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Abstract Determining the aperiodicity of large earthquake recurrences is key to forecast future
rupture behavior. Aperiodicity is classically expressed as the coefficient of variation of recurrence
intervals, though the recent trend to express it as burstiness is more intuitive and avoids minor
inaccuracies. Due to the underestimation of burstiness in records with a low number of recurrence
intervals, the paradigm is to obtain long paleoseismic records with many events. Here, we present a
suite of synthetic paleoseismic records designed around the Weibull and inverse Gaussian distributions
that demonstrate that age uncertainty relative to the mean recurrence interval causes overestimation
of burstiness. The effects of overestimation and underestimation interact and give complex results for
accurate estimates of aperiodicity. Furthermore, we show that the way recurrence intervals are sampled
from a paleoseismic record can have strong influences on the resulting statistic and its implication for
probabilistic seismic hazard assessment. Comparing values of burstiness between paleoseismic records
should therefore be done with caution.

Plain Language Summary To forecast future earthquake activity, paleoseismologists

aim to have many events in a single sedimentary record to estimate the periodicity of an earthquake
sequence with as little uncertainty as possible. This focus on the number of events is not wrong, but
event age uncertainty is another—often neglected and not yet described—source of uncertainty that

can interfere in estimating periodicity correctly. In this study, we show in what way and by how much
event age uncertainty affects the uncertainty in periodicity. We create a model of many different artificial
earthquake sequences. For our model setup, we choose: (1) two types of patterns; (2) six degrees of
periodicity; (3) 10 different levels of event age uncertainty; and (4) a wide range of number of events (from
4 to 101 events). Then we create 50,000 earthquake sequences for each unique combination within this
spectrum and analyze the variability in periodicity. We find that low number of events underestimates
periodicity and high age uncertainty overestimates periodicity. Having many events in a record is more
important, if the earthquake sequence is not periodic. Having accurately dated events is more important,
if the earthquake sequence is periodic.

1. Introduction

The ultimate goal of paleoseismology is to estimate the magnitude, location, and timing of future earth-
quakes by reconstructing past earthquakes over multi-millennia timescales. Besides constraining the mean
recurrence rate, paleoseismologists characterize the aperiodicity in earthquake sequences (e.g., Goes &
Ward, 1994). Aperiodicity plays a key role in characterizing the main conceptual models of seismic behavior
in major tectonic fault zones, being the elastic rebound theory (for periodic behavior, Reid, 1910), character-
istic earthquakes (for weakly periodic behavior, Schwartz & Coppersmith, 1984), earthquakes as a Poisso-
nian process with constant hazard rates (for random recurrences, e.g., Gomez et al., 2015) and earthquake
supercycles (Sieh et al., 2008). In most cases, the aperiodicity is expressed by the coefficient of variation
(CoV; mean-normalized standard deviation) of recurrence intervals (RIs), that is, the time between two
consecutive events. Since the proposition of the term burstiness (B) (Goh & Barabasi, 2008), authors some-
times use B instead of the CoV (Chen et al., 2020; Griffin et al., 2020; Salditch et al., 2020). B is the result of
a one-to-one transformation of the CoV from the domain of 0 to +co to B’s codomain of —1to +1.

Because CoV and B do not take into account the order of events, Goh and Barabasi (2008) also introduced
a memory (M) term, which is the correlation coefficient of consecutive RIs, also called auto-correlation. M
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ranges from —1 to +1, is negative when short (long) RIs follow long (short) RIs, and positive if short (long)
RIs follow short (long) RIs. Because of the logical physical connection of large stress releases, reloading
of the fault and potential stress transfer to other faults, M finds use in large earthquake literature. An ex-
tensive survey of mostly instrumental records of large earthquake sequences in major seismic regions and
on isolated fault zones produced a range of M between —0.36 and +0.35 (Chen et al., 2020). However, it is
unclear how reliable estimates of M are, when derived from paleoseismic records with typically low event
numbers. We calculate M for synthesized records that are conceptually designed without memory (M = 0)
and discuss the usefulness of M in large earthquake paleoseismology.

At the center of the statistics CoV, B and M are the RIs, which are based on event ages (EAs). Most onshore
studies rely on sedimentary sequences in dynamic environments, where sedimentation rate is likely highly
variable (e.g., Berryman et al., 2012) and cannot be used as a constraint (Bayesian prior) in age-modeling
(Efron, 2013). In these onshore studies, EAs are often determined by dates constraining the EA to a mini-
mum and maximum age and making use of the stratigraphic order of event deposits. Marine and lacustrine
paleoseismology often benefit from a more stable sedimentation rate, which can be implemented in age-
depth models (e.g., Howarth et al., 2014, 2016; Wils et al., 2020), effectively decreasing age uncertainty in
age-depth models. The stratigraphic distance between event deposits in marine or lacustrine records given
an average sedimentation rate is thus a reasonable estimator of the RI. The low uncertainty in relative age
of events in paleoseismic records can be crucial for cross-site correlation of large earthquakes when deter-
mining spatiotemporal patterns in a seismically active region (Howarth et al., 2021). For these reasons, we
focus our analyses on aquatic records with stable sedimentary environments.

