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Abstract. We extend the Altmann—Mavlyutov construction of homogeneous deformations
of affine toric varieties to the case of toric pairs (X, 0X), where X is an affine or projective
toric variety and d X is its toric boundary. As an application, we generalise a result due to
Ilten to the case of Fano toric pairs.

1. Introduction

An important trend in modern algebraic geometry is to study pairs consisting of
a variety with a divisor. Recent work by Gross—Hacking—Keel [16] suggests that
Mirror Symmetry, which was originally formulated for Calabi—Yau varieties, is
better understood as a correspondence between log Calabi—Yau pairs, i.e. pairs
(X, B) where X is a variety and B is an effective divisor such that Ky + B is
linearly trivial. Toric pairs—that is, pairs (X, dX) where X is a toric variety with
toric boundary d X—are one of the simplest examples of log Calabi—Yau pairs, and
can be understood to lie at the boundary of the moduli space of log Calabi—Yau
pairs. It is therefore interesting to understand deformations of toric pairs in this
setting.

The aim of this paper is to construct deformations of toric pairs via combinatorial
methods of toric geometry, by generalising the constructions due to Altmann [7,9]
and Mavlyutov [24]. The deformations we construct are homogeneous with respect
to the action of the torus (see Remark 3.7) and unobstructed.

After surveying the work of Mavlyutov [24] on deformations of affine toric
varieties, we extend his construction to deformations of affine toric pairs (Theo-
rem 1.1). More precisely, if X is an affine toric variety without torus factors and
dX is its toric boundary, then from some combinatorial input (which we call 9-
deformation datum) we construct a formal deformation of the closed embedding
dX < X over a power series ring in finitely many variables over C. The con-
struction of the deformation is achieved by constructing an affine toric variety X
and a closed embedding X < X and by deforming the equations of this closed
embedding.
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By applying Proj to this construction, we also construct deformations of pro-
jective toric pairs (Theorem 1.2). Both in the affine and in the projective case, the
deformations we construct lie inside a bigger toric variety X and are explicit in
terms of Cox coordinates of X ; therefore, in specific examples, it is easy to check
if we get smoothings.

Finally, we apply our construction of deformations of projective toric pairs to
a particular case which arises in the study of Mirror Symmetry for Fano varieties
[11]: in this way we are able to reprove and extend an important result of Ilten [20]
about families of Fano varieties coming from a combinatorial procedure on Fano
polytopes called “mutation” (Theorem 1.3).

Now we give a more detailed account of what we do.

1.1. Minkowski decompositions and deformations of affine toric pairs

Let o be a full dimensional strongly convex rational polyhedral cone inside a
lattice N and let X = TVc(o) be the affine toric variety over C associated to
o. Klaus Altmann has extensively studied the deformation theory of X. In [8] he
computes the tangent space T}( to deformations of X. In [10] he describes the
miniversal deformation of X when it is an isolated Gorenstein singularity. In [9]
he notices that Minkowski decompositions of a polyhedron inside o, under some
hypotheses, induce certain deformations of X; for example, the two Minkowski
decompositions of the standard hexagon (Fig. 1) induce two different deformations
of the anticanonical affine cone over the smooth del Pezzo surface of degree 6.
In [7] he constructs deformations of X from Minkowski decompositions of more
general polyhedra inside the cone o.

In [24] Anvar Mavlyutov gives a unified description of all Altmann’s deforma-
tions thanks to the use of Cox coordinates. His construction has the same strategy
as Altmann’s: starting from a Minkowski decomposition of some polyhedron (with
some assumptions) one embeds the considered affine toric variety into a larger
affine toric variety and then deforms the equations of this closed embedding. More
specifically, starting from a Minkowski decomposition of a polyhedron inside the
cone o one can construct a bigger cone & in a bigger lattice N and embed the toric
variety X associated to o inside the toric variety X=T V() associated to &
via binomial equations in the Cox coordinates of X; by deforming these binomial
equations with extra monomials one may produce a deformation of X. The precise
statement is a theorem of Mavlyutov [24] and is rewritten in Sect. 3 together with
a detailed proof. There the Minkowski decomposition is encoded in the notion of
a deformation datum (see Definition 3.1).

C)av-—1s

Fig. 1. The two Minkowski decompositions of the hexagon
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We have noticed that Mavlyutov’s construction can be applied also to deform
the affine toric pair (X, dX), where 0X is the toric boundary of X. More precisely,
we construct a formal deformation of the closed embedding 0X < X over a
power series ring A in finitely many variables over C. By a formal deformation of
0X — X over A we mean a collection made up of a commutative diagram

B, "——— X,

it

Spec A/m,

for each n € N, where m4 is the maximal ideal of A, B, — X, is a closed
embedding, B, and X,, are flat over A/ m’}f’l, and all these diagrams are required
to be compatible in the following way: the Oth diagram is just the embedding
X — X over Spec C, and the base change of the (n+1)th diagram along the closed
embedding induced by A /m'j‘+2 —- A /m’}:rl is isomorphic to the nth diagram.

