around the chain can be excluded. However, we also note slight deviations
from the horizontal mirror symmetry when the chain length reaches the order of ≈ 10 nm,
c.f. Fig. 6.7e,f (blue ellipses) as further addressed in the following section.
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Fig. 6.8.: Schematic illustration of the formation of van Hove-singularities at the band edges of
two YSR bands at different energies. ±ε1,2,3 correspond to the three pairs of dotted lines
in Fig. 6.6.

6.2.3 Influence of the CDW on the YSR bands in Fe atom chains

It has been shown that the CDW can be pinned by crystal defects [Cos+18; Lan+14;
FW15; Cha+15; Arg+14] which means that the long-range order of the CDW is dictated
by the competition of crystal defects and natural periodicity of the CDW. Fe impurities
(being surface defects) also interact with the CDW to some extent as discussed already.
There is a slight mismatch between the periodicity of the chain (3a) and the periodicity of
the CDW (aCDW & 3a). Hence, the 3a-chain acts on the CDW as a large scale defect. On
short length scales, the Fe atoms seem to pin the CDW, such that all atoms coincide with a
CDW maximum leading to the perfect horizontal mirror symmetry observed in Fig. 6.6 and
Fig. 6.7 for chain lengths of < 10 nm. Beyond, the extent of the chain is comparable to the
length scale on which the CDW naturally transforms between the HC and CC structure
without the presence of defects. Thus, there is a competition between the 3a-spacing of
the chain and the natural long-range periodicity of the CDW being slightly larger. In the
previous section we observed the onset of YSR band formation. In the following we will
explore the interplay between the incommensurate CDW and the 3a-chain upon further
increase of the chain length and address the effect on the YSR bands.

The dI/dV spectra recorded along a 27-atom chain (Fig. 6.9a) reveal spatial modulations
of the YSR bands along this extended structure. This is most clearly expressed in the
absence of the overall mirror symmetry with respect to the center of the chain, which had
been preserved in the shorter chains. The white dashed and dotted lines mark the tip
energy gap and ±2.15 mV, ±1.95 mV, ±1.7 mV, respectively (as in Fig. 6.6). Interestingly,
within a wide region in the center of the chain, labeled as section 2, the spectra are similar
to the ones in the 11-atom chain. This region contains the previous 11-atom chain as
indicated by blue circles in the large scale topography in Fig. 6.9b. In particular, the bands
originating from the α- and β-states (spanning the energies between the dotted lines) are
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Fig. 6.9.: (a) Stacked constant-height dI/dV spectra (normalized) recorded along a line across
the 27-atom chain as illustrated in the inset topography. Set point for the spectra is
700 pA, 5 mV with a modulation of 15 µV. The (Nb) tip gap ∆t ≈ 1.55 meV is indicated
by the white dashed lines. White dotted lines are at ±2.15 mV, ±1.95 mV and ±1.7 mV.
Different sections of the chain are labeled with (1)-(3). (b) Extended STM topography
of the 27-atom chain. The position of the former 11-atom chain (Fig. 6.6k) is indicated
in blue (constant-current set point is 100 pA, 10 mV). One region with HC- (CC-) CDW is
highlighted in dark (bright) red. (c) FFT-filtered topography of (b). Dashed lines serve as
guide to the eye to illustrate CDW distortions in the background. (d) STM topography of
the 27-atom chain in the left. Corresponding constant-contour dI/dV maps at selected
energies in the right. Constant-contour feedback was opened at 700 pA, 5 mV and a
modulation of 15 µV was used. Maps recorded at energies not already covered by white
dashed/dotted lines are indicated by the red dashed-dotted lines in (a). For clarity, there
are more lines than maps as the white dotted lines point out the band edges of the two
YSR bands.
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visible with similar oscillatory behavior as on the shorter chain and remain at the same
energy delocalized over the entire region 2 (and even further into region 3). This we can
also identify in the dI/dV maps at corresponding energies (2.18 mV, 1.94 mV and 1.70 mV,
Fig. 6.9c) where we find in region 2 similar patterns as already observed along the shorter
chains (compare Figs. 6.9d and 6.7e-f).

In regions 1 and 3 these two bands slightly shift in energy leading to resonances at
different energies. For example, the patterns of the the low energy band edge is found
at the Fermi level (c.f. Fig. 6.9d, 1.54 mV) in region 1. Additionally, the YSR bands within
the superconducting coherence peaks in region 2, continuously shift toward the Fermi
level at the lower end of the chain (region 3) and also at the top (region 1), but remain
separated from the Fermi level in the latter. Figure 6.9d accomodates dI/dV maps at
selected energies (−2.50 mV, −2.26 mV, −2.02 mV, indicated as red dashed-dotted lines in
Fig. 6.9a) which reflect this dispersion. A complete set of dI/dV maps at various energies
can be found in Figs. A.17 and A.18. For instance, the highest-energy band is found in
region 2 in the map at −2.50 mV while it appears in region 1 and the top of region 3 at
−2.26 mV before appearing localized at the terminations at −2.02 mV.

We further note the presence of zero-energy states, localized on the very last atom at
the bottom of the chain and delocalized over region 1 in the top of the chain. While these
could easily be interpreted as MZMs, we emphasize that the continuous shift of multiple
YSR states toward zero energy disagrees with such an interpretation. Most probably, the
spectral weight found at zero energy arises from (multiple) YSR-derived states/bands
coinciding at this energy at the bottom end of the chain and is related to the α-band edge
which appears at zero energy in the top of the chain.

To understand the energetic shifts of the YSR bands qualitatively, we investigate the
phase of the CDW along the chain. Figure 6.9b shows an STM topography of a broader
area around the chain. The CDW is smoothly transforming between the usual HC and
CC patterns in the surrounding of the chain. Two small regions with the familiar HC
(CC) structure are highlighted in dark (bright) red. For direct inspection of the CDW, we
remove the atomic corrugation from the STM image by a Fourier-filter (Fig. 6.9c). The
black dashed lines (guide to the eye) connect maxima of the CDW and immediately reflect
its variation along the Fe chain. The CDW in region 1 is strongly distorted around the dark
defect close to the chain at the very top. In region 2, the CDW is parallel and „in-phase“
with the chain’s period of 3a, which allows all Fe atoms to be located at identical CDW
positions (maxima). Thus, the CDW seems to adapt the chain’s periodicity in this section
of the chain. The CDW in region 3 is not exactly parallel to the Fe chain. In particular, this
manifests as an additional CDW maximum gradually appearing in the left of the chain
(additional dashed line), resulting in different adsorption sites of the Fe atoms with respect
to the CDW. Thus, beyond a certain chain length (of the order of 10 nm), the positions of
the Fe atoms relative to the CDW vary along the chain.
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We can thus conclude that the changes in the YSR band structure are correlated with the
spatial variation of the CDW with respect to the Fe atoms. The incommensurate nature of
the CDW imposes a smoothly varying potential onto the YSR bands leading to the observed
energy shifts. We have shown in section 4.4 that the YSR states of individual Fe atoms
shift in energy due to the CDW-induced variation of the DOS and potential scattering
(c.f. section 4.4, [Lie+20]). In particular, we observe the α- and β-resonances to shift
towards the Fermi level when moving from a CDW maximum to minimum. This is in
agreement with the general downshift of the YSR-bands identified here when the atoms
do not coincide with the CDW maxima toward the chains ends (section 1 and 3). We note
that YSR bands close to the superconducting gap edge seem to be more strongly affected
by this additional potential, while the shift of bands deep inside the gap is more difficult to
detect. In both cases the potential can effectively lead to bands at or close to zero energy.
Due to their dispersive nature they seem to be localized in space at the chain ends and may
thus be easily be misinterpreted as MZMs. While the dispersive nature already contradicts
this interpretation, we extend the chain further in the next step and track the evolution of
the bands. If the zero-energy feature was a MZM, it should move along with the chain’s
extension.

We have seen so far that the gradual shift of the CDW relative to the Fe atoms within the
chain imposes smooth band bending along extended chains. Beyond a certain length, a
different configuration of the CDW around the chain becomes energetically more favorable.
In particular, we observe an abrupt change in the CDW background upon placement of
the 31st atom to the chain leaving the atoms in region 3 on minima of the CDW while
the atoms in region 2 still sit on CDW maxima. We interpret this as the result of the
sophisticated interplay between the extended Fe chain (spacing 3a) interfering with the
natural periodicity of the CDW, further complicated by the presence of crystal defects in
the vicinity of the chain. Importantly, the CDW configuration around the chain is stable
upon chain elongation for N < 30 and for N > 31 (data of the transition can be found in
Fig. A.19).

Therefore, we directly show the chain after its extension to a length of 51 atoms in
Fig. 6.10a. Additional atoms have been placed regions 4 and 5, the previous 27(11)-atom
chain is indicated in red (blue). In (b) we show the FFT-filtered version of (a) offering
insight into the CDW background. We find that the atoms in region 4 which contains the
former bottom end of the 27-atom chain (red arrow) are now located on CDW minima
while the atoms in region 2 still coincide with CDW maxima. This is illustrated by the
white grids which indicate CDW maxima around the chain (CDW maxima on crossings,
CDW minima in triangles pointing upwards). In between the CDW distorts rather abruptly
within ≈ 5 nm in region 3 as outlined by the black-dashed lines.

dI/dV spectra recorded along the entire chain are presented in Fig. 6.10c. White dashed
and dotted lines are at same energetic positions as before (tip gap and low-energy band
edges). We note rich energy variations along the chain. Interestingly, the regions with
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Fig. 6.10.: (a) STM topography (constant-current mode with set point 100 pA, 10 mV) of the 51-
atom chain. The position of the former 11(27)-atom chain (Figs. 6.6k and 6.9) is
indicated in blue (red). The red arrow highlights the end of the former 27-atom chain,
see text. Different sections of the chain are labeled with (1)-(5). Section (1) and (2)
are identical to Fig. 6.9a-c. (b) FFT-filtered topography of (a). Dashed lines serve as
guide to the eye to illustrate CDW distortions in the background. White grids indicate
the CDW maxima. (c) Stacked constant-height dI/dV spectra (normalized) recorded
along a line across the 51-atom chain (set point 700 pA, 5 mV with a modulation of
15 µV). The (Nb) tip gap ∆t ≈ 1.55 meV is indicated by dashed lines. The dotted lines
are located at ±2.15 mV, ±1.95 mV and ±1.7 mV.

strongest energy shifts coincide with the regions of most pronounced CDW distortions in
direct vicinity of the chain as highlighted by the black lines in Fig. 6.10b,c.