As a result of different age model techniques, RIs are calculated in various ways. There are three common
methods:

1. The “best” age approach, where a single “best” age (often the median of an age distribution) is assigned
to each event and the difference is the RI (e.g., Kulkarni et al., 2013; Moernaut et al., 2018).

2. The age-depth model iteration approach, where Rls are calculated based on the age differences within
Markov Chain Monte Carlo (MCMC) iterations (simulated accumulation histories) that make up the
age-depth model. This method gives a mathematically more correct estimate for RIs and keeps the prob-
abilistic nature of the EA. The age model is based on a constrained Bayesian prior of sedimentation rate,
then this model produces valid RIs with less relative age uncertainty than other methods. The age-depth
model iteration approach can be applied through, for example, the use of the Difference()-function on
P_Sequences in OxCal (e.g., Bronk Ramsey & Lee, 2013; Sawai et al., 2009) or through the subtracted it-
eration ages of consecutive events from Bacon (Blaauw & Christen, 2011) age-depth models (e.g., Kempf
et al., 2018).

3. The sampling EA approach, where the EA distributions are randomly sampled (Monte Carlo method) to
calculate RIs. Age reversals, that is, negative RIs, can occur in this approach, if two consecutive events
have overlapping EA distributions, and it matters how these are treated. Recent global compilations
(e.g., Williams et al., 2019) use the sampling EA approach, regardless of the type of paleoseismic record,
affecting relative age uncertainty. The differences in the way RIs are calculated and the preferred method
used for a given type of paleoseismic record may lead to inconsistent interpretations of CoV and hamper
the reliability of hazard assessments.

Here, we quantify the effect of age uncertainty on estimates of aperiodicity of earthquake sequences under
the assumption of a stationary series, that is, aperiodicity is a stable statistic over all event occurrences. We
begin with estimating the uncertainty in estimates of aperiodicity (CoV and B) over the number of events
from various synthetic earthquake recurrence patterns without added age uncertainty (control). Then we
simulate the effects that age uncertainty in paleoseismic records can have on earthquake sequence statistics.
Beyond the obvious “more and better data is best,” we evaluate when decreasing age uncertainty (better
data) and when the traditional paradigm of looking for longer records with more events (more data) is the
best way to improve the estimate of aperiodicity. We discuss various natural cases from the literature and
show that even the method how to calculate measures of aperiodicity can affect the result and thus the
interpretation of earthquake recurrence data.
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2. Methods
2.1. Considerations for Synthetic Record Creation

The first half of this study is based on synthetic paleoseismic records that are designed to mimic existing
paleoseismic records. The building blocks of these records are time-spans between two consecutive events,
that is, RIs. The synthetic records are created using the Monte Carlo method, that is, they contain samples
from a true probability density function (true PDFs) of RI distributions. The shape and scale of true PDFs
follow a set of rules:

Rule 1: The mean RI of the true PDF is 100 years. We chose 100 years, because it is easy to scale to real re-
cords and has the advantage of simplifying the thinking in percentages. Note that the sample mean of any
single synthetic record will likely differ from 100 years, especially for synthetic records with low numbers
of RIs (n) (Kempf et al., 2018).

Rule 2: The number of RIs (n) in synthetic records ranges from 3 to 100. This encompasses almost all ex-
isting paleoseismic records, with prominent exceptions, for example, the n = 118 paleoseismic record of 7
kyr from Lake Tutira near the Alpine Fault in New Zealand (Gomez et al., 2015) or the n = 413 paleoseis-
mic record of 220 kyr from the Dead Sea (Lu et al., 2020). The most relevant bracket of » is from 3 to 30,
because this is where most paleoseismic records fall into and where most change in descriptive statistics is
anticipated.

Rule 3: The type of distribution of the true PDF needs to be relevant for paleoseismology. We chose Wei-
bull and inverse Gaussian distributions for reasons discussed in Matthews et al. (2002). However, because
results are similar for both Weibull and inverse Gaussian Distributions, we refer to the Supporting Informa-
tion for all analyses beyond the introduction of the scenarios.

Rule 4: All RIs within one synthetic record are independent from another. This means all synthetic records
are randomly sampled from their true PDF (Monte Carlo method).

Rule 5: The coefficient of variation (CoV) is the mean-normalized standard deviation and defined as
CoV =

¢y
CoV =

== = |Q

Where CoV is the sample CoV, o (s) is the (sample) standard deviation and 4 () is the (sample) mean. We
aim for a range of realistic CoVs between 0.25 and 1.46 as obtained in published lacustrine paleoseismic
records in different tectonic settings (cf. Chen et al., 2020; Griffin et al., 2020; Moernaut, 2020). The one-to-
one transformation from CoV to B is (Goh & Barabasi, 2008)

c/pu—-1_CoV-1

oc/p+l CoV+1

_ s/i-1_Cov-1 @
B =

s/X+1 CoV+1

B

where B is the sample burstiness. The parameterization of the true PDFs is chosen accordingly.

2.2. Side Note on Terminology

CoV's of approximately 1 (B~ 0) are often called “time-independent.” because Poissonian processes, which
have a time-independent (constant) hazard rate, have a CoV of 1. We prefer “aperiodic,” because there are
many other distributions that can produce CoVs of 1, but have time-dependent hazard rates.

