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Abstract

In this paper we study coupled fast-slow ordinary differential equations (ODEs) with small
time scale separation parameter ¢ such that, for every fixed value of the slow variable, the
fast dynamics are sufficiently chaotic with ergodic invariant measure. Convergence of the
slow process to the solution of a homogenized stochastic differential equation (SDE) in the
limit € to zero, with explicit formulas for drift and diffusion coefficients, has so far only
been obtained for the case that the fast dynamics evolve independently. In this paper we
give sufficient conditions for the convergence of the first moments of the slow variable in
the coupled case. Our proof is based upon a new method of stochastic regularization and
functional-analytical techniques combined via a double limit procedure involving a zero-
noise limit as well as considering € to zero. We also give exact formulas for the drift and
diffusion coefficients for the limiting SDE. As a main application of our theory, we study
weakly-coupled systems, where the coupling only occurs in lower time scales.

Keywords Deterministic homogenization - Coupled systems - Diffusion limit - Zero-noise
limit

Mathematics Subject Classification 34E13 - 35J47 - 37A50 - 60F17 - 60H10

1 Introduction

Many natural processes can be modeled by systems with two clearly separated sets of vari-
ables: a set of variables which evolve rapidly in time (for instance, within milliseconds) and
a set of slowly varying variables (for instance, variables for which change is observed after
hundreds of years); see [30] for many examples and techniques in fast-slow systems. In many
applications the rapidly varying variables lie in a high-dimensional space and complicate the
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model significantly. Typical examples are chemical processes such as combustion [33], or
climate dynamics [17]. Therefore, one naturally seeks reduced equations for the slow dynam-
ics only. Several formal and rigorous reduction methods exist, such as Fenichel-Tikhonov
slow manifolds [19,30,39], averaging [40] and homogenization [7,38].

In this paper we are going to study multiscale ordinary differential equations (ODEs) with
three separated time scales and fast chaotic dynamics: firstly, a fast time scale O(¢?) with
nontrivial fast chaotic dynamics, but with slow dynamics which are practically in equilibrium,
secondly an intermediate time scale O(¢e) with fast dynamics which have equilibrated, and
finally a slow time scale O(1) (diffusive time scale). When the slow variables start to evolve
under the influence of the fast dynamics, one observes induced fluctuations. In this setting,
the method of reduction to a single slow equation is usually called homogenization. Common
techniques to achieve the reduction include methods based upon partial differential equations
(PDEs5) via the Liouville or Fokker-Planck/Kolmogorov equations [10,37], techniques based
upon semigroups [31], algorithmic approaches [22], as well as pathwise approaches via
dynamical systems and probabilistic limit laws which we will focus on: in recent years,
Melbourne and co-workers [23,26,27,35] have obtained rigorous convergence results, with
high generality and mild assumptions, for the slow process x, within fast-slow systems of
the form

Xe = alxg, ye) + sflb(xg, ve), x:(0;m)=€& € R, for all n € 2, (slowequation),
(1.1a)

Ve =6 2g(ye), ye(0:m) =n€QCR", forallyeQ, (fast equation), (1.1b)

where the vector fields a : R x R”" — RY, b : R? x R"™ — R are C3 and bounded with
globally bounded derivatives. A main dynamical assumption is to require ergodicity for the
fastest scale, i.e., the ODE y = g(y), y € R, generates a flow ¢; : R" — R™ with a
compact invariant set 2 C R™ and ergodic invariant probability measure p supported on €2.
Another intrinsic part of this setup is the centering condition

/ b(x,y)du(y) =0, forallx € R?.
Q

Systems of the form (1.1) are also called skew products, because they are not coupled but
instead the fast variables y. can be described by a separate dynamical system on 2. Further,
we note that the initial condition 7 is the only source of randomness in the system. Without
particular mixing conditions on the flow ¢,, Kelly and Melbourne have shown [27] that for
any finite 7 > 0 the slow process x, converges weakly in C([0, T'], R?) to the solution X of
an Ito stochastic differential equation (SDE) of the form

dX =a(X) dt + o (X)dW, X(0) =&, (1.2)

where W is an R?-valued standard Brownian motion, o is a matrix-valued map and a denotes a
modified drift term. Mixing assumptions on the flow ¢; are needed for more specific formulas
for drift and diffusion coefficients.

Although one might intuitively expect that fast chaotic noise may be approximated by
a stochastic process, it is neither obvious which stochastic integral to consider nor how to
prove the convergence to an SDE. The main difficulty lies in the fact that fast-slow systems
are singular perturbation problems [30] as ¢ — 0. Yet, as described above, there even exist
exact formulas for the drift term @ : RY — R and the diffusion coefficient o : R? — R*9,
However, the skew-product structure (1.1) is a big practical restriction as it is well-known
that in most applications, the fast and slow variables are coupled [30]. Our main goal in this
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paper is to study coupled deterministic fast-slow systems or, in other words, to generalize
the study of systems of the form (1.1) by considering the case g = g(x, y). Unlike skew
products, coupled systems have barely been covered in the literature, with the only results for
the discrete-time case being obtained by Dolgopyat in [15], according to our best knowledge.
Informally speaking, we are going to prove that as ¢ — 0, the solutions of the fast-slow ODE
are well-approximated by an effective slow SDE; see Sect. 1.2 for precise statements. Our
strategy to achieve this result is to employ a double singular limit argument via an intermediate
small-noise regularization, i.e., the idea is to pass to the stochastic level as early as possible in
the proof and then use functional-analytic a-priori bounds to carry out both of the necessary
limits. The specific proofs will need limits of the respective integrals for the coefficients such
that mixing assumptions have to be made; this is the price we pay to show such results for
the coupled case.

1.1 Main Setup and Strategy for Coupled Systems

More precisely, in this paper we are interested in coupled fast-slow systems of the form

Xe = a(xe, ye) + 8_1b(x5, ve), xe(0;m) =& € Rd, forall n € T™, (slow equation),
(1.3a)

Ve = s_zg(xs, Ve), ye(0;m)=neQcCT" foralln € T™, (fastequation). (1.3b)

Before we can provide our main results, we state several assumptions, which are supposed
to hold:

Assumption 1.1A1) The functions a : RYxT" — RY b :RY x T" — RY are C3 with
globally bounded derivatives up to order one.

(A2) Forevery fixed x € R?, when viewed as a parameter, the ODE y = g(x, y) ,y € T",
generates a flow ¢§3" : T"™ — T™ with a compact invariant set 2 C T" and ergodic
invariant probability measure u2 supported on Q. Furthermore, g is C* with globally
bounded derivatives up to order two.

(A3) For the function b(x, -) : 2 — R4, the following centering condition is satisfied:

/ b(x,y)dul(y) =0 forallx € RY. (1.4)
Q

Due to the coupling, the argument used for skew products cannot be repeated (cf. Sect. 2.1)
and we need a new ansatz. Our strategy is the following:

1. Instead of proving weak convergence of the slow process (as a measure in C ([0, 1], R%Y),
we first try to prove a weaker form of convergence (e.g. convergence in distribution at any
time).

2. We add small stochastic non-degenerate noise to the fast subsystem in order to use results
on uniformly elliptic SDEs.

3. We let the noise in the stochastic system tend to zero and find the right limiting behaviour
for the deterministic fast-slow system.

The main reason, why we choose to work with stochastic systems as an intermediate step
is that they provide a regularization. The infinitesimal generator for the semigroup of the
associated Kolmogorov equation is uniformly elliptic. In particular, this case has been studied
and weak convergence of the slow process has been rigorously proven. Such systems have
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the form
dxg s 1 .
Pl a(xes, ye,s) + gb(xs,és Ye.s), Xes(0) =xp, (slow equation), (L.52)
dy.s 1 1 ~dVv .
5 = 380, ves) + -V yes(0) = yo, (fast equation). (1.5b)

Hereitis always assumed that$ > 0, V is an m-dimensional Brownian motion on a probability
space (A, F,v) and the SDE is to be understood as an integral equation, as usual, where
% denotes white noise viewed as the usual generalized stochastic process [2]. Further, let
E denote the expectation with respect to the Wiener measure v. It is well-known that for a
sufficiently smooth function v : R? x T” — R the first moments

™’ (x, y, 1) 1= Bo(xe (1), Ye.s ()] (xe.5(0), ye.5(0) = (x, y)]
satisfy the backward Kolmogorov equation

dus®
dr

1 1
= L5 = (?ﬁ? + gﬁz + E3>M£’87 (1.6)

where
1
C?u =g -Vyu+ 581 1 VyVyu,
Lou :=b-V,u,
Liu :=a - Vyu.

Here we use the notation A : B = trace(AT B) = > jai jbij for the inner product of two
matrices A and B, V for the gradient and VV for the Hessian matrix. Note that (see for
example [38, Chapter 11]) the operator E‘f : D(L‘f) c LE(T™) — L2(T™) is uniformly
elliptic and has for every fixed x € R4, viewed as a parameter, a one-dimensional null space.

