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Abstract: Recent understanding of the thermodynamics of small-scale systems have
enabled the characterization of the thermodynamic requirements of implementing quan-
tum processes for fixed input states. Here, we extend these results to construct optimal
universal implementations of a given process, that is, implementations that are accu-
rate for any possible input state even after many independent and identically distributed
(i.i.d.) repetitions of the process. We find that the optimal work cost rate of such an imple-
mentation is given by the thermodynamic capacity of the process, which is a single-letter
and additive quantity defined as the maximal difference in relative entropy to the thermal
state between the input and the output of the channel. Beyond being a thermodynamic
analogue of the reverse Shannon theorem for quantum channels, our results introduce a
new notion of quantum typicality and present a thermodynamic application of convex-
split methods.

1. Introduction

In the information-theoretic approach to thermodynamics, a careful analysis of the
resources required to perform thermodynamic tasks has allowed to consistently and
systematically describe the thermodynamic behaviour of quantum systems at the nano-
scale [1]. In particular, thermodynamics can be phrased as a resource theory [2—4]. In a
resource theory, one specifies which operations can be carried out at no cost—the free
operations—and then one studies how much of external resources (e.g., thermodynamic
work) one needs to provide to carry out operations that are not free. Two established
resource theories for quantum thermodynamics are thermal operations [2,3] and Gibbs-
preserving maps [5,6]. In the former, the free operations consist of energy-conserving
interactions of the system with a heat bath, while in the latter, the free operations are
any quantum operation that preserves the thermal state. It is reasonable to assume that
thermal operations can be realized in an idealized setting, making them a good choice of
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framework for constructing explicit protocols, whereas Gibbs-preserving maps encom-
pass a broader class of operations, allowing us to derive stronger fundamental limits.

The resource theory approach to thermodynamics has revealed close connections with
measures of information known from quantum information theory [7,8]. Namely, single-
shot thermodynamic and information-theoretic tasks are both quantified by relevant
entropy measures [9—11]. Consequently, tools from quantum Shannon theory can be used
to characterize tasks in thermodynamics, for instance to derive second-order asymptotics
of the work cost of state transformations [12]. Recently, focus was shifted to understand
the resource costs of quantum processes, rather than state transformations [13-16].
The information measure associated with quantum processes is the quantum capacity,
along with its many variants [17]. A natural question arises: What is the thermodynamic
analogue of the quantum capacity?

Here, we ask how much work is required to implement a given quantum process, with
the requirement that the implementation is accurate for any possible input state. In the
single-instance regime, we find that the answer is a variation of the results obtained in
Ref. [16]. However, in the regime where we consider many independent and identically
distributed (i.i.d.) copies of the process, important differences arise due to typicality.
We find that the optimal work cost of such an implementation in the i.i.d. regime is
given by the thermodynamic capacity, defined as the maximal difference between the
input and output free energy of the process over all possible input states. The fact that
no implementation can perform better than the thermodynamic capacity follows fairly
straightforwardly from the results of Ref. [16]. The technically challenging part of the
present paper is to show that there exist protocols that achieve this limit.

We provide three different constructions of such protocols, each valid in different
settings. In the first construction, we make the simplifying assumption that Hamiltonian
of the system is trivial as in Ref. [13]. We then show that simple properties of one-shot
entropy measures, coupled with the post-selection technique [18], provide an existence
proof of the required implementation. The implementation is given in terms of thermal
operations. In our second construction, we develop novel quantum typicality tools which
we use along with the post-selection technique to explicitly construct an implementation
in terms of Gibbs-preserving maps for any i.i.d. process and for any system Hamilto-
nian. In our third construction, we assume that the i.i.d. process is time-covariant, i.e.,
commutes with the time evolution. We then use recent results on the convex-split lemma
and position-based decoding [19] to construct an implementation of a time-covariant
i.i.d. process with thermal operations.

Our results imply that the thermodynamic resource theory of channels becomes re-
versible in the i.i.d. limit [20]. Namely, invoking the results in Ref. [21], we see that
the work rate that is required to implement a given i.i.d. process is the same as what
can be extracted if the i.i.d. process is provided to us as a black box. This provides a
thermodynamic analogue of the reverse Shannon theorem from quantum information
theory. This theorem states that the quantum mutual information of the channel uniquely
characterizes the resources required to simulate the channel with noiseless channel uses
and shared entanglement, as well as to distil a noiseless channel from many uses of the
channel and shared entanglement [22,23]. Indeed, our proof techniques are inspired by
Refs. [22,24-26].

The remainder of this paper is structured as follows. Section 2 gives the necessary
preliminaries and fixes some notation. Section 3 introduces two resource theories for
thermodynamics, thermal operations and Gibbs-preserving maps. In Sect. 4 we introduce
the thermodynamic capacity and present some elementary properties. In Sect. 5, we
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provide our first construction for a trivial Hamiltonian. In Sect. 6 we provide our second
construction, which is valid in the general setting and provides an implementation in
terms of Gibbs-preserving maps. Section 7 provides our third construction, valid for
time-covariant i.i.d. processes, and built with thermal operations. Our conclusions are
presented in Sect. 8. Various more technical proof details are deferred to “Appendices
A-F”.

2. Preliminaries

2.1. Quantum states, quantum processes, and distance measures. Each quantum system
considered lives in a finite-dimensional Hilbert space. A quantum state is a positive semi-
definite operator p satisfying tr[p] = 1. A sub-normalized quantum state is a positive
semi-definite operator p satisfying tr[o] < 1. To each system S is associated a standard
basis, usually denoted by {|k)s}. For any two systems A, A’, we denote by A >~ A’ the fact
that they are isometric. In that case, we consider a representation in which the isometry
maps the standard basis onto the standard basis, i.e., ids— 47 (|k) (k| a) = |k) (k| 4/ for all
k, where id4_, 4 denotes the identity process. For any two systems A >~ A’, we define
the non-normalized maximally entangled reference ket |®@).ar = D lk)a ® |k)ar.
Matrix inequalities are with respect to the positive semi-definite cone: A < B signifies
that B — A is positive semi-definite. A completely positive map &x_, x’ is a linear
mapping that maps Hermitian operators on X to Hermitian operators on X’ and that
satisfies x_, x'(Px.ry) = 0, where Ry =~ X. The adjoint é";(_x, of a completely
positive map &y_, x is the unique completely positive map X’ — X that satisfies
tr[&(Y) Z] = tr[Yé"T(Z)] for all operators Y, Z. A completely positive map &x_, x/ is
trace-preserving if &7 (1 y/) = 1y and trace non-increasing if &' (1) < 1.
Proximity of quantum states can be measured by the fidelity F'(p, o) = || ﬁﬁ I,
where the one-norm of an operator is defined as ||A||| = tr [v ATA]. The fidelity is ex-
tended to sub-normalized states p, o as the generalized fidelity, F(p, o) = || JP Joli+

V(I —tr[p])(1 — tr[o]), noting that F (-, -) = F(-, -) whenever at least one of the states
is normalized. An associated metric can be defined for any sub-normalized states as
P(p,0) =1 — Fz(p, o), called the purified distance [10,11,27], or root infidelity,
and is closely related to the Bures distance and the quantum angle [28]. The proximity
of two sub-normalized quantum states p, o may also be measured in the trace distance
D(p,0) = %Hp — o|1. We note that the one-norm of a Hermitian operator A can be
expressed as

|AllT = max tr[ZA]= min tr[A;]+tr[A_], (1)
1Zlle <1 A+>0
A=Ay—A_

where the first optimization ranges over Hermitian Z operators and where the second
over positive semi-definite operators A. For any two states p, o (one can even be
sub-normalized), the purified distance and the trace distance are related via

D(p,0) < P(p,0) < v2D(p,0). 2

Similarly, we may define a distance measure for channels: For two completely positive,

trace non-increasing maps Jx_, x» and ,7)2_) x> the diamond norm distance is defined
as

1
5 1 Fxox = Tl = max D (T x(Ox), Ty, x/(OxR)) 3)
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where the optimization ranges over all bipartite quantum states over X and a refer-
ence system R ~ X. The optimization may be restricted to pure states without loss of
generality.

2.2. Entropy measures. The von Neumann entropy of a quantum state p is H(p) =
—tr[p In p]. In this work, all entropies are defined in units of nats, using the natural
logarithm In(-), instead of units of (qu)bits. A number of nats is equal to In(2) times the
corresponding number of qubits. The conditional von Neumann entropy of a bipartite
state p4p is given by

H(A|B), =H(AB), — H(B), = H(pap) — H(pp) . “)
The quantum relative entropy is defined as

D(pllo) =t[p(lnp —Ino)], (3)

where p is a quantum state and where o is any positive semi-definite operator whose
support contains the support of p.

2.3. Schur—Weyl duality. Consider a Hilbert space .7¢4 and n € N. The group GL(d4) x
S, acts naturally on %‘X’”, where X € GL(d,) acts as X®" and where the permutation
group permutes the tensor factors. We follow closely the notation of Refs. [24,25].
Schur—Weyl tells us that the full Hilbert space decomposes as

=P h=0 2.0 2, (6)
A A

where A € Young(n, d) are Young diagrams with n boxes and (at most) d rows, and
where 2,, &2, are irreducible representations of GL(d4) and S,, respectively. The
number of Young diagrams in the decomposition above is at most poly(n), if d4 is kept
constant. We write poly(n) = O (poly(n)) in big O notation for terms whose absolute
value is upper bounded by some polynomial n¢ for ¢ € Nin the asymptotic limitn — oco.

We denote by IT%, the projector in 72" onto the term labelled by A in the de-
composition above. We denote by ¢, (X) a representing matrix of X € GL(d4) in the
irreducible representation labelled by A; the operator ¢, (X) lives in 2, . We furthermore
introduce the following notation, for any ¥ € 2 ® &,

+
[ Y ])‘ = H(BOZA®WA)4)A'I Y IL(QA@{@)L)(—A” ’ (7)

which represents the canonical embedding of an operator Y on 2, ® &7, into the space
%’;‘@” , i.e., mapping Y onto the corresponding block in (6). In particular,

I, (Y1, T = [Y]; . (8)

Any operator X 4» acting on the n copies which commutes with all the permutations
admits a decomposition of the form

Xan =) (X @1z, ©)
A
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for some set of operators X; € 2,. In particular, [X g, IT A1 = 0. We can make this
more precise for i.i.d. states. For any X € GL(d4), we have that

[T, X®"1 =0 (10)
X =" [(X)®@ 1m0 . (11)
A

For a given A € Young(n, d), it is often useful to consider the corresponding normalized
probability distribution A /n = (X;/n);. The entropy of this distribution is given by

Aj
]
n

_ i
H)) =H( =— —1In 12
(h) = H(/n) Z - (12)
where A; is the number of boxes in the i-th row of the diagram.

If we have n copies of a bipartite system ¢4 ® .73, then we may Schur—Weyl de-
compose jff”, %B@’” and (%) ® #3)®" under the respective actions of GL(d4) X S,
GL(dp) x S, and GL(dadp) x S,. A useful property we will need here is that the pro-
jectors onto the respective Schur—Weyl blocks commute between these decompositions.
Lemma 2.1. Consider two spaces ¢y, 73 and let I1 ﬁn g and I1 ﬁ‘\/,, be the projectors

onto Schur—Weyl blocks of %’f%” and L%ffb", respectively, with A € Young(dadp, n) and
A" € Young(da, n). Then, we have

T gn, Iy @ 1pn] =0 (13)
Proof. IT X,, ® 1 p» is invariant under the action of §,, permuting the copies of A ® B,
and so it admits a decomposition of the form (9) and commutes with I7 j}‘n B O

The following is another lemma about how much overlap Schur—Weyl blocks have
on a bipartite system versus on one of the two systems. This lemma forms the basis of
our universal typical subspace.

Lemma 2.2. Consider n € N copies of a bipartite system 5, ® 5. Then, for any
A € Young(dadp, n) and )/ € Young(dg, n), we have
Hg/n tran [nzn Bn] H;\j/n < pOly(n) en(]‘?()»)—[‘_l(),/)) Hg/n (14)

noting that [1 sn ® Hg;, Hﬁn gl =0.
The proof is provided in “Appendix A”.

2.4. Estimating entropy. Measuring the Young diagram A—that is, performing the pro-
jective measurement with operators {I7 f‘w }»—yields a good estimation of the spectrum
of a state p4 when given pf’” [25]. An estimate for the entropy of p is thus obtained by
calculating the entropy H (1/n) corresponding to the probability distribution A /n.
Proposition 2.1 (Spectrum and entropy estimation [22,24,25]). Consider n € N copies
of a system 4. Then, the family of projectors {17/)&,1};\ given by Schur—Weyl duality
forms a POVM obeying the following property: For any § > 0, there exists an n > 0
such that for any state p4, we have

tr Z i, | p%" | > 1 — poly(n) exp (—np) . (15)
A H(L)e[H (p)£8]
The proof is provided in “Appendix A”.
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2.5. Estimating energy.

