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Abstract

We prove the Fréchet differentiability with respect to the drift of Perron—
Frobenius and Koopman operators associated to time-inhomogeneous
ordinary stochastic differential equations. This result relies on a similar
differentiability result for pathwise expectations of path functionals of the
solution of the stochastic differential equation, which we establish using
Girsanov’s formula. We demonstrate the significance of our result in the
context of dynamical systems and operator theory, by proving continuously
differentiable drift dependence of the simple eigen- and singular values and
the corresponding eigen- and singular functions of the stochastic Perron—
Frobenius and Koopman operators.
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1. Introduction

In the study of dynamical systems and differential equations in particular, one important aspect
is the sensitivity of the solution with respect to the data. In the literature, there exist classical
results for the deterministic case that deal with dependence on the inital data and the driving
velocity field. The same dependencies also arise for non-deterministic systems, e.g. [FGP10,
AJKW17] for Fréchet-type dependencies on the initial data, and [FLL*99, GMO05, Mon13,
DG14] for the dependence of path functionals or their expectations with respect to changes in
the drift. This paper uses the approach of FLL199, which establishes a Giteaux-type depend-
ence on the data by establishing the existence of directional derivatives with respect to the
drift, in order to establish the Fréchet-type dependence of the solution operator with respect
to an additive change of drift in a sufficiently smooth setting: for a suitable observable g, we
provide in theorem 3.1 the Fréchet derivative at v = 0 of the nonlinear functional

uy(7) = E [g(X7) | X7 = x]

with respect to additive perturbations in -y; above, X denotes the solution of the perturbed
stochastic differential equation (2.7) below.

Our main motivation for considering the above result is the study of global long-term properties
of dynamical systems, such as their stationary distribution, or the rate of mixing. Such properties
are strongly related to spectral objects of the so-called transfer operators associated to the dynam-
ics [Pie94, SKMAO8, SSA09, FGTW16, FS17]. These are infinite-dimensional linear operators
describing the evolution of distributions and observables under the nonlinear, stochastic dynamics.
For instance, for a dynamical system given by the mapping ® : RY — R, the Koopman operator,
actingonobservables g : R? — R,isgivenby Ug(x) = g (® (x)). If the dynamics is non-determin-
istic, e.g. the value of a stochastic process X at some time 7, then Ug(x) = E[g(®(x))] = E*[g(X,)].
If we now allow for non-deterministic initial conditions X, with some distribution f; i.e. Xy ~ f, the
Perron—Frobenius operator P is defined by ®(X,) ~ Pf. These two operators are adjoints on the
appropriate spaces [LM94], and allow for far-reaching analysis of the underlying dynamics; such
analysis continues to be intensively exploited in applications such as (geophysical) fluid dynam-
ics [FPET07, DFH09, FLS10, FHRvS15, AM17], molecular dynamics [DDJS96, SFHD99,
PWS™11, SS13, BPN14, BKK™17], or stability and control [MMM13, MM 16, PBK18]. In par-
ticular, smoothness or differentiability of spectral objects of the transfer operator might allow for
more efficient optimization of fluid mixing processes [FGTW16].

One of our main results in this paper is the differentiable dependence of these transfer oper-
ators on the time-dependent drift function, i.e. on the driving velocity field. As we consider
the operators in their induced norm topology on L2-spaces, we will consider genuinely non-
deterministic dynamics. This is because for deferministic systems, these spaces are too ‘large’
for the transfer operators associated with deterministic systems to depend even continuously
on the drift with respect to the induced operator norm, as the following example shows.

Example (Discontinuous drift-dependence for deterministic dynamics). Let us con-
sider the time-f map ® of some deterministic differential equation, and the time- map ® of a
slight perturbation of the previous differential equation. Let ® and ® be such that the associ-
ated Koopman operators U/ : g — g o ® and e g—go ® are well-defined on L*(A), where
A is the Lebesgue measure; see [LM94, Wal00] for details. For x with ®(x) # ®(x), let us
consider the function sequence f, = A(A,)~'/?1,,, where {A, }.en is a sequence of balls with
A, | {®(x)}, and 14 denotes the characteristic function of a set A. Now, it is easy to see that
there will be some N such that ||Uf, — U, | 2(a) = 2 for all n > N, however small the pertur-
bation in the drift is chosen to be. This shows that &/ cannot depend continuously on the drift.
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The prior example implies that continuous differentiability cannot hold in the deterministic
case. Combining this observation with duality arguments from lemma A.l and remark A.2
shows that the same assertion also holds true for the Perron-Frobenius operator on L*(A).
Note that the main reason for non-continuous drift-dependence in the example is that func-
tions with highly localized supports are mapped by U and P to functions with highly localized
supports. However, for non-deterministic systems driven by non-degenerate noise, the noise
has the effect of spreading the support of the initial conditions, thus enabling a smooth drift-
dependence of the associated transfer operators. We also note that, while the prior example
rules out smooth drift-dependence of transfer operators associated with deterministic dynam-
ics on LP-spaces, there could be other spaces where this property is retained [Ball8]. Such
spaces, however, would require norms that ‘punish’ increasingly localized densities [GLO6,
Thil2]. In addition, single trajectories or realizations of both deterministic ordinary- and non-
deterministic differential equations can be shown to depend smoothly on the drift, by using the
integral form of the differential equation and the implicit function theorem. As this will not be
of importance further on, we leave the details to the reader.

We would like to remark that smooth dependence of invariant measures—often called lin-
ear response—has been considered in specific cases. For instance, Butterley and Liverani
[BLO7] show differentiability of SRB measures corresponding to Anosov flows with respect
to onedimensional parameters, and give an exhaustive report on the work that has been done
previously in this field. For a survey on linear response results for deterministic systems
(maps), we refer to [Ball4]. Results for non-deterministic systems arise in the context of
random compositions of maps [BRS17], or for stochastic ordinary and partial differential
equations in the weak topology [HM10]. The latter reference shows Gateaux-type pointwise
differentiability of the transfer operators acting on smooth functions with respect to a real
parameter, where also the (constant-in-space) diffusion matrix can vary with the parameter. It
belongs to the class of approaches where functional-analytic tools are used to derive quantita-
tive perturbation results for transfer operators and their dominant eigenmodes [KL99, GallS5,
Sed18, GG19]. Our improvement over these results is that we consider (i) Fréchet differenti-
ability in the infinite-dimensional space of velocity fields driving the stochastic differential
equations (ii) of the associated transfer operator in its strong norm topology, and thus obtain
differentiability of all isolated eigenvalues.

One question that we do not address in this paper is differentiability with respect to the dif-
fusion matrix. In this paper, we rely on Girsanov’s formula in order to obtain an expression for
the Radon—Nikodym derivative between two path measures; this expression is crucial to our
estimates for computing the Fréchet derivative. Girsanov’s formula applies in the case where the
drift term is changed, and is a fundamental result in the theory of stochastic differential equa-
tions. To the best of our knowledge, an analogous formula for changes of the diffusion term does
not exist. This is because the set of possible changes that one can apply to the diffusion matrix
while still obtaining a mutually absolutely continuous path measure is severely constrained.
Consider the simple case of a constant zero drift term and identity diffusion matrix. In this case,
the path measure is Wiener measure on path space, which is a Gaussian measure. If one scales
the identity diffusion matrix by a constant whose absolute value is not 1, then the resulting path
measure is not mutually absolutely continuous with respect to Wiener measure [Bog98, example
2.7.4]. Thus, no Radon—-Nikodym derivative exists, and the approach we follow for changes of
the drift cannot be applied for such changes of the diffusion matrix, even in this simple case.

In this paper, we first introduce the setting which we are working in, state our assump-
tions, and introduce some key auxiliary results in section 2. Then, we will extend ideas from
FLL'99 to establish Fréchet differentiability of pathwise expectations with respect to the
drift in theorem 3.1 of section 3. Section 4 uses the quantitative remainder estimates from
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the preceding section to show our main result: differentiable drift-dependence of the trans-
fer operators associated with non-deterministic dynamics governed by stochastic differential
equations, theorem 4.5. This is then applied in section 5 to carry over the smooth dependence
on the drift to isolated eigenvalues and corresponding eigenfunctions of transfer operators in
theorem 5.1. We conclude by pointing out two immediate consequences for dynamical sys-
tems. For convenience, we collect some relevant results on stochastic processes and transition
kernels in the appendices.

2. Prerequisites from stochastic analysis

2.1. Stochastic differential equations

For the rest of this work we are concerned with the following objects. We fix 7> 0 and
Q= C([0,T);RY) := {f : [0,T] — R?|f continuous}. Further, let F be a o-algebra on €,
and IP be a probability measure on (€2, ). For a filtration (F;),cjo,r) With F; C F for every
t € [0,T]let W = (W,, F),c[0,r) be the d-dimensional Wiener process with respect to IP. We use
the notation W = (W;, F;),c[0,r] to emphasize that W, is F;-measurable for every € [0, T]. We
define a measurable functional & acting on [0, T] x €2 to be adapted to the filtration (F;),c[0.1]
if h(t,-) is JF,-measurable, for every ¢ € [0, T]. Let the drift b: [0,T] x R? — RY and the
diffusion matrix o : [0,T] x R? — GL(R,d) (the set of real invertible d x d matrices) be
measurable functions such that the following stochastic differential equation (SDE) admits a
unique strong solution (see theorem A.3):

dX, = b(t, X,)dt + o (8, X;)dW,, Xo = x. 2.1)

Fix a deterministic initial condition x € R?. Let P* denote the conditioning of P’ to the subset
{f:10,T] = RY|£(0) = x} of Q. For simplicity, we shall assume that b and o satisfy the
conditions (A1) and (A2) (the Lipschitz continuity (2.2) and linear growth conditions (2.3)),
which we recall below for convenience.