The null space is characterized by
£5c =0,
s\F s (1.7)

(lll) Poo(¥; x) =0,

where C denotes the constant functions in y and pgo is the Lebesgue density of the measure
6 .
use,ie.,

dud (v) == pd(v3 x) dA™(y), (1.8)

where ¢ is the unique ergodic invariant measure of the SDE

y de
— = , §—.
3 8wy TV
Assume additionally that the centering condition

/T b, YPS (v x)dy =0 (1.9)

is satisfied for all x € R and § > 0. Then, due to the uniform ellipticity of [l‘i foré > 0,
applying the Fredholm alternative [38, Theorem 7.9] gives the existence of a unique centered
solution @5()); x) of the so-called cell problem

— L5 (y; x) = b(x, y), fT O (y; x)pd (3 x) dy = 0. (1.10)

@ Springer



Homogenization of Coupled Fast-Slow Systems... Page50f34 25

Using perturbation expansion techniques, which we will discuss in more details in Sect. 2.3,
it can been shown that #®? can be approximated by the leading order component ug which
satisfies
8
dug
dr

where the operator £? acts on the twice continuously differentiable functions with compact
support C2(R?) via

= L%}, (1.11)

1
£9%y = Fé(x) - Veu + EA“(x)A‘S(x)T SV Veu, (1.12)

where the coefficients F® and A? depend on the solution ®° of the cell problem (1.10) and
are given by

P i [ (a0 + (V0 b, ) ) e 6) dy

= F{(x) + F) (x),
(1.13)
AA T = %(A%(x) +A4507),

AY(x) =2 /T ) ® 9 (00l (5 1) dy.

We are now ready to state our main theorems.

1.2 Main Results

In the following, let (Xé(t; &, n), Y®(¢; &, n)) denote the solution of the ODE (1.3) for any
e > 0 and let Co(R?) denote the space of continuous functions vanishing at infinity, i.e., as
|lx|| = oo. Note that we still use the notation of Sect. 1.1. In addition we assume:

(A4) There exists a generator £%? of a strongly continuous semigroup 7% on Co(R?),
with domain D C Co(R?) containing C2(R¥), such that for all f € C2(RY) we have

lim £%% f = £%0# uniformly. (1.14)
§—0

Theorem A Assume (Al)-(A4). Then, forevery f € Co(R?) and every sequence {&y }x=0 With
ex — 0 for k — oo, there exists a subsequence {&x,, }m>0 such that for m — oo

FXn (1 E,m) — TO0@) f (&), uniformlying e RY. n e Qandt € [0, T,
where T is any finite time.

Theorem A provides a convergence result of the original fast-slow system with sufficiently
strong assumptions on the fast chaotic dynamics to a Markov process, whose correspondence
with a reduced slow SDE is specified below in the context of Theorem B (see (1.22)). The
notion of convergence is to be understood in a weak averaged sense but it does cover the
coupled case. The proof of Theorem A is provided in Sect. 2.4. The second main result,
Theorem B, gives sufficient conditions under which the main assumption (A4) in Theorem A
is satisfied. Let us define the solution operator ¢§§‘t (y) of the fast equation for ¢ = 1, solving,
for a fixed x € R4, the SDE

d dv
L) =g, ﬁ*’(y))+da‘§, 30y = . (1.15)
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Note that qb)‘z”(y) depends on a Brownian motion and, hence, is a stochastic process
¢j§" (y)(w), ® € A. Furthermore, notice that the flow ¢2’t is purely deterministic.

Theorem B Assume that the unperturbed flow ¢)(C)’t has an ergodic invariant probability mea-
sure 10 and summable stochastically stable decay of correlations C(t; x) in the sense of
Definitions 3.2 and 3.5. Additionally (Al)-(A2) are satisfied and suppose the following cen-
tering condition holds

/ b(x,y) dul(y) =0 forallx € R? and § > 0. (1.16)
Tl‘ﬂ

Then we have the following:

1. In the case that g = g(y) is independent of x, then condition (A4) is satisfied.
2. In the general case that g = g(x,y), (A4) holds provided that the centering condition

/ Vyb(x,y) dul(y) =0 forallx e R and § >0 (1.17)
'JI‘YIZ
and the growth assumption
o0
f sup {13 %) | Va2 (bx, ) o | dr < o0 (1.18)
0 xeRd
are satisfied (Here, || - || denotes the a-Holder norm for an o > 0).

3. The operator £L%° can be written as
1
£%% = FO(x) - v, + 5AO(x)AO(x) SV Veu, (1.19)
where the diffusion coefficient A° is given by

AWAWT = 2 (400 + A5wT),

. T (1.20)
AQ(x) :2/ Jim 7/ b(x, g’s(y))b<x,¢2”+s(y)) ds dr.
0 T—oo T 0
and the drift term Fy is given by
0 : 1 ’ 0,s
F'(x) = lim — ax, ¢, (y))ds
T—oo T 0
+ lim I/T \Y b(x O’H_S(y)
T—oo T 0 o T
+Vyb(x, 60 (y))vx¢2*’(¢3~3(y)))b(x, 90 (»)) ds. (1.21)

Theorem B is proven at the end of Sect. 3. Note that the Markov process X generated by
£%9 is expliticitly given by the SDE

dX = FO(X) + A°%X) dw, X(0)=¢& eR?, (1.22)

whose unique solvability is guaranteed by the smoothness and boundedness assumptions
(A1), (A2). Moreover, the action of the semigroup TO’Of is given by E[ f (X (¢))]. The growth
assumption (1.18) is a strong mixing assumption on the flow and it remains to be determined
precisely how large the class of functions satisfying this property is in applications (see
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remarks in Sect. 2.4). One possible way to weaken this assumption is to consider systems
that are not coupled in the strongest possible sense, but for which the coupling occurs in
smaller time scales. We refer to such systems as weakly-coupled and their general form is
given by the following fast-slow ODE on R¢ x T"

dx, 1
a :a(x&ys)'i‘gb(xs’ys)v xe(0) =&, (1.23a)
dye 1 1
P gjg(ye) + gh(xa, Ye) +1(Xe, ye),  ye(0) =m. (1.23b)

Indeed, there are several examples of multiscale systems with interesting dynamical
behaviour such as mixed-mode oscillations, where three time scales occur (see for example
[12,28,29]). Furthermore, these three-scale systems are often very similar to related problems
of van der Pol type, where rigorous proofs for chaos exist [25].

In the following, let (X®(¢; &, n), Yé(z; &, n)) be the solution of the ODE (1.23). In this
case, the solution operator ¢ for the fast dynamics of the stochastically perturbed system,
given by

d

3 =g@M N+ VAV, M0 =y, (1.24)
does not depend on x.
Theorem C Assume (Al)-(A2) and

1. that the unperturbed flow ¢! has an ergodic invariant probability measure u°, summable
and stochastically stable decay of correlations C(t) in the sense of Definitions 3.2 and
3.5, and that the centering condition (1.16) is satisfied,

2. in the case that h does not vanish everywhere, additionally, that the centering condi-
tion (1.17) and the growth condition

/0 C(1) sup { I V™ (Y (x. ) [l }dz < 00 (1.25)

xeRd

are both satisfied.
Then,

1. condition (A4) is satisfied and for every [ € Co(R?) and every sequence {&y}r=0 with
ex — 0 for k — oo, there exists a subsequence {&,, }m>0 such that

F(X%n (1, €, ) — T"O) f(&), uniformlyin& e R,y e Qandt € [0, T).

2. The operator L% can be written as
~ 1
£%% = FOx) - v, + 5Ao(x)AO(x) SV, Veu, (1.26)

where FO is given by (1.28) and A is given by (1.27).

The proof of Theorem C is given with Theorem 4.1 below. Note once again that 7%.0(z) f =
E[f(X(t))], where the Markov process X is generated by £99. Moreover, X solves the SDE
(1.22) (with modified drift FO instead of F 0y. Basically Theorem C states that we have the
desired convergence, where the growth assumption on the correlation function is relaxed in
the sense that weakly-coupled fast-slow systems behave more like the skew-product case.
More precisely, for weakly-coupled systems of the form (1.23),
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e with vanishing 7 = 0 (i.e. with coupling occuring only in the lowest posssible time scale),
summable decay of correlations (DOC) is sufficient, provided that it is stochastically sta-
ble in the sense of Definition 3.5. There are plenty of examples for systems with summable
DOC, including Anosov flows with exponential DOC, like for instance geodesic flows on
compact negatively curved surfaces [13] or contact Anosov flows [32], Axiom A flows
with superpolynomial DOC (also called rapid mixing) [20] or non-hyperbolic flows with
a stable C'*¢ foliation including some geometric Lorenz attractors [1], see also Sect.
2.2. The assumption of stochastically stable DOC is crucial and unfortunately, we are so
far lacking any theory to prove for a dynamical system if it satisfies this property. This
may actually be difficult to prove and we leave it as an open problem for future research
here.

e with non-vanishing #, the correlation function must satisfy the stronger assumption
(1.25).

In summary, our results provide an entire scale of results from the more classical skew-
product structure, via weak coupling to strong coupling.