Proposition 2.2. Consider any observable Hx on 5 and write I'y = e HA Then,
the set of projectors {Rll‘w } onto the eigenspaces of I ;\8)” forms a POVM satisfying the
following properties:

(i) There are at most poly(n) POVM elements, with the label k running over a set
k € J(Hy) C Ry
(ii) We have [RY,, I'$"] = 0 and e="* RX, = RX, I'";
(iii) For any § > 0 and for any state pa,

tr [ RGP ] = 1 = 2e7 with n = 6%/ 2 Ha %), (16)
and where for any h € R we define

~sh
RN = 3 RE,. a7
ke (Ha) @ [k—h|<8
(iv) For any h € R, we have

e—n(k+6)R:3h < R:,?h F/;Xm < e—n(k—é)R:;?h ) (18)

The proof is provided in “Appendix A”.

2.6. Post-selection technique. The post-selection technique is useful for bounding the
diamond norm of a candidate smoothed channel to a target ideal i.i.d. channel.

Theorem 2.1 (Post-selection technique [18]). Let X, X' be quantum systems, &x_ x/
be a completely positive, trace-preserving map, and Txn_, xm be a completely positive,
trace non-increasing map. Furthermore, let R >~ X,

fon = tr [ [ dox |¢><¢|§’,§] = [ doxog". (19)

where d¢y  denotes the Haar-induced measure on the pure states on X ® R, and doy
its induced measure on X after partial trace, and let |{)xng be a purification of {xn».
Then, we have

1
Ellf — &%l < poly(n) D(T (&xnr), E" (¢xnR)) - (20)

Moreover, for all n € N there exists a set {|¢i)XR} of at most poly(n) states, and a
probability distribution { p;}, providing a purification of {xn as

) xnnr = D, /D1 191) 5% ® li) g @1

with a register R’ of size poly(n).

The first part of the theorem is [18, Eq. (4)] and the second part is, e.g., found as
[23, Cor. D.6]. The following proposition shows that a given channel is close to an i.i.d.
channel, if it behaves as expected on all i.i.d. states with exponentially good accuracy.
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Proposition 2.3. Forthree systems X, X', E, let Vx_, x' g be anisometry and Wxn _, xm gn
be an isometry which commutes with the permutations of the n systems. Furthermore,
assume that there exists n > 0 independent of n such that for all pure states |0){o | x ry
with a reference system Ry ~ X, we have

Re {(01Fk, (Vi)™ Wxrooxnpn |0)5k, | > 1= polyo exp(—nn) . 22)

For & x/ (") = wg[Vxoxe () V] and Txn_xn () = trpn[Wxn_ xmpn () W] we
then have

1
5 |-Txn s xm = EF" ||, < poly(n) exp(—nn/2) . (23)

The proof is provided in “Appendix A”.

3. Resource Theory of Thermodynamics

3.1. Gibbs-preserving maps. We consider the framework of Ref. [16], where for each
system S considered a positive semi-definite operator I's > 0 is associated. A trace non-
increasing, completely positive map @ 4, p is allowed for free if it satisfies @ 4. p (1) <
I'p. In the case of a system S with Hamiltonian Hg, and in the presence of a single heat
bath at inverse temperature $, the relevant thermodynamic framework is given by setting
I's = e PHs_In the remainder of this paper, when using the present framework, it is
convenient to work with the I” operators on an abstract level. The results then also apply
to situations where several different thermodynamic baths are considered, or in more
general settings where a specific operator needs to be conserved by the spontaneous
evolution of the system [16].

The resources required to enable non-free operations are counted using an explicit
system that provides these resources, such as an information battery. An information
battery is a large register W whose associated operator I'yy is simply I'y = Ly (i.e.,
Hy = 0). The information battery is required to be in a state of the special form 7y =
Py / tr[Py] where Py is a projector of rank e. That is, 7 has uniform eigenvalues
over a given rank ¢”. We denote the charge or resource value of a battery state Ty, by
w(ru’",) = In(d) — m, where d is the dimension of the information battery. The value
w(t) measures the amount of purity present in the state T, which is the basic resource
required to implement maps that are not already Gibbs-preserving maps. We choose to
measure w(7) in units of number of pure nats, equal to In(2) times a number of pure
qubits. A Gibbs-preserving map that acts jointly on a system and an information battery,
and which maps the input battery state T to the output battery state 7/, is deemed to
consume an amount of work w = w(t) — w(t’).

The resources can be counted in terms of thermodynamic work in units of energy if we
are given a heat bath atinverse temperature 7. Recall that a pure qubit can be converted to
kT In(2) work using a Szildrd engine, where k is Boltzmann’s constant [29]. By counting
purity in nats instead of qubits, we get rid of the In(2) factor: A number A of pure nats can
be converted into A kT thermodynamic work using a Szilard-type engine. We count work
exclusively in equivalent of pure nats, for simplicity, as opposed to units of energy. The
two are directly related by a factor S~ = kT. Furthermore, this eliminates the factor
B from otherwise essentially information-theoretic expressions, and our theorems thus
directly apply to cases where 'y, I'x’ are any abstract positive semi-definite operators
which are not necessarily defined via a Hamiltonian.
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Let @xw_ x'w be a Gibbs-preserving map acting on an information battery W, and
let Ty, tv";/ be two information battery states. An implementation running the operation
@ xw_ x'w with the given input and output battery states is tasked to (a) make available
the input battery state, (b) apply the operation @ xw _, x'w, and (c) check that the output
battery state is appropriate (e.g., for possible future re-use). For the verification in Point

(c) it is sufficient to measure the two-outcome POVM { Pwl, 1- Pv’ﬁ/}; as long as the

first outcome is observed, it is always possible to bring the state to rv”[}/ by applying

a completely thermalizing operation on the support of P%l (here, this is a completely
randomizing or completely symmetrizing operation). In the constructions presented in
the present paper, we allow this verification measurement to fail with a small fixed
probability € > 0.

A convenient mathematical object to characterize what the operation does on the
system is the following. The effective work process Tx _, x' r associated with @y w_, x'w
and (ty, rv"'ﬁ/) is the trace non-increasing map defined as

Toxr() = e [ Pl Dxwoxw (O @ 7p)] 24)

The question of implementing a process & becomes the issue of finding a Gibbs-
preserving map along with battery states such that the associated effective work process
is close to &. Specifically, if | Ty x — Ex—x'llo < €, then we can assert that the
failure probability in Point (c) above is bounded by € for all possible inputs on X; the
operation therefore implements &x_, - accurately with high success probability.

A useful characterization of which processes can be implemented using an informa-
tion battery is given by the following proposition.

Proposition 3.1 ([16, PropositionI]). Let I'x, I'ys > 0, Ix_, x be acompletely positive,
trace non-increasing map, and w € R. Then, the following are equivalent:

(i) We have Tx_, x/(I'x) < e¥ I'ys;

(ii) Forall§ > Othere exists an information battery W and two battery states Ty , Ty, such
that w(twy) — w(r{,v) < w + 6, and there exists a Gibbs-preserving map P xw_ x'w
with Tx_, x' the effective work process associated with @ xw_, x'w and (ty, r{,v).

Therefore, to show that one can implement &y_, y» with Gibbs-preserving maps
while expending work w, it suffices to exhibit a map Jx_, x/ that is e-close to &x_, x/
in diamond distance and that satisfies 7x_, x/(I'x) < e I'xs. From the proof in [16] we
know in Point (i) above that W, tw = 7} and 7}, = r"}’,/ can be chosen freely as long
asm’ —m = w(tw) — w(zy) > w and that the corresponding Gibbs-preserving map
is given by

Pxwoxw() = Ixox[ow(Py ()] ® TV"&/ - (25)

In Ref. [16], the resource cost w of implementing a process &x_, x’ (any completely
positive, trace-preserving map) up to an accuracy € > 0 in terms of proximity of the
process matrix given a fixed input state o, counted in pure nats, was shown to be given
by the coherent relative entropy

w:—b6 (& (o F’F/le’l min &, 26
X—>X ( X=X ( XRx) ” X X) ﬁ(rx)gal‘x/ ( )
P(T (oxry):E(0xRy))<E
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where ox g, is the purification of ox onasystem Ry >~ X givenby |o)xg = 0}1(/2 | D) x-
Ry, and where the optimization ranges over completely positive, trace non-increasing
maps Jx_, x'. The coherent relative entropy enjoys a collection of properties in relation
to the conditional min- and max-entropy, and to the min- and max-relative entropy.
It satisfies the following asymptotic equipartition property: For a completely positive,
trace-preserving map &y_, x» and quantum state ox we have for 0 < € < 1 that

N I
Jim =D xn (65" o (oxp) | TX" T") = Dlox | Tx) = D(E(ox) I Tx) -
27)

3.2. Thermal operations. The framework of Gibbs-sub-preserving maps is technically
convenient, but it is unclear whether any Gibbs-sub-preserving operation can be im-
plemented at no work cost using other frameworks. This includes for example thermal
operations that might be considered more operational

Here, we consider the alternative framework of thermal operations [2,3,8]. Each
system S of interest has an associated Hamiltonian Hg and is not interacting with the
other systems. For a given fixed inverse temperature 8, we allow the following operations
to be carried out for free:

(i) Apply any unitary operation that commutes with the total Hamiltonian;
(ii) Bring in any ancillary system in its Gibbs state at inverse temperature 8; and
(iii) Discard any system.

The most general transformation a system S can undergo under this set of rules is a
thermal operation. A thermal operations is any process that can be implemented using
an additional system B with any Hamiltonian Hp and with any unitary Ugp satisfying
[Usp, Hs + Hg] = 0, resulting in the completely positive, trace-preserving map

®s() =trg[Uss () @ v8) Ujy] s (28)

where yp = e P / tr[e~#HB] is the Gibbs state of the bath system B. Observe that
any concatenation of thermal operations is again a thermal operation.

Clearly, any thermal operation @ leaves the thermal state ys = e #Hs / tr[e=FHs]
on S invariant. Hence, any lower bound on the work cost of an implementation derived
in the framework of Gibbs-preserving maps also applies to thermal operations. We use
the same definitions of work and the effective work process for thermal operations as
we defined for Gibbs-preserving maps earlier: an information battery is used to account
for work, and the effective work process associated with a thermal operation @xw_, xw
with respect to battery states (tyy, ‘E(;["//) is also defined by (24).

When considering only states that commute with the Hamiltonian, a powerful tool to
characterize possible state transformations is the notion of thermomajorization [8]. In the
fully quantum regime, there is in contrast no known simple mathematical characterization
of the work required to implement a quantum process with thermal operations. In fact,
because thermal operations are time-covariant, it is impossible to implement processes
that are not time-covariant, even if the latter might admit an implementation with a
Gibbs-preserving map [6].

We will later use a primitive that transforms a thermal state into a pure energy eigen-
state. The next statement follows directly from [8, Eq. (8) and Suppl. Note 4].
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Proposition 3.2. Let yx = e PHx [ tr[e PHX] be the thermal state on a system X with
Hamiltonian Hy, and let |E)x be a pure energy eigenstate of Hy. There exists a ther-
mal operation @xw on an information battery with battery states (tw, ty,) such that
(I)xw(yx ® rw) =|E)E|x ® rév and such that w(tw) — w(ty,) can be chosen arbi-
trarily close to BE +1n trlePHx],

4. Thermodynamic Capacity

4.1. Definition. Let X, X’ be quantum systems, & _, x’ be aquantum process, ande > 0.
We seek a free thermodynamic operation (either a thermal operation or a Gibbs preserv-
ing map) ®@xnw_, xmw that acts on X®" and a battery W, with output on X'®" and W,

as well as information battery states ‘L’S/) and r‘(,[i), such that:

(i) The effective work process Fxn_, xm of @xny _, xmy with respect to (r‘(;,), réf?) is

. . . ®n .
e-close in diamond distance to é”x_) X'

(ii)) We seek to minimize the work consumption per copy w given by

w = % [u) (té‘i,)) —w (tv(‘f))] . 29)

Our main result is a collection of three independent constructions of such implemen-
tations in different regimes, using either Gibbs-preserving maps or thermal operations.
In each case, the amount of work consumed per copy is given by a quantity which we
call the thermodynamic capacity of the process, and which turns out to be the minimal
work cost an implementation satisfying the above conditions can achieve. The ther-
modynamic capacity of a completely positive, trace-preserving map &x_, x’ relative to
operators Iy, I'yr > 0 is defined as

T(&) = sup | D(Ex—x(@x) | Tx) = Diox | T} (30)

In a fully thermodynamic context where I'y = e #Hx and I'y = e PHx | one can

choose to express the thermodynamic capacity in units of energy rather than in nats,
in which case a pre-factor ! may be included in the definition above such that the
thermodynamic capacity is a difference of free energies

T(@@)=sup{FH/(é@<o>>—FH<a)} with Fr(p) =B~ 'D(plle P"). (31

Construction for trivial Hamiltonians First, in Sect. 5 we consider the special case where
I'y = 1x and I'yy = 1y corresponding to trivial Hamiltonians and show that simple
considerations based on properties of known entropy measures guarantee the existence
of a universal implementation of £®" with either thermal operations or Gibbs-preserving
maps.