Assumption 2.1. There exist constants 0 < L, A\, < 0o that do not depend on y, ¥/, or t,
such that

(Al) The functions b and o satisfy the Lipschitz conditions
bi(t.y) = bi(t.y )| < Ly =¥, loy(t.y) — oy ) < Lly =y (22

forall (t,y,y') € [0,T] x R x R and 1 < i,j < d.
(A2) The functions b and o satisfy the growth conditions

bt y)| < LT+ y]), oy, y)] < L(1+[y]) (2.3)

forall (t,y,y") € [0,T] x R x R and 1 < i,j < d.
(A3) The function o satisfies

AP < €Toa T (1Y), (2.4)

forall (t,y,€) € [0,T] x RY x (RY\ {0}), where £ denotes the transpose of €.
(A4) It holds that

T
p* (/ (’as_](bs + )| + ]a;lbs\z) (X°) ds < oo) ~1. 2.5)
0
(Here and in the following, the subscript ‘s’ denotes the time input.)
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Remark 2.2. The last condition (A4) can be derived from the other assumptions, even
under the more general condition of locally Lipschitz drift and diffusion matrix. However, for
the sake of simplicity, in lemma A.4 a proof is given for globally Lipschitz drift, change of
drift, and diffusion.

2.2. Norms for the drift
Let us consider the vector space

C:={f:[0,T] xR - R" | 30 < L < oo such that [fi(t,y) — fi(t.y')| < L|y — y/|

and [fi(£,y)] < L(1+ |y]), Y(t,y) € [0,T] x R, 1 <i < n} . 26)

Above, we allow n € N to vary, so that by using the ‘stacked’ vector representations of matri-
ces, we can consider C to contain both vector- and matrix-valued functions whose entries
satisfy the Lipschitz continuity and growth conditions. In particular, the drift » and diffusion o
introduced earlier belong to C. The essential idea is that C contains functions from [0, T] x R4
to some Euclidean space such that each component of the image is Lipschitz continuous and
grows linearly. In particular, if v € C, then

dx} = [b(t.X]) + (. X))ldt + o (£, X )dW,,  XJ =x, 2.7

admits a unique strong solution X7, by theorem A.3. Using this notation, we have that X°
denotes the unique strong solution of the unperturbed SDE (2.1).

2.2.1. Stochastics notation. Let E* denote the expectation operator with respect to P, and
let u7~ := P* o (X7)~! denote the law of the solution of (2.7). Using this notation, it follows
that p%* is the law of the solution of the unperturbed SDE (2.1). We shall write E7* (E%¥) to
denote the expectation with respect to z7* (u®¥). Thus, if g :  — R is a path functional, the

shorthand E°* [g] denotes E* [¢ (X°)].
We shall say that f : [0, T] x RY — R is u®*- almost surely bounded if there exists some
0 < C < oo such that

P ([f(s. X0)| < C, Vs € ]0,7]) =1 (2.8)
holds. Utilizing this notion we set

L (™) == {f : [0,T] x RY — R?|f satisfies (2.8) for some 0 < C < oo}.

For every f € L>(u%¥), we shall write
If1l o (o) = min{C > 0] (2.8) holds} .
We shall omit the dependence on the parameter u** and simply write ||f||; . below. Note that

(L% (u®), || - || ) is a normed vector space. Define the function class V := C N L>(u%*),
and equip V with the following norm:

[flly == min{C > 0| [fi(t.)| < C. [fi(r.y) = fi(t.y)| < Cly =
forall 1 <i<n, forall (t,y,y') € [0,7T] x RY x R'}.

)

(2.9)

In lemma 5, we show that (V,|-||,) is a Banach space.
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2.3. Key auxiliary results

Now, let x € R? be arbitrary, and let us consider the map u; 1V — R, for a suitable observ-
able g specified below in theorem 3.1 (C2), defined by

uy(7) = E* [g(X7)]. (2.10)

We wish to establish that u} is a Fréchet differentiable map from (V, ||||,) to (R, ] - |). From
now on, we will consider v € V.

First, we recall a result from [LSO1] which will be crucial for the following steps. Note that
in the result below, we allow for the Wiener process W to be of different dimension than the
diffusion processes £ and 7. The result below is adapted from [LSO1, section 7.6.4].

Remark 2.3. The main purpose of theorem 2.4 is that it allows us to express probabilistic
objects—Ilike expectation values—that involve the perturbed process X7 in terms of proba-
bilistic objects that involve the unperturbed process X°. This will be key to establishing the
differentiability of (2.10) with respect to .

Theorem 2.4. Let X C R", and let § = (&, Fi)ico.r) and 01 = (0, Fi)iepo,r) be X-valued
processes that satisfy

&, = bi(&)dt + o,(£)AW,, & =m0, @2.11)
dn, = bi(n)dt + o(n)dW,, (2.12)

where W = (W, F1)ic(o,1) is a k-dimensional Wiener process, 1 is a Fo-measurable random
variable with P(3"7_, |(m0)i| < 00) = 1, b and b are measurable functions from[0,T] x X to
R", and o is a measurable function from [0, T] x X to R"™¥, such that the following assump-
tions are fulfilled:

(B1) The system of algebraic equations
ai()au(y) = bi(y) = bi(y)

has a solution o, for all (t,y) € [0,T] x X.
(B2) The components of the functionals (b,(-))cjor} (b1(+))icjor) and (o:(+))sepo,r are adapt-
ed to the filtration (F;)ejo,r) and satisfy (A1) and (A2), so that both (2.11) and (2.12) have

unique strong solutions & and n respectively.
(B3) It holds that

T
P < / (b;—(atat—r ) by + b (0,0, )+b,) (€)dr < oo> =1,
0
where (0,0, )" denotes the pseudoinverse of the n x n matrix 0,0, .

Then, the law p¢ of & is absolutely continuous with respect to the law ji, of 1, and

due
dpy,

=ex t~— oy, A—E t~_ o) B g
= P(/O (be = bs) (w0 )" (m)dn 2/o(bs R bg(n)d(zm

Remark 2.5. Following the steps of lemma A.4 one can prove that (B3) can be derived
from (B2) and (A3). Further, since in our case b,(X) = b(t, X;), it follows that (b;),c[o.7] is im-
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mediately adapted to (F) re[o,7]> and thus assumption 2.1 implies (B2); the same applies for
b, := b, + ~, and 0. Finally, as we assume o (1, x) to be invertible for all (7, x), (B1) is satisfied
as well.

From Girsanov’s formula (2.13) and its specification (2.16) to our case below, it is known
that the term inside the exponelntial is described by a continuous semimartingale

M (X°) = / v (oo ") (s X7)dX], (2.14)
0
and the associated quadratic variation process

(M), (X°) ::/ |a’1’y(s,X?)|2ds. (2.15)
0

For an easier readability of the proof of our main result below, we first state two technical lem-
mas. We defer the proofs to the appendix A.2.

Lemma 2.6. The exponential martingale (Z; (X°))cj0,7 described by

Z7 (0 = ¥ (x0) — exp (M? (x°) - 1<M7>f(X°))

du | 2 2
t 1 t
= exp (/ 7 (oo ™) (s, X0)dx? — 5/ |017(S,X?)|2ds> (2.16)
0 0

is square integrable with respect to P*.

Remark 2.7. Note that we choose (2.1) to correspond to (2.12) and (2.7) to correspond to
(2.11), so that y, uo'x, and ¢7* in (2.16) correspond to b — b, fi,, and pi¢ in (2.13), respectively.

The following result will allow us to bound the series expansion of Z; from above and pass
to the limit v — O for the differentiability result.

Lemma 2.8. Under assumption 2.1 with the definitions (2.14) and (2.15) above, the follow-
ing estimate holds:

n!
n=2

[e o] n 2
B0 [(Z 5 (14 3000) ) ] <20(exp (A Vilh ) = 1= 206Vl lli=)’

forO0 <t <T.

3. Fréchet differentiability of expected path functionals

In order to prove the Fréchet differentiability of the nonlinear function uy(y) = E* [g (X7)]
with respect to v at v = 0 we propose a derivative (3.1) and show the required convergence.
We do so by first shifting all the y-dependence to a new stochastic process Z” by theorem 2.4
(see also remark 2.3) and then employing lemmas 2.6 and 2.8 to pass to the limit.

Theorem 3.1. Ler x € RY. Suppose that assumption 2.1 above and following hold true:
(C1) b:[0,T] x R = RY and o : [0,T] x RY — GL(R, d) are elements of C.
(C2) g:Q — Rsatisfies g € L*(u®) N L' (u), for all y € V = C N L ().

Then the Fréchet derivative of uy : V — R at v = 0 exists, and is given by
4238
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T
Doty ()= B |o(x%) [ 7 (00T) s x| = B ).

Remark 3.2 (Admissible observables). Before proceeding to the proof, let us examine
which observables g satisfy condition (C2) above.

(i) If v € V, then ~ is almost surely bounded on [0, 7] X R4 and continuous, hence bounded
everywhere. Therefore, by reversing the roles of b and b in theorem 2.4, we obtain that
u% and p7~ are in fact mutually locally equivalent. Thus, since both x%* and ;" are
probability (in particular, finite) measures, g € L (%) satisfies (C2).

