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Abstract. We establish the local and global well-posedness of strong solutions to the two- and three-dimensional anelastic
equations of stratified viscous flows. In this model, the interaction of the density profile with the velocity field is taken
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1. Introduction

The anelastic Navier—Stokes system for stratified flows,

p(Oiu+u-Vu)+ pVp=Au in Q, 1)
div(pu) =0 in Q,

is derived as the limiting system of the compressible Navier—Stokes system after filtering out the acoustic
waves for strong stratified flows. Here the velocity field u and the pressure p are the unknowns while the
background density p is given as a time-independent, non-negative function. The rigorous derivation of
(1) can be found in [23]. Comparing to the incompressible Navier-Stokes system (see, e.g., [5,28]), the
main difference is the incompressible condition divu = 0 is replaced by the anelastic relation div(pu) = 0
with the background density profile p, which represents the strong stratification owing to the balance of
the gravity and the pressure (see, e.g., [11]). Such an approximation preserves slight compressibility while
filtering out the acoustic waves, which significantly simplifies the original compressible Navier—Stokes
system, and enables more efficient computation applications to relevant model flows in physical reality.
In particular, the anelastic approximation is used to describe the semi-compressible ocean dynamics
(see, e.g., [7,8]), as well as the tornado-hurricane dynamics (see, e.g., [24,26]). We refer the readers to
[1,2,10,15-17,22,25] for related topics and comparisons of various models of the atmospheric and oceanic
dynamics.

We remark that the background density profile p in the anelastic relation div(pu) = 0 is given by the
resting state VP (p) = pgé., where P(p) denotes the pressure potential and g is the gravity acceleration.
For the sake of simplifying the presentation, we have choosed the gravity to point upwards, which can
be done after performing a vertical reflection of the coordinates. In the case when the flow connects to
vacuum continuously, the resting state yields a degenerate density profile. For an isentropic flow with
P(p) = p7,v > 1, this implies p?~! ~ z, referred to as the physical vacuum in the study of compressible
flows (see, e.g., [14,19]). The main characteristics of the physical vacuum is the Holder continuity of
the background density profile, whose derivatives are singular at z = 0. While there are some recent
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developments in the global stability of background solutions to compressible Euler or Navier—Stokes
equations for one-dimensional or radial-symmetric flows (see, e.g., [12,13,20,21]), the corresponding multi-
dimensional problem is mostly open. On the other hand, after formally filtering out the acoustic waves by
sending the Mach number and the Froude number to zero at the same rate in the compressible Navier—
Stokes equations with physical vacuum, the resulting equations appear to be the aforementioned anelastic
system with p =2z, a=1/(y—1) > 0.

In this work, we aim at studying the well-posedness issue of strong solutions to (1) in € := 2T"~! x
(0,1) = {Z = (z,2)} C R""! x R =R", where n € {2,3} denotes the spatial-dimension. Specifically, we
will study system (1) with two kinds of density profiles:

non-degenerate case: igfp > 0, and p is smooth in 2T"; (2)

physical vacuum case: p = ppy = 2%(2 — 2)< for some a > 3/2,
e, 1 <y<5/3. (3)
(See Remark 1, below.) After denoting the velocity field u by its horizontal component v and its vertical

component w, i.e., u = (v,w) ", where v is a scaler if n = 2 and a two-dimensional vector if n = 3, system
(1) is complemented with the following stress-free and non-permeable boundary conditions, respectively,

azv}z:O,l’ w|z:0,1 =0, (4)

and initial data
ul,_o = tin = (Vin, Win) " = (77‘9,(‘9)1— € H*(Q), (5)
where
7, are even, odd in the z-variable, respectively,
and (n,¢) € H?(2T™;R"™1) x H*(2T™;R).
Compatibility conditions for u;, are given by,
wm‘ =0, div(pui,) =0,

azvin‘z:O,l’

z=0,1
put|t:0 = PUin,1 = Auin — PUin, * vuin - PVpin S L2 (Q)7
where p;;,, is the solution to the following elliptic problem

div(pVpin) = divAu,, — div(pt, - Vi),

8zpin|zz0,1 =0, /me di = 0.

Hereafter, for any subscript s, we will alway use the letter vy to denote the horizontal velocity, ws to
denote the vertical velocity, and us to denote the velocity field, i.e., us = (vs, ws)T

(7)

Remark 1. The meaning of (2) is that the non-degenerate profile p can be extended as a non-degenerate
and smooth function in 2T".

For highly condense cold matter, v = 5/3, or « = 3/2, and the most physically interesting region is
v € (1,5/3]. See [9,18]. Unfortunately, due to the techniques we used, the endpoint case is not included
in this paper.

On the other hand, one can replace ppy in (3) with any density profile which satisfies the aforementioned
physical vacuum near z = 0 (i.e., p ~ 2® near z = 0), and is smooth and non-degenerate at z = 1. The
requirement of smoothness and the non-degeneracy of the density profile at z = 1 is owing to technical
reasons.

Remark 2. An alternative candidate for the initial data can be taken as:
ul,_g = tin = (Vin, win) " € H*(Q),

and Supp(v;y,), Supp(win) C 2T" "1 x (5,1 — 6) for some § € (0,1/4).
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In comparison to the Navier—Stokes system (see, e.g., [5]), the density profile interacts with the velocity
field. To explain this statement, let us forget about the boundary and consider (1) in 2T" for a moment.
Also we assume the density profile p is non-degenerate and smooth. Let v be any smooth vector field,
and suppose that it can be decomposed, in analogy with the Helmholtz decomposition, as

U=1Uy,+ Vo,

where div(pu,,) = 0, and ¢ is a smooth function. One can see that u,, and V¢ are orthogonal in
L?(pdi), i.e., the square-integrable space with respect to the measure pdZ, where d7 is the Lebesgue
measure. Then one can easily see that, the H°-regularity of u, ,, s > 1, depends not only on the regularity
of u, but also on that of p. Such an interaction of p in the H®-regularity estimates causes the main difficulty
in the study of strong solutions. As one will see later, one will need to consider the interaction of the
pressure term pVp with the nonlinearity term pu-Vu as well as the viscosity term Au. We take advantage
of the regular density profile in (2), and consider an associated problem in 2T™, whose solutions satisfies
(1) in Q. Then we employ an elementary approach in the Galerkin’s approximation which takes into
account the aforementioned interactions. After studying the regularity, we restrict our solutions back to
the original domain 2 and obtain a unique strong solution to (1) with (4) in the non-degenerate case,
ie., (2).

To deal with the physical vacuum profile in (3), we approximate the problem with a sequence of non-
degenerate profiles in the class of (2). The existence theorem in the non-degenerate case yields a sequence
of approximating solutions. Then we derive the necessary uniform weighted estimates. To handle the
physical vacuum density profile, the desired strong solutions to (1) in the physical vacuum case, i.e.,
(3), are constructed as the limit of the approximating sequence. However, the solutions that we obtain
lack regularity on the boundary {z = 0}, due to the weighted estimates. In particular, the solutions are
not regular enough to have trace of Vu on {z = 0}, which causes troubles when one try to show the
uniqueness of solutions. We employ the arguments originated in [27] for the Navier-Stokes system to
establish the uniqueness of strong solutions.