Our main theorem, which significantly rests on [24], is the following.

Theorem 1.1. Let X be an affine toric variety without torus factors and let 0 X be
its toric boundary. Given a Minkowski decomposition of a polyhedron satisfying
certain conditions, one can construct a formal deformation of the pair (X, 0X)
over a power series ring in finitely many variables over C. (See Theorem 4.1 for
the precise statement.)

Example 4.2 shows how to use this theorem to deform the 3-fold toric cA;
singularity Spec C[x, y, z, u]/(xy — u?) together with its toric boundary.

1.2. Deformations of projective toric pairs

The deformation theory of complete toric varieties is not fully understood yet. When
X is a smooth complete toric variety, Nathan Ilten [19] has computed the tangent
space T}( to deformations of X. But, when X is a singular complete toric variety,
the tangent space T}( and the miniversal deformation of X are unknown in general.

Nonetheless, in the literature there are some constructions of homogeneous
deformations of toric varieties. Ilten and Vollmert [21] construct deformations of
rational 7 -varieties of complexity 1, which are a generalisation of toric varieties [3—
5]. Hochenegger and Ilten [18] construct deformations of a rational complexity-1
T-variety together with a T-line bundle. Mavlyutov [24] uses Minkowski decompo-
sitions of polyhedral complexes in order to construct homogeneous deformations.
Laface and Melo [22] construct deformations of smooth complete toric varieties
by using their Cox rings.

Here, by avoiding the languages of T-varieties and of Cox rings (or more pre-
cisely by sweeping them under the carpet), we propose an explicit construction of
deformations of polarised projective toric varieties together with their toric bound-
aries. These deformations live in an ambient projective toric variety X and are
completely explicit in terms of the Cox coordinates of X.
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Our strategy consists in deforming a projective toric variety X by deforming
its affine cone C with respect to an ample torus-invariant Q-Cartier Q-divisor D
on X. Deforming a polarised projective variety by deforming its affine cone have
already appeared in the literature, e.g. [26,27]; in our toric context we took the idea
from a specific case in [20]. More specifically, if the fan of X is in the lattice N of
rank 7, then the section ring

P Hx, Ox (1kD)))

keN

coincides with C[t¥ N Mp], where 7 is an (n + 1)-dimensional strongly convex
rational polyhedral cone in the lattice No = N @ Zeg such that ¢ is in the inte-
rior of T. We refer the reader to Sect. 2.2 for more details about the relationship
between the pair (X, D) and the cone 7. Starting from a Minkowski decomposi-
tion of a polyhedron inside 7 and by applying Mavlyutov’s construction ([24] and
Theorem 3.5), we can deform C = Spec C[t" N Mp], which is the affine cone
over X; by applying Proj we construct a deformation of X = ProjC[t¥ N My].
Theorem 5.1 expresses this deformation via explicit equations in Cox coordinates
of a projective variety X.

If, in addition, the divisor D is a Z-divisor, then we are able to deform also the
toric boundary of X. This is the content of the following theorem.

Theorem 1.2. Let X be a projective toric variety with toric boundary d X. Given an
ample torus-invariant Q-Cartier Z-divisor on X and a Minkowski decomposition
of a polyhedron satisfying certain conditions, one can construct a deformation of
the pair (X, 0X) over a power series ring in finitely many variables over C. (See
Theorem 6.1 for the precise statement.)

1.3. Mutations and deformations of Fano toric pairs

A Fano polytope in a lattice N is a full dimensional polytope P C Np such that the
origin 0 € N lies in the strict interior of P and every vertex of P is a primitive lattice
point. The spanning fan (also called the face fan) of a Fano polytope P C Np, i.e.
the fan in Ng whose cones are the cones over the faces of P, determines a toric
variety X p which is Fano, i.e. its anticanonical divisor is Q-Cartier and ample. This
establishes a bijective correspondence between Fano Ty -toric varieties and Fano
polytopes in N.

Starting from a primitive vector w € M and a polytope F € w' C N
satisfying certain conditions (see Definition 7.1) with respect to the Fano polytope
P C Ng, itis possible to construct another Fano polytope P’ := mut,, r(P) € Nr
(see Definition 7.2). This procedure is called mutation [2] and its motivation lies in
the study of Mirror Symmetry for Fano varieties [1,11].

It was observed by Nathan Ilten [20] that if two Fano polytopes P and P’ in Ng
are related by a mutation then the corresponding Fano varieties X p and X p/ are
two closed fibres of a flat family over P!. Ilten’s construction relies on the theory
of deformations of T-varieties developed in [21].