Paleoseismic records with CoV > 1.1 (B > 0.05) are sometimes called “clustered.” However, this terminolo-
gy can be confused with being the result of a cluster analysis, in which series of short RIs are mathematical-
ly delimited from long quiescent phases. We follow the reasoning of Salditch et al. (2020), who noted that
paleoseismic records with CoV < 1(B < 0) can appear clustered, too, and use the term “bursty” instead for
records with CoV > 1.1 (B > 0.05).
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Table 2

Parameters for Creating True PDFs Used to Produce Inverse Gaussian
Synthetic Records. Note That the Inverse Gaussian Distribution of CoV = 1
(B = 0) Does Not Have the Shape of an Exponential Distribution, Nor Does it

Have a Uniform Hazard Rate

Table 1
Parameters for Creating True PDFs Used to Produce Weibull Synthetic Records

Input parameters True PDF characteristics

Shape Scale Mean Level of
Distribution type (kyyei) (Ayed) ) CoV B aperiodicity
Weibull 4 ~ 110 100 ~0.281 ~-0.563 Strongly periodic
Weibull 2 ~113 100 ~0.523  ~-0.313 Weakly periodic
Weibull 1.3 ~108 100 ~0.776  ~-0.126 Weakly periodic
Weibull (exp. dist.) 1 100 100 1 0 Aperiodic
Weibull 0.85 =92 100 ~1.181 ~0.083 Bursty
Weibull 0.7 ~79 100 ~1.462 ~0.188  Bursty

We acknowledge that the boundaries are somewhat arbitrary, however, we refer to a record witha CoV < 0.5
1 1

(B < —5) as “strongly periodic,” from 0.5 (B = —5) to 0.9 (B =~ —0.05) as “weakly periodic,” from 0.9

(B ~ —0.05) to 1.1 (B ~ +0.05) as “aperiodic” and >1.1 (B ~ +0.05) as “bursty.”

2.3. Choosing Parameters for Probability Distribution Functions

The parameterization of the Weibull and inverse Gaussian distributions are chosen in accord with the
five rules specified above. The parameters are listed in Tables 1 and 2. The resulting PDFs (Figure 1) are
the priors for synthetic records. For the equations, we refer the reader to the Supporting Information in
this article.

2.4. Age Uncertainty Generator

To analyze the effect of age uncertainty in paleoseismic records on descriptive statistics like the CoV or B,
we subject the synthetic records to what we termed an age uncertainty generator. The age uncertainty gen-
erator adds or subtracts time from the RI. Time is added or subtracted according to a random sample from a
truncated normal distribution that is centered on a mean of 0 years and its standard deviation parameter is
a chosen input parameter. The randomly assigned age uncertainty is
then scaled depending on the RI that it is applied to. The application
of the age uncertainty generator changes the original synthetic record,
which is replaced.

The necessity to scale the added age uncertainty to the RI arises from the

Input parameters

True PDF characteristics

following: When the RI is long (RI > 100 years), the age uncertainty is
constrained by the age uncertainty of the age model of the paleoseismic

Shape  Mean Level of record. To estimate the age uncertainty over age, we compiled reported

Distribution type ~ (4,,,)  (@,,) CoV B aperiodicity age uncertainties of event ages from numerous marine and lacustrine
Inverse Gaussian 1,600 100 025 06 Strongly periodic Holocene paleoseismic records mainly based on r.adlocarbon dates (Fig-
) o ure 2). From —10 years BP (youngest event collection of records) to ~30(

Inverse Gaussian 400 100 U9 e 2EE) PEUNEIECR years BP the mean uncertainty rises from near 3 to y7() years. Beyond
Inverse Gaussian 178 100 075 ~_( 143 Weakly periodic ~300 years BP, the counter-intuitive result is that the age uncertainty
) o remains nearly constant over age or increases only slowly with age. This

Inverse Gaussian 100 100 ! 0 REEncs is rather fortunate, because this means that the age uncertainty over age
Inverse Gaussian  ~69 100 12 50091 Bursty (Figure 2) approximates age uncertainty over RI reasonably well. We
Inverse Gaussian x5 100 14  ~0167 Bursty adopted this knowledge by scaling the age uncertainty of the RI with a
relatively flat logarithmic function for the domain where RI > 100 years.

KEMPF AND MOERNAUT 4of 16
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Figure 1. True probability density functions of (a) the Weibull distributed variables detailed in Table 1 and (b) the inverse Gaussian distributed variables
detailed in Table 2, each color-coded for their respective aperiodicity (CoV).

