Mathematische Zeitschrift (2022) 300:1291-1296

https://doi.org/10.1007/500209-021-02835-2 Mathematische Zeitschrift
()

Check for
updates

On the section conjecture and Brauer—Severi varieties

Giulio Bresciani'

Received: 25 March 2021/ Accepted: 11 June 2021/ Published online: 3 August 2021
© The Author(s) 2021

Abstract

J. Stix proved that a curve of positive genus over Q which maps to a non-trivial Brauer—
Severi variety satisfies the section conjecture. We prove that, if X is a curve of positive genus
over a number field k and the Weil restriction Ry X admits a rational map to a non-trivial
Brauer—Severi variety, then X satisfies the section conjecture. As a consequence, if X maps
to a Brauer—Severi variety P such that the corestriction cory,g([P]) € Br(Q) is non-trivial,
then X satisfies the section conjecture.

Let X be a geometrically connected variety over a field k with separable closure k, there is a
short exact sequence of étale fundamental groups

0 — m1(Xp) — 71 (X) — Gal(k/k) — 0.

Grothendieck’s section conjecture predicts that, if X is a smooth, projective curve of genus
at least 2 and k is a number field, the set of rational points X (k) is in natural bijection with
sections of the sequence above modulo the action of 771 (Xj) by conjugation.

Thanks to an idea of Tamagawa [13] [12, Corollary 102] it is sufficient to prove the
conjecture for curves with no rational points, and some results have been proved about such
curves. The section conjecture holds for X if

e the number field k has a real place k < R such that Xg(R) = @, see [8, Corollary 3.13],
or

o the class of m}( in H! (k, Piicg)() is not divisible, see [6, Theorem 1.2], or

e k = Q and X maps to a non-trivial Brauer—Severi variety, see [10, Corollary 18].

The last condition, which is due to Stix, holds over any number field k, but with an
additional hypothesis: for every prime number p, it is required that X has bad reduction at
most at one place p of k over p, see [10, Theorem 17]. We provide a different generalization
based on Weil’s restriction of scalars.

Recall that, given a finite separable extension k/h of fields and a quasi-projective variety
X over k, the Weil restriction Ry, X is a quasi-projective variety over h characterized by
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a functorial bijection hom(S, Ry, X) >~ hom(Sk, X) for schemes S over &. In particular,
k-rational points of X are in natural bijection with A-rational points of Ry X.

If X is a curve of genus g over a number field k, then (Rk/@X)Q is a product of [k : Q]
curves of genus g, so passing to the Weil restriction is basically a trade-off between the
complexity of the base field and the complexity of the variety. We prove the following.

Theorem 1 Let X be a smooth, projective, geometrically connected curve of positive genus
over a number field k. Assume that Ry,gX admits a rational map to a non-trivial Brauer—
Severi variety. Then the section conjecture holds for X. Equivalently, if w1 (X) — Gal(k/k)
admits a section, then the map Br(Q) — Br(Ry,X) is injective.

As a consequence, we get the following corollaries.

Corollary 2 Let X be a smooth projective curve of positive genus over a number field k and
P a Brauer-Severi variety such that the corestriction cory,g[P] € Br(Q) is non-trivial. If
there exists a morphism X — P, then the section conjecture holds for X. Equivalently, if
1 (X) — Gal(lz/k) admits a section, the kernel of Br(k) — Br(X) is contained in the kernel
of coryq : Br(k) — Br(Q).

Corollary 3 Let k be a number field and P a Brauer-Severi variety over Q with [k : Q][ P] #
0 € Br(Q). If X is a smooth projective curve over Q of positive genus with a morphism
X — P, then the section conjecture holds for the base change Xj.

Our argument is analogous to Stix’s one and we rely heavily on his results. Our contribution
consists essentially of two things: we realized that such a generalization was possible and
we overcame the lack, for higher dimensional varieties, of a sufficiently strong analogue of
Lichtenbaum’s theorem about the period and index of a curve over a p-adic field, which is
an essential ingredient of Stix’s proof.

