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SI1. Twisted bilayer graphene device fabrication

The devicewas fabricated using a modified dry-transfer technigieMonolayer graphene and
hexagonal boron nitridéh-BN) were exfoliated on SiSi chips, and high-quality flakes were selected
using optical microscopy and atomic force microscopy. The thickness of theBNp$116nm and that of
the bottom h-BN is 42nm, as determined by AFM measurements. We used @isplyenol A carbonate)
(PC)/polydimethylsiloxane (PDMS) stack on a glass slide mounted on m-guatie micro-positioning
stage to pick up an BN flake at 110 °C, and then used the van der Waals force betwe#N dmnd
graphene to tear a graphene flake at room temperature. The separated graphene pieaesotated
manually by a twist angle of about 111°2° and stacked together again, which resulted in a controlled
twisted bilayer graphene (TBG) structure. The stack was then released on top of another h-BMiletke
was previously placed on top of a metallic gate. We did not performhaay annealing after this step
because we found that TBG tended to relax to Bernal- stacked bilayer graphenetenhignatures. The
final device geometry was defined by using electron-beam lithography andweaati etching. Electrical
connections were made to the TBG by Cr/Au edge-contactedleads

Figure S1 shows an optical (panel a) and AFM (panel b) images of the Tegidevice has a large central
region (wal H val), with only two small bubbles visible in the AFM picture, allowing us taimb
consistent data ovea large spatial range as well as observe systematic dependence of the physics on the
twist angle, which changes gradually toward the edges of the device.

Figure S1: Device Images. Optical image of tr
device (scale bar 1lum). The dark blue re
corresponds to the h-BN/TBG/h-BN stack on top
PdAu back gate which is visible on the right anc
sides in dark green. Light green segments on the
and bottom correspond to parts of the stack that
directly over the Si/Si© The evaporated Cr//
contacts are seen in yellow. AFM topographic imay
of the same area.

SI2. Local compressibility measurement technique

We use a nanotube-based single electron transistor (S Theasure the local inverse electronic
compressibility of the TBG@ &@.J'he measurement technique is identical to the one used previtusly
%. The geometry of the measurement and its equivalent circuit are plotted ireg@mab. We park the
SET at a fixed location above the TBG, apply an AC voltage exddatierback gateU 84 L tw 8, at
an acoustic toneg 4(in the rangez r* VF s G Y \keep the TBG grounded at this frequency, and measure
the corresponding modulations of the source-drain current through the SET at this frequépgy.The
back gate excitation modulates the density of the TBGWid, 4 L A U 84% 4 i » A Where % a; i », AlS
the capacitance between the back gate and the TBG, Aisdthe electronic charge. Consequently, the
chemical potential of the TBG also changssU &, L : @ &@ ;)J J, o The TBG electrochemical
potential : §, 4;, electrostatic potential: 6;,, 4; and chemical potential & ,, 4; are tied together via the
identity 8,4 F 0j,A L &, A Since we keep the TBG grounded at the relevant frequetid§, o L T,
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then the Z vP }( $Z cHeMieal potential translates directly to a change of its electrostatic
potential: U@ A L F U@ a This electrostatic potential gates the SET, modifying the average charge of
15« vSE o whichads Yorphéd in the suspended part of the nanotube between two p-n junctions.
The modification to the SET chargelbsy,j L A °U ¢, A%s A 21 3.iWhere %, 4 -is,is the capacitance
between the area under study in the TBG and the SET's island (see fig. S2b)tdOthn@oulomb
blockade phenomenara small change irJ s, ;causes a sharp change in the current through the SET,
Ui4,iU 00}A]JVP pe 3} & 3 eu 00 Z VP « Jv 3Z aexperiméhtally norndadizé v3] oX ¢
out the gain of the SET and its capacitance to the TBG, we apply simultaresestnd AC excitation on

the contacts of the TBGQ) 8,5 L s F W8, at a different frequencyB, At this frequency, the chemical
potential of the TBG remains constand, &, » L r(the gating due to the small excitation is negligible) so
the electrochemical modulation that we impose translates directly to an eletdtic modulation,

U 6, L FUG@8 » whichis similarly sensed by the SET. The ratio of the detected current modulations in
response to these two excitations gives us directly:

Ud A Ui ) Uik
U 8a U8A UB a

The inverse compressibility of the TBG then follows from:

U
3' ALAﬁ % xoin A

The only parameter in this relation is the geometrical capacitance between the back ghtheamMBG
which is known toGs r ” in our experiment. It appears as a normalization factor in the relatiovgbo
and not as a large additive term as in capacitance measuredéht3hus, in contrast to capacitance
measurements, where few percent error in the value of the geometrical capacitance can leandcieds
of percent error in the extracted compressibility, here it translates only tovagdercent error in the
determined compressibility, making this measurement scheme quantitatively reliable.

Figure S2: Local compressibility measurement schemé&eometry of the measurement consisting of a back ¢
twisted bilayer graphene (TBG), and a nanotube-based scanning elagteon transistor (SET). A DC voltag
applied to the BG8, 4 to tune the carrier density in the TBG. To measure the invessgpressibility of the TB
two AC excitations at different acoustic frequencies are appli¢de®BG U 85 and to the TBG({ 8, ;. The invers
compressibility is then obtained from the ratio of the measured SEfemuresponse at these correspond
frequencies (see text). The equivalent electrical circuit:r i, x i @nd  x Fx > w Br€ the geometrical capacitanc
between the BG and TBG and the TBG and SETfand. @ J@ i the quantum capacitance of the TBG.
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SI3. Parasitic capacitance near sample edges and its mitigation

The analysis in the previous section was valid for measurements in the bulk of the shieat the
TBG's edge, a direct line of sight is established between the SET and BG, leading to an additional parasitic
capacitance (gray, figure S2b), adding an offset to the measured signal. This canbelesdyn in the
measurement in figure S3a, which plots the penetration sig@h@ .8, atafixed carrier density. 8, 4 L
r ; apatially imaged across the dashed black region demarcated in the right inselty, \Wigibn the SET
approaches an etched edge of the TBG there is an increased signal (red rim in the colorsoamteas
with the parasitic capacitance. Measurement along a line cut (figure S3b) shows that this parasiti
background increases toward the etthedge over a spatial scale given by the scanning height of the SET
above the TBG.