However, for the domain 0 < RI < 100 years, Rls are short enough for the absolute age and the age uncer-
tainty of the age model to become less relevant. Instead, the RI and its uncertainty is better estimated by
the sedimentary interval between the event deposits and the sedimentation rate and its variability. This ar-
gument is especially powerful for paleoseismic records from environments with stable sedimentation rates,
for example, marine and lacustrine environments, and becomes increasingly useless the higher the relative
sedimentation rate variability, that is, in floodplains or marshes. With both domains having reasonably

age uncertainty over age from dated events in literature

o
o
© | A Kempfetal., 2017 O Hubert-Ferrari et al., 2020 A Smith et al., 2013 — rolling mean, k = 25
= ¢ Wils et al., 2020 B Praet 2020 ® Sawai et al., 2009
§ §4 A Kempf et al., 2020 <& Lamair, 2018 A Shennan etal., 2014
_3 O Gomez et al., 2015 [0 Howarth et al., 2016 O Kelsey et al., 2005
g o | & Moernautetal.,, 2018  m Richardson et al., 2018 ° e Rubinetal., 2017 2
25 .
[0]
2
2 8-
c
[e}
(]
X o
0 O -
© N
G
[0 o
o

T
3000

age (cal. year BP)

T T
5000 6000

Figure 2. Reported age uncertainty over age of dated events from a selection of real paleoseismic records with n > 8 from literature. The age uncertainty is
expressed as the width of the 68% confidence interval, because this is a similar parameter that we use to generate age uncertainty in our model. The black solid
line is a rolling average with a rolling window of 25. Note the nearly constant or only slowly increasing rolling mean age uncertainty in age models with age.
The records of Rubin et al. (2017), Sawai et al. (2009), and Shennan et al. (2014) are the only non-subaqueous records in this selection.
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- - 95% equally tailed interval

o inter—quartile range

S A
= truncation limit

introduced age uncertainty (years)
0

logical foundations in the considered paleoseismic records, we argue that
1.2 the application of the age uncertainty should be a two-domain piecewise

"""""""""" function.

For example, Kempf et al. (2017) studied tsunami deposits in Lake Huel-
-‘% de, Chile. Two tsunami deposits, hO and hP, were dated by the age-depth
é model with a 95% equally tailed interval (95% ETI) between 4,156 to
0.4 4,535 cal. years BP and between 4,209 to 4,603 cal. years BP, with an age
uncertainty at 379 and 394 years, respectively. However, a relatively con-

‘8_ 02 stant sedimentation rate in Lake Huelde considerably lowered the uncer-
: 0.0 tainty of the relative age between hO and hP to ~ 85 + 50 years (Kempf
50 100 150 200 250 et al., 2018).
recurrence interval (years) . . . .
We chose the scaling of the age uncertainty in the domain of R/ <100 to
Figure 3. Density map of the scaled age uncertainty that is added to be linear, being 0 when RI = 0 years, increasing to ~ 1 at RI = 100 years
the synthetic records in order to simulate age uncertainty in subaqueous (Equation 3).

paleoseismic records, created after the piecewise function in Equation 3.

N x,éof ; for x <100
X, ~ X 3)

N(x,logz(x)o2);  for x >100

Where the RI with the generated age uncertainty (x,) is distributed as (~) a normal distribution A/(...) with
X
the RI (x) as the mean and the variance (0-3). The variance is scaled linearly with T for x <100 and loga-

rithmically with logz (x) for x > 100.

We truncate the normal distribution of the age uncertainty to —-0.99 x# < N(...) < 0.99 . The lower trunca-
tion limit is necessary in order to prevent the rare case of illogical negative RIs. The upper truncation limit
is to keep the age uncertainty symmetrical. For o, = 35 years this means that < 1% of the randomly assigned
age uncertainties lies outside of the truncation limits and needs re-sampling from the normal distribution.

We ran the model with standard deviations o, = 0 (no added age uncertainty), 5, 10, 15, 20, 25, 30, 35, 40,
and 45 years. The results presented in figures are from a model run with o, = 35 years, as is the visualiza-
tion of the age uncertainty generator shown in Figure 3. Results for other model runs with different o, are
in the Supporting Information.

To give an example for the age uncertainty generator, if the RI before adding age uncertainty, x, is 11 years,
the sample mean of the specific synthetic record, x, is 121 years and the random sample from the truncated

normally distributed age uncertainty, with o, = 35 years, is —22 years, then the first domain of the piecewise

11
function for the age uncertainty generator is applied, because 0 < x < 100 and then x, = 11+ (—22)m =9

years. In this case, the scaling decreases the random age uncertainty from —22 to -2, because of the relatively
short RI.

2.5. Memory as a Correlation Coefficient of Consecutive RIs

The memory term (M) is a descriptive statistic for records of RIs introduced by Goh and Barabasi (2008). It
is the correlation coefficient of consecutive RIs, or the “auto-correlation,” and is defined as:

M= 1 ! (xz - ml)(xi+1 - mz) (4)
n-1i5 0102

where m; (m,) and o, (o,) are the sample mean and sample standard deviation of the RIs x; (x;,,) for
n = 1,...,n — 1, respectively (Goh & Barabdsi, 2008). Note that order of RIs matters for M. Different permu-
tations of the same set of RIs have different M. M ranges from —1 to 1 and is negative for sequences where
short RIs follow long RIs and vice versa and M is positive where short RIs follow short RIs and long RIs
follow long RIs. M = 0 is a sequence without memory, where the preceding RI does not appear to influence
the next RI in the sequence. Because of rule 4 (independence of samples), the synthetic records should be
ator close to M = 0.
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a k=4,CoV =0.28 b k=2, CoV =0.52 c k=1.3,CoV =0.78

- - 95% equally tailed interval
- - inter—quartile range
— median

mean
CoV of prior PDF

d k=1,CoV=1 e k =0.85, CoV =1.18

CoV

20 40 60 80 100 20 40 60 80 20 40 60 80 100
number of Rls (n) number of Rls (n) number of Rls (n)

Figure 4. Density maps of coefficients of variation (CoV's) from synthetic records based on Weibull distributed variables over the number of recurrence
intervals (n).