Next, we sum up the main theorems. The first theorem concerns the local well-posedness of strong
solutions to (1):

Theorem 1. Let p satisfy either (2) or (3). Consider initial data w;, € H? satisfying (5) and (6). There
exists a unique strong solution (u,p) to (1) with (4) in [0,T], for some T € (0,00). In the case of (2),
the strong solution satisfies the reqularity:

u€ L0, T; H*(Q)) N L*(0,T; H*(Q)),
dyu € L>=(0,T; L*(2)) N L*(0,T; H()),
Vp € L>=(0,T; L*(Q)) N L*(0,T; H*(Q)).
In the case of (3), the strong solution satisfies the reqularity:
u, Viu € L=(0,T; HY(Q)), u € L*(0,T; H(Q)),
pOoc € L (0,75 L(9)), plfZus € L(0.T: LA(Q)),
ug € L*(0,T; H'(Q)), p3,Vp € L®(0,T; L*(R)).
See Sect. 2 for the notations 9,,, V), etc..

We refer the detailed description of local well-posedness to Theorems 3 and 4, below. At the same
time, we also have the following theorem concerning global well-posedness of strong solutions:

Theorem 2. Under either one of the following conditions, the existing time of the local strong solutions
constructed in Theorem 1 becomes infinite:

1. n=2;

2. n = 3, provided initial velocity w;y, satisfies, for p satisfying either (2) or (3),

102 tin 22 + 1Vt 32 + 10" 2uimallfa < 42
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with some p € (0,1), small enough.

Notice that, by taking p = 1, Theorems 1 and 2 apply to the homogeneous Navier—Stokes equa-
tions (see, e.g., [28]). The compatibility conditions in (6) are similar to those in the study of the non-
homogeneous incompressible Navier—Stokes equations (see, e.g., [6]).

The rest of this work is organized as follows. In Sect. 2, we summarize the notations, definitions and
inequalities which will be used in this paper. In Sect. 3, we construct the local strong solutions to (1) with
the non-degenerate density profile. In Sect. 4, we consider (1) with the physical vacuum profile, when
the uniform estimates and approximation arguments are presented. These two sections finish the proof
of Theorem 1. In the last two sections, i.e., Sects. 5 and 6 , we employ some global a priori estimates,
which lead to the proof of Theorem 2.

2. Preliminaries

Throughout this paper, we use the following definition of strong solutions:

Definition 1. (Strong solutions) (u,p) is called a strong solution to (1) if system (1) holds almost every-
where in €.

We use the notation d,, to denote the spatial derivative in the horizontal direction, i.e. derivative with
respect to x € 2T, when n = 2, and 1, 25 for x = (21,75) " € 2T?, when n = 3; the notation 9, to denote
the spatial derivative in the vertical direction; the notation d; to denote the temporal derivative; ug for
s € {t,xz, z} is short for Osu; also us, s, and s, s,u for s1, 89 € {t,x, 2z} are short for s, D5, u. divp, Vi, Ay
are used to denote the divergence, the gradient, the Laplace, respectively, in horizontal direction, i.e.

divy, = 0, when n =2, and div, = V-, when n = 3,

O,
O,
Ap = 0pp, when n =2, and A, = divpVy, when n = 3.

V5 = 9,, when n = 2, andvh:< ),Whenn:?),

In addition, we abuse the notation:

/ dac—/ -d7, or/ d:v—/ -dZ, depending on the context.
’]I‘TL

LP, H* are used to denote LP(Q), H*(Q2) or LP(2T"), H*(2T"), depending on the context.
Also, we summarize the symmetric-periodic extensions in the following:

Definition 2. (Symmetric-periodic extensions) For any smooth function f defined in € := 2T"~! x (0,1),
one can extend it to an even function in Q4 := 2T"~! x (—1,1), using the even-symmetric extension ¢7,
defined by

(@, |2]), z €2l 2 € (=1, 1)\{0},
€S (w,2) = { lim f(r,2), @€21"%z=0. ®

In addition, if liI(r)l+ f(x,2z) =0, one can also extend f to a odd function in 24, using the odd-symmetric
Zz—
extension €, defined by
7f(il?, |Z|)a T E 2?]1‘77,71’2 € (_17 1)\{0}7

z
¢ f(x,2) =< |l (9)
0, x e 2T 1 z=0.
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Also, for any smooth function g defined in €4, one can extend it to a function in 2T™ using the
periodic extension €,, defined by

g(z, 2 — 2k), (z,2) € 2T"\{z € 1 + 2Z},
¢ ,2)i =11
o) 2 ( lim g(z,z) + lim+9(z,z)> e 2T,z e 1427, (10)
z—1- z——1

k is the integer such thatz — 2k € (—1,1).

Then the even-symmetric-periodic extension operator is defined by

¢l f:=¢,¢lf, fisa function defined in Q. (11)
The odd-symmetric-periodic extension operator is defined by
€., f = ¢,& f, fisa function defined in 2 and f(0) = 0. (12)

To study (1) in the case of physical vacuum, i.e., (3), we will need to apply the following Hardy-type
inequalities:
Lemma 1. (Hardy-type inequalities) Let k # —1 be a real number. Suppose that a function f € C1([0,1])
satisfies fol (z+e)*2(|f12(2)+|f'|?(2)) dz < 00. Then for some positive constant Cy, € (0, 00), independent
of € € (0,1), one has
1. for k> -1,
1

/ (= + )" f(2)]* dz < Ck/ (= + )" 2(f )P +1f(2)) dz; (13)
0 0

2. fork < -1,
1

1
| et - 1OPd <€ [ 42 )P de (149
0 0
In particular, after taking € = 0 in (13) and (14), one will arrive at the standard Hardy’s inequalities.

Proof. Inequality (13): & > —1. The mean value theorem guarantees that there is a z* € [1/2,1] such
that 2| f(2*)|* < f11/2 |f(&)]? d¢ < 2++2 f11/2(§+s)k+2\f(§)|2 d¢. Then applying the Fundamental Theorem
of Calculus and the Fubini’s theorem yields, since k + 1 > 0,

/()1(Z+€)k|f(z)|2dzr§/Ol(ere)k</;f(f)f’(f)dé'+|f(z*)|2> ds
< [cror [ @il [ o

1
0
1 1 r&
k+2 2 _ Py k / g
x/m(us) £ dsf/O /0< LM (©)] dz de

1 k k ! k
(e = [ e o dg

< / (€ +)FUFE)1F(©)] de + / (€ + )R+ F(O) de
0 0
<5 / (€ + FIF(E)P de + Cs / (€ + )2 (6 de

1
+ / (€ + )R FO) de,
0

where § > 0 is an arbitrary constant and Cs = 1/§. Then after choosing § small enough, this finishes the
proof of (13).
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Inequality (14): k < —1. Without loss of generality, we assume f(0) = 0. Then, again, the Fundamental
Theorem of Calculus implies that |f(2)[* = [ 2f(£)f'(€) d€. Thus, since k+ 1 <0,

= [ [ creriseirie)asae
0 J¢

1 1/2
0
x (/01@ +6)’“+2|f’(§)l2d£)

Thus (14) follows. O

1
< [erep |f(£)||f’(£)|d§§< [ e+t ds)

1/2

3. The Non-degenerate Case

Recall that our goal is to construct the local strong solutions to the anelastic Navier—Stokes equations,
(1), ie.,

{p(@tu +u-Vu)+pVp=Au in Q, (1)

div(pu) =0 in Q,

with (4) in the case of non-degenerate background density profiles, i.e., (2). In fact, we will only need
infg p > 0 and

¢l pe CP2T™). (16)

Recall that, Q = 2T~ x (0,1), n = 2, 3.

Our strategy of constructing solutions is: first, we introduce a problem in 2T"™, which is associated with
(15); then we construct the solutions with enough regularity to the associated problem; by restricting
such solutions to the associated problem back in €2, we obtain the required solutions to (15).