Remark 1.2 The explicit formulas for A? and F° for Theorem C are

AAT = 2 (480 + 4w,

Ao =2 [ " lim + / b, 00 ()b(x, 9% () s "
o T—ooT Jo
and
FO) = lim ]/Ta(x,qbo’s(y)) ds
T—oo T Jo
- /0 - OT (vxb(x,¢0”“(y>)b(x,¢°-f(y))
+ Vb (. %4 (1)) V0™ (@ () (x, ¢°’S<y))> dsdr.  (1.28)

1.3 Outline of the Paper

In Sect. 2 we first discuss the main idea of the proofs used in [26,27] for proving weak
convergence of the slow process in skew product systems (Sect. 2.1) (Sect. 2.1) and we also
summarize some progress, which has been achieved over the last years, in proving mixing
properties of certain classes of flows (Sect. 2.2). We then recall and extend in Sect. 2.3 some
basic facts required for stochastic systems. In Sect. 2.4, we prove Theorem A, which provides
criteria to guarantee weak convergence of the slow process for coupled systems. In Sect. 3, we
then prove Theorem B, which gives sufficient conditions for verifying the main assumption
in Theorem A and provides explicit formulas for the drift and diffusion coefficients of the
limiting It6 SDE. In Sect. 4 we apply our theory to weakly-coupled systems: we transfer the
results obtained for coupled systems leading to the proof of Theorem C (Sect. 4.1) and, in
addition, discuss a numerical example (Sect. 4.2). Finally, in Sect. 5 we state our conclusions
and discuss open problems and directions for further research.
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2 From Skew Products to Coupled Systems
2.1 Main Idea Used in Previous Results

Before starting proving our main results, we want quickly summarize the main idea used in
[26] and [27] to study systems of the form (1.1). This provides suitable background for the
reader and also shows that our approach to the problem works along a completely different
route. The basic tool used in [26,27] is the so-called Weak Invariance Principle (WIP) and
the idea of the proof can been very easily illustrated in the special case of a multiplicative
noise (considered in [26]), i.e., under the additional assumption that the vector-field » has a
multiplicative structure

b(x,y) =b(x)v(y), b:R? > R v:Q— R 2.1)

For simplicity let us just in this section restrict to the case that the vector field a is also
independent of y, i.e., @ = a(x). In this case the system (1.1) can be rewritten as

dX. =a(Xe) dr +b(Xe) dW,, X (0;n) =&, (2.2)

where the family of random elements W, (-; n) € C([0, 1], R®) is defined by

t
We(t:m) i=eve2 (), v:(n) = /0 v o s (n)ds. (2.3)

The key observation now is that if the flow ¢; is sufficiently chaotic, then the process W,
satisfies the WIP

We = W inC([0, 1], R®) as ¢ — 0, 2.4

which is a generalization of the Central Limit Theorem. Therefore, we are already tempted
to conclude weak convergence of the slow process X,. The framework under which this
intuitive idea has been rigorously justified is rough path theory [21]. Equation (2.2) can be
interpreted as a rough differential equation

dX, = a(X,) dt +b(Xe) d(We, W), X:(0;n) =&.
Noticing further, as shown in [26], that for any y > % an iterated WIP, i.e.
(We, We) = (W, W) ase — 0in the rough path p, topology, 2.5)

holds, one can conclude due to continuity of the solution map of such rough differential
equations [21] and the Continuous Mapping Theorem, the weak convergence of the slow
process, i.e. as result of the form

Xe =y Xase -0, dX =a(X)dt +b(X)xdW, (2.6)

where b(X) x dW is a certain kind of stochastic integral [26]. More general vector fields b
are considered in [27] and the main idea is to rewrite the system (1.1) in the form

dX, = F(X,) dV, + H(X,) dW,,

where V., and W, are function space valued paths given by
t t
Ve(t) = / a(-, ye(r)) dr and W (1) = 871/ b(-, ys(r)) dr.
0 0
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In this context, the operators F(x), H(x) are interpreted as Dirac distributions located at x,
that is F'(x)¢ = ¢(x) for any ¢ in the function space and similarly for H. Under mixing
assumptions the iterated WIP (2.5) holds and as in the case of multiplicative noise one can then
conclude a result of the form (2.6). Exact formulas of the drift and diffusion coefficients are
also given in [27]. In summary, the approach relies upon a pathwise viewpoint and continuity
in the rough-path topology to solutions of ODEs/SDEs. Yet, this approach seems to be very
difficult to generalize if the fast-slow system is fully coupled. In particular, this has motivated
our approach to look for weaker convergence concepts in a more functional-analytic setting.

2.2 Rates of Mixing for Classes of Flows

In the following, we briefly give an overview over rigorous results on mixing rates of certain
classes of flows that thereby satisfy summable decay of correlations in the sense of Defini-
tion 3.2. Given a measure preserving flow ¢, : A — A, the correlation function is defined

as
oA, B(1) ::_/ Ao@,Bdu—/ Adﬂ/ Bdu.
A A A

for observables A, B € L*(A, u). The flow ¢, is called a mixing if and onlyif ps () = 0
ast — oo forall A, B € LE(A, ) (see e.g. [34]).

2.2.1 Uniformly Hyperbolic Flows

Assume that the flow ¢; : M — M is C* and defined on a compact manifold M. An invariant
compactset A C M is a hyperbolic set for ¢, provided that the tangent bundle over A admits
a continuous D¢, - invariant spliting

TW\M=E"®E°® E*

of uniformly contracting and expanding directions. For an Axiom A (uniformly hyperbolic)
flow the dynamics can be reduced into finitely many hyperbolic sets A1, ... Ag, called hyper-
bolic basis sets, which all contain a dense orbit. On every hyperbolic basic set A = A;, for
i € {1, ..., N}, we can associate, to every Holder function on A a unique invariant ergodic
probability measure p. We can further categorize Axiom A flows depending on the speed of
mixing. For example, for flows with exponential DOC, the correlation function, restricted to
a suitable subspace of L%(A, 1) (like, for example, an appropriate Holder space), satisfies

pa () < C(A,B)e ™™, Vi>0,

for constants C, @ > 0. This was proven for example for certain classes of Anosov flows
(i.e. special types of Axiom A flows for which the whole set M is uniformly hyperbolic) like
geodesic flows on compact negatively curved surfaces [13] and contact Anosov flows [32].
Appart from exponential DOC we also have weaker notions, such as stretched exponential
mixing, i.e. for some constant ) < 8 < 1

pap(t) < C(A, Bye™’ | ¥t >0,

which was proven for a large class of Anosov flows in dimension 3 [11], and superpolynomial
decay (or rapid mixing), i.e. for any n > 0 the correlation function satisfies

pa.B(t) <C(A, Bt ™", Vi>0,

@ Springer



Homogenization of Coupled Fast-Slow Systems... Page 110f34 25

or in other words, DOC at an arbitary polynomial rate. Dolgopyat [14] proved rapid mixing
for “typical” Axiom A flows. Moreover, he has shown that an open and dense set of Axiom
A flows is rapid mixing, when restricted to sufficiently smooth observables [15]. For all
mentioned classes of mixing flows, the correlation is summable, that is we have

00
/ ,OAVB(Z‘)dl < 0.
0

2.2.2 Non-uniformly Hyperbolic Flows

Since the assumption of uniform hyperbolicity might be too restrictive for real applications,
it is natural to seek for a good mixing theory for non-uniformly hyperbolic flows. Over the
last few years remarkable progress has been achieved in this area; see e.g. [34] and references
therein for a good overview concerning results in this direction. For example, in [1], extending
results from [4], exponential DOC is proven for a class of non-uniformly hyperbolic skew-
product flows satisfying an uniform integrability condition, which contains an open set of
geometric Lorenz attractors. Moreover, in [6], for certain types of Gibbs-Markov flows,
including intermittent solenoidal flows and various Lorentz gas models including the infinite
horizon Lorentz gas polynomial, DOC of the correlation function

pa.(t) < C(A, By~ #=D vr >0,

with 8 > 1, is proven. For such flows, the DOC is summable, provided that 8 > 2.

2.3 Basic Facts for Stochastic Systems

Let us now come back to the coupled systems (1.3). In the following we use the notation
from Sect. 1.1. If we further consider the Banach space X := (Co@®RT x T™), || - llo) OF
continuous functions, which vanish as ||x|l, — oo for points (x, y) € R x T"™; with the
usual supremum norm, it can be shown (cf. Lemma A.3 in the Appendix) that the closure
E_la generates an ergodic strongly continuous contraction semigroup {S° (t)}s=0 on X (in the
sense of Definition A.1) and £5% generates a strongly continuous contraction semigroup on
X denoted by {T%(t)},>0. Let P° be the projection corresponding to the ergodic semigroup
produced by ﬁ‘f, acting on X explicitly via

PP fx,y) = /T @ elin dy. [ e X, @.7)

The perturbation expansion

u® = ud + eul + %ul 4 -, (2.8)

leads, as shown for instance in [38] and [22] (cf. Sect. B in the Appendix for completeness)
to the following equation for the leading order u¢:

d“g s s 8 s\ 7! s
=] ot ndy - | Phi0La(£]) Laudr, 1) dy

—1
(PPLsP® = PPLa(£])  £2P? Juhir, 1)
=: L%, 2.9)
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The operator £°%% acting on the right side of equation (2.9) can be more precisely evaluated,
using the function ®? defined in (1.10). As shown in [38], equation (2.9) can be rewritten as
du} 1
dTO = FO(x) - Voul + EA‘S(x)A‘S(x)T Vo Ve
= L% (2.10)

where the drift and diffusion coefficients are given by (1.13) and LO*‘Sug is given by (1.11).