The parasitic capacitance adds a constant offset to inverse compressibility traces that are measured
near sample edges. This is seen, for example, when we compar@\i@ 8 vs. 8, jtraces measured
closer (red, fig S3c) and further away (blue, fig S3C) from the edge (coloreih gatisel a show the
measurement positions). By subtracting a constant offset from the first trace, we obtain draesv
(dashed black) that is practically identical to the one measured% & ]JvS8} SZ ¢ U%O0 [* HMC
demonstrating that the parasitic capacitance adds merely a constant background. In the mainrtext, fo
curves measured near the [ RveJsimilarly subtract @onstant background by demanding that
the average of@ &@,8,over the entire 8, srange of the measurement (typically froen N Fto a N )x
is equal to the average measured in the bulk. This condition forces the cheaootealtial difference
between the two 8, 4end-points of the measurement to remain fixed. By doing so, we still presieev
local information about the sawtooth features i@ &@,8 but lose the information about the bandwidth
of the flat bands. Stated differently, our uncertainty in the overall background contibiti @ &@ .8
generates an erroin athat grows linearly with8, 5 as represented by the gray region in figure S3d.

Figure S3: Parasitic capacitance near sample edges and its mitigatidPenetration signal@ 6@,8, spatiall’
imaged along the area indicated by a black square in the right iate8,5 L . b. @ 6@,8 measured as
function of the spatial coordinate;, along the red line in the right inset, where the averaged@,8,in the bull
has been subtractecat. Blue and red: traces o 6@,8,vs. 8, smeasured at two different coordinates (marke
by dots in panel a). Dashed black curve plots the red curve after subtrafteoconstant offsetd. avs. 8, trace
(blue) obtained from integration of measure@® 0@,8, Gray region shows the error bar in this integration
to parasitic capacitance uncertainty 0@ 6@,8;2646 = d s& .
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Sl4. Determining the map of local twist angles from compressibility measurements

There are two independent types of disorder in TBG: charge disorder, and twist disgider.
Charge disorder shifts both the back gate voltage that corresponds to the charge neytoatity CNP),
8, ceand the voltages that correspond to full valence and conduction flat baBglg, by the same
amount. Angle disorder, on the other hand, does not sHft put changes]and correspondingly shifts
& s,and 8. 4 in opposite directions. These voltages thus allow us to independently determirtevitite
angle and charge offset at any spatial point.

The charge disorder in our sample, extracted by trackBng én space, isl w ®r°4? 1?5 whereas
the measured shifts i are 1y ®°°? 1?8 This shows that the dominant disorder is angle disorder and
implies that to determineawe can neglec8,, ¢ ghifts and merely follow8, 4;

Figure S4 shows® &@ dneasured as a function of the spatial coordinate andg, 5 at few ;
coordinates (complementary to Panel 1d in the main pap&rihe center of the sample, we observe that
ais practically constantg, 5, L w a) &oing toward the top edge of the sampleg see that 8, 5 shifts
up in steps. The map ad : : & ;in fig. 1ein the main text is obtained by following. 5, in a similar, but
denser, three dimensional dataset.

It is important to note that since our SET is scanned at a finite height above the saber d | ;,
which can be comparable in magnitude to the size of the domains, it often hapipainshen parked at
a single spatial position, the SET measures @&@ dignal also from adjacent domains. This is shown,

Figure S4Determining the local twist angle from compressibility measuremem. @ &@,8 measured as
function of 8, jand spatial coordinate, at several; positions, superimposed over the schematics of the der
Replot of fig. 1d from the main text, showin@ a&@,3 measured as a function &, 4and ;. Colored lines on tt
right mark a discrete set of back gate voltag8s; L &Uéﬂ at which we observe a peak @ &@,8 that correspond
to a full flat bandc.Plots of the @ &@,8 value at the back gate voltage 4 L &Uap(color of the trace correspon
to the color labeling in panel b). Visibly, the various inversegressibility peaks, which correspond to domains
different twist angle, reach a maximum at differentlocations. We can also see that due to the finite sp
resolution of our measurement, given primarily by the scanninghtedf the SET above the TBG, at a given |
point, in addition to the signal from the domain underneath tBET, we measure also inverse compressibility
from neighboring domains.



for example, in figur&4; its top panel replots fig. 1d from the main text, showi@a@ theasured as
function of 8, and ;. In this panel, we marked the observéﬁ’épvalues. The bottom panel plots the
magnitude of @ &@,8 at these specifioBPép back gate voltages, as a function pfVisibly, when the
signal from one domain increases, the signals from its neighboring dodesnsase. However, at a given
point in space, in addition to thg &@ émanating from the domain directly beneath the SET we also see
tails of @ &@ doming from adjacent domains. Thus, at a given position, the SET can oftenreneasu
multiple 8. 4, peaks.

SI5. Two-probe transport between various contact pairs

Measured transport between various contact pairs provides a rough estimate of thigalspa
inhomogeneity of the twist anglin the sample, which can thdre compared with the more detailed local
information provided by the scanning SETg. Ab in the main text showeda 4-probe transport
measurement performed with the four top edge contacts (labeled C1-C4 i&4iy. This measurement
exhibited resistance increase at half-filled conduction and valence flat baads G)tas well as
superconducting-like resistance drops at the electron doped side f tand the hole doped side di L
Ft These observations are consistent with the phenomenology seen previously in trianspo
measurements of samples with a twist angle near the'®A and implies the existence of a region with
MA phenomenology at the top edge of our sample between contacts 2 artdo@ever, the finite
resistance observed both the correlated insulating peaks, and the superconducting-like resistance drops
suggest, that this MA region is in series/parallel to other non-MA regions.

This picture is validated by two probe measurements done between vazanact pairs (figure S5)
In these measurements one probe is always the contact C5 and the other is chosendroomtictsC 1
C4 (panels a). In all cases, we observe resistive peakfull filling, although the corresponding gate
voltage varies between the measurements, reflecting a twist angle chande&o& 1s r *. Two traces
(panels a and d) shoasingle full band peak, whereas the other two (panels b and c) exhibit multiple ful
band peaks, indicating that the transport path in the latter crosses multiple domains iffitnetit as.
The measurements corresponding to contacts C1,C3,C4 barely show any resistive feat@irés Gt

Figure S5: Two-probe resistanc
measurements across various conti
pairs. Panelsa-d show the two prob
resistance between contact C5 ¢
contacts C1 to C4 (as illustrated
insets), measured as a function 8f 4 Ir
all cases we observe resistive peaks
correspond to full flat bands. Th
corresponding  density, J, Vvarie
between the various measuremen
reflecting a 10% spatial variation in -
twist angle. In panel b a full band p¢
that corresponds toa L sr& lappears
and concomitant with it clear insulati
peaks at the corresponding J t alsc
appear.



consistent with the fact that the angles obtained from ithill band pealare lower than the MA.