In section 1 and 2 spectra have not changed upon chain extension which is expected as
the position of the atoms relative to the CDW has not changed in this regions. This can be
identified in the dI/dV maps (Fig. 6.11) which are recorded at the same energies as those
presented in Fig. 6.9d for the 27-atom chain. In sections 1 and 2, where the CDW did not
change upon chain elongation, we find very similar patterns as in Fig. 6.9d at all energies.
Hence, the attachment of further Fe atoms does not affect the band structure, supporting
the band limit of the original YSR states. On the contrary, we observe different spectra and
wave function patterns in sections 4 and 5. We assign this strongly modified YSR band
structure to hybridization of YSR states of atoms adsorbed in minima of the CDW in this
section of the chain (region 4). Thus, in agreement with the findings on the 27-atom chain,
we conclude that the dispersing YSR bands are correlated with the configuration of the
CDW around the chain.

While the delocalized zero-energy mode is still present on one end (region 1, 1.54 mV)
we do not find its counterpart somewhere along the chain, contradicting a MZM as its
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origin (as mentioned above already, this state most probably arises from the low-energy
band appearing at zero energy in section 1). Therefore, we conclude that the zero-energy
dI/dV signal found on the ends of the 27-atom chain is imposed by the local potential of
the CDW leading to dispersing states and not due to topological end states.

For this particular chain, the CDW causes atoms in section 2 to be on the maxima of
the CDW while atoms in section 4 are located on CDW minima. Thus, the CDW divides
the chain in two regions with different band structures, connected by a small region
with strong band bending in section 3, where the CDW distorts rather abruptly in the
background. Hence, we can view this chain as two subchains. This scenario is further
supported by Fig. 6.12. It shows the same chain as in Fig. 6.11, but in section 3, where we
observe the strong band bending connecting both parts of the chain, we removed three
atoms (as the CDW starts to distort also on the left end, we also removed one atom there).
Indeed, comparing the dI/dV maps of Figs. 6.11 and 6.12, we find that the patterns in
regions (1,2,4,5) are very similar and hence, not affected by the removal of atoms in
section 3 - confirming the scenario of two independent subchains created by the CDW
around the chain.

To close this section we observe the formation of YSR-bands in Fe chains with interatomic
spacing of 3a. Furthermore, the incommensurate CDW sets a smoothly varying potential
landscape for extended chains leading to dispersing YSR-bands along the chain which
occasionally can lead to localized zero-energy modes which should not be misinterpreted
as MZMs as they are not robust upon chain increase. Therefore, the 3a-chain investigated
so far seems not to be in the right parameter regime to support a topological phase. The
phase diagram of dilute chains is affected by the exact spin structure of the chain, namely
if the spins are FM aligned or couple to a spin helix (c.f. section 6.1.2). In order to access
the spin configuration, one could perform spin polarized STS using spin-polarized tips (see
[Wie09; WZW11] for reviews). However, in weakly coupled systems, the energy scale of
the RKKY interaction is of order of 100 µeV. Considering the experimental temperature of
1.2 K and quantum fluctuations the spin-order might have very short lifetimes [Kha+12].
Thus, one usually needs an external magnetic field to stabilize the spin structure in the
order of 0.5 T [Kha+12] which is large compared to the small first critical field of NbSe2

(Bc1 = 20 mT). Of course, the presence of vortices affects (locally) superconductivity and
also the spins of Fe atoms on the surface hindering spin-sensitive measurements.

In the next section we explore the interaction between closely spaced Fe atoms in
neighboring HC sites which we have not addressed so far. Here, the interaction is not
mediated entirely via the substrate anymore (dilute limit), but the atoms can interact via
direct d level exchange - known as densely packed chains.
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Fig. 6.11.: STM topography of the 51-atom chain in the top. Corresponding constant-contour
dI/dV maps at selected energies in the bottom. Constant-contour feedback was
opened at 700 pA, 5 mV and a modulation of 15 µV was used. The (Nb) tip gap is
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Fig. 6.12.: Analogous data set as in Fig. 6.11, but the former 51-atom chain was separated into
a 19-atom and a 28-atom chain (topography in the top and dI/dV maps in the lower
panels, same parameters). Different sections (1)-(5) labeled identical to Fig. 6.11.
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6.3 Adatom chain with direct exchange
Omitted in section 5.3, we focus on the interaction between two Fe atoms with a spacing

of 1a in the following. For dimers with interatomic distances of ≥ 2a we showed that
the hybridization depends on the orientation of the atoms within the CDW. When the
atoms are on equal positions relative to the CDW we find the YSR wave functions to
form symmetric and antisymmetric hybrid states. In closely packed dimers we observe
fundamentally different behavior. First, we focus on the YSR resonances before addressing
findings at higher energies.

6.3.1 YSR resonances in densely packed structures

Figure 6.13a shows a topography of the 1a-dimer within the CC-CDW (same data
than in Fig. 5.7d). The closely packed dimer appears as one protrusion (bright red
trace, Fig. 6.13b). Even though we cannot resolve the individual atoms anymore, it
was ensured that the orientation of the dimer within the CDW and the atomic lattice is
well-controlled meaning that the maximum of the oval elevation is in the correct atomic
row and in between two HC sites (see Fig A.20 for a topography with overlaid grids).
The apparent height of the dimer compared to the monomer is only slightly increased
by ≈ 20 pm (c.f. dark and bright red curves in Fig. 6.13b). Low-energy spectroscopy
(Fig. 6.13c) on the positions of the two Fe atoms within the 1a-dimer (black, bright
red) and the substrate (gray) reveals strongly altered YSR characteristics. Fig. 6.13d
accomodates the corresponding stacked spectra measured across the dimer (white arrow
in Fig. 6.13a). Importantly, there are no intense in-gap YSR resonances. We observe only
very faint asymmetries within the range of the coherence peaks directly on the dimer. This
is in contrast to findings for single HC atoms and all HC dimers with spacings ≥ 2a which
showed intense and long-ranged in-gap YSR resonances (c.f. Fig. 5.8). The absence of
YSR states is also reflected in the dI/dV maps which exhibit very faint features compared
to the long-ranged oscillating wave functions observed before (note the largely reduced
dI/dV magnitude). Note that the remaining in-gap resonances at ±1.68 mV originate
from another nearby Fe atom as can be seen in Fig. 6.13e (right panel). Thus, intense
low-energy YSR resonances are absent on the 1a-dimer.

As for the 3a-chain studied in detail in the previous section, we increase the number
of atoms in order to investigate longer chains in the dense limit. In the left panel of
Fig. 6.14a we show a chain consisting of six atoms with separations of 1a between adjacent
atoms. The circles indicate the location of the individual atoms along the chain. The
chain appears as three oval elevations, i.e. three dimers along the chain as outlined by
the black circles which are either connected to each other or stay separated. This is in
contrast to previous observations in many systems of densely-packed atom chains which
formed uniform chains [Rub+15b; Nad+14; Paw+16; Nad+14; Fel+17] and artificially
constructed chains [Kim+18; Sch+20; Sch+21a; Sch+21b; Mie+21].
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Fig. 6.13.: (a) Constant-current topography (set point 100 pA, 10 mV) of the dimer with spacing
of 1a (data reproduced from Fig. 5.7d, right panel). The stars mark the positions of the
two atoms within the dimer. (b) Height profiles from the single Fe atom (Fig. 5.7d, left
panel) and the 1a-dimer in dark and bright red as indicated in the inset topographies.
(c) Normalized constant-height dI/dV spectra recorded on the atoms of the 1a-dimer
(black, bright red). Substrate spectrum in gray. (d) Stacked dI/dV spectra recorded
across the 1a-dimer as indicated by the white arrow in (a). Feedback was opened at
750 pA, 5 mV and a modulation of 15 µV was used. The (Nb) tip gap ∆t ≈ 1.30 meV is
indicated by the gray box/vertical lines (c,d). (e) Constant-contour dI/dV maps of the
1a-dimer (corresponding topography in the left). Bias voltage given in each panel and
indicated by the white dotted lines in (d) and the arrows in (c). Horizontal dashed line
serves as guide to the eye. Same feedback parameters as in (c,d).

When adding a 7th atom (here to the bottom end, 2nd panel of Fig. 6.14a) we find three
dimers and one single end (red arrow) as again indicated by the black circles. Interestingly,
by applying bias pulses in the order of ∼ 1 V at the dimerized end we can reversibly switch
the single end between both extremities of the chain5 (3rd panel). Adding the 8th atom at
the dimerized end (here bottom) results in two single ends with 3 dimers in the center
of the chain. This configuration is not stable upon measurements at higher voltages and
easily switches to the fully dimerized chain consisting of 4 dimers. While single ends
can be „normally“ manipulated, 1a-dimers are much more stable and cannot easily be
separated (with usual manipulation parameters6).

These findings suggest a pairwise coupling of Fe atoms within the 1a-chain and hold for
all chain lengths: If the number N of atoms within the chain is odd, the chain appears as
(N − 1)/2 dimers with one single end. For an even number of atoms, the fully dimerized
configuration (N/2) appears to be stable. The dimerization was observed independent
of the CDW structure in the background, i.e. there is no difference between HC and CC
structure.

Spectroscopy on these different chains reveals that whenever there is a single end there
are intense YSR resonances while the YSR states largely disappear where atoms appear

5This switching was tested to a chain length of 10 atoms.
6Separation of 1a-dimers was possible with a very reactive tip, but with the majority of tips it is not achieved

with the standard manipulation parameters.
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Fig. 6.14.: (a) Constant-current topographies (set point 100 pA, 10 meV) of the 6-atom chain, the
same chain elongated to 7 atoms with different dimerizations and the 8-atom chain
with two single ends. Red arrows point at the single end(s). Black dashed lines serve as
guide to the eye indicating the atoms’ position within the chain. (b) Normalized dI/dV
spectra measured across the 6-atom and 7-atom chain with the single end on different
sides (feedback opened at 700 pA, 5 mV; modulation of 15 µV). The exact position of
the lines is indicated in the topographies in the left of (c). The tip gap (∆t ≈ 1.55 meV)
is indicated by the white dashed lines. (c) Constant-contour dI/dV maps recorded at
the energies given in each panel (also indicated by the white dotted lines in part (b).
Topographies with the same area as the dI/dV maps in the left. The single ends are
marked in red (arrows and lines) in (b,c).
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dimerized in the topographies. This can be seen in Fig. 6.14b,c which contain line spectra
and dI/dV maps at selected energies. On the (fully dimerized) 6-atom chain and the
dimerized parts of the 7-atom chain we observe only faint YSR resonances within the
substrates coherence peaks. On the contrary, we observe intense long-ranged YSR states
on the 7-atom chain emerging from the single end of the chain (indicated by red arrows).
Note that due to their long-range nature (several nm) the YSR states arising from the chain
ends significantly leak into the chain and are spread over several atoms (chain length
of 7-atom chain: 6a ≈ 2 nm), but their extent is comparable to the YSR states on single
atoms.