A confusion may arise here, because all Poisson processes are exponentially distributed and are inherently
memoryless, that is, both in the sense that time since the last event does not affect the expected time until
the next event (constant hazard rate) and in the sense that the length of the previous RI does influence the
length of the next RI. However, not all exponentially distributed processes are Poissonian and do not nec-
essarily share the independence of consecutive RIs. Records may be without memory (M = 0) and not be
exponentially distributed. Conversely, records may have non-zero M and be exponentially distributed. As
“memorylessness” of Poissonian processes is a well-established concept in statistics, we suggest to specify
when memory, like in M, is recurrence interval specific.

3. Results
3.1. Statistics of Recurrence Intervals - Without Added Age Uncertainty

To analyze CoV, B and M over the number of RIs we extracted the statistics from the synthesized records
without the added age uncertainty. These statistics generally show large uncertainty for records with low
n and develop into narrower distributions toward higher n (Figures 4, 5, and 7). Because the results for
Weibull and inverse Gaussian true PDFs show generally similar trends, we only show the Weibull synthetic
records. The results for inverse Gaussian records are in the Supporting Information.

All synthetic records’ means and medians underestimate the CoV and B at low n and asymptotically ap-
proach the true CoV and B, that is, the respective population parameter. The underestimation of true CoV
and B is more pronounced in records that are less periodic. Records with strongly periodic true PDFs pro-
duce considerably less uncertainty in CoV and approach the true CoV and B at lower » than records with
less periodic and bursty true PDFs. It is worth noting that the underestimation of the CoV and B for low n is
described here for the mean and median. Overestimation also exists within the distribution of CoV and B.
Depending on 7, the overestimation can be extreme even within the 95% ETI.

In addition, random and bursty records have positively skewed distributions of CoV, with the exception
of n = 3 for strongly bursty records (Figure 6). This can be important, because when the median CoV
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k=4,CoV =0.28, B =-0.56 b

95% equally tailed interval
inter—quartile range
median

mean
B of prior PDF

burstiness (B)

d k=1,CoV=1,B=0 e

burstiness (B)

<
-
1

40 60
number of RIs (n)

80 100

k=2,CoV=0.52,B=-0.31

k =0.85, CoV =1.18, B = 0.08
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number of RIs (n)
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c k=13,Cov=0.78B=-0.13

f k=0.7,CoV=1.46,B =0.19
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40 60
number of RIs (n)

80 100

Figure 5. Density maps of burstiness (B) from synthtic records based on Weibull distributed variables over the number of recurrence intervals (»). In essence,

this is Figure 4 after the CoV to B transformation.

underestimates the true CoV at low 5, then the underestimation can be stronger for the mode, that is, the
most likely outcome, when the distribution of CoV is positively skewed. The positive skewness is most
pronounced for n =20, if the true PDF has a CoV > 0.75. For records with true PDFs with CoV < 0.75 the
positive skewness decreases with increasing n. Once transformed into the space of B the skewness for most
records is negative and enters a range of low skewness between —0.2 and +0.2 by n > 7 and stays within this

rangeupton =

ic records approach non-skewed, that is, symmetric, distributions at higher n.

22 (Figure 6). Records with strong burstiness develop positive skewness at higher n. Period-
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Figure 6. Skewness of the coefficient of variation (CoV) and burstiness (B) of Weibull distributed variables over recurrence intervals (n). (a) for 4 < n < 100 all
records show positive skewness and the skewness at high 7 is stronger the burstier the record is.(b) when transformed into the space of B skewness is weaker,
much weaker for n > 8. Skewness of CoV and B over n of inverse Gaussian scenarios is in the supplementary information.
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The true M of all synthetic records is 0, because of the independent sam-
pling method that we used to construct the synthetic records. Means and
medians of M of the sample show underestimation of the true M of the
RI sequence, which is more pronounced at lower , (Figure 7). The un-
derestimated, weakly negative M wrongly suggests that short (long) RIs
have a tendency to follow long (short) RIs. The inter-quartile range and
the 95% ETI narrows with increasing », but remains relatively wide with
M =~ +0.30 for n = 35. The distribution of M is positively skewed even at
relatively high n (n > 35). In contrast to the CoV and B, the asymptotic
approach of the mean and median M to the true M appears to be inde-
pendent from the aperiodicity of the true PDF and age uncertainty.