Homogeneous deformations of toric pairs

Here we apply our Theorem 1.2 (i.e. Theorem 6.1) to this case because the toric
boundary d X p is an ample Q-Cartier Z-divisor on X p and the combinatorial con-
ditions in the definition of mutation allows us to construct a d9-deformation datum.
We will show that X p and X ps are two fibres of the flat family of divisors defined
by a trinomial in the Cox coordinates of a projective toric variety of dimension
dim X p + 1. In addition to what was done by Ilten, we can show that also the toric
boundary 0 X p deforms to 0 X pr.

Theorem 1.3. Let P and P’ be two Fano polytopes related by a mutation. Let X p
(resp. X pr) be the Fano toric variety associated to the spanning fan of P (resp.
P’) and let 3X p (resp. dX pr) be the toric boundary of X p (resp. X pr). Then there
exists a commutative diagram

Bt——s X

A\

1%

such that V is an open subscheme of P%, the morphism B — X is a closed
embedding, the morphisms B — V and X — V are projective and flat, and there
are two closed points in 'V for which the base change of the diagram to them are
the closed embeddings 0Xp — Xp and 0X pr — X pr over Spec C, respectively.

Very roughly speaking, Ilten’s result says that mutations of Fano polytopes
create a 1-dimensional skeleton in the moduli space of Fano varieties. Our theorem
extends this interpretation to moduli of log Calabi—Yau pairs (X, B) where X is
Fano.

The precise constructions of V, 3 and X in Theorem 1.3 are given in The-
orem 7.3. We refer the reader to Example 7.4 for an application of this result to
construct the degeneration of P? to the weighted projective plane P(1, 1, 4).

1.4. Outline of the article

In Sect. 2 we discuss Cox coordinates on toric varieties and we study polarised
projective toric varieties. In Sect. 3 we recall Mavlyutov’s construction of defor-
mations of affine toric varieties. In Sect. 4 we construct deformations of affine toric
pairs and we prove Theorem 1.1. In Sect. 5 we construct deformations of projective
toric varieties. In Sect. 6 we construct deformations of projective toric pairs and
we prove Theorem 1.2. In Sect. 7 we recall the notion of mutation between Fano
polytopes and we prove Theorem 1.3.

1.5. Notation and conventions
The sets of non-negative or positive integers are denoted by N := {0, 1,2, 3,...}

and Nt := {1,2,3, ...}, respectively. The symbol C stands for an algebraically
closed field of characteristic zero.
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A lattice is a finitely generated free abelian group. The letters N, No, N, No
stand for lattices and M, My, M, MO for their duals, e.g. M = Homgz (N, Z). We
set Nr := N ®z R and Mr := M ®z R. The perfect pairing M x N — Z and its
extension Mg x Nr — R are denoted by the symbol (-, -).

In areal vector space V of finite dimension, a cone is a non-empty subset which
is closed under sum and multiplication by non-negative real numbers. The conical
hull cone (S) of a subset S C V is the smallest cone containing S, i.e. the set made
up of Aysy + -+ 4+ Agsg,as k € N, A; > 0, and s; € S. A subset of V is called
a polyhedral cone if it coincides with cone (S) for some finite subset S € V, or
equivalently it is the intersection of a finite number of closed halfspaces passing
through the origin. The convex hull of a subset S € V is denoted by conv (S). A
polyhedron is the intersection of a finite number of closed halfspaces, so it is always
convex and closed. A compact polyhedron is called polytope. If Q is a polyhedron,
vert(Q) denotes the set of vertices of Q and rec(Q) is its recession cone, i.e. the
cone of the unbounded directions of Q. If Q| and Q» are polyhedra, then their
Minkowski sumis Q1+ Q2 :={q1 +q2 | q1 € O1, g2 € Q2}; in this case we say
also that this is a Minkowski decomposition of Q. If Q is a polyhedron such that
rec(Q) is strongly convex, then Q = conv (vert(Q)) +rec(Q). We refer the reader
to the book [29] for details.

We assume the standard terminology of commutative algebra and of algebraic
geometry. By a ring we always understand a commutative ring with unit.

2. Preliminaries on toric geometry
2.1. Cox coordinates

For generalities about toric varieties we refer the reader to [15] and [12]. We firstly
treat toric schemes, with split tori, which are defined over arbitrary rings and con-
sider their total coordinate rings.

Remark 2.1. (Toric schemes over arbitrary rings) Let A be aring, let N be a lattice,
and let ¥ be a fan of strongly convex rational polyhedral cones in Nr. For every
cone o € X, we consider its dual 0¥ C Mg, the semigroup ¥ N M, and the
semigroup A-algebra A[o¥ N M]. We denote by TV 4(X) the scheme obtained by
gluing the affine schemes TV 4(0) = Spec A[o¥ N M] thanks to the structure of
the fan X, as it is customary in toric geometry. One may prove that TV4(X) is a
separated flat scheme of finite presentation over A with relative dimension rank N
and geometrically integral fibres. When A = C, TV4(X) = TVc(X) is exactly
the toric variety over C associated to the fan X considered in [12,15].