In contrast, transport to contact C2 shows nicely resolved peaks at G.tThese peaks appear in
correlation with the emergence of a full band peak8ty L x &t 8hich corresponds t& L srédy Note
that a full band peak that corresponds to lowds still dominates this trace, demonstrating that lowar
regions still contribute significantly in this conduction path. Taken together, theseprobe
measurements demonstrate that the region with near-MA twist angle is located above contact C2, which
is also roughly the region probed in the four probe measurements inlfigMareover, these results nicely
match the local compressibility measurements. For example, the multiple full band ipaghkstransport
between C2 and C5 are readily explained by the angle maps generated by the SET (fig. 1e).

SI6. Compressibility measurements of an independent spatial region with a near-
magic twist angle.

To demonstrate that the Dirac revivals physics described in the main textustrand reproducible,
we utilize our scanning ability to see whether the same physics appespgiially independent regions
in the sample that have near MA twist angle.

Figure S6 shows the twist angle map across our sample. The near MA region that waesiérifee
main text appears at the top of this scanning window, together with a charactei@t&d® ¥s. atrace
(panel a), measured at the position of the black star and it s t6 This curve shows the prototypical
sawtooth-like features at & L s & &dé described in the main text. In contrast, when we measgré@ J
vs. aat the center of the sample (blue star), whege L r§{! we see (panel b) that the asymmetric
sawtooth-like feature atd L scompletely disappears, being replaced by a symmetric hump. In fact,
throughout the bulk of the sample (e.g. along the dashed blue liwe)pbserve the absence of an

Figure S6: Observing similar Dirac reviv
sawtooth features in two spatially separate
near-MA regions.Left: map of the twist angl
in the sample (taken from fig. 1e3-c Traces
@ &@ ¥s. a measured at three points in tl
sample at $ L st6 The central curve
characteristic of traces measured in the bull
the sample (e.g. throughout the entire dast
blue line). It corresponds to a twist angle afL
rg{t and does not exhibit an asymme
sawtooth feature atd L sThe top and bottor
curves correspond to two separate regions in
sample in which a full band peak correspont
to a twist angle neat the MA appea
Concomitantly, a strong asymmetric sawto
feature at & L salso appears, demonstrati
that this physics is robust and driven primarily
the twist angle.



asymmetrica L deature, in correlation with a low twist angle. However, near the bottom of thresa

there is another region where the angle climbs back toward the MA. Measureme@t & Vs. ain this

region (panel c, measured at the location of the purple star) shows a @®eamergence of a highly
pronounced sawtooth-like feature aé L swhich is fully consistent with the measurement in the top
part of the sample. The re-emergence of this peak happens concomitantly with the appearance of a full
band peak that corresponds to a twist angleafL sr& 1This data demonstrates the reproducibility of

the sawtooth features and shows that they appear whenes@pproaches the MA.

SI7. Upper bound on the size of a possible thermodynamic energy gap at half filling
from the compressibty data

Transport measurement¥™® of MATBG have observed resistive behavior near integer fillings that
were associated with the formation of correlated insulator state. Temperature dependence
measurements displayed activated behavior which corresponds to small energyrgaps8 F r aK8.

STM measurements!’, on the other hand, have observed an oradrmagnitude larger gaps ad=2,
reaching a value ozl 8. Since STM measures local information, it does not suffer from disorder sigeari
asdoes transport in macroscopic samples, and therefore can better measure thgdpsalOn the other
hand, tunneling experiments can also observe a completely different type of gampl@r®ogap, which
originates from the suppression of the tunneling process itself ianghrelated to the presence of a
correlated gap in the system.

Scanning compressibility measurements provide a suitable tool to mitigate theedbmitations.
Firstly, similar to STM these measurements are local and thus can isolate the effects of charggl@nd an
disorder. Second, the electronic compressibility is a thermodynamic propertyptbaes the energetics
of the system directly. Thus, in contrast to tunneling experiments, it does ndbiextoulomb gaps, but
should show the presence of a thermodynamic gap directly. Finally, in contrast tiwatian
measurements where the temperature needs to be changed over a significant range to determireethe si
of the gap, here the gap can be measured directly at the base temperature. This is espeefailyfor
small gaps that leave a rather limited measurable temperature range for activation andoalgaps
whose magnitude changes with temperature.

A gap has a straightforward thermodynamic signature in compressibility measurememis.aSin
gap involves a jump in the chemical potentiglthe derivative of this potential@ &@, should exhibit a
peak. Indeed, we observe exactly such peaks at full band fillings, as shownmpiexafigureS7, which
plots the inverse compressibility measured at the sample center. The area urelé®ti@ 8 vs. 8, 4
peaks (green in the figure) gives directly and without any free parameter thefike gap, which for the
case of the trace in the figure equatsw A 8 The width of the peak is determined by the disorder.



In contrast to the behavior at full flat band, near L tthe inverse compressibility does not show
any indication of a peak but instead exhibits an asymmetric sawtooth-lgieiree It is still possible,
however, to have a sufficiently small thermodynamic gap &tL twhose corresponding inverse
compressibility peak is unresolvable within our measurement. To obtain an upperdbon such a
possible gap, we overlay nea& L tin fig. S7 the peaks that would correspond to gaps' gfL
raua b&. fThese peaks are rescaled duplicates of the peak measured at full filling, where the density
axis has been divided by a factor of 2 to map the physics at full bititeghalf filling and the height of this
peak has been resead down by t' ; sw8, to make the area under the peak equal This procedure
gives the most realistic representation of the expected peaks because, by construttgives the
smearing obtained by the actual disorder measured at the same spatial point (origipaitimarily from
angle disorder). Comparing the peaks with the measured data yields an upper bbundand for a
possible thermodynamic gap. This value is consistent with the gaps measured by @ciivatansport
experiments, but is significantly smaller than the gaps observed by STM.

Figure S7: Upper bound on the size of a poss
thermodynamic gap.Main panel: @ &@,8, vs. 8,;
measured at the center of the sample. The pea
8,4 L wa e@rresponds to the band gap dt, whose
magnitude, obtained by integrating this curve,
sw8. Inset: zoom-in on the sawtooth-like feature
compressibility neard L t The overlayed yellow, re
and light blue curves are compressed and resc
duplicates of the peak at full filling, to reflect poss
gaps whose magnitude isy L t18 468 ara8
(see text). The comparison gives an upper bour
1r &8 on a possible thermodynamic gap.