We can unambiguously identify the single end as origin of these intense wave functions
on longer chains. Fig. 6.15a,c shows the chain extended to 37 atoms with the single end at
the bottom of the chain (red arrow). Both, line spectra (a) and dI/dV maps (c) unveil
the single end as the origin of the intense YSR states with their long-range oscillatory
decay. Along the rest of the chain as well as for chain with even number of atoms (fully
dimerized), we find the faint patterns within the substrates coherence peaks as already
pointed out before. Exemplarily, we show the 44-atom chain in Fig. 6.15b,d (Note the
strongly reduced dI/dV scale in order to resolve the patterns).

To summarize so far, Fe atoms with spacing of 1a appear as one single protrusion. While
single Fe atoms exhibit intense in-gap YSR states, we find only very faint YSR signatures
in the closely packed dimers. For more than 2 atoms within a 1a-chain, the Fe atoms
appear dimerized in the topographies for all chain lengths. The appearance of intense
YSR resonances is always linked to the single end in the topographies (for odd numbers
of atoms within the chain). Hence, the longer chains directly reflect the characteristics
observed on single atoms and 1a-dimers: intense YSR states on single ends or absence of
YSR resonances in the dimerized sections. Thus, the data suggests that atoms forming a
dimer interact stronger than adjacent dimers (and than single end to adjacent dimer for
odd atom numbers within the chain).

YSR resonances indicate the existence of spin [Hat+17; Kez+19; Kez+20a; Kez+18;
Cho+17a; Rub+16; Hom+20] giving insight into the spin state of the magnetic adsorbate.
Hence, the disappearance of the YSR resonances could hint toward a different spin state of
the Fe atoms within the dimers compared to the single Fe atom. In section 4.4.4 we noted
that the CDW has only slight influence on the d level resonances (Fig. 4.10). In the next
step we monitor the evolution of the d levels upon decreasing the distance between HC Fe
atoms in order to gain insight into the coupling mechanism within the closely packed Fe
atoms.

6.3.2 Direct exchange between d orbitals

All dimers so far (d ≥ 2a) have been considered in the dilute coupling scheme where
the interaction is purely mediated by the substrate via the RKKY interaction. However,
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Fig. 6.15.: (a,b) Normalized dI/dV spectra measured across a 37-atom (a) and a 44-atom (b)
chain (feedback opened at 700 pA, 5 mV; modulation of 15 µV; ∆t ≈ 1.55 meV in-
dicated by the white dashed lines). The exact position of the lines is indicated in
the topographies in the left of (c,d). (c,d) Constant-current topographies (set point
100 pA, 10 meV) of the 37-atom (c) and the 44-atom (d) in the left. The right panels
are constant-contour dI/dV maps recorded at the energies given above each panel
(also indicated by the white dotted lines in (a,b). The single end of the 37-atom chain
is marked in red (arrows and lines) in (a,c).

when the atoms are placed very close to each other, direct exchange between d orbitals
becomes relevant.

Figure 6.16a shows topographies of dimers with different separations within the CC-
CDW (analogue to Fig. 5.7d). The black star denotes the atom that was not moved during
data acquisition. Constant-current dI/dV spectra covering the positive bias range of a
single Fe atom (red trace) can be found in Fig. 6.16b showing the d level resonances as
discussed in section 4.3 (Fig. 4.5c). A substrate curve is given in gray. Data of the different
energy ranges, [−2 V,−0.2 V] and [−0.5 V, 0.5 V] are compiled Fig. A.21.

At this point we like to point out that we observe different resonances with different
Nb tips. While the YSR resonances are unaffected the Nb tips may exhibit non-flat DOS at
higher energies yielding additional resonances due to the convolution of tip and sample
DOS (c.f. section 2.2.1). Spectroscopic differences are less pronounced between different
Pb tips, but Pb tips are not capable of atom manipulation. Future measurements with
several Nb tips (more statistics) could be performed to unambiguously discern the different
d levels. Hence, the interpretation provided here has to be viewed as preliminary. In the
following, we do not aim at a complete identification of all d-resonances in the spectra,
but outline the key findings and interpret the data with regards to possible coupling
mechanisms between the atoms in closely packed dimers.
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Fig. 6.16.: (a) Topographies (constant-current mode with set point 100 pA, 10 meV) of a single Fe
atom and Fe dimers with spacings between 4a and 1a. The black star marks the atom
which was not moved during the approach series. The white arrows mark the position
of the linespectra in (c). The pink boxes indicate the area of the constant-dI/dV maps
in (d). (b) Normalized constant-current dI/dV spectra recorded on a single Fe atom
(red) and the substrate (gray) (200 pA; modulation of 5 meV). (c) Stacked dI/dV
spectra recorded across the Fe atom and all dimers as indicated in each panel. The
position of the spectrum shown in (a) is indicated in red. White dashed lines show the
energy of the constant-dI/dV maps in (d). The colored arrows in the left mark the
position of the spectra shown in Fig. 6.17a,c. (d) Constant-DOS images acquired with a
modulation of 30 meV. The bias set point is indicated above each panel. Corresponding
topography in the left. Black circles serve as guide to the eye for the atoms’ center.
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Importantly, the resonances at 0.6 V, 1.87 V and 2.15 V have been observed with all
Pb and Nb tips7 (c.f. Fig. 6.16b and Fig. 4.10). Note that the resonance at 2.15 V is very
broad and overlaps with the substrate bands at 2-3 V. The resonance around 1.2 V is not
observed with the majority of tips. Thus we assign this resonance to a tip state and will
ignore it in the following (analysis). Remember, that the resonances at positive voltage
arise from tunneling via singly occupied or empty d orbitals (c.f. section 4.3).

Discarding a complete analysis we can compare the data from different dimers recorded
with the very same tip apex. In Fig. 6.16c we show stacked spectra recorded across the
single atom and the different dimers as indicated in the corresponding topographies in
(a) by the white arrows. The position of the spectrum of Fig. 6.16b is indicated as red
dashed line. Comparing the different panels in Fig. 6.16c one finds that there are no major
differences between the LDOS of the single Fe atom and of the individual Fe atoms within
the 4a-, 3a- and 2a-dimers. They all exhibit similar resonances. We detect a slight shift to
lower energies (≈ 50 mV) in the 2a-dimer for the intense resonance around 1.87 V (left
dashed line) which is in the same order of magnitude than the small shifts observed for
different adsorption sites relative to the CDW (c.f. Fig. 4.10). Furthermore, the resonances
of adjacent atoms start to overlap in the 2a-dimer leading to slightly enhanced DOS in
between the atoms at 1.97 V (middle dotted line) which could indicate the inset of direct
overlap between the d levels.

In strong contrast, the LDOS acquired across the 1a-dimer shows drastic changes com-
pared to the single Fe LDOS and all dimers with d ≥ 2a. The resonances previously
observed at 0.6 V and 1.87 V are clearly not present on the 1a-dimer. Especially, there is
no resonance of similar intensity than the one at 1.87 V. For the faint resonance above 2 V
the situation is not as clear. Interestingly, we find a several resonances at different energies
across the 1a-dimer in the energy window [1.4 V, 2.3 V]. We note that these resonances
exhibit different intensity distributions along the dimer, with increased (at 1.45 V and
1.98 V) or reduced (at 1.77 V and 2.21 V) intensity on the center of the dimer.8

In order to study the spatial distribution of the LDOS in more detail we performed
constant-dI/dV imaging.9 Focusing on the energy interval [1.4 V, 2.3 V] we show constant-
dI/dV images obtained for the single Fe and the different dimers in Fig. 6.16d (voltages
indicated by the dotted lines in (c) and above each panel). The map area is outlined in
(a) by the pink frames. Black circles serve as guide to the eye to indicate the atoms’ size
and position within the maps. The resonance at 1.87 V exhibits one intense triangular
lobe centrally on the atom flanked by three faint stripes at its sides. The resonance at
2.15 V is mainly characterized by a circular lobe. The patterns in the surrounding are

7The fourth resonance at positive bias at 0.15 V is also detected with all different tips. This energy is not
covered in the energy range of Fig. 6.16. See Fig. A.21 for extended data of the other energy ranges.

8Further changes in the spectroscopy can also be discerned at lower (and negative energies, Fig. A.21), but
the resonances are unintense, broad and thus hard to disentangle from the background.

9Lock-In signal at a certain voltage used as feedback for tip position, for details of the measurement mode
see section 2.2.1.
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related to the CDW as this resonance is in the energy range of the substrate bands above
2 V. In agreement with the line profiles (Fig. 6.16c) we find similar shapes on the single
atom and on the atoms of the 4a- to 2a-dimers. In the 2a-dimer the spatial overlap of the
states leads to a resonance at 1.97 V which inherits fingerprints of both other states. As
expected from the line profiles, this changes for the 1a-dimer, where the constant-dI/dV
maps reveal different shapes. The state at 1.45 V exhibits one bright lobe with its main
intensity shifted to the left of the dimer axis (black circles indicate the atoms’ position) and
a less intense delocalized lobe spanning the right side of the dimer fading out at the top
and bottom. Remarkably, the state at 1.77 V exhibits reduced intensity on the horizontal
axis centrally on the dimer, i.e. seems to have a nodal plane. The resonance at 1.98 V is
characterized by one oval protrusion centrally on the dimer, also with faint lobes around.
Finally, the resonance at 2.21 V shows a more rectangular shape also centrally on the dimer.
In the line spectra in Fig. 6.16c (constant-current mode) we observe the presence of a
nodal plane also for this resonance. Here, one has to consider the measuring method of
the constant-dI/dV maps and the line spectra. On the one hand, as the constant-dI/dV
images are a convolution of the topography and the DOS, the nodal plane can be obscured
in the maps. On the other hand, the presence of a nodal plane may be exaggerated in the
constant-current spectra because the tip is closer to the surface at the edge of the dimer
than on its center [Zie+09]. Therefore, we can not unambiguously conclude about the
presence or absence of a nodal plane at this energy.