The following theorem is the main part of this section:

Theorem 3. Let p be a strict positive scalar function in ) that satisfies (16). Consider initial data w;, €
H? satisfying (5) and (6). Then there exists a unique strong solution (u,p) to (15), with (4), in [0,T*],
for some T* € (0,00). Moreover, the strong solution satisfies the following regularity:

u € L>=(0,T* H*(Q)) N L*(0,T*; H3(Q)),

Opu € L>®(0,T% L*(Q)) N L*(0,T*; H*(2)),

Vp € L>(0,T%; L*(Q)) N L2(0,T*; H'(2)).
Furthermore, the following estimates hold:

S (lu@) 2 + lueONZ2 + IVR(OIZ2)

<T*

-
+/O (@) + Nlue @7 + V@) dt < Cinp,
where Cyy,, € (0,00) depends only on the initial data w;, and

inf p(), llpllcs @) € (0, 00).
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Also, one can choose p to satisfy

8zp‘zzo)1 =0, and /de:? =0. (18)

In addition, let wy,us be strong solutions with initial data wy n, U2y, Tespectively. Then the following
estimate holds,

sup luy () — ua(t)]7- +/ IV (ur () = ua()) |72 dt
0

0<t<T* (19)

< Cin12.7 |Wing — Win2|32,

where T* € (0,00) is the co-existence time of the solutions, and Cip 1,217+ € (0,00) depends on the initial
data and T™.

Remark 3. We observe that conditions (6) and (16) are essential factors in Theorem 3. See Remarks 4
and 5, below.

In fact, we will only show the proof of Theorem 3 when n = 2. The case when n = 3 is similar and we
omit it for the sake of clarity of our presentation. The proof is done in the following steps: introducing
the associated problem via the symmetric-periodic extension; introducing the Galerkin approximating
problem; establishing existence of strong solutions; improving the regularity; establishing uniqueness and
continuous dependency on the initial data.

Step 0: the associated problem. We observe that system (15) is invariant with respect to the following
symmetry:

p, v, w, pare even, even, odd, even, respectively, (SYM)

with respect to the z-variable.
Recalling © = 2T x (0, 1), that is to say, by extending any solution (p,v,w,p) to system (15) to
Pt = @jp, Vg 1= (’Ejv, we = E w, py = (’Ejp,

(p+,v4,wy,py) satisfies the same equations as in system (15) in domain 4 := 2T x (—1,1).

Then the new system for the extended functions (p+,v4,w,p+) is invariant with respect to transla-
tion z ~» z £ 2. Thus, we further extend (p4, v+, w4, p+) periodically in the z-variable by applying €, to
(p+,v+,wy,ps). Combining these two extensions together, we obtain,

pr = @jpp, v = Gjpv, w* = ¢ w, pti= G;rpp,

and (p*,v*,w*, p*) satisfies the same equations as in system (15) in domain 2T?.
Therefore, we end up with the same set of equations as in system (15) in periodic domain 2T?, and
for simplicity, the same notations p,v,w,p are used to denote p*,v*, w*, p*. Such a convention will be
adopted in the following. Then we have got the following system,
p(Opu +u - Vu) + pVp = Au  in 2T?, (15)
div(pu) =0 in 2T2,

with symmetry (SYM). We adopt initial data (€ vin, € wi,) " for (15), which we will denote by the
same notation as the original initial data, i.e., (vin,w;n) . Notice, the boundary conditions in (4) are
automatically implied by symmetry (SYM). In the next step, a Galerkin approximating procedure will
be used to construct solutions to (15').
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Step 1: The Galerkin approximating problem. Given any non-negative integer m, we consider the finite
dimensional space, denoted by X,,, and defined as follows:

X = {(vm,wm,pm)|vm = Z ale™MT cos(mhyz),
KEZ,
Wy, = Z aife’”klx sin(mkez), pn = Z e e cos(mkoz),
KEZm, k€Z,, \{(0,0)}
with ay, ay, bx being complex-valued scalar functions of tonly and

satisfying the reality condition, i.e.,

a?kl,kz) = a?—kl,kz)va'q(l;cl,kz) = aE”_kl,kz), b(kl,kz) = b(*k‘l,k&)} s
where Z,, == {k = (k1,k2) €Z xZ,—m < k1 <m,0 < ko < m}}
Notice that, the dimension of X,,, over R is 3(2m+1)(m+1) — 1. Also, we define the lower-m!"-frequency
projection operator P,,, m > 0, as follows.
Given f = Z ce™FrEt ke Cwith o being complex-valued
keZXZ
scalar functions of ¢, P, f := Z cxe™ Rt Tikez - where (21)
kezZh
ZE = {k = (k1,k2) €EZXZ,—m < ky <m,—m < ky < m}.
Then P, projects (v, w,p) with symmetry (SYM) into X,, via P, (v,w,p) = (P,,v, Ppw, Pp,p), where
we have taken [, pdZ = 0.

Consider any non-negative integer m and (vp,, Wi, pm) € X, with afl, a}?, bk given as in (20). To solve
the problem (15'), we consider the following system of ODE:

P,, [p(atvm + U Og Uy, + wmazvm) + pazpm] = A’Um,
P, [p(atwm + U Op Wy, + wmazwm) + pazpm] = Awmv (22)
0P (pUm) + 0P (pws,) = 0.
To find a solution {(ay(t),ay (t),bk(t))ie(o,r+)}, With k € Z,,, for some T € (0,00) to (22), we will
need to reformulate (22) into a system of dimension 3(2m + 1)(m + 1) — 1. In fact, we claim that {by}
can be represented as functions of {(ay(t),ay’(t))} by inverting a linear algebraic system of dimension
(2m 4+ 1)(m + 1) — 1, and one can derive a first-order ODE system for {(aj.(t),a}(t))} of dimension
2(2m+ 1)(m+1).
Taking 0, and 9, to (22); and (22),, respectively, and summing the results together yield, using (22)s,
— 0,Pp, [p(vmaxvm + wmazvm)] = 0,Pm, [p(vmaa:wm + wmazwm)] )
which is, due to the even symmetry and the strict positivity of p, a non-singular linear system with the

unknowns {by } of dimension (2m + 1)(m + 1) — 1. Thus after solving for {bx}, (22) can be written as the
following 3(2m + 1)(m + 1) — 1 dimensional system,

P, [p(atvm + U Op U, + Wi O20p,) + p(“)mpm] = Avyy,
Py [p(Osw0rm, + Vi OpWin + Wi O:W1n) + pOapm | = Awny,
02 P (pO2pm) + 0P (p020m) = 02 Avy, + 0. Awy,
-0, Py, [p(vm(?rvm + wmﬁzvm)} — 0,P,, [p(vmamwm + wmazwm)].
In particular, (23); and (23)2 form the 2(2m+1)(m+1) dimensional ODE system of {(aj.(¢), a’(¢))}. We

remark that, (22)3 is preserved by the solutions to (23) with compatible initial data, since (23) implies
that O, [&EPm(pvm) + GZIP’m(pwm)] = 0. Also, it is easy to verify, after solving for {bx }xez,,\{(0,0)} With

(23)
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given {ay,ay’ }xez,, via (23)s3 and substituting the solutions to (23); and (23)2, we will have an ODE
system of the form

at(aﬁ7 aﬁ) = fk((aijﬂaiu)lezm>7 k € Zp,
with {Fx}kez,, being locally Lipschitz continuous, in fact quadratic functions, with respect to the argu-
ments. Here we need again that p is strictly positive. Then the existence theorem of ODE systems yields
that given initial data
(vma wm)T =0 = Pm[(vinawin)—r] - VQWH
where Q,, = Zkezm/{(o 0} qee™ 1 cos(mkoz), with Q(k1,ks) = T(—ky1,ka), 15 determined by solving, as
above, the non-singular linear algebraic system
divP,, (pVQum) = div(Py, [P [(Vin, win) T 1)),
there exists a solution (v, (t), wm(t), Pm(t))|teo, 1) € Xm to system (23), or equivalently system (22),
for some positive constant T € (0, 00).