We mention that it is possible to prove Corollary 2 (and thus Corollary 3) analogously
to Stix’ theorem over QQ [10, Corollary 18] without using Weil’s restriction of scalars. The
proof is basically the same plus the observation that, if @ € Br(k) is a Brauer class over the
number field k, the Hasse invariant of cory,q(c) at p is the sum of the Hasse invariants of «
at places over p.

1 Weil restriction and the section conjecture

The behaviour of the étale fundamental group and the section conjecture with respect to the
Weil restriction of scalars has been studied by J. Stix in [11]. Let k/h be a finite, separable
extension of fields and X is a geometrically connected variety over k. Assume either that X is
proper or that k has characteristic 0. Stix describes explicitly the étale fundamental group of
Ry /n X in terms of the one of X, and uses this description to show that the section conjecture
holds for X if and only if it holds for Ry, X. We give here an alternative treatment based on
étale fundamental gerbes.

Recall that A. Vistoli and N. Borne have introduced the étale fundamental gerbe X —
[T/ of a geometrically connected scheme, see [4, Section 9] and [3, Appendix]. The set
of Galois sections of the étale fundamental group is in natural bijection with the isomor-
phism classes of ITx /x (k). We show that the étale fundamental gerbe and the Weil restriction
commute.

Proposition 4 Let k/h be a finite separable extension of fields, and X a geometrically con-
nected quasi-projective variety over k. Assume either that X is proper or that char k = 0.
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Then Ry /5 X is geometrically connected and the natural morphism Ry X — Ry Tlx /k
induces a natural isomorphism

TRy x /0 = Ri/nx k.

Proof Let h /h be a separable closure. We have natural isomorphisms (R, X)j; = [To*X
and (Ri/nMxi); =~ [[o*Nxx = [[Texx/x where the product runs over the h-linear
embeddings o : k C h, see [14, Theorem 1.3.2] (Weil’s original work deals only with
varieties, but his proof easily generalizes to any fibered category). In particular Ry, X
is geometrically connected and Ry, I1x/ is a pro-finite étale gerbe, thus the morphism
Ri/n X — RypTlx /i induces a natural morphism

& Oreyx/m = Ri/nTlx k.

The base change of ¢ to / is an isomorphism since both terms are naturally isomorphic to
I, I+ x/k, thus ¢ is an isomorphism too. ]

Corollary 5 [11, Theorem 2, Theorem 3] The set of isomorphism classes of Galois sections
of w1 (X) over k is in natural bijection with the one of w\(Rx/n X) over h. m}

Corollary 6 [11, Theorem 4] Let X be a smooth, projective curve of genus g > 2 over a
number field k. The section conjecture holds for X if and only if it holds for Ry gX. O

If s € ITx (k) is a Galois section, denote by sQe HRk/QX/@(Q) = Ri/llx/q(Q) the
induced section. Recall that an étale neighbourhood of s is a finite étale cover ¥ — X such
that s lifts to Ty (k).

Corollary 7 Let X be a smooth, projective curve of positive genus over a number field k and
s € Mk (k) a Galois section. If Y — X is an étale neighbourhood of s, then Ry;Y —
Ry X is an étale neighbourhood of sQ. The étale neighbourhoods of this form are cofinal
in the system of all étale neighbourhoods of sQ. O

2 Morphisms to Brauer-Severi varieties

If X is a scheme over k, denote by Br(X/k) the kernel of Br(k) — Br(X). If X is a regular
variety, the restriction map Br(X) — Br(k(X)) is injective [7, Corollary IV.2.6] and thus
Br(X/k) = Br(k(X)/k). In particular, a Brauer class [ P] € Br(k) of a Brauer—Severi variety
P is in Br(X/k) if and only if there exists a rational map X --» P.