Construction using Gibbs-preserving maps Second, in Sect. 6 we consider the case of
general I'y, I'ys and we construct a universal implementation of é"f}z’i y With Gibbs-
preserving maps, based on new typicality considerations.

Construction using thermal operations Third, for arbitrary Hamiltonians we construct
in Sect. 7 a universal implementation of &’ f’i y With thermal operations, assuming that

& is time-covariant, i.e., that it commutes with the time evolution operation.
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4.2. Properties. Thethermodynamic capacity is aconvex optimization program. Namely,
the objective function of the optimization in (30) can be written as

D(Ex—x(ox) | I'x) — D(ox || I'x)
= —H(fx-x(0x))+ H(ox) —tr[x_ x(ox) In'xy/] +tr[ox InIx]
= H(E| X’)p —tr[éx_x(ox) InIy/]+trlox InIx] , (32)

where we defined the state pgy' = Vy_ y gox V' using a Stinespring dilation Vx_, y' g
of & _, x’ into an environment system E, satisfying &x_, x/(-) = trg [V ) VT]. The con-
ditional entropy is concave in the quantum state as H(E | X"), = —D(pgx' | 1 ® px’)
and the quantum relative entropy is jointly convex. The other terms in (32) are linear.
Hence, the optimization (30) is a convex optimization that can be carried out efficiently
for small system sizes [30]. Indeed, we have successfully computed the thermodynamic
capacity of simple example quantum channels acting on few qubits with Python code,
using the QuTip framework [31,32] and the CVXOPT optimization software [33] (see
also [34] for a direct algorithm).

The thermodynamic capacity is additive [21]. As a consequence of this property, it
is not necessary to include a stabilization over a reference system in the definition of
the thermodynamic capacity. That is, had we optimized over bipartite states oy g with
a reference system R for any I'g, on which the process acts as the identity process, we
would be effectively computing 7 (& ® idg). However, additivity implies that T'(& ®
idg) =T(&).

Proposition 4.1 (Additivity of thermodynamic capacity [21]). For I'x, I'x/, Iz, 'z >
0 and quantum channels &x _, x1, F7_, 77 we have

T(E®F) =T +T(F). (33)

For completeness we provide an independent proof of additivity, to ensure validity
in the general setting of abstract I” operators.

Proof. Let ox, Tz be states achieving the thermodynamic capacity of 7 (&) and T (%),
respectively. Then, oy ® 77 is a candidate for 7(& ® %), yielding
T(EQ®F)2D(E0)RF) | Iv ®Ty)—Do®t | Ix ®Iy)
=D )| I'x) =D || I'x) + D(F(t) | I'z) — D(z || I'7)
=TE)+T(F). (34)
Now, let ¢ x 7 achieve the optimum for T (6 ®.%#).Let Vx_, g, x, Wz_, g, 7 be Stinespring
isometries of & and .% respectively, such that &(-) = trg, [V () V'] and Z() =
tre, [W () WT]. Let pg,g,x 22 = (V@ W) ¢ (V. ® W)'. Then, we have

T(E®F)=D(ERF)) | Iy @ Iz)—D(ixz | I'x ® Iz)
=H(EIE2|X'Z), —ttlpxzIn(I'xy @ I'z)+tr[{xzIn(I'x @ I'7)] ,
= H(E|Ey|X'Z"), —tr[px/ In (I'x))] — tr [pz In (I'z)]
+tr[¢xIn(Ix)]+tr[¢z1In(I7)] (35)

since In(A ® B) = In(A) ® 1 + 1 ® In(B). Invoking the chain rule of the von Neumann
entropy, and then strong sub-additivity of the entropy, we see that H(EE2 | X'Z"), =
H(E | X'Z),+H(E2 | E\X'Z"), < H(E( | X'), + H(E2| Z'),,. Hence, we have



1720 P. Faist, M. Berta, F. G. S. L. Brandao

(35) < H(E( | X, — tr [px' In(I'x)] +tr [{x In (Iy)]
+H(Ey|Z))p —tr[pz In(I'z)] +tr [§z In (I'7)]

ST@E+T(F), (36)
where the last inequality holds because the reduced states ¢x, {z are optimization can-
didates for T (&) and T (%), respectively. O

A special case worth mentioning is when I'y = 1x, I'y» = 1x/, which corresponds
to the situation where the Hamiltonians of X and X’ are trivial. For any quantum channel
&x_ x’,let Vx_, x/g be a Stinespring dilation isometry with &y _, x/ (-) = trg [V ) VT].
Then, we have

T(&) =sup{H(ox) — H(&(0ox))} = sup H(E | X/)VUV-:~ . (37)

That is, the thermodynamic capacity characterizes by how much the channel is capable
of reducing the entropy of its input, or equivalently, how much entropy the channel is
capable of dumping into the environment when conditioned on the output. We note that
the quantity —7' (&) has previously been studied in the information theory literature as
the entropy gain of quantum channels [35-42]. Our work can be seen as giving a precise
operational interpretation to this quantity.

4.3. Optimality. Here, we show that any universal implementation that obeys our stated
conditions in Sect. 4.1 must necessarily consume an amount of work that is lower
bounded by the thermodynamic capacity. That is, any universal implementation that con-
sumes an amount of work equal to the thermodynamic capacity is optimal. This lower
bound is simple to prove, because a universal implementation of a process must neces-
sarily be a good implementation for any individual i.i.d. input state, a situation where
the optimal work cost is known [16]. Furthermore, any scheme that satisfies the require-
ments of Sect. 4 at work cost w per copy counted with standard battery states of Ref.
[16], has an effective process Jxn_, xm on the systems that obeys .7 (I’ ;(X’”) <eMr }?” .
This is because any thermal operation is in particular a Gibbs-preserving map, and the
work cost is characterized by Proposition 3.1. The following shows that for any such
implementation, the work consumed w per copy cannot be less than the thermodynamic
capacity of the process.

Proposition 4.2. Lete > 0, I'y, I'ys > 0, &x_, x’ acompletely positive, trace-preserving
map, and Txn_, xm a completely positive, trace non-increasing map such that we have
|7 — &% /2 < €. For w € R such that ﬂanxm(f}?") <™ I"ff", we have in the
limit n — oo that w > T (&).

Proof. Letywith%né" — I |lo < €,0x beaquantumstate,and |0') x g, = 0)1(/2 |P)x:Ry -
Then, by definition of the diamond norm it must hold that D(& (oxry), 7 (0x&y)) < €,

which implies that P (& (oxry). 7 (0xry)) < v/2€. We have that .7 is a valid opti-
mization candidate for the definition of the coherent relative entropy and thus

AV2e ®n ®n ®n ®n
=Dy, xm (éDX%X/(UXRX) | et rgt) <nw. (38)
For n — o0, we can employ the asymptotic equipartition of the coherent relative en-

tropy (27) to see that
D(&(ox) | I'x) — D(ox [ I'x) <

w . (39)
Since this inequality holds for all ox, we deduce that 7(&) < w. O
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5. Construction #1: Trivial Hamiltonians

5.1. Statement and proof sketch. Instead of constructing explicitly an implementation
that satisfies the requirements of Sect. 4, one might hope that the implementation could
be given implicitly as the solution of a semi-definite program representing an entropy
measure. This proof idea was indeed exploited in other contexts in Refs. [23,43]. Here,
we define the one-shot entropy-like quantity

wW¢ (& N Ix, I'y) = min w, 40
Yo x' (Ex—x 1 Ix, Txr) s, (40)

7 -&l<e

where Jx_, x» ranges over all trace non-increasing, completely positive maps. The proof
strategy would then be to relate this entropy measure to the coherent relative entropy, and
to exploit known properties of the latter in the i.i.d. regime to provide an upper bound
to the expression

1
Wi xn G xn 11" T (41)

Xn—Xxm
Should this upper bound behave like 7' (&) to leading order, then the .7 equal to the
optimal solution to (40) defines an implementation in terms of Gibbs-preserving maps
thanks to Proposition 3.1. It turns out that this proof strategy works well in the special
case of trivial Hamiltonians, but fails in the general case.
The core technical statement that underlies our Construction #1 is summarized in the
following theorem.

Theorem 5.1. Let & _, x» be a completely positive, trace-preserving map, and € > 0.
Then we have

o1
lim _W)G(HHX’” (é"%’f’_}xm ” ﬂxn, ]lx/n) = T(g) , (42)

n—oon
where T (&) = maxq, {H(ox) — H(E(ox))}.

This implementation is constructed by taking the implicit optimal solution Fxn_, x
in the semi-definite program (40) for % Wi, xm (& )}X’i x Il Lxn, Lym), and using Propo-
sition 3.1 to construct an associated Gibbs-preserving map acting on battery states
via (25). In summary, for any 8’ > 0, for n large enough and choosing any m, m’
such that m — m’ < nT (&) + &', the full implementation map in terms of Fxn_, xm
becomes

Dxn s xmw () = Txnxn (Cw[Pi()]) @ T (43)

We emphasise that Theorem 5.1 exactly covers the entropy gain of quantum channels
as studied in [35-42].

Proof. (Theorem 5.1) By using the post-selection technique (Theorem 2.1) and recalling

that the fixed-input state case is given by the coherent relative entropy, we find

W)g('n_)X/n (éa@n X ” ]]-X”v ]]-X’”) < _be/poly(n) (éa)((X)n x/(gX”Rﬁ) || ]]-X"v ]lxm) . (44)

X— Xn—Xm —

In the case of trivial Hamiltonians, the coherent relative entropy reduces to the smooth
max-entropy (cf. [16, Props. 28 and 26] and also Ref. [44]). More precisely, we have

DSy (oxrry | 1x, Tx) = —HEL (E X)), + g(e) (45)
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where |p) x'ry E 1s a pure state, where ¢ > 0,0 < o < 1, g(¢) are universal and do not
depend on the state or the dimensions of the systems, and the smooth max-entropy is
defined as

Hy(E|1X)p = min  Hyo(E| X)) (46)
P(p,p)<e
Huax(E 1 X') = pmax In | st (47)
Thus, we have
(44) < HaalPY ™ (E" | XM, + g(e) (48)

where pymgn = V2" o - txn(VH®" = [do (Vo VT)®" and Vy_, y/f is a Stinespring
dilation isometry of &y_x' as Ex_x'(:) = trg [Vx_xg () V']. At this point we
invoke two facts. First, note that the de Finetti state can be written as a mixture of
only poly(n) i.i.d. states, instead of a continuous average (Theorem 2.1): There exists
a set {0} of at most poly(n) states and a distribution {p;} such that {x» = ), p; ai®” .
Second, we invoke the property that the conditional max-entropy is quasi-convex up to a
penalty term, namely, that the conditional max-entropy of )", p; p; is less than or equal
to the maximum over the set of max-entropies corresponding to each p;, plus a term
proportional to the logarithm of the number of terms in the sum [45, Lemma 11]. Hence,
with p; = V o; VT we get

(48) < max Hin™ ) (E" | X") 150 + In(poly(n) + g (e) . (49)

Now, we are in business because the max-entropy is evaluated on an i.i.d. state, and we
know that it asymptotically goes to the von Neumann entropy in this regime [46]. Also,
lim,— oo (1/n){ In(poly(n)) + g(€)} = 0 and hence

1
3 € n
Jim Wiy (67 x

]].Xn, ]lX/n) < m?lx H(E | X/)pi
1

max {H (0;) — H(&(07))}

N

max {H(o) — H(&(0))}
T(&) (50)
noting that H(E | X') = H(EX') — H(X') = H(X) — H(X').O

5.2. Challenges for extension to non-trivial Hamiltonians. Naturally, one might ask
whether it is possible to extend this proof to the case of non-trivial I" operators. Inter-
estingly, this is not possible, at least not in a naive way. The problem is that we need a
quasi-convexity property of the form

—DS_ v (Ex—x(oxry) | Tx. Tx)

? N .
< max (_ D5 (Exxiolr) | T, FX/)) + (penalty) , (51)

. 1 2 . .
where ox = Y pio and lo)xr = oy’ |P)xry. 07 xr = (05)"/2|®)x.ky, and
where the (penalty) term scales in a favourable way in n, say of order In(poly(M))
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where M is the number of terms in the convex decomposition as for the max-entropy.
In fact, Eq. (51) is false, as can be shown using an explicit counterexample on a two-
level system which we present below. As this example is based on physical reasons,
the coherent relative entropy is not even approximately quasi-convex. We note that a
priori we cannot rule out a quasi-convexity property that might have a penalty term that
depends on properties of the I" operators, yet such a term is likely to scale unfavourably
with n.