Thus, the 1a-dimer reveals abrupt changes of the d levels with respect to the single atom
and dimers with d ≥ 2a including resonances at different energies, different intensities
and different spatial appearance which could originate from the formation of bonding and
antibonding hybrid d orbitals. Note already, that this abrupt change in the d-resonances
appears in combination with the disappearance of the YSR states as discussed in the
previous section.

Before offering possible explanations, let us first study the high energy states in longer
chains with even and odd number of atoms. Selected constant-current spectra and line
spectra across a 6- and 7-atom chain can be found in Fig. 6.17a,b (data covering other
energy ranges can be found in Fig. A.21). The position of the spectra of (a) is indicated
in the line spectra in the according color, a substrate trace is displayed in black. The
position of the line spectra are indicated in the topographies in the left panels in (b).
For comparison, we plot a spectrum recorded on the single 1a-dimer in yellow (position
indicated by the yellow arrow in Fig. 6.16c, bottom panel). Comparing the brown and
yellow traces we find similar resonances for the freestanding dimer and the dimer within
the 6-atom chain.

Along the 6-atom chain one can identify periodic patterns which are symmetric around
the center of the chain (horizontal mirror axis). In the dimerized part of the 7-atom chain
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Fig. 6.17.: (a) Normalized constant-current dI/dV spectra recorded on the 6- and 7-atom chain
as indicated by the colored dashed lines in (b). For comparison, spectrum on a single
dimer (yellow, position as indicated in the left of Fig. 6.16c, bottom panel). Substrate
in black. Spectra offset as indicated in the right. (b) Stacked dI/dV spectra recorded
across the 6-atom and 7-atom chain (constant-current set point: 200 pA and 30 pA
for the 6-atom and the 7-atom chain, respectively; modulation 5 meV). Topographies
(constant-current mode with set point 100 pA, 10 meV) in the left show the position
along the chain. Data covering other energy ranges can be found in Fig. A.21. (c)
Normalized constant-current dI/dV spectra recorded on the single end of the 7-atom
chain (dark red, reproduced from panel a) and on one Fe atom of the dimers with
spacings of 2a, 3a (medium red) and on the single Fe atom (bright red) from Fig. 6.16c.
The positions of the spectra are highlighted by the arrows in Fig. 6.16c. Substrate
spectrum in black.
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one can realize the same periodic patterns while the LDOS at the single end is significantly
different than in the dimerized part.10

In Fig. 6.17c we compare spectra acquired on the single Fe atom (bright), on one atom
of the 3a- and 2a- dimers (medium red) and on the single end of the 7-atom chain (dark
red). We already noted a slight downshift of the resonance at 1.87 V upon decreasing
the separation (4a→ 2a) above (Fig. 6.16c). This trend continues for the data acquired
on the single end which is placed at a distance of 1a to the next dimer of the 7-atom
chain. Furthermore, we observe broadening of the intense resonance. Beside these
slight deviations the LDOS at the single end exhibits similar resonances as the single
Fe atom. Broadening and shifting of states may result from different screening by or
hybridization with the substrate and adjacent atoms which can be different for different
orbitals. Moreover, at the outermost dimer of the 6-atom chain there are states at similar
energies (blue traces in Fig. 6.17a) that spatially overlap with the intense state at the single
end which could feign the broadening.

Let us investigate the constant-dI/dV maps acquired on the 6- and 7-atom chains
(Fig. 6.18). Energies are indicated by the white dashed lines in Fig. 6.17b and above each
panel. Comparing the maps of the 6-atom chain to the maps recorded on the 1a-dimer
(Fig. 6.16d, bottom right panel) one can identify the 1a-dimer states appearing three times
in a row along the 6-atom chain (slightly shifted in energy). In particular, the dimer state
at 1.45 V exhibiting asymmetric DOS with intense lobe left of the dimer axis and the faint
lobe spanning from top to bottom at the right side of the dimer can be identified at 1.36 V.
Also the (1a-)dimer state with the nodal plane at 1.77 V can be found at 1.65 V along the
6-atom chain exhibiting nodal planes centered on each of the three dimers. Similar findings
hold for the resonances at 1.93 V and 2.23 V of the 6-atom chain which reveal similar
spatial fingerprints than the dimer maps at 1.98 V and 2.21 V. This behavior can also be
discerned in the constant-current line spectra. A detailed graphic illustrating the repetition
of dimer states along the chain can be found in Appendix Fig. A.22. Generally, one expects
increasing number of hybrid orbitals with increasing number of atoms ultimately resulting
in the formation of d-bands in a chain with uniform coupling (c.f. section 6.1.2). Hence, as
already pointed out earlier, this hints toward small or negligible coupling between adjacent
dimers.

For completeness, Fig. 6.18b shows constant-dI/dV maps acquired on the 7-atom chain.
During data acquisition the single end occasionally switched to the other side of the chain.
That is why some maps are acquired with the single end on top and others with the
single atom at the bottom of the chain as indicated by the topographies in the left of
the panels (and by red arrows). It was assured that no switch of the single end occured
during acquisition of each map presented here (by recording topographic images directly
before and after each constant-dI/dV map). In the dimerized part of the chain we identify

10In order to avoid switching of the single end during the measurement, the spectra on the 7-atom chain has
to be recorded at a very low current set point, i.e. the data is in general more noisy.
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Fig. 6.18.: (a) Constant-dI/dV maps acquired in the area of the topographies (constant-current
mode with set point 100 pA, 10 meV) shown in the left for the 6-atom chain (a) and the
7-atom chain (b). The bias set point is indicated between the top and bottom panels
(30 meV modulation) and by the white dashed lines in Fig. 6.17b. The single end of
the 7-atom chain switched in between recording the images (it was ensured that there
is no switch during one map). Arrows point out the single ends. Black dashed circles
serve as guide to the eye.

the same patterns as observed on the 6-atom chain. In contrast, we find (in agreement
with the line spectra) increased (reduced) signal at the bottom end of the chain at 1.65 V
(1.36 V) as there is a (no) resonance at the single end. Similar findings, although not as
clear hold for the top end at both higher energies (and also for the resonances at lower
energies, not shown).

To summarize, the findings at higher energies reveal striking changes in the d-orbital
structure when Fe atoms are brought close together. A spacing of 1a corresponds to a
distance of 3.44 Å [Mar+72] between the atoms which facilitates direct exchange between
the d orbitals and hence, they can form bonding and antibonding linear combinations.
Indeed, the constant-dI/dV maps inherit signatures of such hybrid orbitals. Interestingly,
the pronounced changes in the d level spectroscopy coincide with the quenching of intense
YSR resonances. Thus, the data further confirms the dimerization between two adjacent
Fe atoms within longer 1a-chains. In the following section we discuss different coupling
mechanisms that could explain the findings in both energy ranges.

6.3.3 Possible mechanisms of d orbital coupling

In the previous sections we presented extensive data covering the superconducting
energy range and the d-orbital physics. For all spacings d ≥ 2a between two Fe atoms
we find similar d-orbital structure and intense long-range YSR states. When reducing the
distance to d = 1a we find an abrupt change in the d orbitals accompanied with largely
quenched YSR states (only faint YSR fingerprints within the substrates coherence peaks).
We further find the Fe atoms appear dimerized in larger structures N ≥ 3. For odd numbers
of atoms the single atom attributes (intense YSR states and d levels) are recovered at the
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single end of the chain while the dimerized parts show similar features as observed on the
single 1a-dimer.

Recalling Eq. 4.14, the YSR excitation energy contains the spin S and the exchange cou-
pling J . The abrupt disappearance of YSR states can have several origins: (1) Quenching
of the magnetic moment in the 1a-dimer, (2) reduced exchange coupling J between the
(singly occupied) d levels and the substrate in the dimers and (3) purely antiferromagnetic
(AFM) RKKY coupling between the 1a-spaced Fe atoms. In the following we discuss all
mechanisms.

Recalling section 5.1.1, the RKKY interaction is an indirect spin-spin interaction mediated
by the conduction electrons. In the dense limit, the d orbitals overlap and direct exchange
between them should dominate the interaction in the 1a-dimers. This is in agreement with
the observed changes in the d levels for d = 1a. Furthermore, the RKKY interaction should
be uniform along the chain, independent of the number of atoms. Hence, the dimerization
with the presence of single ends rules out purely AFM RKKY interaction to be the origin
of the diminished YSR signatures. Moreover, the recovery of the single atom attributes at
single ends and the constant number of hybrid orbitals discerned on the dimer and 6-atom
chain (being similar to three dimers in a row) hint toward small or negligible hopping
between adjacent dimers (or between a dimer and a single end). Further, the dimer d
orbitals inherit signatures of bonding and antibonding hybrid orbitals and manipulation
experiments show (relatively) strong bonding within the dimer. Hence, we interpret the
dimers in terms of formation of covalent bonds between two Fe atoms, i.e. the formation
of Fe2 molecules on the NbSe2 surface with no or very weak interaction between adjacent
molecules (or between a molecule and a single atom next to it).

In the following we address points (1) and (2) of above. In gas phase all d orbitals are
degenerate and split in bonding and antibonding hybrid orbitals upon molecule formation.
Here, it is straightforward that the molecule is stable only if more electrons occupy bonding
orbitals than antibonding ones. The situation including two degenerate levels is sketched
in Fig. 6.19c. Albeit, we observe not only orbitals with antibonding character, but also
orbitals which seem to be bonding at V > 0. Remember, that all orbitals found at positive
bias correspond to empty of half filled levels.