The major disadvantage of the formulas (1.13) is that they use the solution ®° of the cell
problem which is not well-posed for [Z(l) or in other words, in the case that we work with
purely deterministic systems. However, there are also some alternative expressions, which
are more suitable for deterministic systems and are already proven in [38], but which are for
convenience included in the following Lemma 2.2, since we require some minor changes.
The alternative expressions use the solution operator ¢,‘§’t(y) of the fast dynamics given by
(1.15). Recall that [E denotes the expectation with respect to Wiener measure v on A and
further let E#+®" denote the expectation with respect to the product measure 1> ® v, where
Mf( is the ergodic measure defined in (1.8).

Lemma 2.1 (Differentiability of the solution operator with respectto x) There exists a version
of the stochastic process qbﬁ” such that for almost all (a.a.) € A the function x — qbfz’z is
continuously differentiable for every t and the differential Vx¢ﬁ‘t(y) e R™*4 satisfies the
linear ODE

d
m @ (y) = Veg(x, 621 (1) + Vyg(x, 92 () Va2 (v), Vip?P(y) =0. (2.11)

Proof This follows from [36, Theorem 4.2], where we set v*(¢) := y + UZ(:T‘;/’ u = x and

dZ; := dt such that ¢, (t) = v*(t) + fot g(x, ¢ (s)) dZs, and observe that all assumptions
are satisfied since g has bounded derivatives up to order two. O

Lemma 2.2 (Alternative representations of the coefficients of the limiting SDE) Fixa é > 0.
We have the following alternative formulas for the vector fields Fg (x), F, 18 (x) and the diffusion
matrix Ag(x)from equation (1.13): For all y € T™ and for a.a. € A we have

F(x) = lim I/Ta(x 8.5 ( )(w)) ds 2.12)
! T—oo T Jo REE ' '
and
00 T
aber =2 [ tim [ b 62 0)@) @ B (x. 63 02 () (@n) 1 ds . 213)
0o T—ooT Jy

and if there exists a constant D(t) such that
o0
v, (E[b(x,(b)‘z”(y))]) < D(1), forall x € RY, / D) dr <oo,  (2.14)
0

then, it holds also that

o] 1 T
R = [ ( lim — [ E[Vib(x, 9 (61 ((@))
0

T-oo T Jo

V)b (%, 637 @2 (1)@ Vil (63 (@) [b (v, 82 (1) @) ds) dr.
(2.15)
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Proof We follow the proof given in [38, Chapter 11]. We first calculate
o0
D0 (y;x) = f @€“1'b)(x, y) dr (by [38, Resulr11.8])
0
oo
= / E[b(x, d)ﬁ”(y))] dr (by [38, Theorem 6.6])
0
Thus, using Fubini’s theorem,
Aj(x) = Z/T b(x,y) ® O (y; ) poo(y; x) dy

= 2/‘11‘”[ b(x,y) ®/0 ]E[b(x,(t)f’t(y))] dr pgo(y; x) dy

> /0 / e /A b(x., 62 (3)(@)) dv(@)pl, (v: x) dy di
- 2/00 EX®V[b(x, y) ® b(x, > (y))] dr.
0

Setting h(x, y; t) := b(x,y) @ E[b(x, q);s’t(y))] we get from Theorem [38, Theorem 6.16]
that for a.a. w € A we have

e
/ hix, y; Dplo(y; x) dy = lim — / hx, $3° () (@))ds
Tm T—o0 T 0
and by inserting into the expression for Ag(x) we get that for a.a. w € A equation (2.13) is

satisfied. Analogously (noticing that condition (2.14) allows us to interchange the order of
integration and the V, operator),

Fy@) = /Tm P2 (v; )V, @ (y; x)b(x, y) dy
= /1;‘111 pgo(y’ x)vx[/o ]E[b(x, (f)ﬁ’l(y))] d[]b(x’ y) dy
:/ pf,o(y;x)[/ /Vx(b(x’ g,t(y)(w))) o) dr b, ) dy
™ o Ja
:/ / Pgo(y;x)/ Vx(b(x,¢f,t(y)(w))) dv(w)b(x, y) dy dr
o Jmm A

= / B[V, (b, @34 () )bCx, )] dr.
0
By the chain rule we have that
Vi (b(x, ¢;§v’(y))) = Vib(x, 921 (y)) + Vyb(x, 27 (1)) Vg2 (v).

Thus, setting

h(x,y;t) = E[Vib(x, $2" (v) + Vyb(x, ¢2" (")) Ve (0)1b(x, y),

we get equation (2.15) by [38, Theorem 6.16]. Now the expression for F {3 follows directly
from [38, Theorem 6.16]. O

Finally, let (T%%(1));>0 denote the corresponding semigroup of the generator £%% on
Co(R%). The basic important fact that we use in the following is that the semigroup
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(TE’B(t)),zo converges towards (TO*‘S(t))tzg as ¢ — 0, as stated in Theorem A.4, which
has similarly been proven by Kurtz [31], but is formulated and shown in the Appendix for
the reader’s convenience. We are now ready to state the main result of this section.

2.4 Main Result for Coupled Systems

In the following, let { T*’“*O(t)},zo denote the semigroup on X generate_d by £50, which is
defined as in (1.6) with § = 0. Similarly we consider the generator £%° for the strongly
continuous semigroup 7%0(#) on Co(]Rd).

Theorem 2.3 Under the assumptions (Al)-(A4), it follows that for every f € Co(RY) and
every sequence {&y }i>0 with e — 0 for k — 00, there exists a subsequence {&,, }m>0 such
that for any finite time T>0

lim sup || 7% @) f — TO0(t) f lloo= O. (2.16)
m—00

0<t<T
Proof Fix f € Co(R?). We have by the triangle inequality

I 7500 f = T f oo <IN T f = T2 f oo + I T2 f = T () f lloo
1T f =T f oo -
2.17)

Further, due to the definition of the operator £‘]3 we see immediately that for all f € D(£5?)
lim £58f = £50f uniformly. (2.18)

Due to equations (2.18) and (1.14) and by the Trotter-Kato Theorem (see for example [16,
Theorem 4.8]) we observe that for any fixed ¢ > 0 the first and the last term on the right side
of equation (2.17) can be made arbitrary small as § — 0. The second difference for any fixed
6 > 0 can be also made arbitrary small as ¢ — 0 due to Theorem A.4. To be more precise,
let {ex}x>0 be a sequence with ¢ — 0 for k — oo. Then we can find for every k € N a
Sk > 0 so that

28k

| 70O f = THHWf Nloo + 11 T**Of =T O f o< =

Moreover, for any k € N we can fix an /(k) € N so that
| THO% @) f = T O f o< -
In this way we get a subsequence {&;() }«>0 for which
I 700 f =T f lloo< e
holds. The claim now follows by taking the limit k — oo. O
Remark 2.4 A sufficient condition for the key assumption (A4) to hold is that
Fg — Fg, Fl‘S — Flo, Ag — Ag uniformly in x, (2.19)

provided that the expressions Fé), F ]0 Ag are well-defined, which requires sufficiently fast
decay of correlations. Furthermore, Theorem B gives us precise conditions under, which
(A4) is satisfied. In the case that g = g(y) is independent of x, the posed assumptions are
relatively mild.
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Next, recall that for ¢ > 0 we denote by (X°(#; &, ), Y2(¢; &, n)) the solution of the
ODE (1.3).

Corollary 2.5 Assume that (Al)-(A4) hold, that £%° can be written as in (1.19) and that SDE
(1.22) has the solution X(t). Then for every f € Co (R?) and every sequence {y}x>0 with
ex — 0 for k — oo there exists a subsequence (g, }m>0 such that for m — oo,

FXn (16, m) — ELf(X(#:§)]. uniformlyin§ € R',n € @ CT" andt € [0, 71,

where the expectation E is taken with respect to the Wiener measure (defined on A) of the
Brownian motion W. It follows especially that for any Borel probability measure p on T™
we have

EF[ £ (X% (1))] — E[f(X(1)] uniformlyint € [0, T]

Proof The first statement follows immediately from Theorem 2.3, observing that (T80t )
(x) = f(X&(t; x)) and (T%O(r) /) (x) = E[ (X (¢; x))]. The last statement follows from the
dominated convergence theorem. O

Remark 2.6 Note that if there exists a unique solution to the SDE (1.22), then this is exactly the
Markov process generated by £20, but Theorem A does not necessarily need this restriction.
A sufficient condition for existence and uniqgness of solutions of the SDE is global Lipschitz
continuity of the drift and diffusion coefficients which follows in the more particular context
of Theorems B and C via the ergodic formulas (1.20), (1.21), (1.27), (1.28) and Assumptions
(A1), (A2). In general, we need Lipschitz continuity of the averaged vector field

ax) = /T a(x,y) dul (),

which demands sufficiently smooth dependence of the invariant measures i, on the parameter
x. This can be violated, if for example the fast dynamics exhibits bifurcations upon varying x.
In fact, even continuity of @ cannot be guaranteed in such cases. The problem of non-smooth
dependence of the measures w, is known in statistical physics as “no linear response” and
can appear even in relatively simple dynamical systems [8,9,24]. See also the work of Baladi
and coworkers on unimodal maps, i.e., [3,5] and references therein.