Our example is as follows. Consider a two-level system with a Hamiltonian H with
energy levels |0), |1) at corresponding energies Eg = 0 and E; > 0. The corresponding
I" operator is I" = go|0)(0] + g1|1)(1| with go = 1, g1 = e PF1. Consider the process
consisting in erasing the input and creating the output state |+), where we define |+) =
[10) + |1)]/ﬁ. That is, we consider the process & (-) = tr[-] [+){(+|. Suppose the input
state is maximally mixed, o = 1/2, such that px'g, = [+){+|x' ® Lg, /2. If Eg =0
and E1 — oo, then this process requires a lot of work; intuitively, with probability 1/2
we start in the ground state |0) and need to prepare the output state |[+) which has high
energy.

For € = 0, we can see this because the input state is full rank, hence .7 = &; then
&(I") = tr[I]]+) (+] and the smallest & such that £(I") < «I is given by

o/ [l = P72+ 072 = T ) = (g0 +811)/2
= (1+ePEry2 > PE1 )2, (52)

Noting that tr[I"] > 1, we have o > ¢P£1/2, and hence the energy cost of the transfor-
mation 1/2 — |+) is

energy cost = —ﬁ_lﬁxﬁx/(é"xﬁx/(aXRx) Wr, ry= ,3_1 Ina > E| — ﬂ_l In(2) .
(53)

Clearly, this work cost can become arbitrarily large if £; — oo. On the other hand, we
can perform the transformation [+) — [+) obviously at no work cost; similarly, |—) —
|[+) can be carried out by letting the system time-evolve under its own Hamiltonian
for exactly the time interval required to pick up a relative phase (—1) between the |0)
and |1) states. This also costs no work because it is a unitary operation that commutes
with the Hamiltonian. We thus have our counter-example to the quasi-convexity of the
coherent relative entropy. The transformation 1/2 — |+) is very hard, but the individual
transformations |£+) — |+) are trivial, noting that 1/2 = (1/2)|+){(+| + (1/2)|—){—|.

We show in “Appendix D” how to make the above claim robust against an accuracy
tolerance € > 0.

6. Construction #2: Gibbs-Preserving Maps

6.1. Statement and proof sketch. Here, we present a general construction of a univer-
sal implementation of an i.i.d. process using Gibbs-preserving maps according to the
requirements of Sect. 4.1. The idea is to explicitly construct an implementation using
a novel notion of quantum typicality. We introduce notions of quantum typicality that
apply to quantum processes and universally capture regions of the Hilbert space where
the conditional entropy (respectively the relative entropy difference) has a given value.
This generalizes existing notions of typical projectors to a quantum typical operator that
applies to bipartite states, is relative to a I" operator, and universal.
The main result behind the construction in this section is the following theorem.
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Theorem 6.1. Let I'x, I'yr > 0, &x_, x’ be a completely positive, trace-preserving map,
and € > 0. Then, for § > 0 and n € N large enough there exists a completely positive
map Txn_, xm such that:

(i) Txn_s xm is trace non-increasing;
- 8
i(ii) ” L7X”—)X’” - gX_)X/ <€
-1
(iii) yX"—)X’" (F;(@n) < en[T(&’)+45+n In(poly(n))] F;{an.

Note that we have n~! In(poly(n)) — 0 as n — oo, and that we can take § — 0
after taking n — oo. Thanks to Proposition 3.1, the mapping Jxn»_, x» defines an
implementation of the i.i.d. process é";?i y in terms of Gibbs-preserving maps and a
battery, whose work cost rate is given to leading order by the thermodynamic capacity
T (&) after taking § — O.

As for Construction #1, the full Gibbs-preserving map implementing the required
process is assembled in two steps, first constructing the map Jxn_, x» in Theorem 6.1
and then using Proposition 3.1 to obtain the full Gibbs-preserving map. Let Vx_, x' g
be a Stinespring dilation isometry of & _, x. For § > 0, we introduce a universal
conditional and relative typical smoothing operator M E;SX,,, (see later Definition 6.1 and
Proposition 6.1) with x = —nT (&) and relative to I'yrp = V Iy V' and I'y'. The map
Txn_, xm 1s then constructed as

)
Tinxn () = pn [Men Vg OV M| (54)
Finally, we employ Proposition 3.1 to construct an associated Gibbs-preserving map
acting on battery states via (25). For any §’ > 0, for n large enough and choosing any
m,m’ such that m —m’' < nT(&) +48 + n~' Inpoly(n) + &', the full implementation
map in terms of Tyn_, xn becomes

By xnw () = Txn o xn (rw [P ()] @ Tt (55)

6.2. Construction via universal conditional and relative typicality. The main ingredi-
ent of our proof is a notion of a universal conditional and relative typical smoothing
operator that enables us to discard events that are very unlikely to appear in the process
while accounting for how much they contribute to the overall work cost. This operator
is inspired by similar constructions in Refs. [47,48]. However, in additional to being
“relative” as in [47] our smoothing operator is also simultaneously “conditional” and
“universal”.

Definition 6.1. Let 43, F 0 and x € R. A universal conditional and relative

typical smoothing operator M A" gn With parameter § > 0 is an operator on A" B" that
satisfies the following conditions:

(i) (M) My <1

(i1) There exists £ > 0 independent of n with the following property: For any pure state
|pYaBr With pap (respectively pp) in the support of I'yp (respectively FI;) and
such that D(pap || T'a) — D(pp || Fé) > x, it holds that

{( 55k M A"B" |'0)ABR} — poly(n) exp(—né) ; (56)
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Gii) tro | Mg TS5 (M3i%50)" | < poly(ny et e

Note that the smoothing operator is defined as a general operator of norm bounded
by one, as opposed to the usual definition of typical subspaces or typical projectors. The
main reason is that it is not known to us in general if such an object can be chosen to
be a projector. By using the real part in Point (ii) above, we ensure that a process that

applies the operator Mj;;,‘s gn preserves coherences when it is applied to a superposition
of several states {|p)® AB R} This property would not have been ensured if instead, we had
merely asserted that M?; A,, Bl ,o) apgrand | ,0) A p g have high absolute value overlap or are
close in fidelity. If M?; A” pn 18 @ projector then the expression reduces to tr(M?; A,, pn0) s
one usually considers for projectors on typical subspaces.

The core technical statement of Construction #2 is to show the existence of a universal
conditional and relative smoothing operator, which is as follows.
Proposition 6.1. Let I'sp, Fé >0, x eR aswellasn € Nand 5§ > 0. There exists a
universal conditional and relative typical smoothing operator Mf",,‘SBn that is furthermore
permutation-invariant. Moreover; if [[ap, 14 ® Iy, 5] = 0, then M;;’,fs gn can be chosen
to be a projector satisfying [M;;’,fan, /®”] = 0and [MA,,Bn, ng] =0.

In the following, we present the proof of Theorem 6.1 based on the existence of such

the smoothing operator from Proposition 6.1. The more technical proof of Proposition 6.1
is then given in Sect. 6.3.

Proof (Theorem 6.1). Let Vx_, x/g be a Stinespring dilation of & _, x/ into an environ-
mentsystem £ >~ X® X’. Forn € N we need to find a suitable candidate implementation
Txn_s xm. Let

x = —max { D& (ox) | Tx) = Dlox | T) | = ~T(&) . (57)

Forany 6 > Olet ME" X

E playing the role of the system A, with Vx_, xy'p I'x V X(_ v @ T'ap and with 'y as
I'y. Now, define

be the operator constructed by Proposition 6.1, with the system

Txnsxm(:) = Wgn [ E”X/" V)Q(biX’E () (V;;<—X’E)®n (ME":SXM)T] (58)

noting that Jxn_, xm is trace non-increasing by construction thanks to Property (i) of
Definition 6.1.

Let |o) xry be any pure state, and define |p) x'Ery = Vx— x'E |0) xRy - By construc-
tion, D(pex' | (Vx—xeI'x V")) = D(px | Tx') = D(ox | I'x) = D(&(ox) | Tx) >
x. Then Property (ii) of Proposition 6.1 tells us that there exists a £ > 0 independent of
both p and n such that

{< |X’ERX ME”X’" |,0>X/ERX} 2 1— pOly(l’l) GXP(—I’ZS) . (59)

The conditions of Proposition 2.3 are fulﬁlled, with Wyn_y xmpn = M7, A,, gn yen

X—>X'E>
thanks furthermore to the fact that M7 is permutation-invariant as guaranteed by
Proposition 6.1. Hence, we have

En X/)l

1
3 | Fxn—xm — X»X/ H < poly(n) exp(—né&/2) . (60)
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For n € N large enough this becomes smaller than any fixed € > 0. Furthermore, by
Property (iii) of Definition 6.1, we have that

Txnxm (FE") = trpn [Mz’fxm (Vx—x'E FXVX(_X,E)W( EnX/n) ]

< poly(n) e ") pEr (61)

as required. O

6.3. Universal conditional and relative typical smoothing operator. We now turn to the
proof of Proposition 6.1, giving an explicit construction of a universal conditional and
relative typical smoothing operator. As the proof of Proposition 6.1 is quite lengthy, it
can be instructive to consider a simpler version of our typical smoothing operator which
applies in the case where the Hamiltonians are trivial. We carry out this analysis in
“Appendix E”.

Proof (Proposition 6.1). First, we claim that we can assume 43 > O and I'y; > 0
without loss of generality. Indeed, if either operator is not positive definite, then we can

first construct the operator M ;;{S gn associated with modified operators Fag > 0and
I'y > 0 where all the zero eigenvalues of I'yp and I'j are replaced by some arbitrary
fixed strictly positive constant (e.g., one); we can then set M; A,, pn = Pg,l/ M A,, g P /f,, B
where P!, 4n g (rESpectively P};n) is the projector onto the support of I’f’g (respectively
Ft;@” ). The operator M j;;,‘s gn constructed in this way satisfies all of the required properties.
For the remainder of this proof we thus assume that I'4p > 0 and Fr/; > 0.

Let { An B,,} be the POVM constructed by Proposition 2.2 for Hyp = — In(I'4p).
Similarly, let { f;n} be the corresponding POVM constructed in Proposition 2.2 for
Hp = —In(I'). Also, as before, we denote by IT%, . and by [T, the projectors
on the Schur—Weyl blocks labelled by the Young diagrams A € Young(dadp, n) and
n € Young(dp, n). Let

,8 2 :
Mf‘n BT — Sgn Hgn Hﬁn Bn Rgn B - (62)
B k,E,)»_,/L :
k—H)—L+H (u)>x—468

Note that [S*, B> ] = Obecause S pn 1S permutation-invariant, and [1 4 ®S¢ g I i B,,]
= Obecause ]1 An ® St pn 18 permutation- 1nvar1ant Recall also that [1 4» @ IT}; B I’ Anpn] =

0 for the same reason. The operator M?; A,, gn 18 permutation-invariant by construction.
Then, we have

) F) / / ! /
Man-LMj;)an = Z Rl;an Hgan Hgn SenSen Hgn HA}'IBH Rl;an
kL,
KON )
k—H(W)—L+H (1) >x—48
K—HO)—+H (') >x—48

= Z RA"B” (HA”B" Hgn SB") RA”B"
I NS

k—H (W) —t+H (1) >x—48
'—H (W) —+H (1) 2x—48
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= Z R]Aan Z Hf)i”B” Hgn Sgn RA"B"
kK ol
k—H()—t+H (1) >x—48
K —HO)—0+H (u)>x—48

’
g Z Rﬁn B}l Rg)an
k,k’

= Z RE,gn = Tanpn (63)
k

recalling that the operators (/7 ﬁ,, g 11 g,, .S B,,) form a commuting set of projectors, and
where in the third line the inner sum is taken to be the zero operator if no triplet (¢, A, ©)
satisfies the given constraints. This shows Property (i).