3.2. Statistics of Recurrence Intervals - With Added Age
Uncertainty

To analyze the effect of age uncertainty in paleoseismic records we com-
pare the results with and without added age uncertainty. With added age
uncertainty the distributions of CoV and B are shifted toward higher
values. This shift is more pronounced for strongly periodic records and
the shift decreases with increasing true CoV and true B. This causes the
mean and median of strongly and weakly periodic synthetic records to
overestimate the true CoV and B regardless of the number of recurrence
intervals (Figure 8). However, the added age uncertainty can partially
mitigate the underestimation at low ». The overestimation decreases with

Weibull - burstiness with added age uncertainty (35 years) over n

k=4, CoV =0.28, B =-0.56
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b

e
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Figure 8. Density maps of burstiness (B) from synthetic records based on Weibull distributed variables with added age uncertainty over the number of
recurrence intervals (n). The age uncertainty generation is based on a truncated normal distribution that is scaled to the recurrence interval that it is applied
to with 2 = 0 and & = 35 years (see Equation 3). Note that for low B (a), significant overestimation occurs for all . For B between —0.13 and 0.08 (c-f), the
B value is better estimated without a significant systematic offset. For the same type of figure for all computed Weibull distributed scenarios and all inverse
Gaussian distributed scenarios, for all computed age uncertainties and for both CoV and B we refer to the supplementary information.
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increasing CoV and B, to the point where records with added age uncertainty and CoV > 1 (B > 0) are al-
most indistinguishable from records without added age uncertainty.

The width of the 95% ETI and the skewness of all three statistics (CoV, B and M) behaves comparable to
those in synthetic records without age uncertainty, that is, the 95% ETI decreases as n increases and the
statistics are negatively skewed at low 5, which in the case of CoV and B is overcome at high ».

4. Discussion
4.1. Memory (M) of Synthetic Records

In Goh and Barabasi (2008), memory (M) was proposed for, among other types of data, an instrumental
earthquake record from Japan which includes all earthquakes of magnitude >2. Paleoseismic records are
fundamentally different from instrumental records, because they record only the strongest and much fewer
events than the instrumental record.

In this study, the synthetic paleoseismic records are conceptually built with M = 0, yet the bounds of the
95% ETI are +0.30 for n = 35 (Figure 7). For records with lower n the 95% ETI is even wider. The wide 95%
ETI for records with n < 35 affects most paleoseismic records of large earthquakes. Given this insensitivity
to randomly sampled synthetic paleoseismic records, we suggest to interpret weakly positive or weakly
negative M with great caution in paleoseismology of rare large earthquakes, where usually n < 35. Based
on a statistical analysis of a global compilation of 80 long-term records of earthquakes Griffin et al. (2020)
come to a similar conclusion, where ca. 90% of the 80 records of large earthquakes are records with M in-
distinguishable from 0.

4.2. Underestimation of B in Paleoseismic Records Due to Low n

In real paleoseismic records, the estimates of true CoV and B generally suffer from low », a common prob-
lem of inferential statistics in paleoseismology. The high uncertainty at low n in statistical analyses of pale-
oseismic records is intuitively understood and generally handled well in literature (e.g., McCalpin, 2009;
Nishenko, 1985). Aperiodicity (CoV or B) becomes better constrained at lower n the more periodic the
record is (e.g., Kempf et al., 2018; Moernaut, 2020).

In contrast to the high uncertainty, the bulk underestimation of CoV and B at low n is less intuitive and
disproportionately affects bursty paleoseismic records. Although nicely demonstrated for the exponential
distribution (e.g., Williams et al., 2019), this underestimation is commonly neglected or forgotten, when
CoV or B are reported. This underestimation can be neglected in records with n > 5 and true CoV < 0.3
(true B < 0.5, Figures 4a and 5a). The burstier the record the stronger the underestimation becomes (Fig-
ures 4d-4f and 5d-5f).

The skewness of both CoV and B is almost always neglected in literature with few exceptions (e.g., Griffin
et al., 2020). The positive skewness of the CoV at low n adds to the underestimation of CoV, because the
mode, that is, the most likely result, of the CoV distribution underestimates the true CoV even more than
the mean or median (Figure 6a). This issue is partially resolved after transformation of the CoV into the
space of B, where the negative skew partially makes up for the underestimation (Figure 6b).

4.3. Overestimation of B in Paleoseismic Records Due to Age Uncertainty

Adding age uncertainty to a synthetic paleoseismic record bulk shifts the mean and median B and can thus
lead to overestimation of B (Figure 8). The overall pattern of B over n is unchanged. The magnitude of this
overestimation of B depends on how large the age uncertainty is relative to the mean RI and on the aperi-
odicity of the record. This effect disproportionately affects strongly periodic records (Figure 8a) to a degree
that for most strongly periodic records (CoV < 0.5 and relative age uncertainty > 20%) the CoV and B are
overestimated regardless of the number of RIs in the record. The same effect is negligible for aperiodic and
bursty records (Figures 8d-8f). This is unsurprising when viewing it as adding the disorder of age uncer-
tainty to either a highly ordered, that is, strongly periodic, sequence or to already disordered sequences such
as aperiodic and bursty records.
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Figure 9. Overestimation and underestimation of the median burstiness depending on age uncertainty in the paleoseismic record over n. The arbitrary bounds
of +0.025 are equivalent to 95% at CoV = 1. The graphs show the difference between the median sample B of the synthetic records with the respective age

uncertainty and the true B of the true di

stribution. In order to get accurate results for sample B of paleoseismic records, the age uncertainty and » should be

below and left of the red lines and a above and right of the blue line, that is, in the white-colored areas. For low B, age uncertainty plays a major role (horizontal

red lines in a and b), whereas for high B,

The full studied range up to n = 100 can

the number of recurrence intervals becomes more important (subvertical blue lines in (d-f)). Here n ranges up to 35.
be downloaded from the supplementary information (Figures S5 and S6).