Importantly, we should consider that the Fe2 molecules form on the surface of NbSe2.
Hence, the starting point is the non-degenerate d levels split by the crystal field. Fig-
ure 6.19a images the 1a-dimer (from Fig. 6.16a) in a 3D view. The red triangles indicate
two adjacent HC sites, i.e. the adsorption configuration of an Fe2 molecule. The x- and
y-axis point along and perpendicular to the dimer axis, respectively. Figure 6.19b presents
the crystal field split d levels within a trigonal-pyramidal (ML3) adsorption configuration
(c.f. Fig. 4.1e) and a 3D representation of the d-block within the same coordinate system as
in Fig. 6.19a [Jea05]. We now focus on two orbitals of the d-block: one with two lobes
pointing along the x-axis (red ellipse) and one with all lobes directed in the yz-plane (blue
ellipse). We expect strong splitting upon hybridization in the Fe2 molecule for the former
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Fig. 6.19.: (a) 3D topographic view of the 1a-dimer (constant-current mode with set point
100 pA, 10 meV). Axis are indicated in white and red triangles outline two adjacent HC
sites. (b) Crystal field split d orbitals (pyramidal ML3 crystal field) with a 3D represen-
tation in the left. Images taken and adapted from [Jea05]. (c) Schematic illustration
of two singly occupied degenerate d levels with different hybridization strengths. All
electrons occupy bonding states in the molecule. (d,e) Schematic illustration of two
non-degenerate levels and their possible occupation with electrons. In (c) doubly
occupation is favored. In (d) the energy gain due to parallel spin wins.

orbital (σ-bond) while the hybridization would be weak due to small overlap for the latter.
Remember, that this splitting due to hybridization happens within the crystal field. As
the separation of the atoms forming the Fe2 molecule is only one lattice site (a = 3.44 Å),
we expect the splitting upon dimerization to be in the same order than the crystal field
splitting.

Considering only these two orbitals we schematically illustrate one possible scenario in
Fig. 6.19d that can lead to the presence of unoccupied bonding levels. In the monomer
(left), both levels are singly occupied due to Hund’s energy gain (which exceeds the energy
splitting indicated by the gray arrow). In the molecule the electrons of the blue monomer
level can lower their energy by doubly occupying the red antibonding orbital (energy gain
of twice the yellow arrow). Thus, we find the bonding level of the blue level among the
empty orbitals. This corresponds to point (1) of above implying that the disappearance of
the YSR states originates from a quenched total spin S = 0 within an Fe2 molecule. Hence,
the orbitals detected at positive energies would correspond to unoccupied levels in this
scenario.

However - to address the third possible scenario - the hybrid orbitals detected at positive
bias could also be singly occupied when the spins are aligned as sketched in Fig. 6.19e. In
this case the energy gain by doubly occupying the red level (yellow arrow) is smaller than
the energy gain by aligning the spins (Hund’s ernegy). In this case, the Fe dimers carry a
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non-zero spin and the resonances at V > 0 would correspond to singly occupied levels.
If the spin is carried by hybrid orbitals which point away from the surface, the exchange
coupling J with the substrate would be small and thus, YSR resonances can appear as
weak features at energies within the substrates coherence peaks (free-spin regime).

Dimerization along self-assembled Co chains on Cu(111) [Zak+13] was observed. DFT
calculations suggest FM exchange between two Co atoms to be the driving mechanism for
the dimerization along the chain. Hence, the Co atoms within the dimer both keep the
high-spin configuration of the single Co atoms.

In the simple examples of Fig. 6.19d,e we considered only two orbitals, generally
explaining the appearance of bonding orbitals at positive energy. In reality, of course, a
mixed version with some resonances probed at positive bias being empty and some being
singly occupied is realistic. Concluding, experiments reveal the formation of (nearly)
noninteracting/independent covalently bonded Fe2 molecules within 1a-spaced atomic
chains on NbSe2.

As discussed before we are not able to unambiguously identify the complete set of
d orbitals in the data. Future measurements with different tips could enable a more
complete interpretation (in order to unambiguously distinguish orbital states from possible
tip states). Also the use of functionalized tips (e.g. attaching a single CO molecule to the
tip apex) [Gro+11] could enhance the resolution enough to discern the different d level
geometries. However, resonances at negative energies (corresponding to the filled states)
are generally hard to discover by STS. Supporting DFT calculations could provide more
insight into the exact adsorption configuration (trigonal planar or trigonal-pyramidal ML3,
c.f. Fig. 4.1) of a single HC atom and the 1a-dimer which we cannot access with our STM
measurements and provide the d level splitting within the crystal field and the expected
spin configuration of monomer and dimer.

In order to access the spin configuration of the Fe2 molecules, one could perform spin
polarized STS using spin-polarized tips (see [Wie09; WZW11] for reviews) and search for
FM contrast on the dimerized chain. For example, the orbital character of the minority
and majority spin channels of Co atoms on a Mn layer on W(110) could be resolved with
a spin-polarized tip in [Ser+10]. However, such experiments are quite demanding as
they require preparation and calibration of the spin-polarized tip on the surface and may
be not easily realized in our material system (requirement of a particular tip for atomic
manipulation).

Additionally, one can search for different magnetic fingerprints. Examples involve spin-
flip excitations or Kondo anomalies11 (in the non-superconducting state). Spin-excitations
can appear as symmetric steps/peaks outside the superconducting energy gap (∼ meV-
range) which result from tunneling processes involving an inelastic spin-flip channel
[LLH10; Hei+04; Kez+19]. The Kondo effect arises from the local screening of the

11Preliminary data show broad Kondo features on single HC Fe atoms, not shown in this thesis.
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impurity spin by the surrounding conduction electrons and manifests as a resonance at
the Fermi level which is characterized by a particular (Fano-) lineshape (c.f. section 4.1.2
[Hew93]). The presence of either one would imply a non-vanishing spin of S ≥ 1 for
the former and S ≥ 1/2 for the latter. However, the disappearance of a Kondo resonance
upon dimer formation does not necessarily imply a quenched dimer spin as shown for
FM closely spaced Co-dimers on Cu(100) [Wah+07] and Au(111) [Che+99]. Also, spin
excitations might be flattened out due to strong scattering between the magnetic impurity
and the metallic host and thus not be resolved. Different measurements methods such
as XMCD (X-ray magnetic circular dichroism) spectroscopy performed on samples with
different coverage of Fe atoms could help to access the spin configuration. However, this
method is an averaging technique and lacks spatial resolution.

Closing the chapter, even though the actual spin configuration (complete d level occupa-
tion) of the 1a-dimers remains an open question to be addressed in future experiments,
the data shows the formation of (nearly) non-interacting Fe2 molecules within the chain.
The position of the single end is stable, but reversibly switchable by bias pulses and could
thus be used at a single bit data storage. In case of FM dimers the molecules within
the chain could act as „spin-isolated“ units [Zak+13] along the chain which might be
controllable by placing magnetic atoms at a certain distance nearby exploiting dipolar or
RKKY interactions.
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7Conclusion and Outlook

In this thesis we investigated Fe atoms adsorbed on the surface of 2H-NbSe2 by means of
scanning tunneling microscopy and spectroscopy. The coexistence of superconductivity
and a charge density wave (CDW) at low temperature provides a complex platform
for the study of Yu-Shiba-Rusinov (YSR) states. Atomic manipulation facilitates the
assembly of customized adatom arrangements which we exploit in order to study the
interaction between Fe atoms in various different dimers and larger structures such as
adatom chains.

Tunneling spectroscopy performed on the clean surface exploiting the superior energy
resolution of superconducting tips reveals a peculiar quasiparticle density of states (DOS).
In a combined STM and ab initio study [San+21] this quasiparticle DOS could be well
reproduced. In the study, first-principles simulations reveal the highly anisotropic nature
of superconductivity in NbSe2 ruling out the scenario of multiband superconductivity. The
calculations further shine light onto the complex interplay between the CDW and super-
conductivity - both being charge-ordered phases driven by electron-phonon coupling.

We successfully employed 2H-NbSe2 as a superconducting substrate for the investigation
of YSR states induced by Fe atoms, which adsorb in the two hollow sites of the terminating
Se layer (HC and MC). For both species, the strong 2D electronic character of NbSe2 yields
long-ranged YSR wave functions. The incommensurate CDW induces local variations of
the DOS. We found that the exact position of the Fe atoms relative to the CDW affects
the YSR energy and governs the symmetry of the wave function. By investigating various
HC atoms we could track the evolution of the two YSR states deepest within the gap,
referred to as α- and β- state, along one period of the CDW. The correlation between
the YSR excitation energies and the CDW-induced DOS suggests a screened-spin ground
state for both (α-, β-) states at the maximum of the CDW. For adatoms coinciding with
the minimum of the CDW, the deepest in-gap resonance, α, undergoes the quantum
phase transition to the free-spin regime. The experimental findings were qualitatively
reproduced within a phenomenological mean-field description of the CDW incorporated in
a simple tight-binding model of NbSe2 [Lie+20; Ace20]. Thus, the CDW creates a variety
of inequivalent sites and, hence, provides a novel mechanism to tune YSR energies of
magnetic adsorbates across the surface.

Besides the CDW-induced variations of the YSR energies we find spatial variations of
the YSR energies in the vicinity of MC atoms. Possible origins involve slight movement
of the atoms within the adsorption site due to van der Waals forces between tip and
adatom or the electric field present in the tunnel junction. At this stage, we are not able
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to unambiguously discern the underlying mechanism. The number of YSR resonances of
both species (MC and HC) is in agreement with a high-spin configuration Simp = 2 of the
Fe atoms. Fingerprints of magnetic-anisotropy-split YSR excitations could be revealed.

During this thesis, manipulation of Fe atoms on NbSe2 with superconducting Nb tips
could be successfully established. This allows the assembly of customized adatom arrange-
ments while retaining the high energy resolution of a SC tip. The large extent of the YSR
wave functions allows hybridization in dimers with interatomic separations of several
lattice sites - referred to as dilute coupling limit.

Based on the knowledge of the effect of the CDW on the YSR states of single HC atoms
we assembled and investigated various atomic dimers within the rich landscape provided
by the incommensurate CDW. Dilute dimers with interatomic separations ranging from
two to four lattice sites have been explored. We find that the hybridization between
YSR states sensitively depends on the position of the individual atoms forming the dimer
relative to the CDW. In particular, the incommensurate nature of the CDW allows the
comparison between dimers with equal separation, but with both constituents on equal
or different CDW positions. If the prerequisite of identical positions relative to the CDW
of both constituents and hence, similar YSR energies is met, we observe hybridization
between YSR states which is absent otherwise.