Now, consider any state |p)4pr, Where R is any reference system, and assume that
D(pag |l Tap) — D(pg || I'y) > x. Rewrite this condition as

—H(pap) —tr[papIn Capl+ H(pp) + tr[ppIn ] . (64)
We write
¢ A k ®
<'O|ABR A"B" |'0>ABR = Z (p |ABR(SB"Hg"HA”B"RA"B”) lPYABR
k0
k—H ) —+H (1) >x—48
= .1 + .2 s (65)
where we define
m = > (I o (Su Tl I g R pn ) 10) S s (662)
k,l A,
kz—trlpap In'4p]—3
HM)<H(pap)+s

< —tr[pp In I'y1+8
H(w)=H(pp)—4

u;

Z (0155 & (S T T3 gn R o) 10) 55k - (66b)

kh
k—H () —t+H (1) >x—45 AND
[ k<—tr[papIn'4p]—8§ OR
H()>H(pap)+s OR
{>—tr[ppInI'g]+6 OR

H(w<H(pp)—3 1

further noting that the conditions in the sum defining l; indeed imply that k — H() —
L+ H(u) > —tr[papInTapl — H(pap) +tr[ppIn Iy 1+ H(pp) — 48 > x — 48. We
first consider M;. Define the projectors

X, = Z R, g s X{=1-X;; (67a)
kZ—tr[papInap]—$
X, = > Mg Xy =1-Xp; (67b)

HMW<H(pap)+S
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X3 = Z g, ; Xy =1-X;3; (67¢)
H(1)>H(pp)—$
X4 = > Shi s Xf=1-X,, (67d)

e<~tr[pp In Ty 1+
and observe that
Re { M} = Re{(p|33r (X4 X3 X2 X1 ) |0)33r) - (68)

Thanks to Proposition 2.2, we have || XL |p)ABR|| 2exp(—nn/2), recalling that
|P|¥) || = o/tr[P/], and hence

Re {(pI55r Xa X3 X2 X1 10)3p}
=Re (0I5 Xe X3 X2 10055} = Re {(0155x X X3 X2 XT10)5h )
Re{(p|ABR X4 X3 X2 |p)ABR} — 2exp(—nn/2) (69)

using Cauchy—Schwarz to assert that Re((x [V)) < 1) < o) || Similarly,
using Proposition 2.1, we have || XJ- Ip)ABRH < poly(n) exp(—nn/2). Also, we have

I X5 10)9% x| < poly(n) exp(—nn/2), and || X3 |0)5% | < 2exp(—nn/2), yielding

Re {(01%5x Xa X3 X2 10)$hr} = Re {(pI5%r X4 X3 10)55x} — poly(n) exp(—nn/2) ;

(70)
Re {(0IF%r Xa X3 10)55x} = Re {(0IF%r Xa 10)5% R} — poly(n) exp(—nn/2) ;(71)
Re {(035r Xa 10)5Er) =12 exp(—nn/2) . (72)

We take all these 1’s to be the same, by choosing if necessary the minimum of the four
possibly different s. Hence, we have

Re{ M} > 1 —poly(n) exp(—nn/2). (73)

Now we consider the term l,. We know that

| Rb 5100 | < expl—mn/2) itk < —trlpapInIagl —8;  (T4a)
|15 g 10) 355 | < pOly(n)exp(—nn/2)  if H(A) > H(pap) +35 ; (74b)
HSBnI,O ABRH < exp(—n/2) if 6> —trlppIn )] +8; (74¢)
1750 10) 55 & || < poly(n) exp(—nn/2)  if H(n) < H(pp) — 6 (74d)

recalling that | P|y)|| = /tr[ P¥]. So, for each term in the sum (66b), we have

= (013 S T T ) (R o 10)5)|

< H RA”B” |P>%R H ) H (Sgnng"nﬁ"ﬂ”) |P)%R H
< poly(n) exp(—nn/2) (75)

®n (ol itk pk ®
‘<p|A;13R(SB” Mg I g Rin ) 10) 3
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using the Cauchy—Schwarz inequality and because at least one of the four conditions is
violated, causing at least one of the two the norms to decay exponentially (noting also

that ngn, Hg,l, T ‘in gn all commute). Because there are only at most poly(n) terms, we
have
[W | < Z ‘()0|ABR(S§"HB"HA”B"RA"B”) |p)ABR‘

k,lh
k—H () —E+H (1) =>x—48 AND
[ k<—trlox InI'y]—§ OR
H(}M)>H(ox)+6 OR
>—tr[pyrIn I'y/]+6 OR
H(w)<H(&(ox))—8 ]

< poly(n) exp(—nn/2) . (76)

Hence, we have

Re{M;} + Re{W,}
> Re{ll;} — M|
> 1 — poly(n) exp(—nn/2) 77

proving Property (ii) for & = 1 /2. Note that & does not depend on the state |0) x . Now,
we prove Property (iii). Using Lemma B.1 and dropping some subsystem indices for
readability, we have

®
[<’O|ABR A"B" |p>AgR}

K ® B o\t
tan [Mypn Ty (Mgiign) ']
< poly(n) 3 r pn [Sen“n*Rk ren kanﬂse] . @8
k,loh
k—H () —t+H (1) >x—48

Recall that, using Proposition 2.2 and Lemma 2.2,

R]‘Zan ngz B 7nk RA”B” < —nk ]lA"B” ) (79)
1Y, trpn [ITin g | Mgy < poly(n) exp(n(H ) — H(w))) Lpn ; (80)
St <™ Sh, TE < et I (81)

further recalling that [R* A gn F®gf] = 0and[S¢ B> /®"] = 0. Combining these together
yields

(78) < poly(n) Z e "™ SCITH tr pn [H,%AL”B"] st
kAL
k—H () —t+H (1) >x—48

< Z poly(n) o~ kA (H()—H (1) Sgn

kh
k—H () —€+H (1) >x—48

< Z poly(n)e‘”("_g(’\)"g(“)_z) Fé@n

ko

k—H (M) —+H () >x—48
< poly(n) e "4 pen (82)
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Finally, suppose that [I4 3, I"I;] = 0, meaning that we can choose a simultaneous

eigenbasis for I'4 p and I'p’. Then the operator M f‘;f gn 1S aprojector, as can be seenin (62)

since in that case {Sg,, 1, {Hg,, 1, {Hﬁ,, Bn)s {Rl/‘w gn) are all complete sets of projectors
all elements of which commute pairwise between different sets. Furthermore, Fg" and
Ffl;‘ both commute with all of these projectors and therefore also with M z;,‘SBn. O

7. Construction #3: Thermal Operations

7.1. Statement and proof sketch. We now present a construction of a universal ther-
modynamic implementation of a time-covariant i.i.d. process, using the framework of
thermal operations instead of Gibbs-preserving maps.

Theorem 7.1. Let X be a quantum system, Hx a Hermitian operator, B > 0, &x_x a
completely positive, trace-preserving map satisfying

Ex— x (e X1 () o Hxty = o=HHxt o0 () eTXT forallt € R. (83)

Lete > 0. Let § > 0 be small enough and n € N be large enough. Then, there exists an

information battery W, a thermal operation ® xny, and battery states T‘E‘]/) and T‘(;) such
that:

(i) The effective work process Txn_, xn associated with @ xny and (‘L’S,), ré‘f)) satisfies

1
SN Txroxr = ER llo <€ (84)

—

(ii) The work cost per copy satisfies

1 .
i o () -w (@) 21w

The main idea in the present construction is to first carry out a Stinespring dilation
unitary explicitly using suitable ancillas as the environment system, and then to apply
a conditional erasure process that resets the ancillas to a standard state while using the
output of the process as side information. The idea of implementing a process in this
fashion was also employed in Ref. [13].

Our core technical contribution for Construction #3 is to show how to build a thermo-
dynamic protocol for universal conditional erasure, using the idea of position-based de-
coding [19,49-55]. The assembly of the full thermal operation is slightly more involved
than Constructions #1 and #2, because we cannot use Proposition 3.1. The construction
will be illustrated in Figure 2, using a conditional erasure primitive whose construction
is illustrated in Figure 1.

7.2. Universal conditional erasure. Conditional erasure is a task that is of independent
interest because it generalizes Landauer’s erasure principle to situations where a quantum
memory is available. A protocol for thermodynamic conditional erasure of a system using
a memory as quantum side information was given in ref. [56] for trivial Hamiltonians.
Here, we study the problem of finding a universal protocol for conditional erasure, whose
accuracy is guaranteed for any input state on n copies of a system, and where the system
and memory Hamiltonians can be arbitrary.
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Definition 7.1 (Universal conditional erasure). Consider two systems S, M. Let og be
a fixed state, let sy = {psp} be an arbitrary set of states on S ® M, and let 8’ > 0. A
universal conditional §'-erasure process of S using M as side information is a completely
positive, trace non-increasing map sy sy such that for all pgy € -#spr, and writing
|p)smr a purification of pgys, we have

F(Tsm—sm(psmr), 0s ® pugr) = 1—-38". (86)
We provide a thermodynamic protocol for universal conditional erasure.

Proposition 7.1. Let S, M be systems with Hamiltonians Hg, Hy; and let ys refer to
the thermal state on S. Let sy be an arbitrary set of states on S @ M. Let m > 0
such that €™ is integer. Let Psy be a Hermitian operator satisfying 0 < Psy < 1
and [Psy, Hs + Hy ] = 0, and assume that there exists i, k' > 0 such that for all
osm € Lsy we have

tr[Psy psm] =1 —k ; (87a)
K_/
tr[Psy (vs ® pm)] < o (87b)

Then, there exists a thermal operation Zspyj—symy acting on the systems SM and an
information battery J, such that the effective work process Tsy— sy of Zsyj—smi
with respect to the battery states (t'}', |0) ;) is a universal conditional (2« +4«")-erasure
process with o5 = ys for the set of states /s, where .7¢, is the convex hull of Zsy.

The proof of Proposition 7.1 is developed in the rest of this section. We start by
reformulating the ideas of the convex-split lemma, the position-based decoding, and the
catalytic decoupling schemes [19,49-55] to form a protocol for universal conditional
erasure. The underlying ideas of the following proposition are the same as, e.g., in Ref.
[19]. Yet, our technical statement differs in some aspects and that is why we provide a
proof for completeness. The setting is depicted in Fig. 1.

Lemma 7.1 (Conditional erasure unitary using position-based decoding). Consider two
systems S, M and fixm > 0 such that €™ is integer. Let J be a large register of dimension
at least 2¢™, and choose a fixed basis {|j) j}. Now, let ys be any state, /sy an arbitrary
set of quantum states on S ® M, Psy; a Hermitian operator satisfying 0 < Psy < 1,
and assume that there exists «, k' > 0 such that for all pspy € sy the conditions (87)
hold. Furthermore, let A = A1 ® --- ® Agm be a collection of ancilla systems with
each Aj ~ S, and let A" = A| @ --- @ Al be a copy of the full collection of ancilla

. . . 1/2
systems. We write a purification of ya,; on A/j as |V>AjA/. = VA/- |‘D>AJ-~A/.~ Let ), be
! J J o

the convex hull of sy Then, there exists a unitary operator W;";I) AT>SMAJ satisfying
the following property: For any reference system R, for any pure tripartite state |p)smr
with psy € YS’M, and for any |j)j with 1 < j < €™, we have

Re {((v/ (osmmlrusan @ 01) Wiy, (19hrus @ 11550 @ 1i)s)] > 1= @k + 46,
(88)

where we have defined

T/ (sum) rusan = 10)a;mr ® [V)sa, @ U D laanasn,  (89)
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Fig. 1. Construction of the thermal operation for universal conditional erasure using position-based decod-
ing [19], illustrating the construction in the proof of Proposition 7.1 and Lemma 7.1. We define a map Zs s 7
that acts on a system S to reset, a quantum memory M and a register J, which is promised to be initialized in
the uniformly mixed state e~ 1 ,m of rank ¢ for a fixed and known value of m. A state pgys of the system
and the memory is purified by a reference system R (not pictured). The map Zs,y; outputs the system S in
a state close to the thermal state yg and the register J in a state close to the pure state |0) 7, all while ensuring
that pypsp remains unchanged (up to small errors), for all states pgjs in a given class of states .#5,7. The
routine is provided a POVM effect Pg)s whose task is to distinguish pgps from ys ® pps in a hypothesis
test for all pgps € Lspr. As long as m is not too large (as determined by how well Pgjs can perform this
distinguishing), the procedure completes successfully. To implement %y (shaded region) we involve e
ancillas A = Ay ... A,m with Aj >~ S, each initialized in the thermal state YA; = Vs- Then S and A are

coherently swapped (Fg Aj) conditioned on the value stored in J. If m is not too large, a POVM {2 ;/1 4} can

infer the value j stored in J, up to a small error; the POVM is constructed from Pgy;. We then coherently
reset the J register to zero by conditioning on this outcome (up to a small error). The full procedure is a
thermal operation where the ancillas are the heat bath and J is an information battery such that m work has
been extracted in units of pure nats (see main text)

and by the notation AA" \ A jA’j we refer to all AA” systems except A A’j. Moreover;

for any observables Hg, Hy such that [ Pspy, Hs + Hy ] = O, the unitary Wé’;',;AJ may
be chosen such that [Hs + Hy + Y HAJ., WS(";/I)A]] = 0, where HAj = Hg.