(ii) In Sections 4 and 5, we shall focus on observables of the kind g = g o m,;, where
g:RY = Rand 7 : Q — R is given by 7,(X) = X,, the coordinate projection for some
0 < t < T. For such observables, we have

g1y = [ 80m 002 = [ 507 d (wF10) 0, (2

where 71',# denotes the push-forward by m;, i.e. 71',# p** = % o' The push-
forward of the path-measure p’~* is the distribution of the process X° at time ¢, i.e.
7 10 (dy) = k,(x, y,0)dy, where the transition kernel k, is introduced in (4.1) below.
Similarly as in case (i), g satisfies the condition (C2) for any g € L>°(R¢, A), with A being
the Lebesgue measure.

Proof of theorem 3.1. By remark 2.5, applying theorem 2.4 yields the formula (2.16) for
the Radon-Nikodym derivative of ;7 with respect to u®*. Given the definition (2.10) of the
map uy, it follows that

e (y) — 1z (0) = E* [g (X°) (27 (X°) = 1)] = E™[(Z} — 1)g].
where in the last equality we used the notation E>* to denote the expectation of functionals
of X°, or equivalently the expectation with respect to u**. The square integrability of Z; with
respect to u** follows from lemma 2.6.

We now show that EO[[Z} — 1 — M¥|2} converges to zero as ||y||;. converges to zero.

Using the definition of Z7, the series expansion of the exponential, the triangle inequality, and
the inequality (a + b)? < 2(a® + b*), we have

2
) 1 =1 1 "
27 —1=M7|" < §<M7>2T +2 Z ] (M;Y - 2<M7>T) ] (3.3)

n=2

uniformly in w € ). By lemma 2.8, we have the following estimate

|
n:
n=2

o0 n 2
B [(Z o (b1 300 ) ) ] <20(expA VT i) — 1 - 2V T )

> 1
=20) ) 7 VT Il - (3.4

=4 jk>2
jHk=2¢

Together with (A.6), an estimate for (M”)2, we obtain
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w271 ]

1 2 - 1 Eoe—2
; <OV = 4263 3 2 (20VT) IS 3)
H’V”LOO (=4 »/1%_2[ J

where the right-hand side is 0(||*y||ioo), and hence decreases to zero as ||7y||, - decreases to
zero. Note that the parameter \,/T determines the convergence rate.
To complete the proof, we observe that
g () — ug(0) — E™ [gM]] = E™[(Z} — 1 — M7) g]

together with the Cauchy—Schwarz inequality implies

1/2

X X 0.x 0,x Y 1 _ Ay 2

5(r) — (0~ o) _ L, o] e (B 123 21 P

Il 1=
(3.6)
Finally, (3.5) gives
Eo,x |Z’Y — 1= MV‘2:|

- S 0 (3.7

>

lim 5
17ll00 =0 71l o0

which shows that the Fréchet derivative of i at zero exists and is given by E* [gM7].
Given the definition (2.9) of || - ||v, it follows that if v € V, then |||~ < ||v|lv. Thus, by
(3.4), we have

E™ ||Z7 — 1 - M} [

)

im 5

Ivllv—0 11y

as desired. O
Remark 3.3 (Continuity of the differential). Instead of calling the above ‘differentia-
tion in B at 3 = 0’ we could also call it ‘differentiation in 3 at 3 = b’ and denote X° by X*

instead. We chose 0 here for simplicity and the interpretation of being unperturbed. The dif-
ferent notation would lead to the following representation of the derivative:

DM%ﬂW”WF“”AVWwﬁl@WMWE“mm.

It also poses the question whether we have continuity in » and thus continuous differentiability
everywhere. This is indeed the case as the following proposition shows.

Proposition 3.4. Let us assume that gM” belongs to L*(ub*) and that the assumptions of
theorem 3.1 hold for X° replaced by X". Then the map

b I—>Dﬁlé‘5:b(') (38)

is continuous in b.
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Sketch of proof. Under the stated hypotheses, one way to show continuous differentiability
everywhere is to use the same strategy as for the proof of theorem 3.1. By (3.8),

Duy| ,_, () = D], ()
T dub—}—b',x
e) [T (o) et (1 - (x")
0 d/.Lb’X
T

_E [g<x”) [T eany a1 2 (X”))] = B o1 - 2]

:]Ex

Therefore,

(i) if gM" belongs to L?(u>¥), and

, 2

(i) if im0 EY U 1-22 (xb)‘ } =0,
then continuity of the derivative for fixed ~ will follow. Note that assumptions (C1) and (C2)
in theorem 3.1 readily imply (i).

To show that (ii) is satisfied, we modify the steps in the proof of theorem 3.1, by using (3.3)

with (A.8) and (A.6) to bound |1 — Z% 2. Uniformity of the estimates in |||y imply the claim.

O

Remark 3.5 (Time-f-observables). For a fixed but otherwise arbitrary 0 < ¢ < 7, let us
examine the structure of the derivative (3.1) for the observables g o 7, discussed in remark
3.2 (ii).

As 7, is F;-measurable, g = g o 7 is also F;-measurable, and as in the proof of theorem
3.1 we have

(7)) =E' [g (X")] = / gdpt = / g
Q JQ

(2.13),(2.16) .
= /Q 827 du®™|

= / 87 du™
Q

=E[¢(x°)Z" (X°)] =E* [z (X°) Z) (x°)].

where we used in the third and fifth equalities that [ gdp = [ gdu|z, for F;-measurable g.
This leads to

Ditg| 5o (7) =B {9 (x7) /0 7 (00 )7 (s, X0)dX] | = E[(g o m)M]].

Note the difference in the equation above with respect to (3.1): the observable g now does
not depend on the entire path X°, only on its value at time #, and the It integral goes up to ¢
instead of up to 7.

The preceding results extend to the case where we augment the SDE (2.1) with normal
reflecting boundary conditions for some smooth, bounded domain X. In this case, the reflect-
ing boundary conditions are encoded by the local time process associated to the bound-
ary; see, e.g. [RY99, chapter IX, section 2, exercise 2.14] for a one-dimensional example,
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or [Pill4, theorem 2.4.1] for the general case. Recall that Girsanov’s formula describes the
Radon-Nikodym derivative of two mutually equivalent probability measures P and PP. Since
the boundary conditions are invariant under changes between mutually equivalent probability
measures, the preceding analysis carries over to the case of diffusions with reflection.

4. Fréchet differentiability of transfer operators

We will utilize in this section our results from above to show the differentiability of the
Perron—Frobenius operator and the Koopman operator with respect to the drift.

We shall consider a compact subset X C R? with C'*9 boundary for some § > 0. In addi-
tion to assumption 2.1, let ¢ € C2T%([0, T] x X;R¥*9) and b,y € C'*t2([0,T] x X;R?) for
some « > 0. Let us consider the processes X° and X, governed by (2.1) and (2.7) on X with
reflecting boundary conditions [Pil14], respectively. For the rest of this section, let us fix some
t€(0,7].

Recall from remark 3.2 that X;, the process X7 at time #, has the distribution
= 71',# w7, where 77,# is the push-forward operator associated with the coordinate pro-
jection (‘time-t-evaluation functional’) 7;. Under the given assumptions, the distribution is
absolutely continuous with respect to the Lebesgue measure A on X with density' k,, i.e.

" (dy) = p " (dy) =t ki (x,y,7) dy,

4.1
k:(tx,y.7) —k(xy,v), [0,T] x XxXx V=R @D

The function £ is called the transition kernel. Consider the following lemma, which is proven
in appendix B.

Lemma 4.1. For any sufficiently small € > 0 there exists a constant K < oo such that for
every «y that satisfies ||y||v < €, and for every x,y € X,

kt(-xs y9 '7) < E (42)

In particular, k(-,-,y) € L*(A® A), and f € [*(A) = f € L*(p]"").

The Perron—Frobenius operator P, () and Koopman operator U (-y) can be expressed using
the transition kernel according to

P () = /X k(e 1) f(@)dx and U(y)g(x) = /X k(.. 7)g(y) dy
(4.3)

for an initial density f € L?(A) and an observable g € L?(A) at initial time t = 0. By (2.10),
the Koopman operator has the useful representation

Ui(7)g(x) =E[g(X)) | Xy = x] = ug(7),

where we abuse the notation () to denote u,, (v) if g € L*(A). Using theorem 3.1, this
implies ‘point-wise’ differentiablility of ~ +— U;(v)g(x) for fixed x and g. In the following
we will lift this property to the operator level. Using the transition kernel, duality arguments,
and uniformity of certain bounds in x € X, we will be able to extend our result to the Perron—
Frobenius operator and Koopman operator, where the differentiable dependence is with

respect to the operator norm. To this end, we will first dispose of g in lemma 4.2, then get rid

! This follows from adapting the arguments of [KS12, problem 4.25, section 5.7.B, in particular equation (5.7.26)]
for a bounded domain and from the proof of lemma 4.1 in appendix B.
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of x in lemma 4.4, and bring all this together in theorem 4.5. Below, we write X* to denote the
topological dual of a given vector space X.

Lemma 4.2. The operator vy — U;(Y)(-)(x), considered as a mapping from V to L*(A\)*, is
Fréchet differentiable with respect to .