Dimers consisting of HC atoms with a separation of three lattice sites (3a) almost match
the CDW periodicity (aCDW ≈ 3.05a). On dimers with both atoms on adjacent CDW
maxima, we found a dimerization-induced quantum phase transition of the α-derived
hybrid states. This transition is probably driven by the RKKY interactions and not be
explained classically. The larger gain in RKKY energy overcompensates the energy required
to drive the hybrid α-states (deepest within the gap) from the screened-spin to the free-spin
regime.

A separation of 3a ≈ 1 nm between adjacent HC atoms should facilitate coupling within
the landscape set by the incommensurate CDW on larger scales as neighboring atoms sit
on nearly identical CDW positions. In order to realize an extended YSR chain in the dilute
coupling limit we stepwise increase the number of atoms (keeping the separation of 3a)
and track the formation of the YSR bands. We find that for intermediate chain lengths
(. 10 nm) the CDW adopts the periodicity of the chain yielding uniform hybrid bands along
the entire structure. For increased chain lengths the natural long-range periodicity & 3a of
the CDW imposes a smoothly varying background potential along the chain inducing band
bending of the YSR bands. Up to a chain length of 51 atoms we do not find evidence of
Majorana end states.

Beside the systematic investigation of hybridization between YSR states within various
atomic dimers and the realization of a extended chain in the dilute coupling limit we
studied closely packed dimers. Here, Fe atoms are located on adjacent HC sites and d

orbitals directly overlap. We find that atoms within linear structures with more than two
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Fig. 7.1.: (a,b) STM topographies (constant-current mode with set point 100 pA, 10 mV) of three
Fe atoms arranged in a triangle with sides of 6a (a) and 3a (b). Exemplary constant-
contour dI/dV maps of the hybrid YSR states. Constant-contour feedback was opened
at 250 pA, 5 mV and a modulation of 15 µV was used. Bias voltages are given above each
panel. The Nb tip gap is ∆t ≈ 1.55 meV. (c) Stacked normalized constant-height dI/dV
spectra recorded centrally on various MC Mn atoms. Spectra are sorted by the energy
of the intense YSR resonance. Feedback was opened at 200 pA, 4 mV and a modulation
of 15 µV was used. The (Pb) tip gap of ∆t ≈ 1.35 meV is indicated by the white dotted
lines.

atoms appear dimerized in the topographies accompanied by the disappearance of intense
YSR resonances and an abrupt change of the d level resonances. These observations
indicate the formation of covalently bonded Fe2 molecules on the NbSe2 surface. Further
studies (STM and DFT) should be performed to reveal the spin state of the Fe2 molecules
and to discern the full electronic structure of the d shell.

The findings of this thesis put forward NbSe2 as a well-suited substrate for the inves-
tigation of coupled YSR states and pave the way for various following experiments. We
can go beyond the 0D (atom) and 1D (chain) nanostructures and study wave function
hybridization within 2D arrangements of adatoms. For example, in the dense structures
one could create frustrated spins in closed loops consisting of an odd number of Fe atoms.
Further, closed loops of dilute assembled Fe atoms could mimic infinite YSR chains. First
exemplary dI/dV maps of two triangular structures with side lengths of 6a and 3a are
presented in Fig. 7.1a,b showing auspicious wave function patterns.

On the one hand the CDW constitutes a rich energetic landscape for the assembly of
diverse atom assemblies. But it also limits the extent of YSR chains with constant-energy
YSR bands due to its incommensurate nature. Possibilities to overcome this limitation
would be the use of a different adatom species that is less sensitive to the CDW-induced
variations of the DOS. Here, first experiments with Mn atoms on NbSe2 showed promising
results as can be seen in Fig. 7.1c. It shows a plot of stacked dI/dV spectra recorded on
the centers of various MC Mn atoms on multiple positions relative to the CDW. Mn atoms
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Fig. 7.2.: Large scale constant-current topography (left) and close-up view of a smaller area (right)
of NbS2 islands grown on a Au(111) surface (set point: 100 pA, 1 V).

exhibit only one pronounced YSR resonance. We find only slight variations within the
multiple MC Mn atoms.

Further, one could employ NbS2 as a substrate which has - beside the lack of a CDW -
very similar physical properties as NbSe2 [Gui+08b; Fen+16; Hei+17]. Recently, there
was progress in the development of the growth of bulk NbS2 crystals such that sufficiently
large samples for the investigation by scanning tunneling microscopy are commercially
available. One could also implement the growth procedure of single-layer NbS2 in order
to obtain truly 2D superconductivity [Sta+19; Zha+19]. First experimental attempts to
grow NbS2 on a Au(111) have shown promising results as can be seen in the topographies
in Fig. 7.2, where one finds large monolayer-NbS2 islands. However, at 1.2 K we do not
find evidence of a superconducting energy gap. One could avoid hybridization with the Au
surface by employing a decoupling layer as graphene, on which superconducting single
layers of NbSe2 have been successfully grown [Uge+16; Xin+17]. Another possibility is to
implement the growth process on a superconducting or semiconducting substrate.
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AAppendix

A.1 Details of the numerical deconvolution
As described in section 2.3.3, the characterization of the SC tips on the corresponding

crystal before changing to the NbSe2-substrate gives us already a good estimate of the tip’s
energy gap ∆t and the depairing factor Γ (c.f. Eq. 2.20).

In order to assure that the tip properties did not change during sample exchange
from Pb/Nb samples to NbSe2, we checked the accurateness of the tip’s energy gap by
deconvolution and recalculation of spectra on several Fe adatoms for each sample and tip
preparation. If a slightly inaccurate value of the energy gap is assumed for the tip, the
energies of the thermally excited YSR resonances are found in a wrong position in the
recalculated trace as can be seen in Fig. A.1a (red arrows). Before deconvolving all spectra
are normalized and smoothed using a Savitzky-Golay filter.
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Fig. A.1.: (a) Original and recalculated data of a atom I of section 4.4. (b) Deconvoluted data.
The deconvolution is performed with different values for the tip gap as indicated in the
panels. Already for slightly inaccurate tip gaps the thermal peaks start to deviate when
we recalculate the data.
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A.2 Additional data and discussion to section 3.2.2
Intensity variations on the scale of the CDW can be identified by comparing the dark,

medium and bright traces of each color corresponding to minimum, local minimum and
maximum of the CDW in the HC (red) and CC (brown) phase as indicated by colored stars
in the topography. The bottom trace is the average of all six spectra and is used for the
comparison with the simulations in Fig. 3.8c in section 3.2.2. The intensity variations are
of similar magnitude than the atomic scale variations (c.f. Fig. 3.6).
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Fig. A.2.: (a) Constant-current image of a clean NbSe2 surface (recorded with a set point of
100 pA, 10 mV). (b) Constant height dI/dV spectra taken on the NbSe2 surface at the
positions indicated with the colored stars in (a) recorded with a Nb tip (feedback was
opened at the position of the bright brown spectrum for all traces shown at 250 pA, 5 mV
and a modulation of Vrms = 15 µeV was used). The black curve is the average between
all six colored spectra and is used in Fig. 3.8c. Spectra offset for clarity.
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A.3 Additional data and discussion to section 4.4

A.3.1 Additional dI/dV maps and the influence of the NDC
Figure A.3 accommodates the complete set of the dI/dV maps of the ±α- and ±β-

resonances of atoms I-VI. The positive bias voltage panels were already presented in
section 4.4, Fig. 4.7a, but are still presented here for better comparison. Their negative
counterparts are depicted in the lower two rows. As introduced in section 4.2.1, opposite
bias polarities image the |u|2 and |v|2 components of the YSR wave function, respectively
[Rus69].

As expected, the |u|2 and |v|2 components lead to distinct scattering patterns. As
discussed in section 4.3, the convolution of tip and sample density of states can lead to the
appearance of a negative dI/dV signal. Its spatial variations can induce distortions of the
intensity of individual YSR states, culminating in their suppression in the NDC region of a
nearby state. Consequently, also the dI/dV maps at the energy of a specific YSR state may
be affected by a close-lying YSR state.

In particular, the ±β-states of atom II, IV and V are strongly affected by the NDC of the
±α-resonances, which are close in energy (Fig. A.3). In order to grasp the effect of NDC,
we investigate the dI/dV maps of thermally excited YSR states. As mentioned in section
4.3, thermal excitation of quasiparticles leads to additional resonances within the energy
gap of the tip (for example, c.f. Figs. 4.5 and 4.6, grey shaded area). Whereas the original
resonances are found at a bias voltage of eV±α,±β = ±|∆t +Eα,β|, the thermally excited
states are located at eV±α?,±β? = ∓|∆t − Eα,β| [Rub+15c].

The thermally excited YSR states are of much less intensity and, therefore, exhibit
small or negligible regions of NDC. Figure A.4 shows the dI/dV maps recorded at the
corresponding voltages of the thermally excited YSR states for atoms I-VI arranged in a
manner that the thermal duplicates can be found at the same position within the array
as in Fig. A.3. In these maps the similarity of the ±β? states of atoms I, II and IV is more
striking than in the original maps of ±β.