SB. Parallel magnetic field dependence of compressibilityafdr rg{ *

In fig. 3b of the main text, we
presented the $ dependence of@ &
@ ¥s. acurves taken at a near-magic
twist angle :a L s@av! Here we
present additional$ dependence data
at the center of the sample, whera L
r §{* Figure S8 presents the evolution
of the @ &@ tkaces for the ranges L
r6 PIsta As shown in the main text,
for abelow the MA sawtooth features

are observed only neara L tau _ L N
Figure S8: Parallel magnetic field dependence &t |

Moreover, we observed that at lowedt UsAd @ &@ Jdneasured as a function of for variou:
the & L usawtooth is not 'fully  values of$, at T=50mK.



developed' in the sense that it actually does not start precisel§ dt Upbut closer tod L u ASimilaly to

the near-MA data in the main paper, also here we see tlatoperates oppositely on the sawtooth
features at even and odd fillings. THe L wsawtooth increases in magnitude and gets closer to integer
filling with increasing$ , whereas it slightly decreases in magnitude and gets further away from integer
filling for & L tMoreover, while the measurement in fig. 3b nearL tand & L unad shadow sawtooth
features, originating from neighboring smaller-angle domains that are also detegtdar(SET, here the

a has no spatial variation so the SET measures only a sindler & * domain. Correspondingly the
sawtooth featuresat & L tand & L wonot have any shadow features, allowing to observe the magnetic
field dependence very clegn

SI9. Temperature scale of the observed Dirac revivals

In fig.3a, we presented the measured temperature dependence of the sawtooth featurés &@, J
showing that up to the highest temperature achievable in our scanning microsebpe : 6 Ls x ;, the
phenomeron remains significant. We can obtain a rough estimate of the temperature scaleeof th

phenomeron by plotting the amplitude of the steps i@ &@ dround the & L s & tsawtooth features

The amplitude is determined b#ae@oseaeeaaluawogagagLaT F o5 $taan T % and plotted

as a function b 6in fig.SQ Linear fits to the measured points show that the phenomenon is expected to
disappear roughly arouné Nu r-.

Figure S9: Temperature scale of the observed sawtooth feat
in S /ES " The amplitude of the sawtooth features arourdlL
s B4 is extracted from fig. 3a in the main text as the differenc
@ & Jbefore and after the sawtooth feature, name

#,.85a64 § :tJteF _ece -tJte Thisi
®0Oégaa UD>U7£a8aO>4a7 p)?2448a0>447

plotted as dots for the various measurement temperatures.
lines show the linear fit to the amplitudes a L s at&nc
extrapolate to zero amplitude arouné Nur-.

SI110. Theory: Model and mean-field theory

Here, we describe a simple model used to describe interaction effects in thiyileditbands of
twisted bilayer graphene (TBG). The single-particle states are described by the Bistritzer-sddcDon
model®. The Hamiltonian is given by:

*LAgsaYs F&BIY 8,

_ La 1
—ZA i @N@fg: F Tt 8t e iy F',E AQ @)

Here, Urepresents the spin/valley index such that the states [4 - & - " [ 4aré [pbelled ad) L
<s &t a weipectively. The operatod ia creates an electron in a Bloch state in bandwith flavor index
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Uand quasi-momentum, whose band dispersion ¥, . & 5 is related to the field operators in real
space byét: : LAaé t’)f’é1 T §a , Where 6 5 : ;is the Bloch wavefunction. Henceforth, we limit
the summation overl to the valence and conduction nearly flat bands, assumed to be separated from
the rest of the spectrum by a gap. Note th¥, depends on the valley index, but not on the sp.  F

" js the effective interaction between electrons. For later convenience, we have subtragtddfined
as the ground state energy at the charge neutrality point, and addd€d where 0, is the number of

electrons corresponding to overall charge neutrality (four electrons per moiré unit cell).

The Hamiltonian (1) has @:t; H 7 : tsymmetry, associated with the conservation of spin and
charge in each valléy. We neglect lattice-scale exchange interactions that break this symmetry into
7:s; H 7:s;5¥.t;(charge conservation within each valley and total spin conservation). These terms
are expected to be small in proportion to the ratio between the atomic lattacikg to the moiré unit
cell sizé®, similar to the situation in the quantum Hall regime in graphéne

The Hamiltonian (1) is, of course, very difficult to solve in the phjsiedévant regime where
the interaction strength is comparable to the bandwidth. Impressive progress has nevertheless been
achieved in the strong coupling lirffit In particular, the possibility of ferromagnetic states with
spontaneously broken spin/valley symmetry has been empha&izBdsed on these insights, and guided
by our experimental results, we focus on the effects of the inter-flavor exchange interactind make
the following approximations:

1. We assume that the interaction is short ranged in real space, and hence, due to the Paiil@rin
electrons with the same valley and spin indices do not interact. . The effect tdfiibeanged part of
the interaction is discussed in a separate subsection below.

2. Writing the interactions in terms of the Bloch states, we neglect the dependence oftéradtion
matrix element on the spin, valley, and band indices. l.e., we approximate the interaetioras

6LCA. Acssasadl > 2,2 »607 0% 8a, 084, ,whereOisthe number of moiré
unit cells in the system andis a reciprocal moiré lattice vector, with a single interaction parameter
7.

3. Finally, we perform a Hartree-Fock analysis on the resulting Hamiltonian, in whicilow the
7:t; H 7 :tvalley/spin symmetry to be broken spontaneously by populating ifferdnt valleys

and spins differently.

These approximations clearly cannot describe some important physical effects, such as the
renormalization of the bands due to the interactions, which has been argued for theorgfitaland
seems to be significant experimentafy’ 2% and the possibility of spontaneous breaking of spatial
symmetries, such as the threefold rotational symmé&#/2°. Nevertheless, as we elaborate below, this
simple description captures many of the salient features seen in our measurements ohtpesssibility,
as well as key features seen in other experiments.

With these simplifying assumptions, we use a trial wavefunctigg (;A/vhich is the ground state
of the variational Hamiltonian

*

/E(',L Aé éé:Yé Fa,(’iia 63 a (2)
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and minimize' £ ;< a=; A@é * ZcEéAThe mean-field grand potenttaper moiré unit cell cané
written as

w2 A 'b:é;EleA' 4:4:8:4 FaA 4:4:4 (3)

where 0 is the number of moiré unit cells, while
&Y, Li, @&Y; and 'pV; L, @Y" Y"é:V"; &)

For convenience, we measure both the density and the kinetic energy relative to thesameurality
point, & L r We have introduced the density of states (DOS):

é:Y;JgAééU:YFéY;a (5)

Note that é : Ydoes not depend on the flavor index, since although the two vallays different
dispersion relations, their densities of states are the same. F&amgl minimizing the energy with respect
to < &swe obtain the total filling per unit cel&: a; 1A &:4; The inverse compressibility, which is
the quantity measured in our experiment, can then be obtainat® L @ &@,here Jis the density of
electrons per unit area) L & &with = being the area of the moiré unit cell.

It is convenient to invert Egs. (4) and expréssas a function ofl rather than Y The variational
energy (3) is then written as a function & & : & ;. Minimizing with respect tcd , we obtain

“E7A. AFalra 6)

Solving these four coupled equations givées a.;We can then differentiate Eq. (6) with respect to
aand sum over all flavors, obtaining the compressibility:

X8

X 5571

a ()

O>| o

where@ L A —ads é @' . @%is the inverse single-particle DOS of flawdiWhen

2 1
€ 7 L s édverges, which corresponds to the Stoner criterion.