Proof. In order to lift our point-wise result theorem 3.1 to the operator level, we use some
quantitative bounds derived in the proof of that theorem. By lemma 4.1, if g € L?(A) then

g € L* (1)) holds, and we have

Dguy| 5o (v) = E* [(g 0 m)M]] (4.4)

for the derivative of u, with respect to 3 at 3 = 0. The equations (3.6) and (3.7) imply the
existence of the residual

re(7) = ug(y) —u3(0) — Dgury| ;o () (4.5)

with the property

e ()]
1im =
Ivllo—0 ¥l

>

where ) = V or { = L> (u%*). Now, by substituting equation (3.6) and (3.2) in (4.5), and
by applying (4.2) and (3.5), it follows that there exists a constant C independent of x, g and ~,
and a positive function ¢(vy) independent of x and g such that

—1/2
Irg (NI < ClIgll2u0a(v) < CK |8l aya(7), (4.6)

where % vanishes for ||y — 0. Thus, if we consider () and its derivative (4.4) as lin-

ear functionals on g € L*(A), i.e.
u(y(7) & = U(7)(8)(x) = (8. k(x, 7))z ()
Dauiy| 5_o(7) : & = E* [(g o m)M]]

then dividing (4.5) by ||g||z2 (), taking the supremum over all g # 0, and using (4.6), we obtain

* () — ., (0) — Dgut | p—
H”(o(V) i (0) = Dgutyp=0(7) rw: _ g2 40) 4.7)

0< .
o

7llo

Using that Il‘q,gﬁll — 0as ||v|l¢ — 0 proves the claim. O

Remark 4.3. By equations (3.3) and (3.4) we can explicitly use

40 = 50V Il +20 37 3 5 @AVl

=4 jk22
jHk=¢

Further, we get for the derivative
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Dgu |B o) =E>[M]].

By using that the bounds (4.6) and (4.7) are uniform with respect to x, we remove the
x-dependence of the previous lemma in the following result.

Lemma 4.4. The kernel k, or more specifically, the mapping v v+ k,(-,-,7) from V to
L*(A ® M) is Fréchet differentiable with respect to .

Proof. Considering lemma 4.2, we still need to get rid of the evaluation in x. Fortunately, all
relevant bounds are uniform in x. First, we use the Riesz isomorphism R to identify L*(A)*
with L2(A), which leads to

R(Z/lt(’y)(') ('x)) = R(I/l)(() (’)/)) = kl('x7 y FY)’
and further guarantees the existence of the following operator in -,

Diki(x,, B)|s=0(7) 1= R(Dpue(,)| 5_o(7))-

Note that the operator is a bounded linear operator. Since R is a linear isomorphism, lemma
4.2 and in particular (4.7) provide

—1/2

Hkt(x"")/) —k,(x,~,0) D/Bkt IR ‘B 0 )HLZ(A) < CK |q(7)|

Finally, differentiability of v + k(-,-,7), V — L*(A ® A) is proven by observing that

Hkt(’,',’Y)*kt("', 0) — Dgki(-, -, |B —o\7 )||L2(A®A)

1/2
= (/ ||kt(x’ " ’Y) - kl‘(xv ’0) - Dﬁkt(x’ ) ﬂ)|ﬁ:0(7)||i2(A) dx)

<AX)2 R (g(y)

and noting that luqéﬁ)ol — Oas|[y[lo — 0. -

We recall that the Perron—Frobenius operator and the kernel are related by
Pi(v)f(y) = [x ki(x,y,7) f(x) dx. The differentiability of P,(7y) is now a simple consequence
of lemma 4.4. Given two vector spaces U and U,, we write L(U;, U,) to denote the space of
bounded linear operators from U, to U,.

Theorem 4.5. The Perron—Frobenius operator P, : V. — L(L*(A), L*(A)) that maps v € V
to P(y) is Fréchet differentiable with respect to .

Proof. Obviously, the mapping (-, -,7y) — P;()is linear. If this mapping is bounded, then
it is arbitrarily often continuously differentiable. We consider P;(v) € L(L*(A), L*(A)) with
the induced norm. By the Cauchy—Schwarz inequality we obtain
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1 —1
sup P, 20A) = Sup /k X, -, x) dx
sup s [P0 ey = sup Uty | | oo 0700

12(A)

2 3
. —1
_?;EWHL%A) (/X‘/sz(x,y,v)f(x)dx dy)

1

2

< sup |Ifl ¢ (/k 2 : d)
v HfHLz(A) x“ (Y ’Y)HLZ(A)”fHLZ(A) Y

1

2
- ( [/ |k,<x,y,v>|2dydx) = kGl aen)
X JX

and conclude

1PNz < k(s lzasa)-

Now, lemma 4.4 and the chain rule for vy — k,(-,-,7) — P,(~) implies Fréchet differentiabil-
ity of P,(7y) with respect to 7. O

Remark 4.6. We could prove the differentiability of the Koopman operator U, (+) analo-
gously to theorem 4.5. Alternatively, we can use the reasoning from lemma A.1 and remark
A.2 to deduce the differentiability of the Koopman operator with respect to .

5. Differentiability of isolated eigenvalues

With a classical result stated in e.g. [Klo17, p 2] and originally derived in [Ros55] using the
implicit function theorem, we can state the following result on smooth drift dependence of
the eigenvalues and eigenvectors of the transfer operators. Note that all non-zero eigenvalues
are automatically isolated, as the transfer operator is compact; see [FK17, lemma 30] and the
remark following the proof (note that this result assumes stronger regularity conditions on the
data). Recall that the space V from section 2 equipped with the norm ||-||,, defined in (2.9) is a
Banach space; see lemma 5 in the appendix.

Theorem 5.1.  Let us assume that \° is a simple and isolated eigenvalue with eigenvector f°
of the unperturbed linear and bounded operator P;(0) that belongs to L(L*(A), L*(A)). Then,
there exists a neighborhood U C 'V of the constant function 0 such that for all v € U the op-
erators P,(7y) have an isolated eigenvalue X close to \°. Further; the mappings v — A7 and
v — f7 that send the function +y to its corresponding eigenvalue and eigenvector respectively
are continously Fréchet differentiable. In the case of the eigenvector, which is only unique up
to scaling, the scaling can be chosen such that the given map is differentiable.

As with theorem 4.5, one can show the analogous result for the Koopman operator.
Proof. By the Fréchet differentiability of v — P;(-y) from theorem 4.5 we have
Pi(v) =Pi(0) + (7). () =0 vlv)-

Now, we can consider P,(+) as an additive perturbation of P,(0) in operator space L. Using the
idea of [Ros55], nicely stated in [Klo17, p 1], we can deduce the existence of U C L, a neigh-
borhood of P;(0), and mappings m; : P;(y) = AV and my : P(y) — f7 such that m; and
my are analytic on U. The proof in [Klo17] utilizes the implicit function theorem to conclude
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this. By theorem 4.5, ¢ : v — P;(7y) is a continuously differentiable mapping. Thus, there ex-
ists a neighborhood U C V of 0 such that the mappings n; =m;of : U — R,y +— A7 and
ny=myol : U— L*(A), v~ f7 are continuously Fréchet differentiable. O

Remark 5.2 (Changing reference measures). For non-stationary dynamics it is natural
to consider P, : L”(ug) — L” (1), see [Frol3, Denl7], where p is some given initial dis-
tribution and f, is the push-forward of sy by the dynamics®. The ~-dependence of u, = u,
however, poses the problem that it is not trivial to compare the different P;(~) f € L? (") with
one another. Thus, the natural approach here is to work on the ‘common space’ L”(A). Results
that consider the case where the perturbed operators map to different spaces [Kol06, ZP07,
MNP13] are more involved, and beyond the scope of the present paper.

Finally, let us discuss two applications that illustrate the significance of the preceding
results in the context of dynamical systems.

5.1 Singular values and functions

As both P,(y) and U () are differentiable with respect to v by theorem 4.5, it follows that
their concatenations P;(y)U; () and U (y)P:(vy) are also differentiable with respect to ~.
However, since P,(y) and U,(vy) are adjoints (see (4.3) or [LM94]), we have the differentia-
bility of P;(7)*P,(v) and P,(7)P,(7)*, thus of the singular values, and thus of the right and
left singular vectors of P;(~y) and U (7). These are of particular interest for non-autonomous
systems, as studies by Froyland er al [FSM10, Fro13] have shown that they can be connected
to finite-time persistent dynamical structures called coherent sets. It should be noted that these
studies consider the operator P, with respect to changing reference measures, as discussed
above in remark 5.2. Nevertheless, our results apply to the large class of systems with diver-
gence-free velocity fields (modeling incompressible flows) and with diffusion coefficients
independent of the spatial variable x. For such systems the Lebesgue measure is an invariant
reference measure.