Intuitively, we absorb the initial randomness present in the register J, e.g., given to
us by the environment in a mixed state, and return it in a pure state; J can therefore be
identified as an information battery. Similarly, A can be identified as a heat bath.

Proof. First observe that we can assume .%s)s to be a convex set, because any convex
combination of states in .5y also satisfies the conditions (87). For the rest of the proof
we assume without loss of generality that sy = /.

The operator W is defined in two steps. The first operation simply consists on condi-
tionally swapping S with A ;, depending on the value stored in J. Then, we infer again

from M A which j we swapped S with, in order to coherently reset the register J back
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to the zero state (approximately). We define the first unitary operation as W, acting
on systems SAJ

1 L
W, = Fsa, @ 1)l - (90)
J
where Fsa; denotes the swap operator between the two designated systems. Observe

that W maps p onto i according to
) ®e" :
Wsos (lP)RMS RIYhga ® |]>J)

_ . , ®(e'"—1)] ;
Ohann, @15, @[] L@l

= T/ sraran ® )7 - 1)

The second step is more tricky. We need to infer from the systems M A alone which j was
stored in J. Fortunately the answer is provided in the form of position-based decoding
[19], using a pretty good measurement. Define

Aya = Pya; @ Laa, 92)

such that {Aﬁ,l Alisa set of positive operators. We can form a POVM {£2 1{,1 NIt AJ/_I N
by normalizing the A/’s as follows:

—1/2 —-1/2 j j
Qa = Ay Mya Ay Ama =D Alas Qa=1-> 20, . (93)

J J

‘We would now like to lower bound tr[.Q]{,I " rAJ' ma]. Following the proof of [19, Theo-
rem 2], we first invoke the Hayashi—-Nagaoka inequality [57], which states that for any
operators 0 < A < 1, B > 0, we have

1—(A+B) 2AA+B) 2 <2(1 - A)+4B. (94)

Applying this inequality with A = A/ yaand B=73" it A A we obtain

tr [(]l - .Qj) TAjMA] 2tr [(]1 - AMA) TJMA] +4 Z tr[ ATJMA]

J'#E]
2tr [(1 — Psar) psm] +4m tr [ Psar (vs @ pu) |
2

<
<2k + 4k’ 95)

Now, let SHIFT; (x) = Z |j+x) ] |; denote the SHIFT operation on the J register,
modulo ¢™; note that (SHIFT] (x)) = SHIFT;(—x). We define

1&4221 = Z'Q ®@SHIFT;(=j) | ; Wonas = WﬁLJWAE]A)J (96)
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and we see that W W’ < 1 thanks to Proposition B.3. Then, we have

Wrmas (|P)RMS ® )%, A/ ® |j>1)

> 24 ® SHIFT (=) | (17)sruan ® 1))
j/

- Z( MA ) RMSAA’) ®1j—J)- 97

Thanks to Proposition C.1, the operator Wg,, ., can be completed to a full unitary
Wsamas by using an extra qubit in the J register, and such that (0|; Wspaslj)s =
(0lyWgpsasli)s forall j =1,..., ™ (with the convention that | j) ; for j < e forces
the extra qubit to be in the zero state). So, recalling (95),

(@ lrmsan @ 01) Wsuas (1) rus ®16)5% @ 1))
= ((Tj|RMSAA/ ® <O|J> Worias <|/0>RMS ® |¢>§)‘e:{ ® |j)J>

(Tflf2 Alff)RMSAA'
>1—Qk+4c). 98)

To prove the last part of the claim, let Hg, Hy; be observables such that [ Psy, Hs +
Hy)l=0and [Hg, ys] = 0. Let HA,. = Hyg and we write Hy = Zj HA,.. For all j, we
have ' '

[Hs+ Hy + Ha, A}y 1 = [H5+Zj,#jHAj,,AfWA] +[Hy +Ha;, Pya,1=0.
(99)

This implies that [Hs+ Hy + Ha, Ayal = 0, and in turn [Hs + Hy + Ha, Ay,1°] =0,
and thus also [Hs + Hy + Hy4, £27]1 = 0. Hence, we have

[Hs+ Hy + Ha, Wiy, ] =0 (100)

Clearly, [Hs + Hy + Ha, WS(XJ] = 0, and hence [Hs + Hy + Ha, Wgy,,,1 = 0.
Using Proposition C.2 instead of Proposition C.1, we may further enforce [Hg + Hys +
Ha, Wspasl =0, as required. O

We now give the proof of Proposition 7.1.

Proof (Proposition 7.1). Let W;T,I) 4 be the energy-conserving unitary as in Lemma 7.1
and define the thermal operation

Rsmy () =twa[ Wi (@ ya) Wi T . (101)

Identifying J as an information battery, the associated effective work process of Zsys s
with respect to (77, |0) ) is

Tsm—su() =twa[O W (@ ya@ M)W T 10),]. (102)
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Let psy € ,VS/ y and let [p) sprg be a purification of pgpr. We have that the state vector

P

e 2N 0L W4y (10 sur @ V)55 1)) ® i)k, (103)
j=1

is a purification of Fsy— syp(psmr), where R is an additional register. Similarly, the
state vector

oM

e | (psmr)) Risan ® 1), (104)
Jj=1

is a purification of ys ® ppr. Then, with Uhlmann’s theorem we find

F(Tsm—sm(psmr): ¥s @ pMR)

m

e
>e™ Y Re {((ri (osmr)|rmsan ® 011) Wty s (10)rus @ 11)§% ® |j>1)]
j=1

>1— (Qk+4x)), (105)

making use of (88). O

7.3. Construction via universal conditional erasure. This section is devoted to the proof
of Theorem 7.1. The strategy is to exploit the fact that time-covariant processes admit a
Stinespring dilation with an energy-conserving unitary using an environment system with
a separate Hamiltonian. This property enables us to map the problem of implementing
such a process directly to a conditional erasure problem with a system and memory that
are non-interacting.

The following lemma formalizes the property of time-covariant processes we make
use of. Various proofs of this lemma can be found in [58], [59, Appendix B] and [60,
Theorem 25].

Lemma 7.2 (Stinespring dilation of covariant processes [58—60]). Let X be a quantum
system with Hamiltonian Hy, and &x_ x be a completely positive, trace-preserving map
that is covariant with respect to time evolution. That is, for all t we have

Exx (7 X () 1IN0y = &N Gy () 1IN (106)

Then, there exists a system E with Hamiltonian HE including an eigenstate |0) g of zero
energy, as well as a unitary Vgx_ gx such that

Ex—x() =g [V (100l ® () V'] (107)

aswellas V (Hx + Hg) VT = Hy + Hg.

We provide an additional proof in “Appendix A”. The main idea behind the construc-
tion in the following proof of Theorem 7.1 is depicted in Fig. 2.



1736 P. Faist, M. Berta, F. G. S. L. Brandao

n
X" \ﬂ?{% V)‘?EHXE P)XER g®n(0§7§)
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S ~®n
iy 4
En X’VL
m ~ nBFg +nT () ~ |0)
nﬁFE
7 [— (@

Fig. 2. The conditional erasure procedure in Figure 1 can be used to construct an i.i.d. implementation of
a given time-covariant process (Theorem 7.1). First we apply an energy-conserving Stinespring dilation of
the process on all input copies, using a zero-initialized ancilla as environment system E for each copy. We
then invoke the conditional erasure procedure %Zgn xn j to reset E" to the thermal state ygg’" using X" as
a memory, while extracting work using an information battery J. Here, the projector that can distinguish
p?;, from L gn ® pym is the universal conditional typical projector given by Proposition E.2. The fact

that Zgn xnj preserves the correlations [€(ox g)]®" between the memory (output systems X’) and the
reference R" ensures that the process is implemented accurately. The amount of work extracted by Zgn xn ;
ism ~ n[BFg + T(&)] but ~ nBFg work has to be paid to prepare the initially pure E" ancillas, where
BFE =—1In tr(e*/3 Hg ). The overall work extracted is ~ T (&) per copy

Proof. (Theorem 7.1) Thanks to Lemma 7.2, there exists an environment system E with
Hamiltonian Hg, as well as an energy-conserving unitary Vxr and a state |0) g of zero
energy such that (107) holds. Let Fg = —,8’1 In(Zg) with Zg = tr[e~PHE]. We define

x = min {D(o e PHXy — D(&(0) | e*ﬂ”X)} = _T(&). (108)

Writing pxg = Vxe (|0)(0|F ® ox) V;E, we have that x = minﬂx{—H(ax) + Btr
lox Hx] + H(px) — Btrlpx Hx]}. By trlox Hx] = t[(|0)(0|r ® ox)(Hx + Hg)] =
tr[pXE (Hx + HE)], we see that

X = H;)l(H {=H(pxE) + H(px) + Btrlpp HED} . (109)

Observe that for any such px g, we have

—H(E|X),+ptrlpeHel 2 —H(E), + ptr[pp HE] +In(Z) — In(Z)
= D(pg |lve) + BFE > BFE (110)

using the sub-additivity of the von Neumann entropy and the fact that relative entropy
is positive for normalized states. Hence, we have x > B FE.
Let

Fpnxn = {pgy + pex = Vxe(10){0] ® ox)Vy ; for some o}, (a1

noting that for all p£5 € .Zgnxn, we have D(pgx || e PHXHE)) — D(py || e PHx) =
D(o || e PHx)y— D(&(0) || e PHX) > x. Let Pg;,axn be the universal typical and relative
conditional operator furnished by Proposition 6.1, where I'y = e #AX and I'yy =
e BUHx+HE) — Py @ 'y with I's = e PHE. Since I'yp commutes with 15 ® Iy,
Proposition 6.1 guarantees that Pg;fxn is a projector which furthermore commutes with



Thermodynamic Implementations of Quantum Processes 1737

F ®” and I ®". We proceed to show that Pg;fsxn can perform a hypothesis test between
o2 E X and y " ® pf?” . Recalling Definition 6.1 we have

w[ Pt p$i] =1 -« (112)

with k = poly(n) e™"" for some n > 0 independent of p and n. By construction we

have 1y  I'g = FX_I/ZFXE Fx_l/z, and so thanks to Point (iii) of Definition 6.1 we can

compute

trE"[PE"X"F®H] = (FX_I/Z)W trE”[PE"XnFW](FX_l/Z)@n
< poly(n) exp(—n(x —46)) Ix» , (113)

where we furthermore used the fact that Pg;,’sxn commutes with F)?g and with F)‘?". We
therefore see using yg = g/ tr[I'g] that

[ Prden p¥" @ yE"] < - [Fl% poly(n) exp(—n(x — 48)) t[p$"]
= poly(n) exp(—n(x — BFE — 49)) . (114)
Let
" = |exp{n(x — BFg —45 —n)}| . (115)

such that tr[ Py E”X" p¥" ® y£"] < ek’ by choosing k' = poly(n)e"".

Now let J be a register of dlmenswn at least 2¢” and let Zgnxny be the thermal
operation furnished by Proposition 7.1 for S = E", M = X", Sgnxn, Pg;fxn, m, k, and
k' as defined above. Here, we have assumed that x > 8 Fg, and that furthermore §, n are
small enough such that45 +n < (x — 8 FE);if instead x = B FE then we can sete™ = 1
and Zgnxny(-) = trgn(c) ® y®" (which is a thermal operation) in the following.

We proceed to show that the effective work process 7, g s nyn Of ZEnxny with

respect to (1:71, |0) y) is close to the partial trace map Q?E(,E))X,,HE,,X,, () =trgn (1) ® yk@"
in diamond distance. We invoke the post-selection technique (Theorem 2.1) to show this.
Let ¢gn x» be the de Finetti state which via (21) can be written as the convex combination
of a finite number of i.i.d. states

Cpnxn =) pip®". (116)

Hence {gnyn lies in the convex hull of .#gnx», and from Proposition 7.1 and Defini-
tion 7.1 we see that for a purification |¢) grnxn g of {gnxn we have

F(yEpfxn_)Enxn (g‘Enan), )/?n ® trgn (;E”X"R)) > 1— (2[( + 4,(/) . (1 17)
Using D(p,0) < /1 — F(p, o) along with Theorem 2.1 we find
1 J
3N T = Tgwr o lo < V2 + 4 = poly(mye ™2 (118)
We can start piecing together the full process. Our overall protocol needs to (a) bring

in a heat bath E”, i.e., ancillas initialized in their thermal state, (b) prepare the states
|O)%" on the ancillas using an auxiliary information battery (denoted by W’ below),
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(c) apply the energy-conserving unitary Vf?g, (d) apply ZEnxn; using an information
battery J initialized in the state r;”, and (e) discard the ancillis.