We remark that, as m — oo, Q,,, — 0 in H®. In fact, owing to the fact div(Py,[pPm[(vin, win)]]) =
div (P [P [(Vin, Win) T]] = P [p(Vin, win) T]), the elliptic estimate yields, as m — oo,

1Qmll s < 1P (PP [(vin, win) 1) = Pin[p(vin, win) "l 2 — 0. (24)
Hence (vy,, wm)‘tzo is an approximation of (v, Wi )-
Remark 4. We remind the reader that the smoothness of p in 2T? (i.e., (16)) is essential in showing (24).

Step 2: Existence of strong solutions. In order to pass the limit m — oo in (22) to obtain a solution to
(15), we need to establish that the existence time T, obtained above, is independent of m. This is done
via some uniform-in-m estimates. Let T>* > T* be the maximal existing time of the solutions (v, wy, ).
All the estimates below in this step are done in the time interval [0, 775).
After taking the L2-inner product of (22); and (22), with v,, and w,,, respectively, summing up the
resulting equations and applying integration by parts yield,
23t [ oo 4w P)di+ [ (Vo + V) di

t Jor2 272

_ 2 (25)

= — /p(vmamvmvm + VO Wi Wi, + Wyn OV Upn, + wmazwmwm) dz

S varmvwm”HHUmawm”%{L
where we have used (22)3. Next, we take the L?-inner product of (22); and (22) with dv,,, and 9wy,
respectively. Similarly, after summing up the resulting equations and applying integration by parts, one
will have, since p has uniform upper bound and strictly positive lower bound,

1d R N
f—/ (|Vom|* + |Vwn,|?) dZ +/ p(|10i0m|? + |Osw |?) dT
th 2’]1‘2 2’]:[‘2

= _ / [0(Vm OV + Wi 020m )V + p(Viy Ox Wi, + Wi Dz Wiy, ) Oy, | AT

S 04 vm, Oswin || L2 |V, Win || 4[| VU, Vs, || £

1/2 1/2 1/2
< 10850 0O || 22 [0 W |12 10 Wi |34 1|V 0y Vi || 1

1/2
X |V, Vo || 1r

where we have applied the two-dimensional Sobolev embedding inequality. Thus, we have, after applying
Young’s inequality and (25),

d
%vaawm”?{l + ”atvmaatme%2 + ||va,Vwm||%2 (26)

S ”Uwuwmngﬁl(”vvmvvwm”Hl +1).
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In order to estimate V2vy,, V2w,,, we rewrite (22); and (22)s in the following pressure-viscosity form:

— Avyy 4 P (p02pim) = —Puy [p(040m + Um0y + wim020m)],
— Awyy 4 Py (p02pm) = —Pr [ p(Oswin + Vi O + Wiz wiy)]
which yield
| = Avm + Pr(p0apm)|| 22 + | = Awm + Pr(p02pm) || 2

5 Haﬂ]m;8twm||L2 + anumeL‘lHVUMavmeL4

1/2
S 040, Oewm || 12 + [V Won| 1 |V 0y Ve, || 1

X [V, Vel it < 1000m, Oswml|z2 + [[vms won 317
(||wm,wm|\1/2 + ||V2vm,V2me1/2) .
Meanwhile, direct calculations show that
| = AV + P (p0epm)|[32 + | = A + P (p0:pim) |3
= [IV20m, Vw72 + [P (0VPm) |12

- 2/ (pAV, O + PAW, O, pp,) AT
212
Since

pAvV,, = A(pv,y,) — 2V p - Vo, — Apuy,
pPAW,, = A(pwy,) — 2V p - Vw,, — Apw,,,

we have, after applying integration by parts,

/ (PA'Umaxpm + PAwmazpm) dz
2T2

= 7/ [0:P (pV1) + 0P (pwin )| APy, d 7/ (2Vp - VU Oppm
212 212

=0
+ Apvpy0ppm + 2V p - Vw0, pm + prm&zpm) dz
S VU, NV, v, W[ L2 [ VP | 2
where we need p € C%(2T?). Therefore, (28) and (29) imply,
IV20m, V2wl 2 + B (pVPm) 22 S 10¢vm, Opwinl| 12
vy w377 (IF0m, Vw15 + 1920, V20|14
1/2

1/2
[V Wi |11 VD 1127

On the other hand, taking the L2-inner product of (23)3 with —p,, yields

/P|me|2 dt = /(Avmaxpm + Awmazpm) dz

- /[P(Umarvm + wmazvm)azpm + p(vmaﬂﬂwm + wmazwm)azpm] dz

< ||me||L2 (Hvzvmav2wm”L2 + vaawm||L4vam7vwm”L“)

S 19pmllze (I920m, V2w lliz + [0ms il V0, Vwmll3fF)

(27)

(28)

(30)
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Therefore, after applying the two-dimensional Sobolev embedding inequality, together with the fact that
p is strictly positive, we arrive at

IVPmllze < 1V0m, Vil 22 + [, winll3n + 1. (31)
Then, (30) and (31) imply
V20, V2wl 22 + [ VDmll 22 S 1050m, Oywim]| L2 + vavme%ﬂ + 1. (32)
Consequently, (26) and (32) yield

%vavwm‘@ll + ||va,Vwm||?{1 + ”va”%Z + Hatvmyatwm”%2

(33)
S 1+ [[om, w5
Thus, (33) implies that, there exists T* € (0,7,;), independent of m, such that
.
St vmt,U)mt 7 +/ 'Umtawmt 2
oS [[0m (£), wn () [ 711 ; (o (8), wim (8)] 7 )

+ 1000m (1), Opwm (D2 + IPm (D7) dt < Cim,

where Cyy, € (0,00) depends only on the initial data and infzcor p(Z), || ol c2(212), and T* is independent of
m. Then, after passing m — oo with a suitable subsequence according to the weak compactness theorem
of Sobolev spaces and Aubin’s compactness theorem (see, e.g., [28]), we have obtianed

(v,w) € L*>(0,T*; H') N L*(0,T*; H?),

(O, Opw) € L*(0,T*; L?), p € L*(0,T*; H") (35)
such that
(U, W) — (v, W), in L>°(0,T*; H')
(Vrny W) — (v, w), weakly in L?(0,T%; H?),
(Orvm, Oswi,) = (Opv, Opw), weakly in L?(0,7*; L?),
DPm — D, weakly in L2(0,7%; H).

Thus it is easy to verify that (v = (v,w),p) is a strong solution to (15’) with (35), which satisfies,
according to (34),

—
sup [Ju(t)]|7: +/ (lu(@®) 72 + 10cu() |72 + [ VD(t)72) dt < Ci. (36)
0<t<T* 0

Step 3: Improving the regularity. In this step, we establish the regularity of solution (u,p) to (15") via
some a priori estimates. In the following, we use Cy, , € (0,00) to denote a generic constant depending
only on the initial data and on

inf_p(E), sup p(@), |pllosr € (0,50).
Z€2T? ZE€2T?

Here we focus with our estimates over [0, 7*]. We emphasize that all the estimates in this step are formal
and can be proved rigorously via the Galerkin method.

First, we obtain the time-derivative estimate. After applying a time derivative to (15')1, the resulting
equation is

p(Oruy + u - Vuy + uy - Vu) + pVpy = Auy. (37)
Then after taking the L?-inner product of (37) with u;, one has

1d " - >
5%/p|ut|2 dx+/|Vut|2 dm:—/p(ut-V)u-utdx. (38)
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The right-hand side of (38) can be estimated as follows:

—/p(ut-V)u~utd§5:/p(ut-V)ut-ud£

1/2 1/2
S Nuellpallull o Vel e S llullas luell 2 el 2 | Ve 2.