Our next natural goal is now to check under which abstract assumptions on the original
ODE problems, the condition (A4) (that is equation (1.14)) is satisfied.

3 Convergence of the Limiting Generator £°9

In this section we investigate requirements for condition (A4) to hold, which is the main
assumption in Theorem 2.3 and it is also our last missing piece for proving convergence
of the first moments for the slow process for the coupled deterministic systems (1.3). Let
us recall that the operator £ is explicitly given by (1.12) where the drift term F? and
the diffusion matrix A® are explicitly given by (1.13) and by the alternative expressions in
Lemma 2.2. These alternative expressions use the solution operator qbﬁ” solving equation
(1.15). Thus, a first step towards proving (A4) is to understand the behavior of d)ﬁ‘t in the
limit § — O:

Lemma 3.1 (Behavior of the solution operator asé — 0) Under the previous assumptions,
the following statements are true:
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@)

(i)

For every T > 0 and w € A, there exists a positive constant (T, w) > 0 (which is
independent of x, y and §) such that:

163 () = 0 (Moo < VEB(T, ), (3.1)

where | - |~ denotes the supremum norm in R™. This implies that for all o € A we have

S (y) — ¢%'(y) as 8 — O uniformly inx, y andt € [0, T]. (3.2)
Furthermore, it holds that

E@2" (1)) = 62" Mloo] = VBT, (3.3)

where B(T) :=E[B(T, w)] < oo

There exists a version of the stochastic process qbﬁ’t(y) such that for a.a. v € A the
map x +— ¢§”(y) is continuously differentiable for every t and the gradient qubfz”(y)
satisfies the linear ODE

d
O D0 () = Veg(x, ¢27 (1) + Vyg(x, 921 (1) V2 (v) V2 C(y) = 0.
(3.4)

Furthermore, for a.a. w € A we have

Vﬂbﬁ”(y) — VX¢)?”(y) as 8§ — O uniformly in x, y and t € [0, T]. 3.5)

Proof (i) Due to the definition of the solution operator, it follows immediately that for any

(i)

te[0,T]

t
162" (V) — 6% (1)]oo < /0 lg(x, 65" () — g(x, 9% (¥)]oo ds + V3|V (1) (@)oo
t
< cmfo 1659 (3) — % (oo ds + VB[V (1) (@)oo

~ t
SC/O 1627 () = ¢ (Moo ds + /8 sup |V (1)(@)]oo

1€[0,T]
=(T,w)
where C := sup,crd C(x) < oo due to the boundedness of V,g. Due to Gronwall’s
lemma it follows that for all # € [0, T']
1627 () = 90! (Moo < Voa(T. ) exp(CT) < VEB(T o). (3.6)

where we have set (T, n) := «(T, ) exp(CT). Further we see that
E[B(T, )] = e“TEla(T, )] < oo,

which implies, by monotonicity of the integral, equation (3.3).
For the pathwise differentiability of the process qbﬁ” see Lemma 2.1 (or [36, Theorem
4.2]). Due to (i) we see further that for a.a. w € A

Vig(x, 2" (y) = Vig(x, o2 (),
Vyg(x, 921 (y) — Vyg(x, 92" (y)) as§ — O uniformly in x, y and 7 € [0, T].

Hence, the last equation is a consequence of continuous dependence of ODEs on the
coefficients.
O
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After having understood the behavior of ¢§§” in the limit § — 0 we now want to come back
to the generator £% given in (1.12). Its coefficients, which use the solution operator ¢2",
are given in Lemma 2.2. Seeing these expressions and Lemma 3.1 one might be tempted to
conclude the convergence of F%, A% and as a consequence equation (1.14). Unfortunately, it
is not that simple, because for general functions g the expressions F), F 10 and A8 in Lemma

2.2 will not be well-defined. In fact, they are only then well-defined, when the flow qb,?” (y)
has strong mixing properties. These considerations motivate the following definitions:

Definition 3.2 (Decay of correlations for deterministic systems) We say that the flow gb)?’t (y)
is mixing with decay of correlations C(t; x) provided that there exists an « > 0 such that for
all continuous functions v, w : T — R, lying in the Holder space (C 0. || |lo), we have

‘/Tm V(W@ (2))dpy (2) — /Tm v(z) duy (2) /Tm w(@duy ()| < Ct;x) | v ol w g,
with C(t; x) — 0 ast — oo for all x € RY.

We say that the decay of correlations is summable provided that
o0
/ C(t;x)dt < oo forallx € R?,
0

and we say that the decay of correlations is exponential provided that for every x € R? there
exist constants C(x), p(x) > 0 such that

C(t; x) = C(x)e PWI,

Remark 3.3 Note that in the special case where either [, v(z) duy(z) = 0 or [r, w(z)
duy (z) = 0 holds, summable decay of correlations implies that

f | / V@w@ @) du ()| dr < oo.
0 Tm

Lemma 3.4 (Decay of correlations for stochastic systems) Fix a § > 0. For all continuous
functions v, w : T" — R we have

\ fT V(@ E[w (@) ()] dud(z) — /T v(z) dud(2) /T w(z) dud (2)
< C@:x) v flooll wlloo €77,

In particular, this implies that the stochastic flow has exponential decay of correlations in
the sense of Definition 3.2.

Proof This is an easy application of [38, Theorem 6.16]:

[ v@Bm@ o ato - [ v ane [ vo o)
=| [ volEmeion- [ weaie)ade)
Tm Tin

<| /T V@CE ) | w oo e F" 4l ()|
<CEx) 1V ool w floo e,

This finishes the proof. O
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Definition 3.5 (Stochastically stable decay of correlations) Let v, w : T — R. Assume
that the deterministic flow ¢f§*’ has decay of correlation C (¢; x). We say that ¢2’t has stochas-
tically stable decay of correlations provided that for all small enough § > 0 and x € R?

C@x)e PO < C(t; x),
where the constants on the left side are as in Lemma 3.4.

These notions allow to prove the following statement concerning FOO, F 10 and A8:

Lemma 3.6 Assume that the unperturbed flow ¢2” has summable decay of correlations
C(t; x) and stochastically stable decay of correlations in the sense of Definitions 3.2 and
3.5, and that the centering condition (1.16) is satisfied. Furthermore, consider, for § > 0, the
well-defined expressions Fl‘S (x) (2.12), Ag(x) (2.13) and, for g = g(y),

[e%) ] 1 T s E
) = /0 Jlim /O E[V:b(x, 9 @™ (@) ) 1b(x, ™ ()(@) )ds dr, (3.7)

which hold for all y € T™ and a.a. w € A by ergodicity (¢f. Lemma 2.2).
Then we have

FfS — FIO, Ag — Ag as 8§ — 0 uniformly in x, (3.8)

and, in the case that g = g(y), we additionally obtain
Fg — Fé) as 8§ — 0 uniformly in x. (3.9)
Proof We first want to ensure that all considered expressions (2.12), (2.13) and (3.7) are well-
defined for all § > 0. For (2.12) this is trivial. For (2.13) note that for a.a. € A, due to the

centering condition (1.16), Lemma 3.4 and the stochastic stability we have componentwise
in the tensor product

lim L /0 ! b(x, % (y)(a))) ® ]E[b(x, P> (¢ (y)(w)))] ds‘

T—oo T
= | [, btx. ) @ Blber. 62 001 ik
< CUbCa: )

(C1(b) is a constant which depends on b) and analogously for (3.7) in the case that g = g(y).
We now start by estimating the difference F 1‘3 - F 10 for 6 > 0. Let ¢ > 0 and define, for

T >0, FI‘S’T = % fOT a(x, ¢%%) ds. For any 8 > 0 we have that
5. T 5, T 0,7 0.7
\F) — FI < |F} — F |+ | R = R+ I = F)L
For each § > 0 we can fix a T = Ty, which is independent of § and x, y, w, such that
the first and last difference become smaller that % To see this, note that the sequence

% fOT SUP5 ¢y, |a(x, qbﬁ’s(y)(w)) |ds is bounded from above and increasing, hence it con-

verges. Moreover, due to Lemma 3.1 and due to the Lipschitz continuity of the vector field
a, we have that

1 % i ‘
|FpTo — FP 7o) = 7 fo la(x, $2% (y)) — a(x, ¢%° ()| ds
< V/8C(Ty, w) — 0 for s — 0. (3.10)
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Hence, for a.a. w we have
FY — F) as & — 0 uniformly in x, y. (3.11)

Next, for estimating A‘g — A8 we we define

aé’*’ (t; x,y, ) ;== lim 1 fOT b <X, ¢,€’S()’))]E[bj (x, ¢ﬁ’t(¢ﬁ's(ﬂ))] ds

i J . 1 T i s i s
aé)’f(t;x,y,w) = lim —fo b (x,d)}c)’ (y))bf (x, 2,t+ (y)) ds

T—oo T

o wixovo = [ 5 (5,00 B[ (. 8400 )] 0

o wixovo = [ (5,000 )T (s 82 ()