As explained in Sect. 3, there exists a thermal operation @ gny on the ancillas and
an information battery W' along with battery states (ré;,), ré&,)) such that @ gn W/(ylf?”
r‘(;,)) = |0)(0| ® rv(é,) and with w(r(])) w(r ) arbitrarily close to —BnFg. Now

let W=JW, Tv(‘l/) = T‘a},) ® 1y, ré‘f) = r‘(;,) ® 10)(0] s, and define

Gy () = trpn [%Enxn,(vf’g By (() @ vE") (v);@g)T)] . 119)

The map @x»w is a thermal operation because it is a concatenation of thermal opera-
tions. The overall heat bath is formed of the systems E”, the ancillas A" used in the
implementation of %Zn x» s, as well as the implicit heat bath used in the implementation

of @gnyy. The system W = J @ W’ is the information battery. We can verify that the

associated effective work process with respect to ( @ ré;)) is

T () = 0] wen[Fpnxos (VEE ww [P B () @ 7) @ 2 @ M) (VD) ][0),
=t (0], 2o ([ViE (O @ 1000IF") (vEpT @7 ) o), |
= e[ T (VR (O @10)08") (vEDT)]
=t [V (O ® 0)0012") (VD' |+ Ax0 ()
=" () + Axn (), (120)

where Axn () = trgn (T pu () — Tynpn () satisfies (1/2)]| Axn o < poly(n)e—"'ﬂ2
Therefore for any fixed € and for n large enough we have (1/2)|| Ixn — £®” Toxllo <
The associated work cost per copy satisfies

1 i 1
li li _ [N (f) =1 li - (D 2) _
Jim i Loy — wimy )] = Jim lim (g - w(zy) —m]
1
= lim lim —[-nBFg —n(x — BFg — 48 +n) + v]
§—0n—oon
=T(), (121)
recalling (115), where 0 < v < 2 accounts for the rounding error in (1 15) and a possible

arbitrarily small difference between —nB Fg and w('l: ) w(r ) and recalling that
n—0asé— 0.0

8. Discussion

Our results fits in the line of research extending results in thermodynamics from state-to-
state transformations to quantum processes. Implementations of quantum processes are
difficult to construct because they need to reproduce the correct correlations between the
output and the reference system, and not only produce the correct output state. Here, we
have seen that it is nevertheless possible to implement any quantum process at an optimal
work cost: Any implementation that would use less work would violate the second law
of thermodynamics on a macroscopic scale. As a special case this also provides an
operational interpretation of the minimal entropy gain of a channel [35—42].



Thermodynamic Implementations of Quantum Processes 1739

Our three constructions of optimal implementations of processes are valid in different
settings, and it remains unclear if they can be unified in a single protocol that presents
the advantages of all three constructions. Namely, is it possible to use a physically well-
justified framework, e.g. thermal operations, to universally implement any i.i.d. process?
We expect this to be possible only if an arbitrary amount of coherence is allowed, in
analogy with the entanglement embezzling state required in the reverse Shannon theorem
[22,23].

Finally, the notion of quantum typicality that we have introduced in Definition 6.1
and Proposition 6.1 might be interesting in its own right. We anticipate that similar
considerations might provide pathways to smooth other information-theoretic quantities
[54,61,62] and to study the joint typicality conjecture [26,63—-66].
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Appendix
A Missing proofs

Proof (Lemma 2.2). A useful expression for I7 ﬁn g May be obtained following [25,
Section V]

dim(2,) N ) O\ o
H)\n n = T . o < dU I7 nRgn U d A U I7 npgn
AnB 5. (diag(h/n)) AB 1lynp ( Ap diag(A/n)ap AB) AB
_ ®n
< poly(n) ") / dUsp (Uap diagG/man ULy) . (122)

recalling that 173,,3,1 commutes with any i.i.d. state, with s, (X) = tr[g, (X)] and using
bounds on dim(Z2,) and s, (diag(A/n)) derived in Ref. [25]. Here, dUsp denotes the
Haar measure over all unitaries acting on %4 p, normalized such that f dUsp = 1. We
then have

_ ®n
tran [ITn pn ] < poly(n) e"H(A)/dUAB tran [(UAB diag(A/n)ap UIua) } :
(123)


http://creativecommons.org/licenses/by/4.0/
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Observe that for any state wp, we have

|15 wf" 1T lo =l lav@s) @1z, 1|
= g (@B)lloo < tr[gy(wp)]
< poly(m) e ") (124)
as derived e.g. in [25, Eq. (9)], and thus for any state wp,
My 2" M, < poly(n) e "0 1k, . (125)

Hence, we get
Hén tron [172‘”3"] Hén
A by ~ + NN v
< poly(n) "¢ )/dUAB 1k, (trA [UAB diag(A/n) 4 p UAB]) 1k,
< poly(n) "H® f dUap poly(n) e "1 1%,
— poly(n) MNHW=HO) Hg/n , (126)

as required. O

Proof. (Proposition 2.1) The Fannes—Audenaert continuity bound [67,68] of the entropy
states that for any 8’ > 0 there exists £(8’) > 0 such that for any quantum states p, o
with D(p, o) < &8 we have

|H(p) — H(0)| < £, 127)

and furthermore &(8”) is monotonically strictly decreasing and £(8") — 0 if 8 — 0.
Now, let § > 0, let £~! be the inverse function of &, and let 8’ = £~!(8). Consider
the set of Young diagrams Ay = {A € Young(da, n) : D(diag(A/n), p) < §'}. For all
A € Ay, we have that |H(p) — H(A)| < & thanks to the Fannes—Audenaert inequality.
Then, we have

tr Z mh | 2" | > & Z T | p$" (128)
A HOOE[H (p)+6] rEA

because all terms in the sum in the right hand side are included in the sum on the left
hand side. We may now invoke [24, Eq. (6.23)] to see that

(128) > 1 — poly(n) exp {—nn} , (129)

where n = §'2/2. 0

Proof (Proposition 2.2). The fact that there are only poly(n) elements follows because
there are only so many types. Property (ii) holds by definition. Property (iv) holds be-
cause e "**9) is the minimum / maximum eigenvalue of Ff” in the subspace spanned

by R:Sh. Finally, we need to show Property (iii): This follows from a large deviation
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analysis. More precisely, let Z; for j = 1, ..., n be random variables where Z; rep-
resents the measurement outcome of H4 on the j-th system of the i.i.d. state pf". By
Hoeffding’s inequality, we have that

2né* né?
- < — < S
pela/m Yz, tr[pAHA]\>8]\2exp< AH3>\26XP< 2||HA||30)’
(130)

where A Hy4 is the difference between the maximum and minimum eigenvalue of Hy, and
AHy < 2||Ha|loo- Thus, the event consisting of the outcomes & satisfying |k — tr[pa Hall
< § happens with probability at least 1 — 2¢~"*", proving (16). O

Proof. (Proposition 2.3) We use the post-selection technique (Theorem 2.1) to bound the

diamond norm distance between .Zxn_, x» and gfi x- Let|$) xu pn g be the purification

of the de Finetti state given by (21). Calculate

Re {(; |X"R"R’(V)?1EX/)TWX"*)E”X’" |§>XILR)1R/}
=3 pi Re {12 (V" ) Wanprn i) &)
> 1 — poly(n) exp(—nn) (131)

which implies, recalling that F'(|V), [¢)) = [{(¥|p)| = Re{(¥|¢)} and that (1 — x)?2 >
1—2x,

F? (V)(?iEX’ [&) xngngr s Wxns pnxm |§>X"R"R’) 2 1 —poly(n) exp(—nn)  (132)
and hence
P (V" oy 1€) xnngr» Wxns pnxm|C) yn gngr) < poly(n) exp(—nn/2) . (133)

Recalling the relations between the trace distance and the purified distance, and noting
that these distance measures cannot increase under the partial trace, we obtain

D(T G pug)s EF" Cxnng)) < P(T Cxnfngr) s E" Exnfngr))

< P(WX”»E"X’”M)XanRf ) V)?iEX’ |§>Xn]§an) < poly(n) exp(—nn/2).
(134)

The post-selection technique then asserts that
1
Elly — &%"lo < poly(n) exp(—nn/2) (135)

as claimed. O

Proof (Lemma 7.2). Let V_ . be any Stinespring dilation isometry of &x_, x, such

that &x_, x () = trg [V _, g () V'T]. For the input state |®) x.g,, consider the output
state |@)xgRry corresponding to first time-evolving by some time ¢, and then applying
V/

0 xRy = V' e X D)y g, = eV EXVI Y (@) gy (136)
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Now, letus define |¢") xRy = e iHxt y/ |®) x.ry - By the covariance property of &x_, x
both |¢) and |¢’) have the same reduced state on X Rx. Hence, they are related by some

unitary Wg) on the system E which in general depends on #

W) xErRy = WP 19 ) xERYy - (137)
‘We have

tex [Ve @y BV | = W iy [V, VW (138)

SO W,(; ) must define a representation of time evolution, at least on the support of the
operator try [V’(D x:ry V' T]. Hence, we may write W](; ) — ¢~iHE! for some Hamiltonian
Hpg, and from (137), we have for all ¢

Vixpe M= Iy (139)

Expanding for infinitesimal # we obtain

Let |0) g be an eigenvector of Hg corresponding to the eigenvalue zero; if Hg does not
contain an eigenvector with eigenvalue equal to zero, we may trivially add a dimension
to the system E to accommodate this vector. Then, the operator Vy_ . (0|g maps
each state of a subset of energy levels of X F to a corresponding energy level of same
energy on X E; it may thus be completed to a fully energy-preserving unitary Vxr_, x .
More precisely, let | j) x be a complete set of eigenvectors of Hx with energies / ;. Then
|1ﬁ}) = Vy_ yglJ)x is aneigenvector of Hy + H of energy h j thanks to (140). We have

two orthonormal sets {|0) ® |j)x } and {|1)x} in which the j-th vector of each set

has the same energy; we can thus complete these sets into two bases {| x;) x £}, { | Xi/ Y x E}
of eigenvectors of Hy + Hg, where the i-th element of either basis has exactly the same
energy. This defines a unitary Vxg_.xgp = Zi | Xi/ YxE(Xi|xg that is an extension of
Vs, x£(0lg, and that satisfies all the conditions of the claim. O

B. Technical Lemmas

Lemma B.1 (Pinching-like operator inequality). Let {E'}) | be a collection of M op-
erators and T > 0. Then, we have

(ZE")T(ZEN)gMZEiTE”. (141)
Proof. Call our system S and consider an additional register C of dimension |C| = M,
and let |x)c = M~ 1/2 Z/i\l:l |k)c. Then, we have

() 75 (LB =ue [(X B @lite) 7s (X B @ tic) s @ M xixien]
<Muc[(YEselic) Ts (Y B @ ile) As@10)]
=My ESTsE{" (142)

using | x){(xlc < 1c.O
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Lemma B.2 (Gentle measurement). Let p be a sub-normalized quantum state and 0 <
O < 1. Fortr[Qp] > 1 — § we then have

P(p, 0V2pQ'?) < V25 . (143)

This is a cruder statement than that of, e.g., [69, Lemma 7], allowing for a more
straightforward proof.

Proof. We have

F(p. 090" > F(p. 0200 = tr [V 7201720 0) ']
=t [0"p] >ulQpl > 1-5. (144

Then, we get P(p, Q'?p0'/%) < /1 — (1 —=68)2 < +/25.0

Proposition B.3 (Controlled-unitary using a POVM). Let {Qj } be a set of positive semi-
definite operators on a system X satisfying > Q7 < 1, {U’} be a collection of unitaries
on a system Y, and

Wyy =) 0% ®Uj. (145)
j

Then, we have WTW < 1.

Proof. Using an additional register K, define
Viexk =) VO ®lj)k . (146)

Then, we have VIV = > Qj < 1. Clearly, yvi < 1 xk because vVv*Tand VIV have
the same non-zero eigenvalues. Now, let

w=vi(Xixeuvelik) V. (147)

Because the middle term in parentheses is unitary, we manifestly have WW < 1. O

C. Dilation of Energy-Conserving Operators to Unitaries

This appendix collects a few technical lemmas on constructing an energy-conserving
unitary that extends a given operator of norm less than one.