Together with Young’s inequality, (38) and (39) imply
d
@llpmut\\%z HIVuelze S (lullF + lull g e 2

Thus applying Gronwall’s inequality to the above yields, together with (36),

-
sup (HU(t)II?p+HUt(t)II%2)+/ ()12 + llue ()1 Z
0<t<T* 0

+IVp@)IIZ:) dt < Cin,p,
where T™* is given in step 2. Then, following similar arguments as in (32), one can obtain,

sup ([V2u(®)||z2 + [Vp(t)lL2) < Cin,p- (41)
0<t<T*

Next, we will sketch the H? estimate of u. First, applying 9, to (15"); yields,
02 (p(Opu + u - Vu)) + pVOrp + 0xpVp = Ad,u. (42)
After taking the L2-inner product of (42) with u,,, and applying integration by parts, we obtain
190sstll 2 < Ciny (14 905l 2 + 00l s + [ 9ull}2) (43)

where we have applied (40), (41), Holder’s and the Sobolev embedding inequalities. Then, after noticing
Ay u = Opggpth + Ozzru and using (42), (43) implies
920, < i (1+ 190712 + [0l + [V*l}2) (44)
Moreover, since
Ozt = AOyu — Opgt = 0, (p(Opu + u - V) + pVO.p + 0.pVp — Opsu,
one can also derive
IV%ullzs < Cinp (14 11Vl + 100l + IV3ull ) - (45)
What is left is to obtain the estimate of ||V?pl|z2, or equivalently, the estimate of ||Apl||zz. We rewrite
(15")1, after multiplying it with p and applying div to the resulting, as,
div(p*Vp) = div(pAu — p*(Opu + u - Vu))
= —2V?log p : V(pu) + div(2|Vlog p|*pu — Apu) (46)
— div(p*(pu + u - Vu)),
where we have used (15')2 and the identity
pAu = A(pu) — 2Vp - Vu — Apu
= A(pu) — 2V log p - V(pu) + 2|V log p|* pu — Apu.
Thus we have
p*Ap = —Vp?-Vp—2V2logp: V(pu) + div(2|V log pl2pu — Apu)
— div(p*(u + u - Vu)),
which yields, together with (40) and (41),
192pllz> < 18pllz> < Ciny (1+ 90ullen + [ V2ull ). (47)
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Then (40), (45) and (47) yield

N
/0 (IF%u()]22 + [V2p|12) dt < Cin . (48)

Now we can restrict the solution in Q. It is easy to verify (ulq,pla) is the strong solution to (15)
with the boundary condition (4), and it satisfies (17) owing to (40), (41), and (48). In particular, the
regularity of p allows us to take the trace of Vp on the boundary, and it follows from the construction
that p satisfies (18).

Step 4: uniqueness and continuous dependency on the initial data. Let (u1,p1), (ue2,p2) be two strong
solutions to (15) with initial data wip 1, Uin 2, respectively, and (u1,p1), (ug, p2) satisfy the estimates in
(17) for T}, T € (0, 00), respectively. That is

sup ([lur (8) 132 + llure (D72 + 1VPL(8)72)
0<t<T}

Ty
+/0 (lur (O l1Fs + llure (7 + Vo2 (0)]F1) dt < Cin g,

sup ([luz(t) |72 + luze (D172 + [ VP2(t)]172)
0<t<Ts

T
[ Qa®lF + o Ol + 19920 ) dt < o
where Cj;, 1, Cipn,2 depend only on the initial data and
inf p(2), [Ipllcs@) € (0,00).
In the following, we denote T* := min{7},T5} and Cjy, 1,2 := max{Cy, 1,Cin2}. Also, let uip == uy —

U2, P12 := p1 — P2. Then (u12, p12) satisfies

{P(atum +uy - Vure +uis - Vug) + pVpra = Augp  in Q, (49)

div(pui2) =0 in €.
Then taking the L?-inner product of (49); with us yields

1d N
510wzl + [ Vusalf = = [ oune - Vyua - wiz 3
< C||Vuz||zzuiz)|is < Cl|Vuzl|zz 0" ?urz| 2 usz o
1
< §HVU12||2L2 +C (14 [[Vuz|32) 10" *ua 72

Then applying Gronwall’s inequality yields (19).

In particular, for t, 1 = win,2, we have u; = up and 17 =15

This finishes the proof of Theorem 3 in the case when n = 2. The case when n = 3 follows by similar
arguments, employing the three-dimensional Sobolev embedding inequalities.

Remark 5. Tt is worth stressing that thanks to the uniqueness of solutions in Step 4, all strong solutions to
(15) with (4) with the same initial data as described in Theorem 3 should be equal to the one constructed
by our extension-restriction techniques through Step 0 to Step 3.

4. The Physical Vacuum Profile

This section will discuss the anelastic equations (1) with (4) in the case of physical vacuum density profile,
i.e., (2). We remind the reader that

pov(2) = [2(2 = 2)]", 2z € (0,1). (50)
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Thus in this section, we will study the following system,

{ppv(atu +u-Vu)+ ppyVp=Au in Q, (51)
div(ppyu) =0 in Q,
and we will show the following theorem:
Theorem 4. Consider a > 3/2, and initial data w;y, as in (5), satisfying the compatibility condition (6),
with p replaced by ppv. There exists a positive constant T € (0,00) and a unique strong solution (u, p)
to the anelastic equations (51) with the boundary condition (4) in [0,T], which satisfies the following
regqularity:
u, Vyu € L0, T; HY(Q)), u € L*(0,T; H' (),
pov0:2u € L(0,T; L*()), pyl?uy € L(0,T5 L*(Q)),
up € L*(0,T; H'(2)), p2,Vp € L®(0,T; L*(2)).
In addition, we have the estimates
OE?ET(HU(UH%I +IVVau(t)|72 + ooy Ozu(t) 172 + [l ppl ue(t)]] 2
. (52)
o Tp01) + [ (V) + f(Ol) de < Con

where Cyy, depends only on the initial data. Suppose that there are two solutions ui,us with initial data
Uin,1, Win,2 in time interval [0,T]. Then

T
sup lppe” (ua (t) — uz(1)|17 +/ 1V (u(s) = ua(s)) |22 ds
0<t<T 0

S Cin,T”p%)‘/;Q(uin,l - uin,Z)”%Qa
for some constant Cy, v € (0,00) depending on initial data and T .

Apparently, pp, is well-defined for z € (0,2) and it is smooth at z = 1, and @;rpppv is smooth except
z € 2Z. We refer to Remark 1 about ppy.

Our strategy is to apply Theorem 3 to obtain a sequence of approximating solutions. To do this, we
first have to construct an approximating sequence of p,,. We start with a lemma.

Lemma 2. For any fized ¢ € (0,1), there exists a function q. : [0,1] — RT, which satisfies the following
properties:
1. lim, o+ ¢e(2) = 2(2 — 2), Vz € (0,1), and the convergence is uniform;
2. €} q. € C3(2T");
3. ¢. is non-decreasing for z € [0,1];
g, 21E <q. <2(z+¢) for z€[0,1];
5

/"

@l + lged?| + 1g2qY'| < C, for all z € [0,1], for some constant C' € (0,00), which is independent of
€.