As before we split

i,j,T _ le

i,j i,j i,j l T i,j,T i,j
|a,sj_aoj|§|a(sj I |+|a |+|aj a()]|-

The sequence

T
— sup
0 dx,y0

b (62 ONE[b (x, 937 02 ) ) || ds (3.12)

is bounded from above and increasing, hence it converges for every 7. Hence, we can find a
T = Toy(t), which is independent of § and and x, y and w such that the first and last terms of
equation (3.12) become smaller than ¢. With this 7y we have

a0 x, v, @) — a0 5 x, y, w))

< OTO b (. 822 ) E[ 67 (x, 3" @2 o) )]
— b (x, S’S(y))bj (x, g”+5(y))| ds
< P10 (x| [E[B (. 88 02 1) — 51 (. 805 )] 0
<C <+/8C5(t) due to Lemma 3.1
vt | "o (5,00 ) {b" (v 02 ) = (x,asi’“(y))} ’ ds
— 7
<C

</8C3(Tp.w) due to Lemma 3.1
< V8Cu(t, Ty, w) — 0 for§ — 0,

where C1, C;, C3, C4 denote positive constants. Hence, for all # and @ we have
aé’j(t; X,y,w) —> a(i)‘j(t; Xx,y,w) asd — 0, uniformly in x, y. (3.13)

Due to the assumption on the fast dynamics we know further that for any fixed ¢, x, y, ® we
have

|a(S /(t x,y,w)| < C(t; x) for§ sufficiently small. (3.14)
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Using (3.13) and (3.14) we get by the dominated convergence theorem
oo, oo,
/0 aé"/ (t; x,y, w)dt — /0 a(l)"’ (t; x,y)dt asé — 0. (3.15)

Due to equation (3.13) the convergence is uniformin x € R4, y € T™. From (3.15), it follows
that
A) — A as 8 — 0 uniformly in x € R, (3.16)

Finally, we deal with the difference |F6S — FOO | in case that g is independent of x. Proceeding
as in our previous computations we can verify that

lim /0 B[t (5,00 @5 00) o . 885 ) s

T—oo T

T—o00

1 T
> lim —/ be(x,¢2"+S(y))b(x,¢2’s(y))ds as 8 — 0,
T Jo

uniformly in x, y and for ¢ € [0, T]. This implies, due to the stochastically stable decay of
correlations of ¢ that

F§ — F) as 8§ — 0 uniformly in x. (3.17)

This finishes the proof. O

It remains to deal with the term Fé) in case g does also depend on x. The crucial ingredients
are equations (1.17) and (1.18) such that we can formulate the following result:

Lemma 3.7 Forthe casethat g = g(x, y) also depends on x, we assume that the unperturbed
Sflow ¢f3’t has summable and stochastically stable decay of correlations wrt. an ergodic
invariant measure u,g on T™. Additionally, we assume that the centering condition (1.17)
and, for any y € T™, the growth condition (1.18) are satisfied.

Then we obtain:

1. Setting
S e 1; l g é, 8,8
a0 = Jim /O E[Veb(x, 62 607 ()
Vb (. 82 (95 (1)) Vgl @5 () b (x. 65 (1)) s,

we have that
o0
I f(?(l, ) o< h(t), fora function h with/ h(t) dt < oo. (3.18)
0
2. For § > 0 small enough, h(t) is an upper bound for fg, the expression
o0
F(x) = /O fo(t,x) dr
is well-defined and we have
Fg — FOO as 8 — 0 uniformly in x € R, (3.19)

Proof We must first ensure that all expressions Fg are well-defined. It is easy to see that for
all § > 0 we have
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lim 1/0TE[be(x, ﬁ’t((f)ﬁ’s(y)))]b(x, j’f(y)) ds| = C2C(x), (320)

T—oo T

for a constant C; > 0. Secondly for § = 0, we set w* := V,b(x,y) and i =

ngb)?”(y)b(x, y) in the definition of decay of correlations and, using condition (1.17), we
observe that

[ im OT E[ Vb (x. 001 000D V! @3 ) [o (v, 62° (1)) ds]
= CR) 0" flall v

This fact together with the growth assumption (1.18) yields

I8 oo = sup {CE 0 w7 ol Vgl Ob(x, ) e +C2)]

xeRd

=: h(1), /ooh(t) dr < oo,
0

which, in particular, implies that Fg is well-defined. Furthermore, due to stochastically stable
decay of correlations, proceeding as in Lemma 3.6 (and using also Lemma 3.1 (ii)) we can
show that

fo =10 1) o< h().
Finally, we can conclude (3.19) by dominated convergence. O
This allows us now to conclude the main result of this section, Theorem B.

Proof of Theorem B The statement follows immediately from Lemmas 3.6 and 3.7. O

Remark 3.8 (i) Condition (1.18) seems to be a relatively strong mixing condition, which
may be difficult to verify for certain practical examples. Indeed, one observes that
quﬁf?’t(y) solves the first order linear inhomogeneous ODE (3.4). Thus, quﬁf.’t(y) can
be calculated by variation of constants and is explicitly given by the formula

t ST, ! s LI ]
Vg () = elo Vra (i ") ‘”( /0 el Vs T ON ATy g 0 (y)) ds+y>.

t 5, S 8, .
Assuming for simplicity that the matrices elo Vs T M) AT g o= Jo Vyg@. 9" () de
commute, we obtain from the last equation

t
Vet ()loo <1l Vag lloo / elVi8lel=9) gs 4 eIWogleet,
0

From this we conclude that

sup [V (1)|oo < KellVysloo!|

X,y,0,8

where the constant
o0
Kol Vag oo [ €100 g 41
0

is inde(g)endent of ¢. Thus, the growth condition (1.18) might hold if the unperturbed
flow ¢X't has exponential decay of correlations C(z; x) < Ce ?', for all x € R?, with
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p =l Vyg lleo. This inequality describes precisely the boundary of what we might
optimistically expect as possible decay rates for correlations and a further investigation
is left as an open problem here.

(ii) The centering condition (1.16) might seem a strong assumption at first glance because
it must be satisfied for all § > 0 and x. However, the parameter § > 0 has the effect of
only “streching” the invariant density p3_ (y; x), so that the function b has to be simply
some function which is in accordance with the symmetry of the invariant densities. The
condition can also be relaxed by allowing the operator £, to be perturbed as well. More
precisely, assume that the function b satisfies

f b(x,y) dul(y) =0, forallx € RY.
']rm

We consider suitable perturbed vector fields b° satisfying the centering condition (1.9),
for which additionally we have

b —b uniformly.

For example, we can consider functions of the form

B (x,y) == b(x, y) — /Tm b(x,2)pd,(z: X)dz
We then define the perturbed operators
Lou = b’ - Vyu,
es _ s 1o
L :8—2£1+g£2+£3
and
L0 f = (=P L) LS P + PP LA PO f

and we can repeat the proof of Theorem 2.3 to get the statement.

4 Weakly-Coupled Systems
4.1 Main Result

To provide an intermediate alternative to the strong mixing assumption (see condition (1.18)),
we are also consider a simpler case of so-called weakly-coupled systems. These are systems
with coupling occurring only in lower times scales and they are given by equation (1.23). We
also consider the corresponding stochastic version

dxg 1
=a(xe, ye) + —b(xe, ¥e),  x:(0) = xo,
dr £
4.1
dy, 1 1 dv
=L = g + = | hlre, ye) + Vo= ) +r(xe. yo). ¥:(0) = yo.
dt £ g dt

We are going to use now the assumptions (A1)-(A2), (A4)-(AS), and suitable centering an
correlation decay conditions but not (A6) to finally be able to prove Theorem C. For any
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5 > 0 we set
~ 1
LY :=g(y) - Vy+ 381V Vy,
Lo :=b(x,y) Vi +h(x,y) - Vy = LS+ L5,
‘53 = a(x! )’) . Vx +r(x! )’) : V)”
with the commutative part £5 := b(x, y) - V, and the remainder ¢ := h(x, y) - V,. The
operator
Fe,d Lo 1a A
,C = §£l+g£2+£3
is the backward Kolmogorov operator associated with the SDE (4.1). Assume that the cen-
tering condition (1.16) is satisfied. Consider the perturbation expansion
u® = ud + eul + ul 4 - - (4.2)
which we substitute into the backward Kolmogorov equation

dus®
dr

Via the perturbation analysis given in Sect. B of the Appendix, we arrive at the following
equation for the leading order ug

- 1 - 1. ~
= ot o= (L84 Lo B *3)

s
i}
dr
Here the drift coefficient in the homogenized equation (2.10) now changes to

. 1
= F - Vol + EA%x)Af%x)T LV Viud. 4.4)

P = /T (@t ) + V2@ (. 00b0x, 3) + V, 0 (35 (3, 1)) ph (v ¥) dy - (4:5)
and the diffusion coefficient A (x) remains unchanged

AT =3 (45w + A7),
2 (4.6)
A5 =2 [ (bx, ) ® 00 520) e 3i0) d,

Note that (see for example [38, Result 11.8]) the solution ®° of the cell problem admits the
representation formula

@0 = [ E[bee. ot )] ar.
0

where the stochastic process ¢%(y) satisfies equation (1.24) and the term E[b(x, $>(y))]
decays exponentially fast as t — oo (see [38, Theorem 6.16]). The above considerations
allow us to repeat the arguments from the previous sections and we get following theorem.