Proposition C.1. Let Wy be an operator on a system X, such that WIW < 1. Then,
there exists a unitary operator Ux g acting on X and a qubit Q such that for any V) x,

(Olg Uxo (I¥)x ®10)0) = Wx[¥)x . (148)

That is, any operator W with || W« < 1 can be dilated to a unitary, with a post-selection
on the output.
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Proof. Setting Vx,xg = W®|0)g+v/1 — WIW®|1)p, weseethat VIV = WIW+
1—W'W = 1y, and hence Vx_, x o 1s an isometry. We can complete this isometry to a
unitary Uy o thatacts as V on the support of 1 x ®|0) (0] o and that maps the the support of
1x®]|1)(1]|o onto the complementary space to the image of V. It then follows that for any

[¥)x, wehave Uxo (|¥)x®10)0) = Vxoxo 1Y) x = (Wx|[¥)x)®10)o+(..)R[1) g,
and the claim follows. O

Proposition C.2. Let X be a quantum system with Hamiltonian Hy and Wyx be an
operator with WTW < 1 aswell as [Wx, Hx] = 0. Then, there exists a unitary operator
Ux g acting on X and a qubit Q with Hg = 0, that satisfies [Ux g, Hx] = 0 such that

<0|Q UXQ |O>Q = Wyx. (149)

That is, any energy-preserving operator W with |W || oo < 1 can be dilated to an energy-
preserving unitary on an ancilla with a post-selection on the output.

Proof. Firstwe calculate [WTW, Hy] = WT[W, Hx]+[W', Hx]W = 0—[W, Hx]'W

= 0. This implies that [v/1 — WTW, Hx] = 0,as W' W and ~/1 — WTW have the same
eigenspaces. We define

Viexo=W&I[0)g+vVI—-WWa|l). (150)

The operator Vx_. xo is an isometry, because viv = wiw+1 - wiw = 1y.
Furthermore, we have

Vxoxo Hx = (WxHx) ® |0) + (V1 — W'W Hx) ® [1) (151)
=(HXWX)®|O)+(HX\/]I—WTW)®|1)=HX VX—>XQ (152)

and thus we find [Vx_xg, Hx] = 0. Let {|j)x} be an eigenbasis of Hy, and let
W})XQ = Vx_.xolJj)x, noting that both |j) x and |¢})XQ have the same energy. The
two collections of vectors {|j)x ®[0)o} and {|¢}) x ¢} can thus be completed into two
bases {|Xi)XQ} and {|Xi/)XQ} of eigenvectors of Hx + Hp where the i-th element of

both bases have the same energy. Define finally Uxo = > _;|x/){(xi|x . noting that by
construction Ux|0)p = Vx— xp and [Uxg, Hx] = 0.0

D. Robust Counterexample Against Extensions of Construction #1

In this appendix we show that the counterexample of Sect. 5.2 is robust to small errors

on the process. The process is &x_, x/(-) = tr[-]|+){+|, where |[+) = [|0) + |1)]/«/§

with |0), |1) energy eigenstates of respective energies Eg = 0, E; > 0; we write

Hy = ZFO’] E;lj){jland I'y = e PHx The initial state on X and a reference system

Rx = X is the maximally entangled state |o') xg, = [|00) +|11)1/v/2 = |®) x:r, /V/2.
We seek a map Jx_, x such that

P(Txx(0xRy), Ex—x'(0xry)) <€ and Ix_x(I'x) <alyx , (153)

for a « that is independent of Eq, E|. Here we have X >~ X’ and I'y = I'y'.
Let px'py = &x—x'(0x Ry ). From (153) we find %H«%{»X/(CTXRX) —pxrylll <€,
whichin turn implies that (1/4) | Zx . x (@x:ry)—|+) (+|x'®1Lry ||, < €,and hence that
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TIx_x' () = tr[-]|+) (+]x» + A(-) for some Hermiticity preserving map A(-) satisfying
HA@xr) I < 2e.
Let AL > 0 be the positive and negative parts of A(I") = A; — A_, noting that
1/2 1/2 .
r(A-) < tr(Ao) +1(Ay) = (A = gy (Tg)” A(@xiry) Tl)l1. defining
I, as the transpose of I'y onto the system Ry, and continuing the computation we

: 12 12 .
obtain tr(A_) < ||FR}/( A(¢X;RX)FR}/( 1 < ITRx loolA(@x:Ry )1 < 4e, using the

fact that || Iy |loc = max;{e PEi} = 1.

To complete this argument we define the hypothesis testing relative entropy [70-74]
in its form as presented in [75]. For any sub-normalized quantum state p and for any
positive semi-definite operator ¢ whose support contains the support of p, we define
it via the following equivalent optimizations, which are semi-definite programs [76] in
terms of the primal variable Q > 0 and the dual variables u, X > 0:

e~ P l19) — minimize: n~! tr[Qo] = maximize: pu — = tr[X]
subject to: Q < 1 = subject to: up < o+ X. (154)
tr[Qp] = 1

The condition Jx_, x/(I") < ol implies that o I” > tr[]|+) (+| + A() > |+)(+]| —
A_. Hence, we have that ¢ ! |[+)(+] < '+ A_/a. Hence, for any 0 < n < 1 to be fixed
later, . = a~! is feasible for the dual problem (154) defining the hypothesis testing
entropy Dyj(|+)(+| | I"), and e PRINEIT) > g1 tr[A_/al/n = o (1 - 4¢/n).
Thus, we have In(«) > DI'Z[(|+)(+| | I") +1In(1 —4€/n). Choosing n = 8¢ yields In(1 —
4e/n) = —1n(2).

On the other hand, by definition we have e~ Da() D) < tr[QT']/n for any 0
0 < 1 satisfying tr[Q]+)(+]] > n; with O = 25|1)(1| we obtain e~ Pr(+ 11
2¢~PE1 and thus DI'ZI(|+)(+| I > BE| —In(2).

Then, In(o) > —In(2) + BE] — In(2) = —21In(2) + BE;. Now let « be the optimal
candidate in the coherent relative entropy ﬁ;_} v (Ox'ry I I, I') = — In(a). We finally
see that the transformation 1 /2 — |+) may require arbitrarily much energy if £; — oo,
even for a small € > 0, since

<
<

energy cost = — D%y (pxrry I T ) =~ In(@) = E; — 287 ' In(2) .
(155)

E. Universal Conditional Typical Projector for Trivial Hamiltonians

In the case of trivial Hamiltonians, Definition 6.1 can be simplified. We call the corre-
sponding object a universal conditional typical projector

Definition E.1. Consider two systems with Hilbert spaces %4, 3 and let s € R.
We define a universal conditional typical projector Plf",fB,, with parameter 6 > 0 as a
projector acting on (3 ® #3)®" such that:

(i) There exists n > 0 independent of n such that for any quantum state psp with
H(A|B), <s, we have

tr[ P pn 055 ] = 1 — poly(n) exp(—nn) ; (156)

(ii) tran[ Py ga ] < poly(n) "¢ +29) 1 g,
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Observe that we choose to define the object in Definition E. 1 as a projector whereas we
only require the object in Definition 6.1 to be an operator of norm at most 1. The reason
is that while we can prove that a projector satisfying the conditions of Definition E.1
exists, we are currently not able to guarantee the existence of a projector satisfying the
criteria of Definition 6.1.

Proposition E.2. Consider two systems A, B and let s € R. Forany § > 0 andn € N
there exists a universal conditional typical projector Pz’f gn thatis permutation-invariant.

The proof of Proposition E.2 is developed in the rest of this appendix. To understand
why the projector of Definition E.1 is conditional—as well as for a simple illustration
of its use—consider the smooth Rényi-zero conditional max-entropy, also known as the
smooth alternative max-entropy [11]. It is defined for a bipartite state p4p as
157

Afu (A1 B), = min In [wa[ 53] .
PR

where I1 ﬁj‘gg is the projector onto the support of o4 5, and where the optimization ranges
over sub-normalized states p4p which are e-close to p4p in purified distance. We may
understand the i.i.d. behaviour of this quantity as follows. For § > 0 and n € N let
PI‘;’,,‘SB,, be a universal conditional typical projector with s = H(A|B),. We define
Pangn = P50 p%g, P*%_ Then, we have panpn ~ pf’g for n € N large enough, thanks
to Property (i) and the gentle measurement lemma (Lemma B.2). On the other hand,
using Property (ii) we have

1 A 1 ‘ 1
r—lHI;ax(A" | B") pen < - In ||trAn[PA’6]||OO < H(A|B),+25+ - In(poly(n))

(158)

such that taking the limits n — oo and § — 0, we get that the smooth Rényi-zero
conditional entropy is asymptotically upper bounded by the von Neumann conditional
entropy in the i.i.d. regime.

We proceed to construct a universal conditional typical projector based on ideas
from Schur—Weyl duality. The construction presented here is similar to, and inspired by,
techniques put forward in earlier work [22,24-26,47,48].

Proof. (Proposition E.2) Let

Py, = > (@ M) Mhngn . (159)
B A

HGO)—H(R)<5428
where the respective projectors 7 ﬁ/n, I ﬁ,l gn refer to Schur—Weyl decompositions of
ff?n and of (%) ® #3)®", respectively, A € Young(dadg,n)and A’ € Young(dg, n).
Observe that PI‘Z’,,‘SB,, is a projector: Each term in the sum is a projector as a product of
two commuting projectors (Lemma 2.1), and each term of the sum acts on a different
subspace of (4 ® #5)®". The projector PIZ’JSB,, corresponds to the measurement of
the two commuting POVMs {H ﬁ,, Bn } and {17 1};;/,, } and testing whether or not the event
H(\)—H()) < s+28 is satisfied. Also by construction Pf"an is permutation-invariant.
For any pap with H(A | B), < s, the probability that the measurement of Pf"f Bn
fails on pfg can be upper bounded as follows. The passing event H (1) — H (1) < s+28
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is implied in particular by the two events (a) H(A) < H(AB), + 8 and (b) H()) >
H (B), — 6 happening simultaneously, recalling that H(AB),— H(B), = H(A| B), <
s. The probability of event (a) failing is

Pr[H(A) > H(AB), + 8] < poly(n) exp (—nn) (160)
as given by Proposition 2.1, and similarly for event (b)
Pr[H(\) < H(B), — §] < poly(n) exp (—nn) . (161)

We can use the same 7 in both cases by picking the lesser of the two values given by
Proposition 2.1, if necessary. Note furthermore that n > 0 does not depend on p. Hence
with this 5, for any psp we have

tr[Pylps p55] = 1 — poly(n) exp(—nn) (162)

as required.
For the second property, we use Lemma 2.2 to write

) / '
trA”[PIZ”B"] = Z Hén trpn [nﬁan] Hl)}n
B A
HO)—HO) <5428
< Y polym " TR,
B PRV
HO)—HO) <5428

< poly(n) "2 1 g (163)

recalling that there are only poly(n) many possible Young diagrams and hence at most
s0 many terms in the sum. O

F. Universal Conditional Erasure for n Copies and Trivial Hamiltonians

Corollary F.1 (Thermodynamic protocol for universal conditional erasure for n copies).
Let S, M be systems, let s be the maximally mixed state on S. Let s < In(ds), where
dg is the dimension of S, and let § > 0 small enough. Let n € N be large enough. Let J
be a large enough information battery and let any m < n(In(ds) — s — 38) such that ™
is integer.

Then, there exists n' > 0 and a thermal operation Zsnpyn j_ snyny acting on the
systems S" M" J, such that the effective work process Tgnpn_ snpypn Of Bsnpn j— snpn J
with respect to the battery states (t'}', |0) ) is a universal conditional (poly(n) e’"”,)-
erasure process resetting S" to the state 05® " with respect to the set of states . yn,

where L§, yyn is the convex hull of Fsnpm = {p?ﬁ’jl CH(S|IM), < s}.

The case where s = In(dy) is uninteresting as we cannot hope to extract any work.
In such cases one can simply set m = 0 and take Zgnpn ; to be the thermal operation
that completely thermalizes S”.
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Proof. This is in fact a relatively straightforward application of Proposition 7.1 over n

copies of SM. Let P‘SY;,SM,, be given by Proposition E.2. We seek «, «” that satisfy (87).

We can choose k = poly(n) exp {—nn(5)} thanks to Definition E.1. Furthermore for any
Py € Fsnyn we have

1 ®n
tr [Pswn (d—ss ® pM) } < poly(n) €29 ag™ tr[p$"] = poly(n) e (In(ds)=s=29)

< poly(n) e~

em

(164)

and thus we may take «’ = poly(n) e "%. Finally, 1’ is given as n’ = min{8, n(8)}. O
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