SI11. Theory: Results for Linear Density of States

With our assumptions, the only input needed from the single-particle band structure is thaydensi
of states é : Y Theoretically, it is expected that near charge neutrality, the bands have a Dirac spectrum;
the Dirac points are stable as long as the symmetry urtdér(time reversal followed by a rotation bg
around an axis perpendicular to the TBG) is maintained. Thus, we assumé:tNat 3 néarY L .rWe
begin our analysis with the following simple model for the DOS:

e:V.;E#9F Vv ;a 8)

1 This is the grand potential rather than the energy, since we are workiadixtd chemical potential.
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Here, t 9 is the combined bandwidth of the two narrow bands. At the edges of the #latld, Y L
G 9, we assume that the DOS drops discontinuously to zero, corresponding to a quadgrsidn near
the band top and bottom. Later, we shall see that a more complicated moded f Y that includes the
van Hove singularities expected near the middle of the conduction aedemlbands, does not change
the results qualitatively in the relevant regime of intermediate interaction sttlesigOn the other hand,
we find that it is imperative that a large density of states exists close ttofnef the conduction band
and the bottom of the valence band.

With (8), we can expressyin terms of arather than &
'p:é’l;l_—39 4’% :FsQaQs:a (9)
such that the self-consistent equation (6) can be expressed as set of quadratic equations
9.ECA;¥a ET:4AF&Laa™«—SR&Lf+tFsQ@sa (10)

The phase diagram of the model as a functioré@ind 7, obtained by minimizing the medield
energy (3) with the kinetic energy given by (9), is shown in figure S10a. Figureh®i@bthe inverse
compressibility@ &@ ds a function of fillingand 7. As we will discuss below, it is rather rich and includes
first and second order phase transitions as a function of the parametensl 7. The mean-field equations
can mostly be solved analytically, as we describe below.

For 7 L rthe bands are filled for the four flavors in a symmetric fashion.&@@ F 9the bands
are empty @ L F sfor all . As dincreases, the neutrality point is reachedatL r(& L rfor all U,
and the bands become completely filledatL 9(& L sfor all U. Using the minimization condition (6)
the solutions are given, in terms of the total degsitJ L Jand § by:

a @J @a v L :@a@y) P
90 a S r »
F9O&aoo9 4 97 a9 ta PLY A9 | 96:z4a :L9 wa;
aoFo9 Fs r »

The inverse compressiblity® 5 jumps to infinity when the bands are fully occupied or completely
empty, and diverges at the charge neutrality point, wheeL rand & L r

We expect that a similar symmetric solution still holds for snfalThe occupation of each band
is given by the solution of the quadratic equation (10). Substituind. G snto this condition, we find
that the interaction 7 stretches the region in théd F 7plane in which the bands are partially filled to
FO9 Fu7 O & O 9 E.urhe boundary between this region and the region of completely filled bands
is clearly seen in figure S10.

Figure S10 shows that below a critical value7pf7s 4L 9 t, the ground state remains fully
symmetric at all densities. Faf P % 3 symmetry broken phases start appearing. This can be understood
by examining the expression foé &fter Eq. (7). It indicates that an instability will occurét7 L s
According to Eg. (8), the maximal valueéfist 9. Thus, the symmetric state is stable féarO 9 t
For7 L 9 tthe bands become completelyfiledat L 9 E u7 L t&ws6 that the symmetry broken
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phases emanate from the pointd L taw9 & 7 L rdwilte;phase diagram. We find numerically that

the symmetry broken phases extend to lower densities7agsicreases. In the symmetry broken phase
with the lowest density, the flat bands are fully occupied for one flavor, while they araihyagind equally
occupied for the other three flavors. The shape of the corresponding phase boundary can be obtained by
equating the energies of the two competing phases, and will be derived below.

For intermediate values of7, comparable with the bandwidth, we expect that the flavors will
occupy the bands sequentially. As one flavor gets filled, it pushes the band energies ftirathBavors
towards higher energies, completely breaking the symmetry between the four flavors. Wietarge
enough, such a symmetry broken phase will be present at the charge neutrality dintr In this case,
two flavors are completely filled (e.g& & AL 9, while the other two remain completely emptyg{a AL
F9. Comparing the energies of the symmetric and symmetry broken configurations,
'go<FsaFsasas=; L z%@nd FgZ<rararar~welfind that the ground state remains the
symmetric stated L rfor 7 O gk v9 uywhereas it is symmetry broken withtd= L <Fsd Fsasas=
(or any permutation thereof) for7 P % 3 At 7 L 7y ghere is a first-order transition between these two
states. Since the experimental results are not compatible with a fully polarizeslataharge neutrality
(which would be an incompressible state with a substantial gap), we focus on the ré@gi®eg ;5

Let us focus on the intermediate interaction strength reginfe, ;@ 7 O & ;¥here the bands
are filled sequentially. Figure S11 shows a cut through the phase diagran7 witls & t.9As dincreases
from zero (charge neutrality), a sequence of phase transitions occurs. The fully symmagrimsiergoes
a first-order phase transition aé N r & zif which one of the flavors becomes nearly fully populated
(e.g., & N 3, while the densities of all the other flavors are reset to a density a littlevbéhe charge
neutrality point (see panel (b)Xhe first-order transition is accompanied by a jump in the total density
(panel (c)) and a drop in the inverse compressibil@ya@ do zero (panel (d)). After the first-order
transition, there is a rapid rise i@ &@, diverging when the density of the three partially filled flavors
passes through the Dirac point. The inverse compressibiiyd@, then drops gradually, until another
first-order transition occurs, where the density of one of the three partially populated flguomss up,

Figure S10a) Phase diagram of the linear DOS model at zero temperature. The coleserty the filling factor «
the least occupied flavord, as a function of chemical potentigiland the interaction strengtt¥, measured in uni
of 9. In the symmetric phase, all flavors are populated equally, amthalley symmetry is unbroken. | sa k;
labels a phase in which 5 flavors are populated less than the othérg b) Inverse compressibility® &@ as
function of the total filling factordand 7, in units of the bandwidth9 .
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while the density of the other two flavors jumps down. Note that each of the tramsitieard L sand
a L toccurs in two nearby first-order steps (the two drops@a@ dear & L st in panel (d)). Finally,
between & L tand & L whe two remaining partially filled flavors are split by a second-order transition.