Theorem 4.1 (Convergence of the slow process for weakly-coupled systems) Assume
(Al)-(A2) and that the unperturbed flow %' has summable stochastically stable decay of cor-
relations C(t) in the sense of Definitions 3.2 and 3.5. Furthermore, assume that the centering
condition (1.16) is satisfied and define the operator L% on CCZ(Rd) by

~ . 1
L%y = F . Vou+ EA‘S(x)AS(x)T SV, Viu. 4.7
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In the case that h does not vanish everywhere, we assume additionally that the centering
condition (1.17) and the growth condition (1.25) hold.
Then following statements are true:

(i) There exist vector fields Fo(x) and A°(x) such that
Fé FO, Ad AO, uniformly in x as 6 — 0, 4.8)

where A° is explicitly given by (1.27) and the vector field FOis given by (1.28).
(i) Forevery f € C2(R?)

lim L9 f =200 f uniformly, (4.9)
where the operator £ is defined by
s 8 1
£%% = F°. V. + EA"(x)AO(x)T SV, Viu, (4.10)

and EO’O generates the strongly continuous semigroup _T(t)O'O on X.
(iii) Let T®° be the semigroup on C (R? xT™) generated by L. Then for every f € Co(R?)
and every sequence {&i x>0 with & — 0 for k — 00, there exists a subsequence
{&k,, }m=0 such that
lim sup || 7% %) f — TO0(t) f lloo= 0. 4.11)

m—00
0<t<T

(iv) Fore > 0let (Xb(t;&,n), YE(t; &, n)) be the solution of the ODE (1.23).

Then for every initial condition f € C'(Rd) and every sequence {&i x>0 with & — 0
for k — oo, there exists a subsequence {&,, }m>0 such that

FXEn (18, )) — TOO(0) f(§), uniformlying € R, n € Qandt € [0, T1.

Proof The arguments needed for the proof are identical with those given in Sects. 2 and 3.
Thus we omit their exact repetition. We only want to note that in the case that 7 = 0 the
term VyQJ‘S (x, ¥)h(x, y) in (4.5) vanishes, so that we can repeat the arguments from Lemma
3.6 to get the first statement. In the general case that 4 does not vanish everywhere, the
term Vy@‘s(x, y)h(x, y) in equation (4.5) cannot be neglected. Thus we need to pose the
additional assumptions (1.17) and (1.25) (which ensure especially that the expression

/0 [ B[00 62 0092 0 e,y i v < o0

is well-defined) and then we proceed as in Lemma 3.7 to get the first statement also for this
case. Finally we note that for the second statement we repeat the arguments from Theorem B,
for the third statement we need to repeat the proof of Theorem 2.3 and for the last statement
see the proof of Corollary 2.5. O

As we can see from the formulation of Theorem (4.1), we do not have to assume any additional
growth condition for %! in case h in (4.1) vanishes. If h # 0, the assumed growth con-
dition (1.25) for the weakly-coupled system is clearly weaker than growth condition (1.18)
for the more general case: in (1.18), the integrability has to hold uniformly over all x € R,
whereas ¢ does not depend on x in the weakly-coupled situation, hence the simplification
to (1.25).
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Fig. 1 Sample paths of the process xed satisfying equation (4.13), with the initial condition

0.y, ¥ y91T = [0,13.93,20.06,26.87]T, for ¢ = 0.8 (a) and & = 0.05 (b), for different values
of &

4.2 Numerical Example

As an application of the previous Sect. 4.1, we consider a weakly-coupled system on R x R3
with chaotic fast dynamics on the Lorenz attractor. Let us recall that the classical Lorenz
equations are given by the three-dimensional ODE system

dy

” =s(y2 = y1)»

dy>

=2 = py1 — Y2 — Y1)3, (4.12)
dt

dys

a1 = y1y2 — By3,

with the parameters s, p, B > 0, where, in particular, s is called the Prandtl number and
p is called the Rayleigh number. For the standard values s = 10, p = 28, 8 = 8/3, the
equations are ergodic with invariant measure p supported on the Lorenz attractor Q2. We
now consider, motivated by [38, Section 11.7.2] and [22, Section 6.4], the following weakly-
coupled systems on R x R3:

dxeo 14

e

&

ari® 10 du

= DX e

(4.13)

arf? 1 av

d2t = ;2(281/15*‘3 B A 0 L I U bor
arg® 1 8 daw

3 £,8v,€,6 £,8 £,0y€,0v,8,6

= SO =) XYY e

In Fig. 1 sample paths of the process X% solving (4.13) for different values of ¢ and § are
shown. These paths illustrate that the deterministic flow displays stochastic-looking/chaotic
oscillations but one does really need to look at the limiting behaviour as ¢ — 0 to fail to see
the visual difference between a deterministic and a stochastic process.
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Fig.2 Averages of the process X e0(p) satisfying equation (4.13) for different values of ¢ > 0 and theoretical
average for ¢ = 0, i.e. for the limiting process X (r) satisfying (4.15) with the initial condition § = 0. The
averages are taken over 500 different realizations on the Lorenz attractor. In a convergence of averages for

e = 0.8,0.3,0.08 is shown, while in b the continuation of the converging behaviour on a smaller scale for
& = 0.08, 0.05 is illustrated

The fast subsystem has the ergodic measure p supported on the Lorenz attractor €2. Let
Q C R3 be a sufficiently large cube containing 2. By identifying the opposite sides of the
cube and rescaling the coordinates we can assume, without loss of generality, that Q = T3
is the torus, so that the theory from the previous sections can be applied. We note further that
it has been already verified numerically in [22] that the y, coordinate has zero average with
respect to i and as a consequence that the centering condition (1.4) is satisfied. Theorem 4.1

states that for every f € Co(R) and every sequence {ex }k>0 with &x — 0 for k — oo there
exists a subsequence {ex,, }m=0 such that

EXA[ £ (X%n-0(1))] — E[f(X(t))] asm — oo uniformly in ¢ € [0, 71, (4.14)
where the process X solves the SDE
X X+ aw X00)=¢& (4.15)
_ = = o—, = &. .
dr dr

Note that equation (4.15) describes an Ornstein-Uhlenbeck process which has the unique
solution given by

t
Xt:e”é—l—oe”/ et dW;.
0

In general we know that for a square integrable function f on [0, T'], the random variable

t ; is normally distributed with variance t)~ dt and from this fact it is easy
v F@) AW, | Ily distributed with variance [, f(1)? dr and from this fact it i
to see that X; is normally distributed with

02
X, ~ N, Te—”(e” —1).

The exact value of o is given by formula (1.28). In the following we use the estimate o> ~
0.126 calculated in [22].

Furthermore, since Co(R) C Cp(R), equation (4.14) is slightly weaker than uniform

convergence in distribution of the process X #m 0(r) towards X (r). The following Figs. 2 and
3 verify equation (4.14) numerically.
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Histogram of X*0(10) Histogram of X=0(0.5)

25

[ = 008
=

(b)

Fig.3 Histograms of the process x=0(), corresponding with Fig. 2, taking ¢ = 0.8, 0.3, 0.08 at time 1 = 10
(a) and again ¢ = 0.08, 0.05 at time ¢ = 0.5 (b) satisfying equation (4.13), in comparison to the distribution
of the limiting process X (), solving (4.15) with the initial condition & = 0. We used ensembles of 500
realizations

Figure 2 shows that equation (4.14) is satisfied for f being the identity function (note
that, since the process X &0 4g uniformly bounded for every ¢ > 0.05, we can assume without
loss of generality that f coincides with the identity function only in a compact interval and
that f € Co(R)). Appart from that, Fig. 3 suggests that we actually have convergence in
distribution of the slow process X &0 satisfying the chaotic ODE (4.13) (for § = 0), towards
the limiting stochastic process X satisfying the SDE (4.15), which is a reduced stochastic
equation for the slow process X, This illustrates the reduction effect one is looking for
since now the chaotic fast degrees of freedom are encoded in a low-dimensional SDE.

5 Conclusion and Outlook

In this paper we have extended results on deterministic homogenization of fast-slow ODEs to
the case where coupling of the fast and slow variables is part of the model. Our main strategy
was to add small stochastic noise to the fast subsystem and then take two independent limits
— namely the zero-noise limit and the limit ¢ — 0 —, which enabled us to use results and
functional-analytical methods from stochastic systems. For generally coupled systems, we
have succeeded to prove a certain weak form of convergence of the slow process, similarly to
uniform convergence of the first moments, requiring strong mixing assumptions on the fast
flow. However, for the intermediate case of weakly-coupled systems, the mixing assumptions
are relatively mild. Our method also directly yields explicit expressions for the drift and
diffusion coefficients of the limiting SDE.