To further illustrate the impact of the NDC from the ±α-YSR resonances on the ±β
state, we simulate the map of ±β by subtracting a fraction of the ±α maps (mimicking the
NDC) from the thermal ±β? maps (Fig. A.5a,b). The result (Fig. A.5c) shows remarkable
similarity to the original ±β-states (Fig. A.5d), illustrating the impact of NDC on the
observed wave function patterns.
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Fig. A.3.: Constant-contour dI/dV maps (9.5 nm × 9.5 nm) of the YSR (±α,±β) states of HC
atoms I-VI (set point: 200 pA, 4 mV; Vrms = 15-25 µeV; Vbias as indicated in the images).
The insets show a 2 nm × 2 nm close-up view around the center of the atoms. Black
dashed circles (diameter 1 nm) outline the atoms’ position. The grey dashed lines in
the bottom map of each atom indicate the crystal’s symmetry axes. Thick lines indicate
mirror axes present in the dI/dV map. Data is partially reproduced from Fig. 4.7.
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Fig. A.4.: Constant-contour dI/dV maps (9.5 nm × 9.5 nm) of the thermally excited YSR
(±α∗,±β∗) states (set point: 200 pA, 4 mV; Vrms = 15-25 µeV; Vbias as indicated in
the images). The insets show a 2 nm × 2 nm close-up view around the center of the
atoms. The images are arranged in the same way as in Fig. A.3, i.e. the maps of the
thermally excited YSR states can be found in the same position within the array as in
Fig. A.3. For YSR resonances at zero energy (i.e. eV+α,β = eV−α,β = ∆t) there are no
thermal duplicates (grey area).
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Fig. A.5.: Constant-contour dI/dV maps of (a) +β? (top) and −β? (bottom) of atom II, and (b)
+α (top) and −α (bottom) of atom II. (c) Difference images: +α (−α) map subtracted
with a factor of 0.7 (1.0) from the map +β? (−β?). (d) dI/dV map of the +β (top) and
−β (bottom) resonance. Panels (c) and (d) exhibit very similar patterns. Data in (a) is
reproduced from Fig. A.4. Data in (b,d) is reproduced from Fig. A.3.
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A.3.2 Possible alignments between the atomic lattice and the
incommensurate CDW

As seen in Fig. A.6 and Fig. 4.9 in section 4.4, some regions along the CDW cannot be
probed by Fe adatoms (gray areas). To understand the absence of data in these regions, we
illustrate the phase change of the CDW (black rhombi with gray and black dots representing
CDW maxima and minima, respectively) with respect to the atomic lattice (gray lattice)
along one main symmetry axis in detail in Fig. A.6. One HC adsorption site of an Fe atom
is marked by a colored triangle in the atomic lattice. The green triangles indicate observed
lattice sites, whereas the red triangles indicate that we did not find these adsorption sites
relative to the CDW. The latter cases correspond to configurations, where the maximum of
the CDW is located on top of a MC site. As discussed in section 3.2.1, this CDW structure,
where the CDW maxima coincide with the Nb atoms (i.e. MC sites) are energetically
unfavored as shown by DFT calculations and hence, are not observed across the surface
[GOY19; Zhe+18; Gus+19; LSD18; Cos+18]. Therefore, the corresponding positions of
HC sites relative to the CDW cannot be found either. This explains the absence of data
points in the gray areas with only one exception as indicated by the red box in Fig. A.6b.
Here, the atomic HC adsorption site would exactly coincide with the local minimum of the
CDW corresponding to the third high symmetry position. As already discussed in section
4.4, Fe atoms on such a site were not found in experiment. We attribute this to the delicate
interplay between the CDW and the Fe atoms. It seems that the energy landscape of the
CDW and hence, its configuration across the surface is affected by the Fe adatoms for this
specific adsorption site.
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Fig. A.6.: (a) FFT-filtered topography already presented in Fig. 4.9a in section 4.4. (b) Illustration
of the alignemt between CDW and atomic lattice following a symmetry axis of the CDW.
The CDW is depicted by the black grid, where gray (black) dots indicate CDW maxima
(minima). The Se grid is overlaid in gray (Se atoms located at vertices of the triangles).
The HC (MC) adsorption sites correspond to triangles pointing up (down). One HC
site is marked in color. Green/red indicates if the relative orientation of both lattices
relative to each other can be found in experiment. (c) Connection to the linecut along
the symmetry axis of the CDW (reproduced from Fig. 4.9e).
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A.4 Additional data and discussion to section 4.6
Figure A.7a,b provides large topographies of both MC atoms of type (i) and (ii), respec-

tively, overlaid with CDW grid as in Fig. 4.8 for HC atoms. Atom (i) is located near a CDW
maximum and atom (ii) near a CDW minimum. In (c), their adsoprtion sites are marked
with the thick triangles in corresponding color. Note that in Fig. A.7a the CDW is distorted
in the left of the atom due to the defect visible in the edge of the topography.
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Fig. A.7.: (a,b) Constant-current topographies (set point 100 pA, 10 mV) of both atoms from
Fig. 4.13. Atom (i) in (a), atom (ii) in (b). Analogue to Fig. 4.8, the CDW is depicted by
the black grid, where gray (black) dots indicate CDW maxima (minima). The center of
each atom is marked by the blue (red) cross. Atom (i) is located near a CDW maximum,
atom (ii) near a CDW minimum. (c) Adsorption positions (MC sites) relative to the
CDW of both atoms in the scheme of Fig. 4.8b indicated by the thick triangles in blue
and red for atom (i) and (ii), respectively.

Fig. A.8a,b shows data of atoms located in similar positions close to the CDW maximum
and minimum as presented in section 4.6, Fig. 4.13c,d acquired using Pb tips. The data
shows that also Pb tips induce spatial variations of the YSR excitations comparable to the
Nb tips. As discussed in the main text, the magnitude of the observed shifts depends rather
on the shape of the tip apex than on the tip material.
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Fig. A.8.: (a,b) Stacked dI/dV spectra recorded across MC atoms on similar CDW positions as
in Fig. 4.13c,d as illustrated in the inset topographies (constant-current mode with
set point 200 pA, 4 mV) using a Pb tip. Feedback was opened at 200 pA, 4 mV and a
modulation of 15 µV was used. The Pb tip gap of ∆t ≈ 1.35 meV is indicated by the
vertical dashed lines.
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Fig. A.9.: z-channel of a constant-contour dI/dV map recorded over an MC atom. Feedback
parameters of 250 pA, 5 mV are used. The atom is dragged by the tip during data
acquisition.

As discussed in section 4.6 MC atoms are less stable than HC atoms. With some (Nb)
tips the MC atoms had to be measured with reduced set point (100 pA, 10 mV instead of
250 pA, 5 mV) as they tend to follow the tip otherwise. An example is shown in Fig. A.9
which shows the z-channel of a constant-contour dI/dV map. During this long-term
measurement (several hours) the atom followed the tip continuously. Importantly, such
occasional manipulations do not happen for HC atoms. This illustrates that the usual
set point parameters correspond to a regime with strong enough vdW forces close to the
manipulation regime of MC atoms while the HC atoms are more stable.

Figures A.10 and A.11 complement Fig. 4.15 and compile dI/dV maps at various volt-
ages of the type (i) and type (ii) atom. The dispersing YSR excitations manifest as
ring-shaped features as discussed in the main text. When the YSR resonances saturate in
energy the rings continuously transform into typical oscillating YSR wave functions. As
discussed in the main text there is not only one intense in-gap resonance per atom. On
atom (i) the intense one is saturating to ≈ 1.5 mV while the second less intense resonance
saturates to . 1.4 mV. Interestingly, the maps reveal very similar wave functions at these
energies differing only in the intensity. This suggests that these excitations correspond
to a magnetic anisotropy split doublet. We find a similar doublet, although the second
resonance being very unintense (not discernable in the line spectra of Fig. 4.13d) also for
the atom (ii), where both excitations saturate to ≈ 1.7 mV and ≈ 1.4 mV as can be seen in
the corresponding dI/dV channels.

We further note that the maps recorded on both atoms reveal similar wave functions
appearing at different energies as for the HC atoms. We also note the presence of one
mirror symmetry axis in each map as expected for MC sites. The axis is indicated in the
topography in the top left panel in each figure.
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Fig. A.10.: Complementary data to Fig. 4.15a, i.e. atom (i) which is close to the maximum of the
CDW. Same parameters as in Fig. 4.15.
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Fig. A.11.: Complementary data to Fig. 4.15b, i.e. atom (ii) which is close to the minimum of the
CDW. Same parameters as in Fig. 4.15.
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A.5 Additional data and discussion to sections 5.2.1
and 6.2.1

Figure A.12a-c accommodates the dI/dV maps of the (hybrid) α- and β-resonances
recorded at the opposite bias polarity than in Figs. 5.3a,b (monomer, dimer) and 6.4d
(trimer). In Fig. A.12a we identify the familiar patterns of the α- and β-states at negative
bias voltages (c.f. Figs. 4.11b and A.3, atom I). In the following we address features of the
data supporting the assignment of α- and β-like states of sections 5.2.1 and 6.2.1.

In Fig. A.12d,e we plot the thermally activated duplicates of the α-states of dimer and
trimer. The panels are arranged in a manner that the thermally excited states appear in
the same order than the original wave functions. Generally, the thermal maps show the
same patterns as the original states, however, since they are less intense they are less/not
affected by NDC effects. For example, while being strongly obscured by the NDC of αd1

in the original maps (Fig. 5.3b), we can identify the symmetric α-like linear combination
in the corresponding thermal map αd0∗ at 1.39 mV. Moreover, both original α-resonances
found at negative bias, −αd0 and −αd1 (Fig. A.12b) do not inherit the characteristic near-
field shape of the +α-resonance found at positive bias on the monomer (c.f. Fig. 5.3a)
underpinning the QPT of both α-states in the dimer.

Turning towards the β-resonances, both β-dimer states show a simililar long-range
oscillatory decay as the monomer wave function as exemplary indicated in Fig. A.12a,b
by the white arrows. Similar features between dimer and trimer states (in particular βt2

and βt0) are highlighted by circles. Note that as βt0 already overlaps with the coherence
peaks the features are very faint. Moreover, data recorded on a different linear trimer, also
with spacing of 3a and with all atoms on the CDW maximum, using a different Nb tip is
shown in Fig. A.13. This tip exhibits different NDC signatures. Note that considering the
slightly smaller tip energy gap and the natural variations of YSR energies (c.f. Fig. 4.9c)
we find the trimer states at nearly the same energies than on the trimer presented above.
Also the spatial resolution is slightly different between both tips, but the overall wave
function patterns nicely agree. The data with the different tip unambiguously underpins
the correct assigment of the βt0 state of the main text. We clearly discern the typical
β-like near-field patterns with intensity at vertices and sides (c.f. Fig. 5.3c) on all three
trimer atoms without any nodal plane revealing this state as trimer version of the totally
symmetric linear combination of the monomer β-state.