We find that in the case where the filling of all four bands is of the same signpassible to
derive this sequence of phase transitions analytically, and to determine expredsiotise phase
boundaries. Let us denote byl sa k; a phase where the first 5flavors are populated equally, but tihe
fillings are smaller than those of the remainiihg; flavors. We start from the transition from thev a tg
the : u & state. The set of four quadratic equations (10) admit solutions with of the form

ek ?° o

6
& L:9 7;66£E ha MSt "t A%LO ff L#ICESta7 P Fsw (11)

which depend only on the dimensionless rati&7 98 Each distinct solution is characterized by the signs
O L G sWe find three distinct physical solutions up to band permutations. Thesespond to the
symmetric solution: vaor <E a E a EandEtwo symmetry broken solutions where the bands are split
into :uawith <E4 Fa Foa:R&twith <E a E &4 Flgdhése solutions can be distinguished by a constant
T, reflecting the sum ofO in each band. This constant takes the valiids v i L Ft andi L rforthe
three aforementioned states, respectively. The total density takes the simple form

AL:9 78>sE:# i:tH Ei; s?a (12)
from which we can directly derive the inverse compressibility,
@a@a L u7mv#a (13)

The mean field energies of these solutions are shown in figure S12(k)7AB® L s s s tthere is
a first order phase transition from the symmetric state & rinto the : u & state. At a larger value of
47 95 a :tatsolution also appears. Its energy is higher than that of thed solution. However, the
energy difference between the two is relatively small (abowdts Jor 7 y 9). This suggests that small
perturbations, such as an applied magnetic field (not considered within our mameal)change the
balance between different ground states. Indeed, we observe that in the experiment the essilpitity
near & L slepends strongly on the applied parallel magnetic field.

Figure S11:Results for linear density of states model withL s &t.9a) DOS, (bj as a function ofg (c) aas «
functionof & LA &, (d) @ &@ ds a function ofd
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The previous solutions did not account for the fact that the linearly dispeisnds have a massive
end at Y L G 9and that some bands may be fully filled while others are only partially.fided can
similarly address the general case with some num@gg f fully occupied bands, and find the locations
of the phase boundaries between the different states. We will not provide the full details here.

While the precise sequence(a) e (b) 00
of the phase transitions as ¢ = o
function of adepends on7, PN
the overall shape of@ &@ i
qualitatively the same in the ~ o3t
regionss9 st/ 7 O 7L 0.0} ‘ ‘ ‘ ‘ | | | | ]
v9 u As we shall see next 0 05 L0 152025 05 10 15 20 25

the qualitative features of the _. #L,/W . . . s .

) ) Figure Si12Analytical solutions for the linear density of states model witl
solution of the linear DOS 5y fyily occupied bands. It describes the states competing closeetdirtt
model remain unchanged phase transition aroundd L sWe find that in addition to the symmetric st
even for more complicated :Vat;there are two possibe symmetry broken solutions with the bi
(and realistic) models of the §eparated inuasr: t a tgroups. In panel (a) we show the filliggof all lzand
DOS in each solution; while in panel (b) we show the mean field enérgy: < a= of

these solutions as a function of the single parameier 9°
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SI12. Theory: Effect of the Van Hove Singularity

We now consider the effects of van Hove singularities in the narrow bands on the phaserdiag
and the inverse compressibility. Within the nearly flat band, the DOS must diveagiéeast one energy,
where the topology of the Fermi surface changes. These van Hove singularitiesD@$dave been
argued to play a role in stabilizing the correlated insulator phases if. T®&hin our model, we find that
in the intermediate coupling regime7 9 L 1:s,;the sequence of phase transitions as a function of
density is not strongly affected by the presence of van Hove (vH) singularities in the DO % meiidth
of the band. To exemplify this point, we consider the case of a high-gktiesmgularity*, where the DOS
diverges even more strongly than in an ordinary vH singularity. In a genepoiatin two spatial
dimensions, the DOS diverges logarithmically; in contrast, in a higheragsdsingularity where two vH
points meet in a low-symmetry point of the Brillouin zong,R '?° 831 To mimic this situation, we
consider the following model DOS:

. A , ?5 8
6:Y;£-#:9F YZ—Z a (20)

Here, =is a normalization constant chosen such th‘q? @Y é:Y. WeschooseY: L ray9
corresponding to a high-order vH singularity neiarL r &in each flavor, andy, L 9. The results for
7 L 9, shown in figure S13, are strikingly similar to those of the linear DOS maglgle (f511).
Quialitatively similar results are found for the case of an ordinary logarithmic vHagiitg(not shown).
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Figure S13Same as Figure S10 for a model DOS with a high-order van Hovarsing@u: Yis given by Eq. 2!
Here,7 L 9, Y, L 9, % Lray9

At weaker values of the coupling, the model (20) behaves qualitatively differenthytfre linear
DOS model. In particular, since the DOS diverges at the vH points, there is always an instability towards a
spin/valley symmetry broken state, even for arbitrarily sni@alwhen the Fermi energy is close ¥ This
is because the Stoner criteriof : Y; 7 L sis always satisfied when the Fermi eneryyis sufficiently
close to the vH singularity. At intermediate to strong values of the couplmgever, the effects of the
vH singularity are much less pronounced, since the phase transitions occuicgépavhen the density
is far from the vH density, and the transitions are mostly first order, involvirge lahanges in the
populations in the individual flavors (the change in the overall denbityugh the transitions remains
small). We therefore conclude that the essential features of the DOS needed to reprodupsathiative
shape of the experimentally measure@ &@ dre the suppression o : Ynear charge neutrality due to
the Dirac points, and the discontinuity of the DOS near the top and bottom edgime dfat bands,
consistent with a quadratic dispersion in two dimensions.

It is worth noting that in figure S13, the last transition before the band gets compldtety (at
a N ta 2 % discontinuous, unlike in the linear DOS model where this transition is ofcsemder. Also,
the sharp dip in@ &@ dt & N u Higure S13d) is due to crossing the vH singularity.

In addition, we show in figure S14 the results of a mean-field calculation usamgiagut the DOS
of the continuum Bistritzer-MacDonald model near the magic angle, withngraiction strength
comparable to the bandwidth. The results are qualitatively similar to those of the lin@& model,
although the asymmetric features i@ &@ dre much less pronounced then observed in the experiment.

Figure Sl14Same as Figure S10 for with the DOS obtained for the continuum modRef8f with the singl
parameter U L nés tcorresponding to an angle ai y srivdegrees. We us¢ 9 L s § svhere the bandwidt
9 is defined by the sharp drop in the density of states.

SI13. Theory: Effects of asymmetry in the conduction and valence flat bands

The experimentally measure@® &@ éxhibits sawtooth-like features around integer filling factors.
Within our model, this feature is reproduced if one assumes that the single-galifolS near the CNP is
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much lower than that near the top of the conduction and bottom of the valence bandsdifférence is
directly reflected in the compressibility before the integer fillings: when the deapipyoaches an integer
filling factor from below, the DOS at the Fermi level is dominated by the niéety flavors with a high
DOS, whereas above the integer filling the DOS,dt dominated by the flavors whose density is reset
to near the CNP, where the DOS is minimal.