5.2. Periodically forced systems

For periodically forced non-autonomous systems, ie. where b(t+T,-) = b(t,-),
vt +T,-)=~(t-),ando(t+ T, ) = o(t,-) forsome T > 0, theorem 5.1 shows smooth drift-
dependence of the long-term behavior, e.g. of ergodic averages of the type

t
g7(x) := lim ! g(rmod T,X))dr, X] =x,
t—oo 0
where g : [0,T) x X — R. To see this, let P, ,, () denote the Perron—Frobenius operator for
the SDE (2.7) running from time 7 to 11, and let { " },c(o.7) be the stationary family of densi-
ties, i.e. Py (V) f = f oa - In particular, P,y 7(vy)f = £, and the eigenfunctions are dif-
ferentiable with respect to ~y. As the process X7 is clearly irreducible due to non-degenerate
noise, the dominant eigenvalue 1 of Py y7(7) is simple. By Birkhoff’s individual ergodic
theorem

2 The reason for this is that the transfer operator is a well-defined contraction between these spaces for any
1 < p < oo, even for purely deterministic dynamics; see [Denl7, theorem 5, p 21].
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g'(x) = % /O /X g(m.y) f1 (y)dydr

P*-almost surely for A-a.e. x, and is continuously differentiable in ~.
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Appendix A

A.1. Additional material

Lemma A.1. Let U,V,W and Z be real or complex Banach spaces with their respective
norms. Consider a family of operators (A(z)).cz C L(U, V), a linear and bounded operator
Jj 1 L(U,V) — W and the mapped family (j(A(z))).cz Now, if z — A(z) is Fréchet differenti-
able then 7z — j(A(z)) =: B(z) is Fréchet as well, and it holds for the derivative

DzB‘z:zo =jo (DzAlz:zo) .

Remark A.2. More important than the simple and short proof given below are some special
cases we are interested in. For W = L(V*, U*) and the linear isometry j : A — A* the above
lemma implies the differentiability of the adjoint family (A*(z)),ecz. If in this special case
U, V are also reflexive spaces, then the reverse direction of the lemma holds as well.

Proof. The claims simply follow from the chain rule for Fréchet derivatives and the rule for
differentiating linear operators. O

The next result considers existence and uniqueness of strong solutions. It is adapted from
[LSO1, section 4.4.2, corollary].

Theorem A.3. Consider the stochastic differential equation
dXt = b(t’Xt)dt+O.(t’Xt)th7 XO = n’ (Al)

where the functions b : [0,T] x R? = R?, ¢ :[0,T] x R? — R¥*? satisfy the assumptions
(Al)(2.2) and (A2) (2.3). If P(3__, |mi| < 00) = 1, then (A.1) has a unique strong solution.

Lemma A.4. The assumptions (Al), (A2) and (A3) imply the property (A4).

Proof. Observe that, for arbitrary (s,y) € [0, T] x R?,
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(Io;l(bs + %)|2 + |a;1bs|2) () < A2 by + %7 () + A2 b (3)

<322 (p(s.9) + [(s0))
<OAZLA (1 + [y])?
<11+ yP),

where the first inequality follows from (2.4), the second and fourth inequalities from the in-

equality (a + b)* < 2(a* + b?), and the third inequality from (2.3). Therefore, in order to
show that (2.5) holds, it suffices to show that

T
P (/ X0 ds < oo) —1. (A.2)
0

By [Nar82, corollary after theorem 2.2, p 199], if b and o are globally Lipschitz, if there
exists some continuous function « : [0, 00] — [0,00) and a monotone, increasing, concave
B :]0,00] — [0, 00) such that

> 1
/O = (A3)

and if

27 b(t,y) + o ()] < a@B(P),  V(5y) € [0,T] x R, (A4

then the explosion time of X° is infinite, P*-almost surely (see the discussion after [Nar82,
equation (1.4)] for the definition of the explosion time). If the explosion time of X0 is infinite
P*-almost surely, then

P* (|X7] < 00,Vs €[0,T]) = 1. (A5)

Of course, if X? takes values in a bounded set, then (A.5) holds immediately. Since X° (and
thus |X0 ’) has continuous paths P*-almost surely, it follows that (A.5) implies (A.2), by the
extreme value theorem. Now it remains to show that (A.4) and (A.3) are satisfied, given that b
and o are globally Lipschitz functions on their domains. Using the Cauchy—Schwarz inequal-
ity, Young’s inequality, and (2.3), it follows that

2 2 2 2
Yb(t,y) < |yI” + b(Ly)” < I+ L1+ y])* < /(1 + ),
2 2
oyl < CL+)? <+,
for some appropriately chosen C’ > 0. By combining the preceding inequalities, we can
conclude that, for globally Lipschitz b and o, (A.4) is satisfied for a(t) := 2C’, and for

B(u) := 14 uforu € [0, 00). Note that « is continuous, and that /3 is affine, and hence mono-
tone, increasing, and concave; in addition, J satisfies (A.3). O

Lemma A.5. The tuple (V,|| - ||v) forms a Banach space, i.e. V := C N L>(u®¥) is closed
with respect to || - ||y.

Proof. We verify that||-||,, indeed defines anorm on V := C N L>(1%¥). Note that the linear
growth condition (2.3) is a weaker condition than the boundedness condition (2.8), and that
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Lipschitz continuity combines with (2.8) to ensure that any f € C N L>(u®¥) is everywhere
bounded. Thus, by the Lipschitz continuity and boundedness conditions, we have ||f||,, = 0
if and only if f is constant and equal to zero. Using the definition of V and its norm, we ob-
serve that if f,g € V then ||f + g, < |Iflly + llgll, and also that [|af]|, = |&| |If]], for all
a € R. Observe also that V consists of all functions whose ||-||,,-norm is finite. To show that
V is closed under||-||,, let (f,)nen C V converge in V to some function f : [0, 7] x RY — R,
Since f, € V and since (||f, — f||,/)nen by definition converges to zero, we have

IFlly < W =Flly + sl foralln e N.

Both quantities on the right-hand side are finite for any n € N, so f € V and hence f is Lip-
schitz continuous. Since L°°(1%*) contains discontinuous functions, it follows that V is a
normed vector space and a proper subset of L (u¥). The completeness can be proven using
adaptations of the arguments above. O

A.2. Proofs of lemmas 2.6 and 2.8

Recall that we use (M) to denote the quadratic variation process of a continuous local martin-
gale M, as in (2.15). The following result is given in [Kaz94, section 1.2, theorem 1.5].

Theorem A.6. Let M be a continuous local martingale. Let 1 < p,p’ < oo be conjugate
Holder exponents, i.e. p~' + (p') ™' = L If

1 /
sup {IE [exp (2 \/17\/17_ 1MT)] ' T a bounded stopping time } < 00,

then the exponential martingale (exp(M, — 3(M),)):cjor) is LP-bounded. In particular, it
holds that E [exp(M, — £(M),)"] is finite, for all t € [0, T)

Now we use theorem A.6 to prove lemma 2.6.
Proof of lemma 2.6. Recall that we abbreviate |||« (01 s [|-|| . Given property (2.4),

o™ (5[ < XS Il forall (s,y) € 0,7] x R
holds, and thus by the definition of (M7}, (X°) we get

()" < (Rl 1) < (ovilll=)” forallr>1, (A6)

uniformly in w € €2, Then, (A.6) implies
E> [exp (a(M"),)] < exp (a)\f,t ||’y|\ioo) , foralla > 0. (A7)
Using Z = exp(M; — 1(M"),), it follows that exp(3M;) = (Z7)"/? exp(1(M?),). Since

7, is the Radon-Nikodym derivative of two probability measures, it holds that E**[Z)] = 1.
Using this fact and the Cauchy—Schwarz inequality, we obtain

5 o ()] < o (S 0]

Now, let1 < p’ < oo, replace v with (v/p’/(v/P' — 1))7, use the linearity of the map y — M;,
and use that (M®7), = o®(M"), for every o € R, to obtain that
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It follows by choosing p’ = p = 2, (A.7), and theorem A.6 that Z; (X°) € L2(P*). O

Proof of lemma 2.8. By the binomial theorem, (|M;|+ 1(M"),)" involves summing

IM ™ (M)~ for all 0 < m < £. Using Young’s inequality, we obtain for the Holder conju-
gate pair (p,p’) € (1,00)? that

L—m m 1 L—m 1 mp’

M M <M M

Forl <m < ¢—1,setting p = (£ +m)/({ —m)and p’ = (£ + m)/(2m) yields

l— YA Y
M| My <MY T

By Doob’s inequality [Pes96, equation (2.1)], we have

E%* [ sup |M?|’} < < r 1) E%* [(MU;/Z}, forall r > 1. (A.8)
-

0<I<T

Note that the map r — (r/(r — 1))" decreases as r increases. Therefore, given the preceding
inequalities and (A.6), it follows thatfor ¢ > 2 and1 < m < { — 1,

EO-x [|M;y|€fm <M7>;n} < (C+ I)Eo,x [<M7>l(£+m)/2} < (C+ 1) ()\U\/HWHLOO)Zan (A.9)

where C = (4/3)*. Using the binomial theorem, (A.8) and (A.9), and the fact that C > 1, we
obtain

E** [('Mﬁ |+ ;<M”>f)e] -y (o ) [t o]
m=0
= ]+ 3 (,, ) [ o]+ [y

e[+ X2, )20 [ o] 2

m=1

-1
<OV + X () ) (€ DOVl + o )

m=1

£—1
< COWVI )" <1 +25 () Ouvilller + (Agﬁﬂfw)
m=1

<200V [l ) (14 Ao Vel ) (A.10)

for £ > 2. Observe that if || V]|, < /\U\ﬁil, then (1 4+ A,/ |||, )¢ < 2% and from (A.10)
it follows that

1 0
O [(M? +500),) ] < COVilhl) 2.
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We shall use the equation

o0

'y
n:
n=2

ZZ 'k'y,

=4 jk=2
Jtk=¢

with y = |M]| + $(M"), and y = \/A;v/1 V||~ - By the dominated convergence theorem,

we may interchange summation with expectation:
[eS) 1 1 n\ 2 1 0
B> (Z (71-+ 50r) ) = |55 o (1 50m)
n=2 —4 j1\>2
k=
| ¢
(1214 500, }
—4 k=2
Jtk=¢t

262 > ,k, (2AVi )

(=4 jk=2
Jtk=2

= 20(exp (Ao Vi 7 l) = 1 = 206V 1l ).

i > fEOX

Appendix B. Properties of the transition Kernel

Via the connection between the SDE (2.1) and the Fokker—Planck partial differential equa-
tion (B.1) below, one can investigate properties of the transition kernel both by stochastic
calculus and the theory of partial differential equations (PDEs). This has been done since
the 1950’s in great detail and generality, however, the particular case of kernel (or funda-
mental solutions) estimates for a time-dependent SDE (or parabolic PDE) with reflecting (or
homogeneous Neumann) boundary conditions could not be found by the authors. There exist
regularity results for the kernel for general SDEs [KS12, section 5.7.B] and quantitative upper
and lower bounds for reversible SDEs [FS89] on R, further there are heat kernel (i.e. pure
diffusion without drift) estimates for smooth manifolds with Neumann boundary conditions
[Wan97, theorem 3.8]. It is unclear to the authors to which extent the very general results of
IvasiSen [Iva82a, Iva82b] apply in our case.