Proof. Let g. be a C*°([0, 1]) nondecreasing function satisfying,

2(2—2) ze€ {%,1}7
%(2) = < z € {0 f}
2 T417

€ € €
— < — ) — — ] <
Then4 < qe (2) Qe (4) < e, and
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and hm a* )( ) =0, k€ {1,3,4,...}. Then one can choose the values of g.(z) for z € (Z, %) such that
—1-

Qs satlsﬁes Properties 1-5. O
Remark 6. Property 4 in Lemma 2 implies that Hardy’s inequalities in Lemma 1 can be applied with

z + € replaced by ¢..
We take p. := ¢2. Then {p.}.c(0,1) is an approximating sequence of pp,. In addition, for any fixed

(o3

€ (0,1), p. satisfies (16) and infg p. > (Z) > 0. We also choose initial data {uc in}ee(0,1) such that
Ue in — Uin, in H?, div(pete in) = 0, and the compatibility conditions in (6) hold with p, u;, replaced by

Pes Ue in -
Then applying Theorem 3, we obtain a sequence of solutions to (15) with p = p., which is denoted as
{(ue,pe) }ee(o,1)- That is, for some T7 € (0, 00),

(53)

Pe(Osue + ue - Vue) + p-Vpe = Au. in Q,
div(peus) =0 in Q,

where pe = ¢,
us € L (0,72 H*(Q)) N L* (0,775 H* (),

s Len

dyue € L (0, T L*(Q)) N L* (0, TS H' (),

v te Y —€E

Vp. € L™ (0, T H' (Q)) N L* (0,173 H*()) .

s Len

The boundary condition (4) is satisfied with u replaced by u., and p. is chosen such that
3zp€|zzo , =0, and / e dZ = 0. (54)
’ Q

After passing the limit ¢ — 0T, we will obtain a solution to (51). We establish the required uniform
estimates in the following two lemmas.

Lemma 3. For any fized € € (0,1), assume that o > 1 and (ue,pe) is the solution to (53) as mentioned
above. There exists a constant T € (0,00) independent of €, such that the following estimates hold:

s (/e () + Ve ()2 + a2 e (1))

T
+ [ (Va0 + a2 e )12 + V0 Ol dt < Con (55)
0
where Cyy, s a constant depending only on initial data.

Proof. Taking the L2-inner product of (53); with u. implies, after substituting (53)s and (4),

%%/qgmsﬁdsu/|vu5|2d:z:0. (56)
In the meantime, the L2-inner product of (53); with u.; implies, similarly,
1% / |Vu.|? dz + /q‘E ue ¢|* dz = —/qg‘uE Ve - ug ¢ dZ. (57)
The right-hand side of (57) can be estimated as follows,
a/2u5||L4||q‘*/2u6,t\|L4 when n = 2

/q u VU, U td < {”VU5|L2|Q
e Ue € €,

”VUSHL?HQS UEHLGHQs when n = 3 (58)

1/2 1/2
S Vel 2 (2 + €) 2uc |l | (2 + €)% 2uc o127 (2 + €)% 2ue | 11
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where we have used Property 4 in Lemma 2. Notice, after applying the Sobolev embedding inequality
and the Hardy-type inequality in Lemma 1, one can derive

12+ ) Pucll S 10z + ) Puc el re + (2 +€)** Ve 2
+ 11z + ) ucllie S Nz + ) Pucullie +11(z + ) Ve | 2

p o (59)
S @2 “uet||n2 + || Ve | 2, and similarly
1(z + &) el S a2 Puell oo + Ve 2,
provided a/2 — 1 > —1/2, or equivalently, o > 1, where we have used Property 4 in Lemma 2.
On the other hand, after applying a time derivative to (53)1, the resulting equation is
G (Opue t + ue - Vue g + et - Vue) + ¢S Vper = Aue . (60)
Then after taking the L2?-inner product of (60) with u;, the result is
1 d « 2 3= 2 3= « =
Su | % lue|*dz + [ [Vue?dz = — [ ¢¥(ueys - V)ue - ue ¢ dz. (61)
Similarly, the right-hand side of (60) can be estimated as follows,
- /q?(ue7t~V)ua “Uep dT = /q?(us7t~V)ua,t “ue dT
16 P ez llafPuc ol Vue ol 2 when n =2 (62)
~ Ua? e el ol e | Vue ellze - whenn =3

S+ ) el |z + €)% ue | 57112 + €)% et 1 1V tte ] -

Therefore, combining (56), (57), (58), (59), (61) and (62) gives us

d
— (122 ucl|Z + 1Vuel 7z + 119272 ue ol z2) + [ Vel |72
P el|Ze + 1VuedllZe < a2 el 7a (la2 P uelze + Vel z2),

where we have used Property 4 in Lemma 2 and applied Young’s inequality. In particular, the above
yields (55) for a short time. U

Next, to obtain the estimates of the spatial derivatives of u. requires a little work. In fact, we shall
proceed with the following steps: 1. obtain estimate for the horizontal derivative; 2. obtain estimate for
the pressure; 3. obtain estimate for the L?-norm of d,,u.. In conclusion, we will obtain the following:

Lemma 4. In addition to the assumptions in Lemma 3, assume that o > 3/2. Then

IVVhuell L2 + 1192 0zzte | L2 + (142 Vel 2

(63)
S laPucellpe + luell s + el -
In particular, (63) together with (55) yields,
sup ([lus (|7 + IV Vaue(t)ll72 + 108 0z ue (1)
0<t<T
g e o(0) 2 + 2V (0)]12) (64)

T
# [ (V0O + ues () dt < Con

where T' is the same as in (55), and Cy, is some constant depending only on initial data and is independent

of €.



JMFM Well-Posedness of Strong Solutions Page 17 of 25 39

Proof. As mentioned above, we establish the proof in three steps.
Step 1: Obtain estimate for the horizontal derivative. Taking the L2-inner product of (53); with Aju.
implies

IVVihue||3: = /qg‘atug - Apue dT + /q?(ua “Vue - Apu, dZ. (65)

Then, applying Holder’s and the Sobolev embedding inequalities to the right-hand side of (65) yields
that, together with Property 4 in Lemma 2,
/qgatue “Apuedi S ||qg/2(9tu5||Lz ”qg/vihuaan

S 16272 00uc | 12|V V iue| 2,

R \VAV4 V4 h =2
/qg(ug VA di < ] husanuusnuuqz Uellps  whenn
IVVruellpz||uel s |¢@Vue|ls  when n =3
SNV Vel g2 fuel| 1 || (2 + €)0 Ve |51 (2 + €) Ve | 15
Therefore (65) implies
IVVhuellze S a2 2ueellce + el all(z + €)* Ve |22 (2 + ) Ve | 7. (66)

Step 2: Obtain estimate for the pressure. Notice
S Aue. = A(qCue) — 2Vqe - Vue — (AgS )ue

67
= AqPue) — 2(q%) Bute — ()" ue. (67)

Therefore, after multiplying (53); with ¢2* and applying div to the resulting equation, we end up with

div(qganE) = —div [qga(atua + Ue - VUE) - qgo‘A(qguE)
+ 2(]?&((]?)/82“5 + qga(qsylus] = —div [qga (8157.1,5 + U - vus)}
+2aq% gL (A(gRwe) — ¢ 0.divu.) (68)

S

=q2(Apwe—0.divyve)+2(q2) 0w+ (g2 )" we
!
—2(¢2%(¢2)") Owe — (42(¢2)") ¢S we.