Now suppose that N is generated as an R-vector space by the support | 2| of
%. In other words we assume that TV (X) has no torus factors. Let X (1) be the set
of rays of X. We do not distinguish a ray of X, which is actually a 1-dimensional
cone of X, from its primitive generator, which is actually the lattice point on the ray
that is the closest one to the origin. Generalising the definition of Cox coordinates
on toric varieties (see [13], [12, Section 5.2] or [25]), we say that the polynomial
ring § = A[x, | p € X(1)] is the total coordinate ring of TV 4 (X). The variables
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x, are called Cox coordinates or homogeneous coordinates. The A-algebra S has
a grading with respect to the divisor class group G = CI(TV¢ (X)) of the variety
TV (%), which is a quotient of the free abelian group Z>(! according to the divisor
sequence of X (see [12, (5.1.1)]):

0— M — 72"V — Gy = Cl(TVe(T)) — 0.

For every cone o € X, setting x% = Hp¢o(1) xp € S, the map defined by

Cox: x" > x" = l_[ xé"’m,
pex(l)

where u € 0¥ N'M and x" is the corresponding element in A[o¥ N M], induces a
ring isomorphism

Al NM] =S5 C S,

where S, is the localization of S obtained by inverting the element x%and S %)
is the subring of the S s consisting of elements of degree O with respect to the
Gy -grading.

Imitating [12, Section 5.3], from a G x-graded S-module E one may construct
a quasi-coherent sheaf EonTV A(X) such that, for every cone o € X, the sections
of E over TV 4(o) are the elements of E (%) i.e. the elements of degree O in the

localization E ;. The assignment E — E is sometimes called sheafification and
is an exact functor from the category of Gyx-graded S-modules to the category
of quasi-coherent sheaves on TV 4(X). In particular, the sheafification of a Gy-
homogeneous ideal J of S induces a closed subscheme of TV 4 (X), whose structure
sheaf is the sheafification of S/J. Moreover, if A is noetherian and E is finitely
generated graded S-module, then E is coherent on TV 4 ().

The following lemma gives a sufficient criterion to ensure the flatness of the
sheafification of a graded module on a toric scheme.

Lemma 2.2. Let N be a lattice and let ¥ be a fan of strongly convex rational
polyhedral cones in Nr such that Ny is generated by | 2| as R-vector space. Let
A be aring and let TV 4(X) be the A-scheme constructed in Remark 2.1. Let S be
the total coordinate ring of TV 4(X) and let E be a graded S-module. If E is flat
as an A-module, then E € QCoh(TV 4(X)) is flat over Spec A.

Proof. It is enough to show that E 5, is flat over A, for every cone o € X. The
localisation E s is a Gx-graded flat A-module and the homogeneous localisation
E %) is its degree zero part. Therefore, E %) is a direct summand of E ; as A-
modules and is flat over A. O
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2.2. Polarised projective toric varieties

Now we discuss projective toric varieties X polarised by an ample Q-Cartier Q-
divisor which is supported on the toric boundary d X. This section is not necessary
for Sects. 3 and 4.

The lemma below is a well known characterisation of polarised projective toric
varieties.

Lemma 2.3. If N is a lattice of rank n, then the following data are naturally equiv-
alent:

(1) a pair (X, D), where X is a projective normal toric variety over C with respect
to the torus Ty = Spec C[M] and D is an ample torus-invariant Q-Cartier
Q-divisor on X;

(2) apair (Z, @), where X is a complete fan in N and ¢ is a strictly convex rational
support function on X, i.e. ¢ : Ng — R is a continuous function such that

o for every o € X.(n), there exists u, € Mg such that ¢(v) = (us, v) for all
v EOT;
e foreveryo € X (n), p(v) < (U, v) forallv € Nr \ o;

(3) a rational polytope P C MR of dimension n;

(4) a strictly convex rational polyhedral cone t in the lattice No = N & Zeg such
that the dimension of T is n + 1 and eq is in the interior of T.

In the setting above there are natural bijective correspondences if in addition we
require the following further conditions too:

(1) D is a Q-Cartier Z-divisor on X;

(2) ¢ takes integer values on the primitive generators of the rays of X;

(3) every supporting hyperplane of P contains at least a point of the lattice M ;

(4) the primitive generator of every ray of T is of the form p — aeq for some a € Z
and p € N primitive.

Moreover, in the setting above there are natural bijective correspondences if we
require the following more restrictive further conditions too:

(1) D is a Cartier divisor on X;

(2) @ is a strictly convex integral support function on X, i.e. we also require that
Uy € M for every o € X(n);

(3) P is a lattice polytope;

(4) every facet of t is contained in a hyperplane of the form (u + eg)l for some
ueM.