Thus, we shall derive properties of the transition kernel associated with the SDE (2.7) on
a bounded domain X with sufficiently smooth boundary and reflecting boundary conditions
from estimates stemming from the theory of parabolic PDE:s. In particular, we will be follow-
ing the steps of Friedman [FriO8] and sharpen some of his estimates.

The general approach is the following. Associated with the SDE (2.1) (and analogously,
with (2.7)) is the Fokker—Planck (or forward Kolmogorov) equation [LM94, section 11]

f 1 o
a2 0x;0x; (( "f Z Ox; (bif) (B.1)
=1

for f = f(x, 1), which describes the density evolution with respect to (2.1). Thus,
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o) = /X Ki(,37) o (6,0) dé

solves (B.1). Reflecting boundary conditions for the SDE translate into homogeneous
Neumann boundary conditions for (B.1), see [Pill4, theorem 3.1.1]. If this initial-boundary
value problem admits the fundamental solution Ty = Ty (x,t;£,7), i.e.

o) = /X Ty (x. €. 0) fo(€) .

where fy = f(-,0)is the initial condition, then uniqueness of the solutions (see [Fri08, theorem
5.3.2] or[Tan97, section 6.12, theorem 6.6] for the L? case) gives I'y (x, £;£,0) = ki(€,x, )|y =0,
and bounding I'y shows lemma 4.1.

When referring to equation (k- £ - m), we mean equation (¢-m) in [FriO8, chapter k].
Further, we will partially adapt Friedman’s notation, thus we write (B.1) (and its analogue
for the ~-perturbed SDE (2.7)) as Lf = 0, where L is a uniformly parabolic (with coerciv-
ity constant ;2 by (2.4)) differential operator with uniformly bounded, Holder continuous
(with some exponent o > 0) coefficients and o being a temporal variable for now. Note that
the assumptions at the beginning of section 4 imply those in [FriO8, sections 1.1 and 5.1]. It is
also important to note that the bound ||-y||y <  implies that the different constants denoted by
‘const.” in the following all depend on €, and are hence uniform in -y. The constants ‘const.’
will always be independent of the spatial and temporal variables x,y,&,t, 0, 7.

To establish the desired bound on the fundamental solution, we will need an analogue of
[FriO8, lemma 1.4.3], with respect to integration on the boundary 0X.

LemmaB.1. For —co < K1,k < % + 1, h >0, and

hlx — €2
) < const. 1= ) exp | ~AE =50
hlx — €2
lg(x,1;&,7)| < const. (t — 7)™ exp [_ 4|gct —ng) ] ’
one has
t a1 B B
w16 7)a(6 iy, o) dsedr < comst. (7)) B (9L w12
3
o JOoX h 2 )
i hlx — yP?
A 4\d/241/2—Ki—K .
(t—0o) exp [ ik (B.2)

where S¢ denotes the surface measure on OX with respect to &, and B(-,-) denotes the beta
Sfunction.

Proof of lemma B.1. As X is bounded, and 0X is of class C' 19, the set OX can be de-
composed into a finite number of patches such that each can be diffeomorphically mapped by
charts to a bounded subset of R¢~!. Noting that these charts introduce volume distortions that
are uniformly bounded and bounded away from zero, and applying [Fri08, lemma 1.4.3]* with
n=d — 1 yields (B.2), where ‘const.” depends only on 0X. 1

3 This lemma gives the analytically computable exact value of the integral, if one replaces f and g by their respective
bounds, and integrates with respect to £ over R".
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Proof of lemma 4.1. Let I" be a fundamental solution of the general problem Lf = 0, i.e.
T'(-,+;&,7), considered as a function in x, f, satisfies LI" = 0 for every &, 7, and

lim [ D(x, ;6 7)f(€)dé = f(x),

T Jx

see (1.2.8). Note that d denotes the dimension of our spatial domain X. Friedman shows (see
(1.6.12)), that

* _ ]2
D(x,16,7)] < const. [_)\0|x§|]

=y =) (B.3)
where 0 < A\§ < Ag is some constant, and Mg depends only on L, A, (from assumption 2.1),
a and X; see (1.2.2).

In what follows, we will establish a bound of this type for I'y as well. To this end, we will
need a kind of an analogue of [Fri0O8, lemma 1.4.3], with respect to integration on the bound-
ary OX.

Now, let us construct the fundamental solution I'y of the problem with Neumann boundary
conditions. The general form of the problem is stated in [Fri08, 5.3.1-5.3.3], but note that his
functions S(x, 1), f(x, ), g(x, t) are identically zero in our case, such that we arrive at

Lu = 0 inXx(0,7],
u(~0) = foy onX,
% = 0 on 9X x (0,7],

where ~ is the conormal derivative on OX. Proceeding as in [Fri08, theorem 5.3.2], the solu-
tion of th1s problem is given by (see (5.3.5), (5.3.6), and (5.3.8))

u(,1) = /O /a (556 7)pl6,7) dSedr + /X Dlo,r6,0)/0(6) e, (B4

where
o(x1 _2/ /aX ‘Taj ;i ) o(.7) dSedr + 2F (x, 1),
with
F(x,t)A(Wfo(f)di- (B.5)

We start with expressing ¢ explicitly via an infinite series, as in (5.3.10). Setting

Mo =1/( [y [ dSedr), Mi(x,1;€,7) = % and for £ > 1 recursively

t
My (x, 66, 7) = / Mi(x,t;y,0)Me(y, 03§, 7) dSy do, (B.6)
0 JoX

it is shown on [Fri08, section 5.3, p 145] that (B.5) defines a continuous bounded function ¢
that is given by
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0 t
o(x, 1) = 22/ / My(x,t;€,7)F(§, 7) dSe dr. (B.7)
=0 Jox
We will now show that ¢ can be expressed in the kernel form
t
plx, 1) = / / U(x,t;§,7)F(§,7)dSe dr, (B.8)
0 Jox
where
V(e t67) =2 M(x.t:€,7), (B.9)
£=0

and that U satisfies a bound of type (B.3). Following the derivation of (5.2.12) we can show
that for x € X the bound

Ol (x, 1, €, 7)
‘ Ov(x, 1)

k[, |2
const. exp [)\O|x §|} (B.10)

S (t—r)e 4(t—7)

holds for any (1 — 3/2) < g and A§ < Ao, where 8 = min(«, d). Using this bound with
W= w, we obtain from (B.6) with lemma B.1 that

const. [_ Aglx — §|2]

|M2(-x9t;§?7—)| < (t*’l')d/2+1/27ﬁ exp 4(f—T)

and further, by induction,

H’ fle 2
|M(x,1;€,7)| < const. (1 — 7)BI2=d21/2 oo {_)M]

0
INCE)) 4t =)

where Hy, H are some positive constants, and I'(-) denotes the gamma function. This proce-
dure is completely analogous to the steps in [Fri08, section 1.4, p 16] that lead to the bounds
(1.4.14) and (1.4.15). Following Friedman’s exposition, we conclude that the series (B.9) is
absolutely convergent, that (B.8) holds, and in particular, that

const. Ajlx — §|2}

[W(x, 1,56, 7)] < (i—ny@i—np P [ 4(t—7)

(B.11)

We are now ready to assemble the fundamental solution I'y. Substituting (B.8) and (B.5) back
into (B.4), the bounds (B.3), (B.10) and (B.11) guarantee absolute integrability, and thus the
upcoming integrals are interchangeable, giving

u(x, 1) // xth// eriy.o) [ L0520 o 45 do dsedr
X X x Ov(y,o) ’

N / T(x,1;2,0)fo(2) dz

/foz)//axargi’;’,z’ //6X (6,719, 0)T(x.1;€,7) dSedT dS,dodz  (B.12)

=:0(y,ox.z.1)
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—I—/F(x, t,2,0) fo(2) dz. (B.13)
X

Now, the bounds (B.3) and (B.11) with lemma B.1 gives a bound for the innermost integral
(the one with respect to &, 7), i.e.

! const. Aolx =y
A /aX |\I/(€,7',y, U)F(x, t; 6,7')| ngdT < m exp |:7W:| .