Recall that p. satisfies (54), and the integration by parts in the following is allowed.
Thus, after taking the L2-inner product of (68) with —p. and applying integration by parts in the
resultant using the boundary conditions (4) and (54), we arrive at

1a2*Vpe3. = — / @2 (Opue + ue - Vue) - Vpe di +(11), (69)

(1)
where
(II) = / [ZQanflq;(azdivhvs — Apwe)
+2((q2*(¢2)) — 20q2* gL (¢2)") D we

+((a2(a2)") — 20027 qL(¢2) " g we | X p. di
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Now we need to evaluate the right-hand side of (69). Indeed, applying the Holder and the Sobolev
embedding inequalities in (1) yields

(D] < a2 Vel z2llg2* ue,

4+ I Vpelellg Vel allgguellze - when n =2
192%°Vpe || L2 ]lg8 Vel 2]l uel| e when n =3

S ||Q§QVP5||L2||(15 Ue i L2
20 1/2 1/2
+ 162° Vel 2l (z + €)* Ve [ 77 1(z + €)* Vue | 12[|(2 + €) “ue | 12
To estimate (I7), notice that from (53)2 and (4), we have
[qCwe](-,2) = —/ [q&divive] (-, 2") d2'. (70)
0
Then after substituting (70) in (II) and applying integration by parts, it follows,

(IT) /VhpE {Qaq&" Lyl (Vhwe — 0.v.)
(@ (@)Y — 2062 (q2)) (qﬁ I (qs%)(-,z/)dz’)
() = 200 ae)") [ o)) de] di

Then applying Properties 4 and 5 in Lemma 2 and the Holder inequality yields,

(I1) S 1lg2 Vpellzz ([I(z +€)* ™ Vel 2 + [[(2 + ) ve | 2

N o (71)
+l(z+e) 3/ (420) (-, 2") d2'|[12) S 11a2*Vpe 2 llue
0

where in the last inequality, we have applied Hardy-type inequality in the vertical direction (see Lemma 1),
with @ —2 > —1/2, i.e., o > 3/2.
Therefore, (69) implies, for « > 3/2,

162°Vpellre < 162 % uellre + lluellm

1/2 (72)
+ 1z + &) Ve | 2112 + &) Ve || 12 el a1
Step 3: Obtain estimate for 0,,u. We rewrite (1); as,
022U = —Apus + q‘ga (atus + Ue - vus) + ngPs- (73>
Then directly, we have
120z 2uell L2 S 1Anuellzz + 162 % ue ]l 12 + 1G22 Ve | 2
90 (74)
+ (2 + )" ue - Vuel| 2,
where the last term on the right-hand side can be estimated as
‘v h =2
‘l(Z—FE)QaUE 'VUEHLQ 5 ||U5HL4||(Z+5) 7-’fs”L‘l when n
lucllzs||(z + €)*Vue||s  when n =3
S el ll(z + ) *Vae | 2711z + ) Vue | 17
Notice,
I+ &) Vel S 1z +)*Vuel gz + (= +)°~ Va2 )

+ 1(z + €)*V2ue|| 2
Consequently, (66), (72) and (74) yield (63).
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Now we collect (55) and (63) to finish the proof. Indeed, after applying the Hardy-type inequality in
Lemma 1, we have the following inequalities

lucll e S (2 + e)uellrz + [Vuelrz S 1I(2 +€)*uell 2 + [ Vue | 2
S S+ Pucpe + (Ve 2, (76)
e il S (102 + €)% e ]|z + | Ve i 22
Therefore, together with Property 4 in Lemma 2, (55), (63) and (76) imply the estimates in (64). O
R With (64), we claim that, as € — 07, (ue, p-) converges to a strong solution to (51). Indeed, consider
V= (Yn, )" € C(Q; R x R), where 1, is a scalar function, when n = 2, a two-dimensional vector

field, when n = 3. Here C§°(Q; R"~! x R) is the space of functions which are periodic in the horizontal
variables and are of compact support in the vertical variable. Then we have,

T
/ / [ 0hue - &+ (e - Ve - + O Vp. - 3] d3 dt
0 Q

T -
—/ /Aua-wdidtzO.
0 Jo

(64) implies that there exist u,p with
u, Viu € L¥(0,T; HY(Q)), uw € L*(0,T; H (Q)),
pov0z2u € L(0,T; L*()), pil?u € L°°(0,T; L*(Q)), (78)
ug € L*(0, T H'(2)), p3,Vp € L>(0,T; L*(12)),

satisfying the estimate in (52), div(ppyu) = 0, and

e, Viue = u, Vu weak — xin L>(0,T; H'(Q)),
G0, ¢ Puey ppvazzu,pé\/?ut weak-* in L>°(0,T; L*(Q)),
Ue, Vite, ¢C0ue — u, Viu, ppyd.u  in C([0,T]; L*(Q)), (79)
Ue ty Ue — Ug, U weakly in L2(0,T; H'(Q)),
2o Vp. > P2, Vp weak — *in L>(0,T; L?(Q)),

where we have used Property 1 in Lemma 2. Thus we have lim;_,y+ © = u;,, and after passing the limit
with e — 0T, in (77), we have

T
/ / [ppvatu Y+ (vau ) V)u “h+ ppyVp - w] dz dt
0 Q

T -
7/ /Au~1/)ds?dt:0,
0 Q

which verifies that (u,p)|ie(o,r) is a solution to (51) in Q. We recall that 1Z is chosen such that its support
is away from {z = 0,1}. Moreover, it is easy to verify

(80)

— Au+ ppyVp = —ppOiu — ppyu - Vu € L=(0,T; L*(Q)). (81)

On the other hand, the trace theorem implies that ppV8ZU|Z:0, 8zv’Z:1, w|z:O L € L2(0,T; L?(2T"~1Y)),

thanks to the regularity in (78). Thus
=0in L*(0,T; L*(2T"1)).

ppvazv|z:O = 0’ aZ'U|Z:1 - 07 w‘z:O,l
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To verify the boundary condition (“)ZU‘Z:O =0 in (4), consider ¥y, c(z, 2,t) := (1 — ccqe(2))v1 (2, t) with
Py € C°(2T" ! x [0, T]; R~ 1) for some constant c. satisfying

1 1
§ . 2 (§) d§
/0 (1= ceqe(2))qC(2)dz =0, i.e., c:= %.

Consider z/_;e = (Y, Yo,e) With ¢y, . given as above and
Vel zvt) = () [ a2 (Edivan.(o,€,0) de
0
Then 1/75 satisfies div (qg‘ﬁ;s) =0, 1/)@,5|

=0, and as € — 0%, ¥ — g = (¥h,0,¥y,0) uniformly, where

h&@-grde
Ji €ot1(2 — €)attde

2=0,1

Yoz, 2,t) = <1 - (2 - Z)) P1(x,t) and

(@ -gde [fett@ gt
%,o(x, th) - <f01 £a+1(2 _ {)a—‘—l d§ : Zo‘(2 — Z)a
Jo &2~

“d
—W) divp (2, ).

Now we choose 1/) ws in (77). After applying integration by parts, we arrive at

//qgatus Pe + (g2 -V)ug-izg]da?dt

T
f/ / Vue : Vi dT dt+/ / (020e e oy da dt
0 Q 0 2Tn—1
T
- / / (0:0e - Y )| 2=0 d dt,
0 Jaorn-t

which, together with (64) and the trace theorem, implies that

T
=ca®) [ [ @vvi@o)lodea

T . (82)
= / / 1((9sz “ne)|a=o dr dt < Cinl|Vell L2 (0,781 ()
o Jorn-

< Cinll¥1llL20,7; 152 (2T -1) -

Notice that, Property 4 in Lemma 2 implies 1 — ¢.q-(0) > 1/2 for € small enough. Thus, (82) yields that
{0.ve|,_,} is uniformly bounded in L*(0,T; (H?(2T"!))*) and thus as ¢ — 07,

0=0.v:|__, — 90| _, weakly in L*(0, T (H*(2T"1))").