Sketch of proof- The equivalence among (1), (2), and (3) is well known (at
least under the additional conditions) and associates the pair (X, ¢) to the pair
(TVe(2), D), where D = =3 v, ¢(p)D,, and to the polytope

P = ﬂ {u € Mr [{u, p) = ¢(p)}.
peS(l)

Conversely, X is the normal fan of P and ¢ = min,cp (u, -). We refer the reader
to [12, Section 6] for more details.
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The equivalence with (4) is as follows: 7 is the convex hull of the graph of the
function —¢, i.e. T = {v + kep € Nr @ Reg | ¢(v) + k > 0}, or equivalently the
cone with rays p — ¢(p)ep as p € X(1). Conversely, the cones of X are precisely
the images of the faces of t along the projection N @ Zey — N and

P=t"Ne' () ={ueMp|uteet")
O

The following lemma, which is a reformulation of [12, Theorem 7.1.13 and
Proposition 8.2.11], describes a polarised projective toric variety X as the Proj of
an N-graded ring constructed from the cone 7, where 7 is the cone as in Lemma 2.3.
It also gives a description of the toric boundary.

Lemma 2.4. Let N be a lattice of rank n, let T be a (n + 1)-dimensional strongly
convex rational polyhedral cone in the lattice No = N @ Zeq such that eg € int(t),
and let (X, D) be the pair associated to t via Lemma 2.3. Consider the ideal

L= P  cxccrr nmol, (1)
u+legeint(t¥)NMo

which is the ideal of the toric boundary of the affine toric variety Spec C[t" N My].
Then X = Proj C[tY NMy] and its toric boundary is 9 X = Proj C[t¥ NMy)/L,
where C[tY N My) is N-graded via ey € Ny.

Sketch of proof. The N-grading on C[t" N My] is such that the degree of x“* is
I for every u € M such that u +lej; € T N M. Itis clear that L is a homogeneous
ideal.

Let X be the fan of X and let ¢ be the support function associated to D as in
Lemma 2.3. There is a bijective correspondence between cones of ¥ and proper
subcones of 7. For any ray p € X(1), let §, € 7(1) be the corresponding ray
of 7. In other words, £, = b,p — a,ep where b, € N, a, € Z are such that
ged(ay, by) = 1and (p) = a,/b,.

Fix an n-dimensional cone o € X (n). It corresponds to an n-dimensional face
of 7, namely F, = cone <§p | p e 0(1)). Since D is Q-Cartier, there exist u, € M
and h, € N such that F; is contained in the hyperplane (u, + hge(’)“)J—. The affine
open subscheme TV (o) of the toric variety X = TV (X) is isomorphic to the
affine open subscheme of Proj C[t¥ N My] defined by the homogeneous element
xo o€ because there is a ring isomorphism

ClzY N My) — Clo¥ N M] )

(" D)

which is defined by

u+khgel
X 770 u—kuy

(XuaJrhae(‘;)k =X

for any u € M, k € N such that u + khceg € ¥ N My. This shows that X =
Proj C[tY N My].
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In order to prove 3X = Proj C[t¥ N My]/L, we have to check that, for every

cone o € ¥ (n), the homogeneous localisation L (oo coincides with the ideal

of the toric boundary of TV (o) under the ring isomorphism (2). So, let us fix a
cone 0 € X(n) and elements u € M and k € N such that u — ku, € o". The
element y“tkhoes /(xtothoet)k ¢ ClcV N Mo](xuﬁhg%) lies in L(Xuﬁhg%) if and

only if y“*thoci ¢ (L: (X“U”’“eg)"o), i.e. there exists m € N such that

u+khoey +muy + hoej) € int(t”).

In order to check this we need to pair this vector of M with the rays of t, i.e.
&y =Dbpp —apeg as p € X(1). We distinguish two cases:

e theray p liesin o; then b, (us, p) — aphs = 0; for any m € N we have
(u+khgey +mus + hoey), bpp — apeo) = by(u — kg, p),

which is positive if and only if (¥ — ku,, p) > 0;
o the ray p does not lie in o'; then b, (us, p) — apyhs > 0O; then

(u +khgeg +mus + hoey), bpp — apep) =
=bylu, p) —apkhe +m(byus, p) —aphy)

is positive for m big enough.

This shows that the element y“+*/o €5 /(1o +ho g )k Jies in the homogeneous local-
isation of L if and only if for every p € o (1) we have (u — kuy, p) > 0, or
equivalently if u — ku, lies in the ideal of the toric boundary of TV (o). O

In the following lemma we compare the homogeneous coordinate rings of a
polarised toric variety and of its affine cone. We deduce an alternate description of
closed subschemes of a polarised toric variety.