If X is a smooth, projective variety, the Leray spectral sequence in étale cohomology for
the map X — Spec k gives a short exact sequence

0 — Pic(X) — Picy (k) — Br(X/k) — 0

where Picy is the Picard scheme of X and Pic(X) = H!(X, G,,) is the Picard group. Let us
call B the homomorphism Picy (k) — Br(X/k).

Lemma 8 Let X be a smooth, projective variety over afield k of characteristic 0, s € ITx (k)
a section, b € Br(X /k) a Brauer class split by X. Assume that the second étale homotopy
group of Xy is trivial. For every positive integer n, there exists an étale neighbourhood
f:Y = X of s such that f*b € nBr(Y /k).
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Proof Let L € Picy (k) be such that (L) = b € Br(X/k), and L; € Pic(X}) the associated
line bundle over X;. We have an exact sequence

HY (Xp. ) — Pic(Xp) 2 Pie(Xp) > H2(Xg. ).

Let Et(X ) be the étale homotopy type of X} and cosks (Et(X 7)) its third coskeleton, since
nRet(Xp) is trivial we have cosks (I:Et(X,;)) = K(7X°(X}), 1). Therefore, we have

H2 (X[, in) = H2(BU(X}), ftn) = H(cosks (BU(X})), ftn) = H2(R(XD), 1),

see [1, Corollary 9.3] for the first equality. Since the base change to k of the étale neighbour-
hoods of s are cofinal in all finite étale covers of X, there exists an étale neighbourhood
g: X' — X of s such that 870(Ly) =Oand thus g¥L; € PiC(XI/E) is divisible by n.

Choose M € Pic(X 1/2) such that M" = gl’;‘L,;. Since the Picard scheme of X’ is locally of

finite type, the residue field of Spec k M Picy, is finite over k and thus the Galois orbit of
M is finite. If o € Gal(k/k) is an element, since gEL,; is Galois invariant then M @ o M~ is
n-torsion, and thus it comes from HI(X//E, n) = hom(ane‘(X;z), wn). It follows that there
exists an étale neighbourhood 4 : ¥ — X’ of s such that h;’(-‘M € Pic(Yy) is Galois-invariant
and thus descends to an element N € Picy (k).

Let f : Y — X be the composition, we have N" = f*L and hence n8(N) = S(f*L) =
f*b. O

Recall that a group G is good in the sense of Serre if H (G, M) — H(G, M) is an
isomorphism for every finite G-module M, see [9, 1.2.6]. Fundamental groups of complex
curves are good [5, Proposition 3.6].

Lemma9 Let X be a variety over C. Assume that n;oP(Xa“) is trivial and that NIOP(Xa“) is
good in the sense of Serre. Then 7T2Ket(X ) is trivial.

Proof Write m; = n'iKet(X ). The hypothesis implies that the natural homomorphism
Hz(m, M) — HZ(X , M) is bijective for every finite 71-module M.

Assume by contradiction that 7> is not trivial, then there exists a finite homotopy type F
with 7, (F) = 0 for n > 3 and a map Et(X) — F such that 7y — 7, (F) is non-trivial.
Up to passing to finite étale coverings of X and F, we may assume that 1 (F) is trivial and
hence F = K (M, 2) for some finite abelian group M (the fundamental group of the covering
of X is still good thanks to [5, Lemma 3.2]).

We thus have amap X — K (M, 2) inducing a non-trivial homomorphism 7, — M. This
defines a cohomology class o € H2(X, M) not in the image of H2(m, M) — H2(X, M),
and this is absurd. O

Lemma 10 Let k/h be a finite separable extension and P /k a Brauer—Severi variety. There
exists a Brauer—Severivariety Q /h with [ Q] = corg, ([P]) € Br(h) and a closed embedding
Rin P — Q.