This paper can be seen as one of the first steps to understand homogenization of cou-
pled fast-slow systems in continuous time and leaves open several relevant questions for
further research. One task is to find, numerically and/or analytically, more direct examples
from applications for which the strong mixing condition (1.25) is satisfied. Moreover, the
key assumption of stochastically stable DOC in the sense of Definition 3.5 needs to be
investigated. Another goal will be to find alternative representations of the drift and diffu-
sion coefficients of the limiting diffusion, such that potentially weaker or even no mixing
assumptions are required, as seen in [26,27]. In addition to that, it will be crucial to study the
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behavior of the higher moments of the slow process in order to prove weak convergence of
the respective measures in C ([0, T], R4 ).
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A Convergence of the Semigroup T¢:? as¢ — 0

Let X be a Banach space.
Definition A.1 Let {S(¢)};>0 be a strongly continuous semigroup on X with infinitesimal

generator L. {S()};>0 is called an ergodic semigroup if

o0
lim A/ e MS(t)f dt = Pf exists forall f € X. (A1)
r—0 0

We call P the projection corresponding to the semigroup.

Remark A.2 A sufficient condition for (A.1) to hold is that lim,_,~ S(¢) f exists for every
f € X and then we also have that

Pf:tlirgloS(t)f, feX. (A.2)
Using semigroup notation we can rewrite the last equation as
el. > P. ast — oo. (A.3)
See also [18, Remark 7.5].

LemmaA.3 For any fixed 8 > 0 consider the operators £L&° and [I‘i defined as in (1.6) on
Cg (RT xT™). Let X := (Co(R? x T™), I - loo) be the Banach space of continuous functions,
which vanish for || x ||— oco. Then the following statements are true

(@) L8 generates a strongly continuous contraction semigroup (788 (t))i=0 on X.
(ii) E‘i generates an ergodic, strongly continuous contraction semigroup (S8 )0 on X.

Proof (i) Let ¥, (x, y) denote the solution map of the SDE corresponding to the generator
L£5% For f € X define

TS () f(x, y) == ELf (¥ (x, )]
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Note that due to our smoothness assumptions on a, b, g, ¢; (x, y) is continuous with respect
to the initial condition (x, y). We know check that:

(i-a)
T3 : X — X.

To see this, we first note that if (x, y) — (xo, yo) in RY x T, then Y (x, y) = ¥ (x0, ¥0)
which implies due to the dominated convergence theorem, using that f is bounded, that

(T30 )0k, 3) = (T Pxo,0)| = [E(£ W, y) = £ Wi, yo0) | = 0.

Hence, T%%(r) f € C(RY x T™). Similarly, using that ¥o(x, y) = (x, y) it is easy to see
that for every fixed y € T and r € R4 we have that || x |[2— 00 = ¥ (x, y) |[2— o0 =
S (x, y)) — 0, which implies by dominated convergence that

(T f)(x, ) =EIf (' (x, y)]1 = 0 as || x o= oc.

Hence, T%(1) f € X.
(i-b)

TSt 4+ 9)f =TT (s) f, TE(0) = 1d.

This follows immediately from the semigroup property of the solution map ;.

(i-c)
lim || T5°() f — f lloe= 0.
t—0t

Assume first for simplicity that f € C2(R? x T™). Due to the Itd formula we have that

JWix, y) = fx, ) +/0 LEf (s (x, y)ds + My,

where M; is a martingale (which implies that E[M;] = 0). Thus, taking expectations we
have

t
(T30 £ ) = £ 0] <BL £ b, 30 1,

Note that there exists a constant C¢, which depends only on the coefficients of £5% such that

L Flloo < CEU f lloo + 1 VF lloo + 1| VAf lloo) < 0.

<00, since feCZ(RY xT™)

Hence
I (T2 () f)(x, y) = f(x, ) o= tC* — Oast — 0%,

Last equation implies strong continuity in CC2 (R? x T™), thus by density alsoin Cg (RY x T™),
(i-d)

I T8 (0) £ Noo<Il £ lloo -

This is easy to see. All in all, £5% generates a strongly continuous contraction semigroup on
X.

(ii) Analogously we can show that L“f generates a strongly continuous contraction semigroup
s8 (t)r=0 on X. For the ergodicity it suffices to show (see also [18, Remark 7.5])
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(ii-e)
S8 f — POf inXast — oo, (A4)

where P? is the projection given by (2.7) Let v;(x, y) denote the flow of the SDE corre-
sponding to E‘f. Observe that due to the structure of the generator, the flow has the form

Ui (x, y) = (x, 62" (),
where ¢£’t(y) solves (1.15). Due to [38, Theorem 6.16] we have
IS°@) fx.9) = PP fx.3) I C || f llw €™ — 0 ast — oo,

since the constant C can be chosen to be independent of x, y (due to the uniform bounds on
the coefficients of the SDE). This proves the ergodicity of the semigroup S°(¢) on X. O

Theorem A.4 [18, Chapter 12, Theorem 2.4] Fix a § > 0 and let L9 be the the operators
as in (1.6). Define P° by (2.7) and assume that the centering condition (1.9) is satisfied for
all x € RY. Furthermore let ®° be the solution of the cell problem (1.10). Define

D:=CRY) c X.

For every f € D let h € X denote the unique solution of the Poisson equation
Ch= -7, fT h(x, )P, (v: x) dy = 0, (A5)

whose existence and uniqueness is guaranteed due to the centering condition and the Fred-
holm alternative and let £93 be the operator defined on D by (2.9). Assume that the closure
L£0-3 generates a strongly continuous contraction semigroup {T(t)o"s},zo on Co(R?). Then
we have for every f € D and finite times T <

lim sup | T f =T f o= 0. (A.6)

0<t<T

Proof The proof is taken from (18, Chapter 12, Theorem 2.4] but is included for convenience.

From Lemma A.3 follows that ﬁ‘f generates the ergodic strongly continuous contraction
semigroup {S(¢)®};>0 on X and £¢ generates the strongly continuous contraction semigroup
{TS"S(I)},ZO on X. We define

DLS) :={f € L:Vx: f(x;) € CHT™)}
D(Ly) :={f e L:Vy: f(1y) e CLRD)
D(L3) :={f € L:Vy: f(y) e CLRD).

We observe that
D C D(L£3) N D(L2) N D(L3).
Define further
D(V)i={Laf : f = f(x) € CZRD)
and

R(V) = {f € CP2OR? x T™) : f(x,) € CH(T™), LS f € L}
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and the operator V : D(V) — R(V), acting via
V(f) =D (y;x) - Vi f ().

Note that since b and the coefficients of £; are smooth and £ is uniformly elliptic, @ is
smooth in both arguments (See also [38, Lemma 17.2] for a similar situation). Having this in
mind, it is easy to check that R(V) C D(E?) ND(L2) ND(L3) and recalling the definitions
of ®% and L‘f we also see that 1 = V (f) solves the Poisson equation

LYV(f)=—Laf = —L2P], /T h(x, )po (i %) dy = 0.
Hence,
D C {f € DL ND(L2) ND(L3) : 3h € DL ND(LY) ND(LY) : L5h = —Lo f).
The claim follows now from [18, Chapter 1, Corollary 7.8], setting A := L5, IT := £3 and

B := /3. a]

B Perturbation Analysis for Weakly-Coupled Systems
In the following we follow [38] and [22]. We provide the perturbation expansions here for
completeness as they are the most convenient tool to formally derive the correct limiting

behavior. Substituting (4.2) into the backward Kolmogorov equation (4.3) and collecting
terms of the same powers we obtain a sequence of problems:

Ao s
O(): Liug=0 (B.1)

1
0 Loub = —LSu (B.2)

(B.3)

From equation (B.1) it follows, due to the ergodicity property (1.7) for £2, that the solution
ug does not depend on y, in other words it is of the form

ug(x, y, 1) = ug(x, ).

To solve the second equation note that the centering condition (1.16) implies that Egug is
~ *
orthogonal to the null space of (ﬂ‘?) . Thus, by the Fredholm alternative equation (B.2) is

solvable and the solution is unique up to a constant lying in the null space of Zf. We fix this
constant by requiring

/ u‘f(x, y)pgo(y; x)dy =0 forallx e RY. (B.4)
’]I‘m
Thus we can write formally
R
uh=—(2})  csuber . (B.5)
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We continue with the last equation (B.3). Solvability requires that the right side is orthogonal
to the null space of £ and this leads the following equation for ug(x, t):

dug s 5 s s s (A 5 s
G 0= [ s ndy = | poo<y;x)£z(£1) Laul(x. 1) dy

~ R
= (PPLsP’ = PPLo(2}) 2P Juh( 0. (B.6)
In this way we obtained a closed equation for the dominant term ug but we still have to
evaluate the operators involved in it. Recall that ®° denotes the solution of the cell problem

(1.10). Thus, coming back to equation (B.2), we observe that | must have due to (B.4) the
form

u?(x, y, 1) = @5()); X) - qug(x, 1). (B.7)
Hence,

Loul =b® @ : V Vyoul + (Vo ®b) - Viud + (VyDh) - Vou),

C
=Lsu nc,,8
L5uy =L5u§

Equation (B.6) can be now re-written as

dug S8 FI I

— =P°Laug — P° Lo L] Loug

dr ————

:—u‘?
=1+ I, (B.8)
with
I =/T a(x, y)pde(vi x) dy - Veud(x, 1)

and

L= /Tm pgo(y; x)(b(x, V) ® @8()}; Xx) : VXqug(x, t)) dy
+ [ i (900 i b ) - Ve, 1) dy

+ fT Py ) (Ve (v )h(x, 1)) - Ve, 1) dy.

Putting everything together we get (4.4).
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