With both observations (overestimation and underestimation) in mind, we map the difference between the
sample B and the true B depending on age uncertainty relative to the mean RI and » for the parametriza-
tions described for the Weibull scenarios (Table 1, Figure 9) and inverse Gaussian scenarios (Table 2, Fig-
ure S2). In this figure we include a bracketed space of +0.025 in the difference between sample B and true
B that we call “accurate,” which delimits situations where one would probably adequately estimate the true
B from a paleoseismic record. This is an arbitrary boundary, which corresponds to 95% confidence interval,
that is, +0.05 to the CoV of a Poissonian process.

The importance of the discussed underestimation of B due to low n is evident. However, it is the interplay
of this underestimation with the so far neglected overestimation of B due to age uncertainty in paleoseismic
records that will decide whether the inferred aperiodicity of a paleoseismic record is likely accurate, overes-
timated or underestimated. For strongly periodic records, what matters most for an accurate assessment of
B is the age uncertainty relative to the mean RI, as long as n > 5 (Figure 9a). For weakly periodic records, an
accurate result is achieved with n > 15 as long as the age uncertainty remains at or under 25% of the mean
RI (Figures 9b and 9c). For aperiodic and bursty records, age uncertainty plays a minor role. Instead, there
is a need for high » to not underestimate B (Figures 9d-9f). Ironically, a uniform offset in the estimate of B
of an aperiodic or bursty record is avoided, if age uncertainty in the record is relatively high (Figures 9e and
9f). Albeit mathematically true, this balancing effect cannot be used to improve the estimate of true CoV or
B by increasing age uncertainty.

This model does not solve the challenge of trying to estimate a population parameter from imperfect data
with limited sample size. Instead, the model can provide a better understanding of systemic biases in ape-
riodicity estimates and the associated uncertainties. To paleoseismologists who want to use this model's
result, we suggest the following three-step plan:

1. Determine the number of recurrence intervals (n) and the mean relative age uncertainty in the record;
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2. In Figures S1-S3 and/or S4 find the model, whose median value for the specific n best describes the
paleoseismic record; and

3. Look at and understand the biases (overestimation or underestimation) and uncertainties (inter-quar-
tile range and 95% ETTI) associated with such a record and implement these in the interpretation of the
paleoseismic recurrence statistics.

4.4. How Recurrence Intervals are Sampled Affects Burstiness

As there are differences in age models for paleoseismic records, there are also differences in how age and
age uncertainty are assigned to event deposits and to the intervals between them. Furthermore, there are
various approaches how to sample RIs from the event age distributions that the age model provides. Here
we summarize six approaches of calculating burstiness, and demonstrate that they produce different results
using five paleoseismic records from literature (Figure 10).

“Best age” approach: In the “best age” approach, a single age is derived from the event age distribution
(often the median). This age is then used as the “best” and only age of the event. The result is that there is
a single age for each event in the record and there is only a single correct solution to burstiness and no age
uncertainty is propagated to the statistic (e.g., Kulkarni et al., 2013; Moernaut et al., 2018). This approach
is enticing for its simplicity. However, it can produce extreme results compared to other methods (e.g., Fig-
ure 10a, records of Lake Calafquén and Lake Rifiihue, purple vertical lines).

Age-depth model MCMC iterations: The MCMC iterations that make up many age-depth models can be
used to calculate the RIs per iteration. When the MCMC iterations are based on sedimentation rate priors,
this can substantially decrease relative age uncertainty. Usually, MCMC iterations that contain age reversals
are impossible or are discarded in the process of age-depth modeling. Negative RIs are therefore avoided.
In this approach, MCMC iterations that assigned a comparatively old age to one event are likely to assign a
comparatively old age to the next youngest event in the record and vice versa. This stabilizes the resulting
RI. The resulting burstiness of the RIs is often a narrower distribution compared to the random sampling
methods discussed below (Figure 10a, black lines) (e.g., Kempf et al., 2017, 2020). The subjective informa-
tive priors used to run the age-depth model weakly influence how narrow this distribution is.

Random Sampling EAs and discarding negative RIs: Many onshore records cannot rely on sedimentation
rate-based MCMC iterations. Instead, the MCMC iterations on the absolute event ages are only prevented
from producing age reversals without a depth-dependent constraint, that is, the stratigraphic order of dates
and event deposits is obeyed. This is the same as subtracting ages randomly sampled from the event age dis-
tributions of two consecutive event ages and discarding records that produced negative results (e.g., Scharer
et al., 2011). The result is a distribution of burstiness. This method has a weak bias toward longer RIs and
can be unlikely to produce valid solutions, if 5 is high and age uncertainty is relatively large in comparison
to the RI (Figure 10a, record of Lake Tutira, dark red lines).

Random Sampling EAs and setting implausibly short or negative RIs to a geologically reasonable minimal
value: Instead of discarding records that produce implausibly short RIs or illogical age reversals, RIs under
a threshold value could be set to a geologically reasonable minimal value (e.g., Biasi et al., 2015; Scharer
et al., 2011). Here, we use a threshold value of 20% of the mean RI, that is, 20 years. However, this value
depends on the seismic region and the environment of the sedimentary record. This produces a polar bias
toward RIs with the minimal duration. To our knowledge this is hypothetical, and has not been used this
way when calculating the CoV or B for an earthquake sequence (Figure 10a, green-gray lines).