Lemma 2.5. Let N be a lattice of rank n, let T be a (n + 1)-dimensional strongly
convex rational polyhedral cone in the lattice No = N @ Zeg such that eg € int(7),
and let (X, D) and (2, @) be the pairs associated to t via Lemma 2.3. Consider
the affine toric variety C = Spec C[tY N My). Let Sx and S¢ be the homogeneous
coordinate rings of X and C, respectively.

Foreveryray p € (1), let§, = b,p —apep € t(1) be the corresponding ray
of T, where ¢(p) = a, /b, for a, € Z and b, € N such that ged(a,, b,) = 1.
Consider the ring homomorphism Sx — Sc given by x, (xgﬂ)b/’.

Let Jx be a Gyx-homogeneous ideal in Sx and let H € C[tY N My] >~ (Sc)o
be the degree zero part of the ideal Jx Sc < Sc. If H is homogeneous with respect
to the N-grading of C[tY N My, then the closed subscheme of X defined by the
ideal Jx coincides with Proj C[tv N My]/H.
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Proof. Consider the commutative diagram

7t T N,

b
s 2y

where ry, is the ray map of X, r; is the ray map of C, pr is the natural projection,
and b is the diagonal matrix with entries b,,. Consider the dual maps r§. and ;" and
the following commutative diagram with exact rows, where Gy, is the divisor class
group of X and G is the divisor class group of C.

0 M—" 750 Gs 0
0 My —"=77® G, 0

The ring homomorphism Sy — Sc¢ is homogeneous with respect to the group
homomorphism Gy — G;. In particular, the ideal JxSc < Sc is G-
homogeneous.

Fix a full dimensional cone ¢ € ¥ (n) and let u, € M and h, € NT be such
that the hyperplane (1, + haeS)J- contains the corresponding face F,; of 7, as in
the proof of Lemma 2.4. We set iy, = us + hgea‘ € My for brevity. We have to
show that the ideal (Jx)(s) € (Sx) (o) = CloY N M] is mapped to H oy via
the isomorphism (2).

Since i, is zero on the face F,, and strictly positive on t \ F,, a Cox coordinate
xg of C appear in the monomial x" e Sc if and only if £ ¢ F,. This implies that
there is a ring homomorphism

(Sx)y6 —> (S¢) o 3)

that is the localisation of Sy — S¢ defined above. At this point it is not difficult to
show that there is a commutative diagram of rings

CltY N Myl == (S¢)o——= Sc

| L

Coxr,

CItVn Mo](x,;g)(% CltV N MO]X:Za — (SC)(xﬁa)(%' (Sc) yio
(2) (3)T
Coxy
CloY N M] > (Sx) (3 (Sx)y6 Sx

where the equality symbols stand for isomorphisms. Now consider the ideal K =
Jx(Sc)yisc € (S¢) o -

Since Sc is a finite free Sx-module, S¢ is faithfully flat over Sy. Therefore,
also the localised homomorphism (3) is faithfully flat. By [23, Theorem 7.5(ii)] the
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contraction of K to (Sx) s is the extension of Jy. This implies that (J X)(Xﬁ) is the
contraction of K to (Sx),s, along the homomorphisms in the diagram above.

On the other hand, it is clear that K is the extension of Jx Sc to (S¢) i, - Since
x% has degree zero with respect to the G.-grading of Sc, it is not difficult to
check that the extension of H = (JxS¢) N (S¢)o to (S¢) (yio) = ClzVn M()]Xﬁ,,
is the contraction of K. It follows that the ideal H i) is the contraction of K to
ClzV n Mo](xzz(,).

Since the two ideals that must be checked to coincide are both contractions of
the same ideal K, we are done. O

3. Deformations of affine toric varieties after A. Mavlyutov

In this section we recall the work [24] by Anvar Mavlyutov on the deformations
of affine toric varieties. We have rewritten a detailed proof, as it will be useful for
our generalisations, and we have taken this opportunity to fill in details missing
from Mavlyutov’s original paper. In so doing we have reformulated many of his
statements in terms of deformation datum.

Definition 3.1. Let N be a lattice and 0 € N be a strongly convex rational poly-
hedral cone with dimension rank N. A deformation datum for (N, o) is a tuple

(9, Qo, O1,..., Ok, w) where w € M and Q, Qo, Q1, ..., QO are non-empty
rational polyhedra in N such that the following conditions are satisfied:

() Q Co;
(i) 0 ¢ O
(i) Q=00+ Q1+ + Ok
(iv’) for every vertex v € vert(Q), there exist vertices vg € vert(Qp), v; €
vert(Q1), ..., vr € vert(Qy) such that v = vy + vy + - - - 4+ v and

#{i {0, 1,....k} v ¢ N} < I

(v) the minimum of w on Q exists and is not smaller than —1;

(vi) every vertex of the polyhedron o N {n € Nr|(w, n) = —1} is contained in
R* - Q.
A 0-deformation datum for (N, o) is adeformation datum (Q, Qoq, Q1, ..., Qk, W)

for (N, o) such that the following further condition is satisfied:
@iv) O, ..., QO are lattice polyhedra.