To demonstrate the relation between the asymmetry @ &@ dround the integer fillings and the
DOS of the single-particle bands, we use the following model DOS:
vy 6 . S .= 6P? G .
This form describes a triangular-shapéd Ywith a maximum atY L It reduced to Eq. (8) in the limit
Y, \ 9 . Figure S15 shows the

A gy = 0.3W gy = 0.5W gy = 0.7TW
calculated . ’ @"a@ J a) 9 : : c) : : e) : :
corresponding toY, L rdu9 j j ‘ |
raw,@and ray9The trend is w4 w1/ O
clearly visible: fory; L raw,9 = =
the peak in@ &@ at & L tis 0 Vo ol : s ;

. —€0 n €0 —€0 €0 —E0 €0
symmetric. For Y, L ray9 -wo0 wo =W 0 woo -0 w
g g g

the slope in@ a@ Js larger at

densities below the peak, b) 2 d

whereas for , L raughe £ 15 S15 £15
try of the peak is = = I

asymme y = 1 < 1 =

opposite. The peaks near the 05 05 05

other integer fillings follow a 001 2 3 4 001 2 3 4 001 2 3

similar qualitative dependence v v v

on the asymmetry of the Figure S15Effect of the asymmetry in the single-particle DOS@ré@.Jrhe
. . DOS in these calculations is given by Eq. (21), With r & u @anels a,b).y, L

single-particle DOS. raw @anels c,d), and, L ray 9panels e,f). Here7 L rave.

—_

4

SlI14. Theory: Finite Temperature

It is straightforward to extend the Hartree-Fock calculation to finite temperature. This is done by
minimizing the variational free energy of a Gibbs distribution generated pyin Eq. (2) with respect to
a . The variational grand potential at temperatufds given by

L;:'LA B4 Ea‘;ElGA. 4:4aE &4;4:& a; A 4 &:4E &; (22)
- ~ - 7 -
where B:a;LFiéﬂ@Y éBZV@sE?TAE'I:’—#:FYca (23)
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and  A:a; W), @ eV @ 5 F#:FVika) [, H

Figure S16 shows the inverse compressibility as a functi 3‘ — 005
of afor different temperatures in the linear DOS model withL = |
s 4t 9As long as the temperature is sufficiently small compare§ \ a | *\ { 1‘ |
to 9, its main effect is the smearing of the sharp asymmetri 1\1 / : 1 \\ i \ ‘ff
features in @ &@, accompanied by small shifts of the locatior \ | ‘ | | \\,“H
of the dips that precede these features, consistent with the I |

|
| \’k\ N |
| w ‘ \“\4\ |
experimental obervations.
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Figure S16: @ a&@ as a a function of tt
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for the linear DOS model witii L s&t.9

SI15. Theory: Effects of Long Range Interactions

The long range of the Coulomb interaction between the electrons has sengyaitant effects
on the experimental measurements and the theoretical considerations that we report. Fisgthii iong
ranged interaction that enables the use of our method to measure the compressibility, a dhetsed
on measuring the electric field generated by charged plates at long distances. Secoluhgh#ége also
requires care in the identification of the quantity that we measure, through the distinctiondsst
capacitance, geometric capacitance and quantum capacitance. And third, the long réergetion
affects the way the system behaves in the phase separation regime that accompanies first order phase
transitions. We now comment on these issues.

Our system may be modeled as composed of two parallel two-dimensional plates separated by a
distance @in which one plate is a twisted bi-layer graphene system, and the other is a mdta#ictpe
back-gate. We assume the metal to have an infinite compressibility, andstanianeous response.
Under these conditions, the metallic plate introduces image charges to the chartjes TBG system,
modifying the Coulomb interaction between electrons in the TBG to be

. 5 5 .
8.N,EIéF—¥W;pa (25)
Here, Yis the dielectric constant of the insulator between the two plates. This effective interacti
crosses over from the usual Coulomb fo®n N ; yOAY Bt short distancesN ' t @to a dipolar form,
8:N;y €& Y Ratlong distances.

Within the canonical ensemble, and under the assumption that the two-plates systenviada
is charge neutral, its energy is

1 E A A A M. . A A
cack s E ABUA BAs s 8:M {6404 (26)
where the first term is the electrostatic energy carried by the electric field between the plggels (
Y # v &g@he geometric capacitance, whete]s $§Z <Ce3 u[e 3G th&Jtotal charge in the TBG),
while the second and third terms give the energy of the TBG plate. In the second tegs the single-
particle part of the Hamiltonian, while in the thir@is the Fourier transform of the potential (25) arég
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is the density operator. Th& L part of the interaction is the first term. The second derivaﬁ#é/fé—u?s

the inverse of a thermodynamic susceptibility, which must be positive for the systdva stable. It is
equal to the inverse of the total capacitanc#j >, of the capacitor formed by the two plates. It is useful
to define the quantum capacitancé4 °through

%85 L 95 E %°%a 27)

The inverse quantum capacitance is then the second derivative of the last two terms wit{26)
respect to the total charges.

The method that we employ for our measurements is based on the introduction of a thiallin
plate® (in our experiment, this is the island of the SET), and measuring the electrostatic potential that i
experiences (see Sec. S2 for the equivalent circuit and further details). When the perturbation resulting
from this third plate is small, the potential it experiences is proportional ¥° By itself,
thermodynamical stability does not impose any restrictions on the sighff

We now turn to the effect of the long range Coulomb interaction on the chargehiititsh when
the system is close to a first order phase transition, and the way it is reflectéd rand % ° The
presence of the back-gate, as reflected in the second term of (25), makes the total ef¢ngysystem
extensive. Were the interaction between the electrons short-ranged, a first order transitoitd follow
the picture described by the Maxwell construction (figure S17a). With the total dénsitg system being
the controlled parameter, the system would break up into macroscopic dwnaf the two phases
occupying fractionsTand s F Df the system, such that the total densiffollowsJ L :s F T¢ E T )
(here Jo a ,Jare the densities of the two phases in the coexistence region determined by equating their
chemical potentials, and we assunmi, P J, such thatTgrows asJ ] Jv E ¢ U v §Z «CeS U]
energy densityq, 5 follows

Gac T, L:sFHBTHa (28)

Here G a pare the energy densities of the two phases in the coexistence region. The energy cost
associated with interfaces between domains is sub-extensive, and as a consedbenckemical

potential & L !gU‘iNouId vary linearly withJ, making the inverse compressibilitgd &@ Zero in the

coexistence region.