With this, (B.10), and lemma B.1 again we obtain for the integral in (B.12) with respect to
y, o that

t const. Ao lx — Z|2
/0/6X|@(y,0,x,z,t)|d5yd0< o exD [_M}

for some p* > 1/2 arbitrary. With this bound and (B.3), writing (B.12) and (B.13) in the form
u(x,t) = [ Tn(x,1,2,0) fo(z) dz, we arrive at the desired bound

const. Ailx — €2
exp {_ olx — ¢ ]’

Iy(x,£,€,0) < a2 1

which implies a uniform bound in x for any fixed ¢ > 0. [

References

[AJKW17] Andersson A, Jentzen A, Kurniawan R and Welti T 2017 On the differentiability of
solutions of stochastic evolution equations with respect to their initial values Nonlinear
Anal. 162 128-61
[AM17] Arbabi H and Mezi¢ I 2018 Study of dynamics in unsteady flows using Koopman mode
decomposition Phys. Rev. Fluids 2 124402
[Ball4] Baladi V 2014 Linear response, or else In Proceedings of the International Congress of
Mathematicians—Seoul 2014 vol III pp 525-45
[Ball8] Baladi V 2018 Dynamical zeta functions and dynamical determinants for hyperbolic
maps: A functional approach Ergebnisse der Mathematik und ihrer Grenzgebiete (3.
Folge / A Series of Modern Surveys in Mathematics vol 48) (Berlin: Springer)
[BKK™17] Bittracher A, Koltai P, Klus S, Banisch R, Dellnitz M and Schiitte C 2018 Transition
manifolds of complex metastable systems J. Nonlinear Sci. 28 471-512
[BLO7] Butterley O and Liverani C 2007 Smooth Anosov flows: correlation spectra and stability
J. Mod. Dyn. 1 301-22
[Bog98] Bogachev V I 1998 Gaussian Measures (Mathematical Surveys and Monographs vol 62)
(Providence, RI: American Mathematical Society)
[BPN14] Bowman G R, Pande V S and Noé F (ed) 2014 An Introduction to Markov State Models and
their Application to Long Timescale Molecular Simulation (Advances in Experimental
Medicine and Biology vol 797) (Berlin: Springer)
[BRS17] Bahsoun W, Ruziboev M and Saussol B 2017 Linear response for random dynamical
systems (arXiv:1710.03706)
[DDJS96] Deuflhard P, Dellnitz M, Junge O and Schiitte C 1996 Computation of essential molecular
dynamics by subdivision techniques I: basic concept Computational Molecular
Dynamics: Challenges, Methods, Ideas (Lecture Notes in Computational Science and
Engineering vol 4) (Berlin: Springer) pp 98-115
[Den17] Denner A 2017 Coherent structures and transfer operators PhD Dissertation Technische
Universitit Miinchen, Miinchen

4255


https://doi.org/10.1016/j.na.2017.03.003
https://doi.org/10.1016/j.na.2017.03.003
https://doi.org/10.1016/j.na.2017.03.003
https://doi.org/10.1103/physrevfluids.2.124402
https://doi.org/10.1103/physrevfluids.2.124402
https://doi.org/10.1007/s00332-017-9415-0
https://doi.org/10.1007/s00332-017-9415-0
https://doi.org/10.1007/s00332-017-9415-0
https://doi.org/10.3934/jmd.2007.1.301
https://doi.org/10.3934/jmd.2007.1.301
https://doi.org/10.3934/jmd.2007.1.301
https://arxiv.org/abs/1710.03706

Nonlinearity 32 (2019) 4232 P Koltai et al

[DFH'09]

[DG14]
[FGP10]
[FGTW16]
[FHRvS15]
[FK17]
[FLL*99]
[FLS10]
[FPETO7]

[FriO8]
[Frol3]

[FS89]
[FS17]
[FSM10]
[GAL15]
[GG19]
[GLO6]

[GMO5]

[HM10]
[Iva82a]
[Iva82b]
[Kaz94]
[KL99]
[Klo17]
[Kol06]
[KS12]

[LM94]
[LSO1]

Dellnitz M, Froyland G, Horenkamp C, Padberg-Gehle K and Gupta A S 2009 Seasonal
variability of the subpolar gyres in the southern ocean: a numerical investigation based
on transfer operators Nonlinear Process. Geophys. 16 655-64

Dieker A B and Gao X 2014 Sensitivity analysis for diffusion processes constrained to an
orthant Ann. Appl. Probab. 24 1918-45

Flandoli F, Gubinelli M and Priola E 2010 Flow of diffeomorphisms for SDEs with
unbounded Holder continuous drift Bull. Sci. Math. 134 405-22

Froyland G, Gonzélez-Tokman C and Watson T M 2016 Optimal mixing enhancement by
local perturbation SIAM Rev. 58 494-513

Froyland G, Horenkamp C, Rossi V and van Sebille E 2015 Studying an Agulhas ring’s
long-term pathway and decay with finite-time coherent sets Chaos 25 083119

Froyland G and Koltai P 2017 Estimating long-term behavior of periodically driven flows
without trajectory integration Nonlinearity 30 1948

Fournie E, Lasry J-M, Lebuchoux J, Lions P-L and Touzi N 1999 Applications of Malliavin
calculus to monte carlo methods in finance Finance Stoch. 3 391-412

Froyland G, Lloyd S and Santitissadeekorn N 2010 Coherent sets for nonautonomous
dynamical systems Phys. D.: Nonlinear Phenom. 239 1527-41

Froyland G, Padberg K, England M H and Treguier A M 2007 Detection of coherent
oceanic structures via transfer operators Phys. Rev. Lett. 98 224503

Friedman A 2008 Partial Differential Equations of Parabolic Type (New York: Dover)

Froyland G 2013 An analytic framework for identifying finite-time coherent sets in time-
dependent dynamical systems Phys. D: Nonlinear Phenom. 250 1-19

Fabes E B and Stroock D W 1989 A New Proof of Moser’s Parabolic Harnack Inequality
Using the old Ideas of Nash (Berlin: Springer) pp 459-70

Froyland G and Santitissadeekorn N 2017 Optimal mixing enhancement SIAM J. Appl.
Math. 77 1444-70

Froyland G, Santitissadeekorn N and Monahan A 2010 Transport in time-dependent
dynamical systems: finite-time coherent sets Chaos 20 043116

Galatolo S 2015 Statistical properties of dynamics Introduction to the functional analytic
approach (arXiv:1510.02615)

Galatolo S and Giulietti P 2019 A linear response for dynamical systems with additive
noise Nonlinearity 32 2269

Gouézel S and Liverani C 2006 Banach spaces adapted to Anosov systems Ergod. Theor.
Dynam. Syst. 26 189-217

Gobet E and Munos R 2005 Sensitivity analysis using Ito—Malliavin calculus and
martingales and application to stochastic optimal control SIAM J. Control Optim.
43 1676-713

Hairer M and Majda A J 2010 A simple framework to justify linear response theory
Nonlinearity 23 909

IvasiSen S D 1982 Green’s matrices of boundary value problems for Petrovskii parabolic
systems of general form. I Sb.: Math. 42 93-144

IvasiSen S D 1982 Green’s matrices of boundary value problems for Petrovskii parabolic
systems of general form. II Sb.: Math. 42 461-98

Kazamaki N 1994 Continuous Exponential Martingales and BMO (Lecture Notes in
Mathematics vol 1579) (Berlin: Springer)

Keller G and Liverani C 1999 Stability of the spectrum for transfer operators Annali della
Scuola Normale Superiore di Pisa-Classe di Scienze 28 141-52

Kloeckner B R 2019 Effective perturbation theory for linear operators Journal of Operator
Theory 81 175-94

Kolesnikov A V 2006 Mosco convergence of Dirichlet forms in infinite dimensions with
changing reference measures J. Funct. Anal. 230 382-418

Karatzas I and Shreve S 2012 Brownian Motion and Stochastic Calculus vol 113 (Berlin:
Springer)

Lasota A and Mackey M C 1994 Chaos, Fractals and Noise 2nd edn (Berlin: Springer)

Liptser R S and Shiryaev A N 2001 Statistics of Random Processes. 1 (Applications of
Mathematics vol 5) expanded edn (New York: Springer) (General theory, translated
from the 1974 Russian original by A B Aries, Stochastic Modelling and Applied
Probability.)