In particular, d,v| _ = 0in L*(0,T; L*(2T" ")) and so we have verified the boundary conditions in (4).
In addition, consider v, € L2(0,T;HY(Q)) and 1, € L2(0,T;H}(Q)). Then, (Av,Aw)T
€ (L(0,T; HY(Q)))* x (L2(0,T; HX(Q)))* is a functional which acts on (15,,,) by the duality

T T
<(Au,Aw)T,(¢h,¢U)T>=—/O vi:whda}dt—/o /QVw-vada?dt.

Moreover, from (81), one can infer that p,,Vp is a functional acting on (,1,)". In particular, if
div(ppvt) = 0, we have

{(pov VD, (WVn,b0) " / /pdlv ppvw )dz dt = 0.
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Consequently, the regularity of u, as in (78), allows us to consider the action of (51); on w. That is, the
following equation holds in D'(0,T),

ld 2 = 2 g2
5%/%\'“ dw+/|Vu| dx = 0.

Thus we have the energy identity, for any ¢ € [0, T,

ol +2 [ IVuE ds = Il (53)

With such properties, we are able to show the uniqueness of solutions. Consider u1, us being solutions
o (51) as above with initial data w, 1, Uin,2. Also, denote T' € (0,00) as the existence time for both
solutions. Then consider the actions of (51); for u; with us and (51); for us with w;. Summing up the
results leads to, for any t € [0, T,

t
/ Pyt (t) - ug(t) dz +/ / 2Vui(s) : Vua(s)dids = / Ppvlin,1 * Win 2 AT
Q

Q
/ / pov((u1(8) - V)ur(s) - ua(s) + (ua(s) - V)ua(s) - ui(s)) dz ds. (84)

Notice, after applying (51)2 and integration by parts, we have

/ pov((u1 - V)ug - ug + (ug - V)ug - up) d
Q

= / pov((ur — uz) - V) (ur — up) - up d
Q

12 (ur — w2 || 14|V (ur — uz) |2 [luz]l s when n =2,
12%(ur — u2) || s [|V (ur — us)| p2||uall e when n = 3,
< C|2%(ur — ua)|[}52 112 (ur — ua) [} 1V (ur — wa) || g2 |us | a1

1/2( 1/2

lppv (ur = u2)ll 2 + ooy V(1 = u2)] L2)

X IV (ur — wa) |2 [l a1

< CHPDV(ul uz) ||

where the last inequality follows by applying Hardy’s inequality in Lemma 1 and the fact that p,, ~ z¢
for z € (0,1/2).
Therefore, (84), together with the energy identity (83) for wy, us, implies

llppl? (u () — ua(8))l|72 + 2/ IV (ur(s) —ua(s))[172 ds
0
< o2 (ting — tin 2) 172 +/ IV (u1(s) — ua(s))|7= ds

+C/i1+WﬂHMJWm(()—W®Wé%-

Then applying Gronwall’s inequality yields,

T
sup_||op (ua(t) — uz(1))|72 +/O IV (ur (s) = ua(s))l|Z ds

0<t<T (85)

< Czn T||Pl/2(uin,1 - uinﬁ)”%ﬁ’
for some constant Cj, v depending on 7" and the initial data iy, 1,%in,2. In particular, this implies the
uniqueness of solutions.

We remark that the above uniqueness argument is similar to the one used by J. Serrin for weak-strong
uniqueness of three-dimensional Navier—Stokes equations in [27].
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5. Global-in-Time A Priori Estimates When n = 2

In this and the following sections, we present some global-in-time a priori estimates of solutions to (51).
These arguments can be rigorously justified following the arguments in Sects. 3 and 4 . The estimates of
solutions to (15) are similar, and will be omitted.
Notice that, the regularity of u in (78) allows us to take the following actions. Taking the L?-inner

product of (51); with u implies, as in (56),

1d - -

iﬁ/ppv|u|2dx + / Vul? d7 = 0. (86)
As in (57), we also have,

2dt/|Vu\2dx+/ppv|ut| dm——/ppvu-Vu~utd§. (87)

The right-hand side of (87) can be estimated as follows, due to the fact that pp, S
.1 . -
- /ppvu “Vu - uy dr < i/ppv|ut|2 dz + C||z%ul|3 « / |Vul? d7

1
/ppv|ut|2dx+c/|w|2dx (=*ulZ + 1) log (e + [1%ul%2)

2
where we have applied Young’s inequality and the two-dimensional Brezis-Gallouate-Wainger inequality
(see, e.g., [3,4]).
Meanwhile, the same arguments as (60) through (61) imply the similar estimate to (61), i.e.,
1d - - -
1% /ppv|ut|2 dz + / |Vue|? dz = —/ppv(ut -V)u - uy di, (88)
where

- . 1 -

- /ppv(ut V)u - up dT = /ppv(ut Vug - udr < 3 / |Vue|? dz
. 1 -
Clule [ pplunldi < 5 [ (Vuifdi

e / P12 7 - (|| 2%l + 1) log (e + |=u]%s)

In addition, due to the fact that 2* < pp, for z € (0,1/2), applying Hardy’s inequality in Lemma 1 yields,
with a > 3/2,
z%ull i S 12220l 2 + [ Vullze S llopPull 2 + Va2,

lz%ull 2 S 112°V2ullz2 + |27Vl g2 + []2°72ul| 2

(89)
SIVVhullre + [ Vullzz + [12°"2ull 2 + [|128:ull 2
< IVl e + [Vullzs + 1052ule + | ppedestl o
On the other hand, similar to (63),
IV hullzz + lpdstillzs + 102, Vol o0
S lpptPuellze + llull e+ ull -
Then together with (87), (88) , we arrive at

9 B(0) < B) (14 10y2u) 3 + 1 9u(0)3:) 1os (Io42ud]g: + B)) (1)

where

E(t) ::e+/|Vv(t)|2di+/ppv|ut(t)|2dfc.
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Also, (86) implies, for any 7' € (0, c0),
T
swp [Iop2u®lE+ [ IVu(Ol di < Con (92)
0<t<T 0

for some positive constant C;, independent of T. Therefore, (91) implies that
d
Zlog B(t) £ (1+ loyZu(®)32 + IVu()]3. ) log E).

dt
Thus applying Gronwall’s inequality yields, together with (92),

T
sup loglog £(t) < € [ (14 [o2u(s) s + [ Vu(s)]-) ds
0<t<T 0

+loglog E(0) < Cin(T + 1) + loglog E£(0).

(93)

for some constant C;,, depending only on the initial data. (92) and (93) imply the global well-posedness.

6. Small Data Global-in-Time A Priori Estimates When n = 3

Similarly, the estimates in (86), (87) and (88) hold. That is,

1d - -
§£/va‘u|2 dx—l—/|Vu|2dx:0, (86)
Ld 2 4= 2 5= -
5% |V’LL| dx + ppv|ut| dr = — ppvu~Vu-ut dx, (87)
1d ) - ) )
% poviwe|“dz + [ |Vuy|*dz = — | ppv(ug - V)u - uy d2. (88)

We estimate the nonlinearities on the right-hand side of (87) and (88) as follows,
— /ppvu -Vu - u di < % /ppv|ut|2 d7 + C||2%ul|% / |Vu|? dz,
- /ppv(ut -V)u - up dt = /ppv(ut -V)ug - udt < %/|Vut\2 dz
+Cllulfye [ sl d.

Then, after denoting

E(t) ::/ppv\u|2 d2+/|VU|2di+/ppv\ut\2df,

(86), (87), (88), (89) and (90) imply
d -
GEO+ (1= %) [(TuP + pluf? + V) d <0,
which implies, for E(0) small enough,

sup E(t) < E(0).
0<t<o0

Thus we have shown the global well-posedness with small initial data.
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