The long range Coulomb interaction disfavors the formation of macroscopic domairiite cérdi
charge densities, due to the charging energy cost. Instead, in the coexistence region the systetm tends
break up into domains of mesoscopic $##%. The formation of mesoscopic domains makes the interface
regions occupy a significant part of the system, and thus adds an exteng&x@dstenergy term to the
two terms in (28). Remarkably, this term may be negative. We now explore the consemienaeh a
negative term.

The negative energy contribution originating from interface regions between e ghases
vanishes whenT L or T L sand is presumably maximized whdn N r ADue to the metallic gate, the
interaction decreases as Nat long distances, and therefore the energy of the two phases, as well as
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that of a macroscopically phase separated state, are extensive. These states are thergfossiblé in
principle. However, due to the negative energy of the interfaces between the two phases, bréaking
system into mesoscopic domains may lower the energy, and thus modifigsJ ;in the coexistence
region. Thermodynamical stability requires that for any valuelTtiie energy has a positive curvature,
and forbids a cusp in which the slope suffers a discontinuous downturn. As aqoense of these
requirements, the introduction of mesoscopic domains expands the density range of theteaegi
region relative to the range expected from a naive Maxwell construction. Schematibalty,the line

G a¢ T is modified to follow the curve in figure S17

This modification affects, of course, the second derivative of the energy with respehbeto
density, 9% > As can be inferred from figure S17% ®decreases upon entering the coexistence region,
although it is generally non-zero. Since the geometric capacitance is indeperfdiemsity, the measured
94 °is reduced in the coexistence region as well.

These general considerations imply that the coexistence region is characterizedthbyler value
of 9 Sthan in the two nearby phases. Unfortunately, the precise magnitud@gofin the coexistence
region depends on details, and is not easy to predict. In particular, it depends on the lengti& sdaié
the domains in the coexistence region, which in turns depends sensitively on microscopne{saed"
3, Beginning from the limit where longinge interactions are very wealddiverges, and the results for
short-range interactions are recovered:; in particular, in the coexistence re§®napproachesr, and
hence % ®approachesF 9§ ° As the strength of the long-range interactions increaggs.increases, and
can be of either sign. We leave a full theoretical analysis of this problem to future work.

Figure S17:(a) Schematic depiction of the energy densi
as a function of densityd near a first-order transition for
system with short-range interactions. The red line
determined by a Maxwell construction. At its two ends,
tangent to the 6 : Jcurves of the two phases. In this regi
the system phase-separates into macroscopic domains ¢
two phases# and $. (b) Energy diagram for a system v
long-range (Coulomb) interactions screened by a me
gate. In this case, the coexistence region is characteriz
mesoscopic domains of the two phases. The characte
size dof the domains is determined by a balance betw
energy gain associated with phase separation and
charging energy that favors local charge neutrality.
coexistence region, marked by a red curve, is larger tha
region of the Maxwell construction (whose ends

indicated by red circles).

SI116. The Predicted Landau Fans from the Dirac Revivals Model.

The model of Dirac revivals gives specific predictions regarding the expected quesdiiations as
a function of band filling. These are shown in 83, wherein panel a we reproduced fig. 4d from the
main text, which shows the partial flavor occupation as function of filling factat,pmmel b illustrates
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the predicted Landau fans. Visibly, the bands start from the CNP with 4-fold flavor degemesacL s

is approached, one band takes all the carriers resetting the other three bands back to ne2NEhe
Consequently, just afted L ghe flavor degeneracy reduces to 3-fold. The process repeads lattand

u leading to 2-fold and 1-fold degeneracies just after these filling factors. Thiteised in the Landau

fans in the bottom panel. This 4,3,2,1-fold predicted flavor degeneracy eedinthe one observed
experimentally in global transpdf'® and local scanning sqdfdmeasurements, with one possible
exception, aboved L swhere transport data were interpreted to show 2-fold degeneracy whereas the
Dirac revivals model predicts 3-fold degeneracy. We should note, tholgghin this region the data is
considerably sparser than near other filling factors and therefore can be less conclusive. In fact, scanning
squid measurements also find aboée L s periodicity that is harder to simply interpret as 2-fold.

Another important feature of the Landau fan explained by the Dirac revivatiehi® treir direction
in the at $ plane. Transport and scanning squid measurements have consistently observed that the
Landau fans that emerge from integer fillings appear only on one side aftdger filling, pointingaway
from the CNP. This observation holds for Landau levels both in the valentieeaswhduction flat bands.
There is only one exception for this rule, where ne@arL G (full bands), Landau fans that pototvard
the CNP are occasionally obser¥ed

These observations can be naturally explained by the Dirac revivals modélirddtmnality of the
Landau fans depends on the polarity of the carriers. At the bottom of the condutaiomand (just above
the CNP) the carriers have electronic character, but near its top they havee athadacter. The fermi
surface transitions between these two polarities at a van Hove Singularity (vdl$) generally believed
to be near the center of the band. Within a simple single particle bamyfidine would therefore expect
the Landau fans to switch their direction somewhere around. t Such mirror symmetry around L t
should also be generically true in the presence of interactions, as long as electrasyhmtetry around
the center of the conduction band is valid. The Dirac revivals model suggkfferent scenario: here,
after every integerathe bands startefilling from the bottom of the conduction band (the CNP), but never

Figure S18: Predicted landau fan degeneracies and polarities from Diirac revival model.a. Partial flavo
population, J; as a function ofd The figure is reproduced from fig. 4d in the main text, and we have marked
and blue the regions that should have electron and hole like carréeyzarated by the position of the van Hc
Singularity, which is generally believed to be around the centémeband.b. Landau fans predicted from the Di
revivals model, with a 4,3,2,1-fold degeneracy aftérL r & s & tRed/blue corresponds to electron/hole-|
character shown in panel a.
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make it to the VHS, because they are always reset back before reaching the VHS. Tdausetlealways
retain an electronic character (red shaded region in $i#8a), explaining why the Landau fans always
point away from the CNP foit L r F .Un contrast, the last band to fill, betweel L wo v, continuously
fills from its bottom to its top and therefore has to cross the VHS at a ceptint. Thus it starts with an
electron character and ends with a hole character. Consequently, the Landau fans emenging frou
will point away from the CNP, whereas the ones emerging féorh \should point toward the CNP. In
the valance flat band our model predittee same behavior but mirror reflected around the CNP. We note
that while our simple model predicts that the hole-like Landau fan emerging fioin \should have 1-
fold degeneracy, experiments see a 4-fold hole-like fan, a discrepanchitidights that close to full
band the flavor symmetry breaking should disappear. Overall, however, we findhth&irac revivals
model captures the main features of the observed Landau fans rather well.
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