Proof Let 1/h be a separable closure, then

Ry P = (]‘[ o*P) / Gal(h/h)s

where the product runs over h-linear embeddings o : k — h. The Galois group Gal(h/h)
permutes the factors and the stapilizer Gal(h/ok) of_ o * P acts on it. Note that, even though
o * P is a projective space over &, the action of Gal(h /o k) is non-standard.
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The external tensor product X, O(1) € Pic([[o™*P) is naturally Gal(h /h)-equivariant
and thus the Segre embedding

S: HJ*P < PH"(X,0(1)))

is naturally Gal(h/ h)-equivariant. The quotient Q = PH(X,0(1))) /Gal(h/h) is a Brauer—
Severi variety over h.

Using the fact that summation in the Brauer group can be computed using the Segre embed-
ding of Brauer—Severi varieties [2, §4] and the fact that the corestriction homomorphism is
the derived augmentation homomorphism, it is easy to show that that [Q] = corg, ([P]).
Moreover, the Segre embedding S descends to a closed embedding Ry, P — Q since it is
Gal(//h)-equivariant. O

3 Proof of the main theorem

Let us now prove Theorem 1. Let X be a smooth projective curve over a number field k such
that Ry /X admits a rational map to a non-trivial Brauer-Severi variety, we want to show that
[T (k) is empty. Assume by contradiction that there exists a section s € ITy (k) and let
b € Br(Ri;gX/Q) be a non-trivial Brauer class. Let sQ e R ox/Q (Q) be the associated
section.

Since (Ry/X)f is a product of curves and the fundamental group of a curve over kis
good in the sense of Serre [5, Proposition 3.6], then Lemma 9 implies that rrzKet((Rk 10X)p)
is trivial and we may thus apply Lemma 8 to Ry,@X and sQIf we apply Lemma 8 together
with Corollary 7, for every N > 0 we may find an étale neighbourhood X — X of s and a
Brauer class by € Br(Ry Xy /Q) such that Nby = b € Br(Q) is non-trivial.

Let I/k/Q be a Galois closure. Up to replacing X with X5(;.q and b with by[;.q}, we may
assume that 2[/ : Q]b € Br(Q) is non-trivial.

Fix p a prime number, let us show that the order of the Brauer class 2[/ : Qlbg, is a
power of p. Let L be the completion of / at some place over p, we have that L/Q, is a
Galois extension such that [L : Q,] divides [/ : Q], it is enough to show that the order of
[L:Qplbg, is a power of p. Let X be the set of embeddings k — L, we have

(RejX)L = [ [ o*x.

oeX

The section s € ITx (k) induces a section o*s € Ts+x /1 (L) for every embedding o : k —
L. By [12, Theorem 15], this implies that the index of o™X is a power of p for every o.
Let D, € Zy(Xs) be a O-cycle whose degree is a power of p, then ®, D, is a 0-cycle on
[1, o*X whose degree is a power of p. It follows that the index of [ ], 0*X is a power of
p, too.

Since Q(Ri/@X) splits b, there exists a Brauer—Severi variety P with [P] = b and a
smooth projective variety Y /Q birational to Ry;gX with a morphism ¥ — P. Since the
index is a birational invariant, the index of Y is a power of p, it follows that the index of
by = [Pr] is a power of p. This implies that the order (i.e. the period) of by € Br(L) is a
power of p, and finally the same holds for corzq, by =|[L: Qp]pr.

We thus have that the order of 2[/ : Qlbg, is p-primary for every p, and clearly 2[/ :
Qlbr =0 € Br(R) = Z/27Z.

The rest of the argument is analogous to Stix’s one. Let «, € Q/Z be the Hasse invariant
of 2[/ : Qlbg,. by the Brauer-Hasse-Noether theorem we have > pop = 0 € Q/Z. Since
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1296 G. Bresciani

ap is p-primary for every p, it follows that o), = 0 for every p and thus 2[/ : Q]b € Br(Q)
is trivial, which is absurd. This concludes the proof of Theorem 1.

Corollaries

Theorem 1 implies Corollary 2 using Lemma 10. Since the composition corg,q o resg/qQ :
Br(Q) — Br(Q) is multiplication by [k : Q], Corollary 2 implies Corollary 3.
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