Random Sampling EAs and sorting EAs: If the event sequence is not perfectly stratigraphically ordered, for
example, when the paleoseismic record is a regional composite record, where stratigraphic order is not evi-
dent, then the event ages can be randomly sampled and then sorted, before the RIs are calculated. Avoiding
negative RIs by design. Solutions to such a composite record do not have a single correct solution for the
order of events and can therefore produce a wide distribution for burstiness. This method causes underesti-
mation of burstiness, if the record has a high age uncertainty relative to the mean RI, because then multiple
stratigraphic orders become more likely (e.g., Figure 10a, record of Lake Tutira, red lines).
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Figure 10. Example paleoseismic records of (top to bottom) Lake Calafquén (n = 12) and Lake Rifiihue (n = 34) (Moernaut et al., 2018), Lake Huelde (n = 16)
(Kempf et al., 2017), Lake Hazar (n = 20) (Hubert-Ferrari et al., 2020), and Lake Tutira (n = 118) (Gomez et al., 2015). (a) shows the results of various ways

to sample recurrence intervals from a paleoseismic record and demonstrates that it matters for calculating burstiness (B). The vertical lines underneath the
distributions are the arithmetic means of the distributions of the same color. (b) shows the overall recurrence pattern of the respective record. Spikes in this
distribution are from historically known events that narrow the distribution of single RIs, for example, the Lake Calafquén, Lake Rifiihue, and Lake Huelde
records. Note that the method of the brown line did not produce a result for the Lake Tutira record.

CoV and B differ depending on the way the RIs are sampled from the paleoseismic record. This highlights a
problem in comparing aperiodicities of paleoseismic records, for example, is the Lake Rifiihue record (Mo-
ernaut et al., 2018) more periodic than the Lake Huelde record (Kempf et al., 2017) (Figure 10)?

Depending on which sampling method is used to determine the aperiodicity of either sedimentary record,
one could come to the conclusion that either the Lake Rifiihue record is more periodic than the Lake Huelde
record (for “best age” approach or age-depth model MCMC iterations) or the Lake Rifiihue record is more or
less equally periodic to the Lake Huelde record (for the other three random sampling EA methods).

The difference in methods to calculate measures of aperiodicity prompts a discussion of when to use which
method. If a Bayesian age-depth model consisting of MCMC iterations (simulated accumulation histories)
is available, we suggest making use of the data with the MCMC iterations approach. It is mathematically
sound and propagates the uncertainty correctly to the resulting statistic. The MCMC iterations approach
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is especially powerful for marine and lacustrine records, where sedimentation rate is relatively constant or
where changes in lithology can hint at changes in sedimentation rate. However, there are cases, where the
age model does not rely on MCMC iterations and this method cannot be applied. The next best approach
is to randomly sample the EA and discarding negative RIs. This method calculates aperiodicity and prop-
agates uncertainties correctly. The only disadvantage is that it does not make use of the relative age infor-
mation, that is, available in most age-depth models. This method should be applicable for onshore records
from floodplains, marshes, and similar settings. However, discarding negative RIs and resampling the EAs
can lead to excessively long sampling loops, if » is high and/or if many EAs overlap in time, for example,
Lake Tutira record. In this case, we would advocate to follow Biasi et al. (2015) and set short or negative
RIs to a minimal and geologically plausible period, for example, 20 years (depending on the seismic region
and the sedimentary record), if n is low and the overlaps in EAs are significant. Or if # is high, use the “best
age” approach.

5. Conclusions

With the help of synthetic records, with and without added age uncertainty, this study demonstrated five
key findings:

1. The use of the auto-correlation coefficient of recurrence intervals, called memory (M), has probably
little use in paleoseismology of large earthquakes, where often n < 35. At n = 35 the bounds of the 95%
equally tailed interval of the synthetic records in this study are at +0.30, when by design the synthetic
records’ true M = 0.

2. Low numbers of recurrence intervals (n) in paleoseismic records lead to underestimation of the coeffi-
cient of variation (CoV), which is increasingly relevant the more aperiodic the record. This underestima-
tion is less pronounced once CoV is transformed to burstiness (B). Furthermore, the distributions of B
are less skewed than distributions of CoV. We recommend the use of B, because it is more intuitive, less
prone to underestimation at numbers of events that are common in paleoseismology and at the same
time serves all the same purposes as the CoV.

3. Age uncertainty leads to overestimation of the CoV and B, especially for strongly periodic records. This
effect has only a minor impact on random and bursty records.

4. Itis the interplay between the underestimation of B due to low n and the overestimation of B due to age
uncertainty relative to the mean recurrence interval that decides if the estimate of B is accurate. Ironi-
cally, there are realistic cases in which weak relative age control may counteract biases in the estimation
of B that are introduced by low n, especially in aperiodic or bursty records. However, increasing age
uncertainty cannot be used to improve the accuracy of the estimate of B. Rather, this result indicates
how a paleoseismic record can be improved the most.

5. There are different types of age models and there are different ways to calculate burstiness from event
age data. The results can differ strongly and one should carefully choose the most appropriate method
for the information available and the characteristics of the record's sedimentary environment.
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