It is immediate to see that (iv) implies (iv’).

Notation 3.2. If (Q, Qo, QO1, ..., Qk, w) is a deformation datum for (NN, o), then
we set

N =N®Ze ®---D Zey

& :=cone (o, Qg —e1 — - —ex, Q1 +er,.... Qr+e) S Nr
k
w;:w—Z{%lpwJefeM

i=1
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Remark 3.3. If N is a lattice, 0 € Np is a (rank N)-dimensional strongly convex
rational polyhedral cone, w € M,and Q = conv (vert(oc N {v € Nr|(w, v) = —1}))
= Qo+ 01+ -+ Ok where Qy is a rational polytope and Q1, ..., Oy are lat-
tice polytopes, then (Q, Qo, O1, ..., Ok, w) is a d-deformation datum for (N, o).
Moreover, if in addition Q; C {v € Ngr|{w, v) = 0} =: wt fori =1,...,k, then

W= w.

Lemma 3.4. Let N be a lattice of rank n, let 6 C Np be a strongly convex rational
polyhedral cone of dimension n, let (Q, Qo, Q1, ..., Qk, w) be a deformation
datum for (N, o), and let N and & be as in Notation 3.2. Then & is a strongly
convex rational polyhedral cone in N of dimension n + k such that 0 = & N Np.

We will postpone the proof of Lemma 3.4 to page 15.

Theorem 3.5. (Mavlyutov [24]) Let N be a lattice, letc C N be a strongly convex
rational polyhedral cone with dimension rank N, let (Q, Qo, Q1, ..., Qk, w) be
a deformation datum for (N, o), and let ]\7, o and W be as in Notation 3.2. Let
X be the affine toric variety associated to o and let X be the affine toric variety
associated to G.

(A) Then the toric morphism X — X, induced by the inclusion N < N, is a
closed embedding and identifies X with the closed subscheme of X associated to the
homogeneous ideal generated by the following binomials in the Cox coordinates
of X:

I x§e7’§>— I xé—<e;‘,s>

Eea(l): Eea(l):
(ef,6)>0 (ef,6)<0
fori =1,..., k Moreover, these binomials form a regular sequence.
(B) Let t1, ..., 1t be the standard coordinates on Aé‘:. Consider the closed

subscheme X of X X Spec C A{é = TVc¢yy,...,41(0) defined by the homogeneous
ideal generated by the following trinomials in Cox coordinates:

s

1—[ xéeﬁ‘,é)_ 1—[ xé—(ei,é)_tl_ 1—[ xéu";,é) l_[ xé—(ﬂj‘f) @)

ges(): ges(): ges(1) ges():

(ef,£)>0 (ef,£)<0 (ef,£)<0
fori =1, ..., k. Then the morphism X — Afé induces a formal deformation of X
over C[[ty, ..., t].

Remark 3.6. We will clarify what we mean when we say that the aforementioned
closed subscheme induces a formal deformation of TV (o) over C[[ty, ..., tx]. By
(A) the fibre of X — A{é over the origin of Afé is X. We do not know if X — A{é
is a flat morphism, but it is “formally flat” over the origin in the following sense:

for every (t1, ..., tx)-primary ideal q of C[ty, ..., tx], the fibre product X x Ak,
Spec Clz1, ..., tx]/q s flat over Spec Cl[z1, .. ., t]/q. Since the inverse limit of the
rings C[ty, ..., %]/q is C[[tq, ..., tx ], we say that we have a formal deformation

over C[[¢1, ..., tx]| by using a la Schlessinger terminology.
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As we will see in Sect. 5, if we had been dealing with deformations of complete
varieties there would have been no need to specify the adverb “formally” thanks to
Lemma 5.2

Remark 3.7. Here we explain the meaning of the adjective homogeneous in the
title of this paper. Let us assume that we are using notation from Theorem 3.5.
The torus Ty = Spec C[M] acts on the affine toric variety X and consequently
on T}( = Ext! (Rx, Ox), which is the tangent space of the deformation functor
of X. Therefore T}( is an M-graded vector space over the field C. Every formal
deformation of X over a complete local noetherian C-algebra (A, m4) with residue
field C induces a C-linear map

Vv
(mA/mi) — Tk

which is called the Kodaira—Spencer map of the deformation (see [28, Sec-
tion 6.1.2]). By [24, Theorem 2.14] the image of the Kodaira—Spencer map of
the deformation of X constructed in Theorem 3.5 is contained in Tﬁ( (w), which is
the homogeneous component of T}( with degree w € M.

The rest of this section is devoted to the proof of Theorem 3.5 and relies entirely
on [24].