4256


https://doi.org/10.5194/npg-16-655-2009
https://doi.org/10.5194/npg-16-655-2009
https://doi.org/10.5194/npg-16-655-2009
https://doi.org/10.1214/13-AAP967
https://doi.org/10.1214/13-AAP967
https://doi.org/10.1214/13-AAP967
https://doi.org/10.1016/j.bulsci.2010.02.003
https://doi.org/10.1016/j.bulsci.2010.02.003
https://doi.org/10.1016/j.bulsci.2010.02.003
https://doi.org/10.1137/15M1023221
https://doi.org/10.1137/15M1023221
https://doi.org/10.1137/15M1023221
https://doi.org/10.1063/1.4927830
https://doi.org/10.1063/1.4927830
https://doi.org/10.1088/1361-6544/aa6693
https://doi.org/10.1088/1361-6544/aa6693
https://doi.org/10.1007/s007800050068
https://doi.org/10.1007/s007800050068
https://doi.org/10.1007/s007800050068
https://doi.org/10.1016/j.physd.2010.03.009
https://doi.org/10.1016/j.physd.2010.03.009
https://doi.org/10.1016/j.physd.2010.03.009
https://doi.org/10.1103/PhysRevLett.98.224503
https://doi.org/10.1103/PhysRevLett.98.224503
https://doi.org/10.1016/j.physd.2013.01.013
https://doi.org/10.1016/j.physd.2013.01.013
https://doi.org/10.1016/j.physd.2013.01.013
https://doi.org/10.1137/16M1091496
https://doi.org/10.1137/16M1091496
https://doi.org/10.1137/16M1091496
https://doi.org/10.1063/1.3502450
https://doi.org/10.1063/1.3502450
https://arxiv.org/abs/1510.02615
https://doi.org/10.1088/1361-6544/ab0c2e
https://doi.org/10.1088/1361-6544/ab0c2e
https://doi.org/10.1017/S0143385705000374
https://doi.org/10.1017/S0143385705000374
https://doi.org/10.1017/S0143385705000374
https://doi.org/10.1137/S0363012902419059
https://doi.org/10.1137/S0363012902419059
https://doi.org/10.1137/S0363012902419059
https://doi.org/10.1088/0951-7715/23/4/008
https://doi.org/10.1088/0951-7715/23/4/008
https://doi.org/10.1070/SM1982v042n01ABEH002248
https://doi.org/10.1070/SM1982v042n01ABEH002248
https://doi.org/10.1070/SM1982v042n01ABEH002248
https://doi.org/10.1070/SM1982v042n04ABEH002386
https://doi.org/10.1070/SM1982v042n04ABEH002386
https://doi.org/10.1070/SM1982v042n04ABEH002386
https://doi.org/10.7900/jot.2017dec22.2179
https://doi.org/10.7900/jot.2017dec22.2179
https://doi.org/10.7900/jot.2017dec22.2179
https://doi.org/10.1016/j.jfa.2005.06.002
https://doi.org/10.1016/j.jfa.2005.06.002
https://doi.org/10.1016/j.jfa.2005.06.002

Nonlinearity 32 (2019) 4232 P Koltai et al

[MM16]

[MMM13]

[MNP13]
[Mon13]
[Nar82]
[PBK18]
[Pes96]
[Pie94]
[Pil14]

[PWS*11]

[Ros55]

[RY99]

[Sed18]
[SFHD99]

[SKMAOS]

[SS13]

[SSA09]
[Tan97]
[Thil2]
[Wal00]

[Wan97]
[ZP07]

Mauroy A and Mezi¢ 1 2016 Global stability analysis using the eigenfunctions of the
Koopman operator /EEE Trans. Autom. Control 61 3356—-69

Mauroy A, Mezi¢ I and Moehlis J 2013 Isostables, isochrons and Koopman spectrum for
the action—angle representation of stable fixed point dynamics Phys. D: Nonlinear
Phenom. 261 19-30

Mugnolo D, Nittka R and Post O 2013 Norm convergence of sectorial operators on varying
Hilbert spaces Operators Matrices T 955-95

Monoyios M 2013 Malliavin calculus method for asymptotic expansion of dual control
problems SIAM J. Financ. Math. 4 884-915

Narita K 1982 No explosion criteria for stochastic differential equations J. Math. Soc.
Japan 34 191-203

Proctor J L, Brunton S L and Kutz J N 2018 Generalizing Koopman theory to allow for
inputs and control SIAM J. Appl. Dyn. Syst. 17 909-30

Peskir G 1996 On the exponential Orlicz norms of stopped Brownian motion Stud. Math.
117 253-73

Pierrehumbert R T 1994 Tracer microstructure in the large-eddy dominated regime Chaos,
Solitons Fractals 4 1091-110

Pilipenko A 2014 An Introduction to Stochastic Differential Equations with Reflection vol
1 (Potsdam: Universititsverlag)

Prinz J, Wu H, Sarich M, Keller B, Senne M, Held M, Chodera J, Schiitte C and Noé F
2011 Markov models of molecular kinetics: Generation and validation J. Chem. Phys.
134 174105

Rosenbloom P 1955 Perturbation of linear operators in Banach spaces Arch. Math.
6 89-101

Revuz D and Yor M 1999 Continuous Martingales and Brownian Motion (Grundlehren
der Mathematischen Wissenschaften (Fundamental Principles of Mathematical
Sciences) vol 293) 3rd edition (Berlin: Springer)

Sedro J 2018 A regularity result for fixed points, with applications to linear response
Nonlinearity 31 1417

Schiitte C, Fischer A, Huisinga W and Deuflhard P 1999 A direct approach to
conformational dynamics based on hybrid Monte Carlo J. Comput. Phys. 151 146-68

Singh M K, Kang T G, Meijer H E and Anderson P D 2008 The mapping method as
a toolbox to analyze, design and optimize micromixers Microfluidics Nanofluidics
5313-25

Schiitte C and Sarich M 2013 Metastability and Markov State Models in Molecular
Dynamics (Courant Lecture Notes in Mathematics vol 24) (Providence, RI: American
Mathematical Society) p x+128

Singh M K, Speetjens M F and Anderson P D 2009 Eigenmode analysis of scalar transport
in distributive mixing Phys. Fluids 21 093601

Tanabe H 1997 Functional Analytic Methods for Partial Differential Equations (New
York: Dekker)

Thiffeault J-L 2012 Using multiscale norms to quantify mixing and transport Nonlinearity
25R1

Walters P 2000 An Introduction to Ergodic Theory vol 79 (Berlin: Springer)

Wang J 1997 Global heat kernel estimates Pac. J. Math. 178 377-98

Zhikov V V and Pastukhova S E 2007 On the Trotter—Kato theorem in a variable space
Funct. Anal. Appl. 41 264-70

4257


https://doi.org/10.1109/TAC.2016.2518918
https://doi.org/10.1109/TAC.2016.2518918
https://doi.org/10.1109/TAC.2016.2518918
https://doi.org/10.1016/j.physd.2013.06.004
https://doi.org/10.1016/j.physd.2013.06.004
https://doi.org/10.1016/j.physd.2013.06.004
https://doi.org/10.7153/oam-07-54
https://doi.org/10.7153/oam-07-54
https://doi.org/10.7153/oam-07-54
https://doi.org/10.1137/120892441
https://doi.org/10.1137/120892441
https://doi.org/10.1137/120892441
https://doi.org/10.2969/jmsj/03420191
https://doi.org/10.2969/jmsj/03420191
https://doi.org/10.2969/jmsj/03420191
https://doi.org/10.1137/16M1062296
https://doi.org/10.1137/16M1062296
https://doi.org/10.1137/16M1062296
https://doi.org/10.4064/sm-117-3-253-273
https://doi.org/10.4064/sm-117-3-253-273
https://doi.org/10.4064/sm-117-3-253-273
https://doi.org/10.1016/0960-0779(94)90139-2
https://doi.org/10.1016/0960-0779(94)90139-2
https://doi.org/10.1016/0960-0779(94)90139-2
https://doi.org/10.1063/1.3565032
https://doi.org/10.1063/1.3565032
https://doi.org/10.1007/BF01900211
https://doi.org/10.1007/BF01900211
https://doi.org/10.1007/BF01900211
https://doi.org/10.1088/1361-6544/aaa10b
https://doi.org/10.1088/1361-6544/aaa10b
https://doi.org/10.1006/jcph.1999.6231
https://doi.org/10.1006/jcph.1999.6231
https://doi.org/10.1006/jcph.1999.6231
https://doi.org/10.1007/s10404-007-0251-7
https://doi.org/10.1007/s10404-007-0251-7
https://doi.org/10.1007/s10404-007-0251-7
https://doi.org/10.1090/cln/024
https://doi.org/10.1063/1.3231601
https://doi.org/10.1063/1.3231601
https://doi.org/10.1088/0951-7715/25/1/1
https://doi.org/10.1088/0951-7715/25/1/1
https://doi.org/10.2140/pjm.1997.178.377
https://doi.org/10.2140/pjm.1997.178.377
https://doi.org/10.2140/pjm.1997.178.377
https://doi.org/10.1007/s10688-007-0024-9
https://doi.org/10.1007/s10688-007-0024-9
https://doi.org/10.1007/s10688-007-0024-9

	﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿Fr﻿é﻿chet differentiable drift dependence of Perron﻿–﻿Frobenius and Koopman operators for non-deterministic dynamics﻿﻿﻿
	﻿﻿Abstract
	﻿﻿﻿1. ﻿﻿﻿Introduction
	﻿﻿2. ﻿﻿﻿Prerequisites from stochastic analysis
	﻿﻿2.1. ﻿﻿﻿Stochastic differential equations
	﻿﻿2.2. ﻿﻿﻿Norms for the drift
	﻿﻿2.2.1. ﻿﻿﻿Stochastics notation. 

	﻿﻿2.3. ﻿﻿﻿Key auxiliary results

	﻿﻿3. ﻿﻿﻿Fr﻿é﻿chet differentiability of expected path functionals
	﻿﻿4. ﻿﻿﻿Fr﻿é﻿chet differentiability of transfer operators
	﻿﻿5. ﻿﻿﻿Differentiability of isolated eigenvalues
	﻿﻿5.1. ﻿﻿﻿Singular values and functions
	﻿﻿5.2. ﻿﻿﻿Periodically forced systems

	﻿﻿﻿Acknowledgments
	﻿﻿Appendix A
	﻿﻿A.1. ﻿﻿﻿Additional material
	﻿﻿A.2. ﻿﻿﻿Proofs of lemmas ﻿2.6﻿ and ﻿2.8﻿
	﻿Appendix B. ﻿﻿﻿Properties of the transition Kernel
	﻿﻿﻿References﻿﻿﻿﻿