The two nodal planes of αt2 which are partially obscured by the nearby βt1-resonance
at positive bias are nicely discernable at negative bias. As discussed in the main text, the
assignment of βt1 and all α-trimer states remains tentative.
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Fig. A.12.: Complementary data of Figs. 5.3 and 6.4. (a-c) STM topographies (constant-current
mode with set point 100 pA, 10 mV) of one to three Fe atoms with spacing of 3a in the
left. Corresponding constant-contour dI/dV maps of the (hybridized) YSR states in
the monomer (a), dimer (b) and trimer (c). Bias voltages are given above each panel
(∆t ≈ 1.55 meV). Constant-contour set point is 250 pA, 5 mV and the modulation is
15 µV. White lines serve as guides to the eye. (d,e) Constant-contour maps (same
parameters as in a-c) of the thermally activated α-states of the dimer (d) and the
trimer (e) at Vbias = ∓|∆t −EYSR|/e. White arrows and circles indicate similarities in
the data as discussed in the text.
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Fig. A.13.: Constant-contour dI/dV maps of a linear trimer with interatomic spacing of 3a
recorded with a different Nb tip (all atoms on CDW maxima). Topography (constant-
current mode with set point 100 pA, 10 mV) in the left. Bias voltages are given above
each panel (∆t ≈ 1.52 meV). Constant-contour set point is 700 pA, 5 mV and the
modulation is 15 µV. White lines serve as guide to the eye.
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A.6 Additional data and discussion to section 6.2.2
Figures A.14 and A.15 show complementary data to Fig. 6.7 of the linear 3a-chain at

different lengths. The maps capture the diversity of hybrid wave functions with different
intensity distributions along the chain. Note that the set of dI/dV maps is not complete
and is rather a selection in order to get some insight into similarities and differences
between hybrid states between chains with different lenghts. A complete set of dI/dV
maps recorded at various equidistant energies is presented below for the 27-atom chain
(Figs. A.17 and A.18).

As mentioned in the main text there is a zero-energy end state (∆t ≈ 1.55 mV) at the
10-atom chain. However, as can also be nicely discerned in the line spectra (c.f. Fig. 6.6j,k),
this state is shifted to slightly higher energies at the 11-atom chain (1.58 meV) similarily
to states appearing at the Fermi level for shorter lengths.

Figure A.16 presents topographies of the build-up sequence of the 3a-chain up to N = 11.
The red lines mark the atoms’ center. Close inspection reveals that all atoms sit on CDW
maxima within our resolution. Thus, as discussed in the main text, the CDW adopts the
periodicity of the chain up to a certain chain length. Beyond, the CDW does not maintain
the periodicity of the chain as it conflicts with the natural CDW periodicity (& 3a) which
induces the smooth variation between HC and CC phases. Although not discernable in
the topographies, slight distrotions of the CDW manifest in the loss of perfect mirror
symmetric hybrid wave functions observable from chain lengths of & 10 nm (c.f. Fig. A.15
and Fig. 6.7).
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Fig. A.14.: (a-d) Complementary data of Figs. 6.7a-d. STM topographies (constant-current mode
with set point 100 pA, 10 mV) of 4- to 7-atom chain with spacing of 3a in the left.
Corresponding constant-contour dI/dV maps in the right. Bias voltages are given in
each panel (∆t ≈ 1.55 meV). Constant-contour feedback set point is 250 pA, 5 mV (a-c)
700 pA, 5 mV (d) and the modulation is 15 µV.
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Fig. A.15.: (a,b) Complementary data of Fig. 6.7e,f. STM topographies (constant-current mode
with set point 100 pA, 10 mV) of the 10- and 11-atom chain with spacing of 3a in the
left. Corresponding constant-contour dI/dV maps in the right. Bias voltages are given
in each panel (∆t ≈ 1.55 meV). Constant-contour feedback set point is 700 pA, 5 mV
and the modulation is 15 µV.
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Fig. A.16.: Constant-current topographies (set point 100 pA, 10 mV). Red lines serve as guide to
the eye. The CDW in the background is „in phase“ with the atoms elongation of the
chain, such that all atoms sit on a CDW maximum. Atoms are labeled according to the
build-up sequence.
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A.7 Additional data and discussion to section 6.2.3
Figures A.17 and A.18 complement the data of the dI/dV maps of the 27-atom chain

(Fig. 6.9d of the main text) showing in detail the energetic and spatial evolution of the
YSR bands as discussed in the main text.

As outlined in the main text, we observe manipulation-induced instabilities of the CDW.
Importantly, during the manipulation and extension of the chain up to a chain length of
N = 30 atoms, the CDW did not change abruptly. In contrast, upon attachment of the
31st atom, an abrupt change occurred in the CDW as visible comparing Figs. A.19a,b. The
sections (1-3) are indicated as well as the former 27(11)-atom chains in red (blue). By
close inspection we note that in the former region 3 of the 27-atom chain the atoms now
sit on CDW minima (white arrow). This change becomes very clear in the corresponding
dI/dV spectra recorded along the 30- and 31-atom chains (Fig. A.19c,d). While the 30-
atom chain exhibits the smooth variations of van Hove singularities toward the chain’s
terminations, the 31-atom chain shows two distinct areas of YSR bands. These observations
suggest that the Fe atoms favor adsorption sites on the maxima or minima of the CDW and
thus push the CDW into the respective phase. However, when too much energy is stored in
the locked CDW, stress is released by an abrupt switch of the CDW. All atoms attached to
the 31-atom chain are located on/close to CDW minima up the chain length of 51 atoms
(c.f. Fig. 6.10). For this extended chain we note that the CDW starts to distort at the left
termination of the chain probably being close to the occurence of another abrupt switch
upon further chain elongation leading to three subchains (atoms again on CDW maxima
in the third subchain).

158 Chapter A Appendix



2 nm2 nm

2.54m
V

2.50m
V

2.46m
V

2.42m
V

2.38m
V

2.34m
V

2.30m
V

2.26m
V

2.22m
V

2.18m
V

2.14m
V

2.10m
V

2.06m
V

-2.54m
V

-2.50m
V

-2.46m
V

-2.42m
V

-2.38m
V

-2.34m
V

-2.30m
V

-2.26m
V

-2.22m
V

-2.18m
V

-2.14m
V

-2.10m
V

-2.06m
V

dI/dV (�S)-0.01 1.01dI/dV (�S)-0.01 1.01

Fig. A.17.: Additional dI/dV maps of the 27-atom chain (Fig. 6.9) at various energies. Constant-
contour feedback was opened at 700 pA, 5 mV and a modulation of 15 µV was used.
The energies are given beside each panel. STM topography in the top (constant-current
set point 100 pA, 10 mV).
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Fig. A.18.: Additional dI/dV maps of the 27-atom chain (Fig. 6.9) at various energies. Constant-
contour feedback was opened at 700 pA, 5 mV and a modulation of 15 µV was used.
The energies are given beside each panel. STM topography in the top (constant-current
set point 100 pA, 10 mV).
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Fig. A.19.: (a,b) STM topographies (constant-current set point is 100 pA, 10 mV) of the 30- and 31-
atom chains. The position of the former 11(27)-atom chain is indicated in blue (red).
(c,d) Stacked constant-height dI/dV spectra (normalized) recorded along a line across
the 30- and 31-atoms chain as illustrated in the inset topography. Set point for the
spectra is 700 pA, 5 mV with a modulation of 15 µV. The (Nb) tip gap ∆t ≈ 1.55 meV
is indicated by dashed lines. Furthermore the different sections (c.f. Fig. 6.9) are
indicated. The arrow indicates the region of the CDW slip in the background (atoms
on CDW minima).
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A.8 Additional data and discussion to section 6.3
Figure A.20 shows an enlarged STM topography of the 1a-dimer discussed in the sec-

tion 6.3 (Fig. 6.13). The black grids denote the Se grid with triangles pointing to the left
indicating HC adsorption sites. The neighboring HC sites corresponding to the adsorption
sites of both Fe atoms within the dimer are marked in gray. As discussed in the main text
(c.f. Fig. 6.13a,b) the 1a-dimer appears as one oval elevation, hence we do not resolve
the individual Fe atom within the dimer. The red cross marks the center of the 1a-dimer.
Within our resolution we conclude that the dimer is centered exactly in between the two
HC sites marked in gray and furthermore located in the correct atomic row. We checked
various 1a-dimers yielding equal results. Thus, the assembly of 1a-dimers with Nb tips is
reliably and reproducible.
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Fig. A.20.: Enlarged topography (constant-current set point is 100 pA, 10 mV) of the 1a-dimer
of Fig. 6.13a. The atomic grid is overlaid in black and both dimer axes in red. The
semi-major axis (vertical red line) is parallel to the atomic rows. The semi-minor axis
(horizontal red line) is exactly in between two adjacent HC sites (gray triangles).

Figure A.21 shows constant-current data of other voltage ranges complementary to
Fig. 6.16b,c in panels (a,b,e,f) and to Fig. 6.17b in panels (c,d,g,h). There are differences
between the 1a-dimer and dimers with spacings of ≥ 2a discernable and also between
the single end of the 7-atom chain and the dimerized part of the chain. However, as the
resonances are broad these changes are more subtile than for the bias range addressed in
the main text.

In Fig. A.22 the data of the dimer and the 6-atom chain is arranged in a manner that
one can compare the similarity between the spectra recorded on a lonestanding 1a-dimer
and the three dimers within the 6-atom chain. This was already discussed by comparing
the constant-dI/dV maps in the main text (Figs. 6.16d and Fig. 6.18a). White lines are all
parallel and indicate the energy shift of the levels. Red and yellow lines serve as guide to
the eye.
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Fig. A.21.: Complemented data to Fig. 6.16b,c and Fig. 6.17b covering different voltage ranges.
(a) Constant-current dI/dV spectrum at the single Fe atom (red) and substrate (gray).
(b,c,d) Spectra measured across the single atom and the dimers with different sep-
arations (b), the 6-atom chain (c) and the 7-atom chain (d). Constant-current set
point of 1 nA (a,b) and 200 pA (c) and 70 pA (d) with a modulation of 5 mV. (e)
Constant-height spectrum at the single Fe atom (red) and substrate (gray). (f,g,h)
Spectra measured across the single atom and the dimers with different separations
(f), the 6-atom chain (g) and the 7-atom chain (h). Constant-height set point 200 pA,
−0.5 V (e,f,g) and 100 pA, −0.5 V (h) with a modulation of 2 mV. The red dashed lines
mark the position of the traces in (a,e) within the line spectra (b,f). The single end of
the 7-atom chain is marked by the red dotted line in (d,h).

A.8 Additional data and discussion to section 6.3 163



Fig. A.22.: Same data than in Fig. 6.16c (bottom panel) of the isolated 1a-dimer and Fig. 6.17b
(top panel) of the three dimer within the 6-atom chain arranged such that one can
compare the dimer and the chain. Dashed lines serve as guide to the eye.
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