The following lemma is a very particular case of a result by K. G. Fischer and
J. Shapiro [14] that gives a necessary and sufficient criterion for a sequence of
binomials to be a regular sequence. For every a € Z, define at := max{a, 0} and
a” = max{—a, 0}.
Lemma 3.8. (Fischer—Shapiro [14]) Let M = (ai j) be a k x n matrix

1<i<k,1<j=n
with entries in 7. For everyi = 1, ..., k, consider the binomial

nooE noo-
fi = ij” — ij” € Clxy, ..., x].
j=1 j=1

If the rank of M is k and every column of M has at most one positive entry, then
f1, ..., fx is a regular sequence in C[xy, ..., x,].

When we have a cone in a lattice N , it is possible to intersect it with a saturated
sublattice N of N and get a toric morphism. The following lemma describes the
scheme-theoretic image of this toric morphism under some hypotheses.

Lemma 3.9. Let N be a lattice and let N = N & Z*. Denote by ey, ..., e the
standard basis of 7F. Let 5 C Nr be a (rank N)-dimensional strongly convex
rational polyhedral cone that satisfies the following condition: the Z¥-component
of every ray of 6 has at most one positive entry, i.e.

(1) C N x ((—N)k UNte U---U N+ek) (5)

If o is the cone 6 N NR inside Ng, then the scheme-theoretic image of the toric
morphism TV (o) — TV (0) is the closed subscheme of TV ¢ (') defined by the
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homogeneous ideal generated by the following binomials in the Cox coordinates
of TVC(3):

I %&a_ rlxgaa

ge6(1): gea(1):
(ef.£)>0 (ef,£)<0
fori=1,..., k. Moreover, these binomials form a regular sequence.

Proof. The toric morphism TV (o) — TV (o) is associated to the ring homo-
morphism

Cl6Y N M] — Clo¥ N M] (6)

that maps x“ to x?@, where ¢: ¥ N M — ¥ N M is the semigroup homomor-
phism given by u +ajef +--- + aref = u.Let I € C[6" N M] be the kernel of
(6). The scheme-theoretic image of TV (o) — TV (o) is the closed subscheme
of TV¢(0) defined by the ideal /.

We consider the Cox ring of TV (6): § = Clxg | § € 6(1)], with its G-
grading. Consider the following monomials in Cox coordinates:

[T 9 and z= ] 9.

eeq(1): ees(1):
(ef,£)>0 (ef,6)<0

fori =1,...,k. Let J € S be the ideal generated by y; — z1, ..., yx — 2. Itis
obviously homogeneous. In order to prove the thesis, we need to show that, under
the Cox isomorphism between C[6¥ N M] and Sy, the ideal I equals the degree
zero part of the ideal J, i.e.

Cox(1) =J N S. @)

We now prove the containment C in (7). Since [ is the kernel of (6), it is not
difficult to show that / is generated by the elements x” — x* wheneverr, s € 6V NM
are such that ¢ (r) = ¢(s). Sor —s = Zle aie;“, for some a; € Z. Now, for each
i=1,.. .,k,considera;r € Nanda, € N: wehaveal.*af =0andg; = a;r—alf.

Consider the element

Let us show that g € 6. We need to show that ¢ is non-negative on the rays of &.
By (5), we distinguish two cases:

e v=n—biey—---—brep €o(l),forsomen € N and by, ..., by € N; then
(q,v) = rv)+Zf‘la+b > (r,v) > 0.

ev =n+be; € 6(1),forsomen € N,1 <i < kand b € NT; then
(g, v) = (r,v)—afb:(s,v) a; bSmceelthera =0ora; =0, wehave
either (g, v) = (r,v) > 0 or (g, ) (s,v) > 0.
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Therefore x4 € C[6Y N M].
For each & € 6 (1) we have

nE)— Y afe. & =(g.6+ Y. alleE).

ir(ef,&)<0 ief,

~%

e
vV

(=)

Therefore, in the ring S we have the equality

k k
+ +
Cox(x") -l_[z?’ :Cox(Xq)~l_[yl.a’ ) (8)
i=I i=l
By (5) every Cox variable appearing in yj - - - y; does not appear in 1 - - - zx. There-

fore the monomials ]_[f-‘:1 yf " and ]_[ff:1 z?" are coprime. From (8) we obtain that

'
the monomial ]_[f: 1 yl.a " divides Cox(x"). Therefore there exists amonomial p € S
such that

k k
at at
Cox(x)=p-[[»" and Cox(xH=p-[]z":
i=1 i=1

thus the binomial

*

k k
a-+ a
Cox(x" = xT)=p- (Hyil - nzil )
i=1 i=1

is clearly in the ideal J. In a completely analogous way we prove that Cox(x* — x )
is in J. Therefore, by taking the difference, we have that Cox(x" — x*) isin J.
We now prove the containment D in (7). Let f € J N Sp. We may write

k
/= Zfi()’i —zi)
i=1

for some f; € S.Let B; € G4 be the degree of y; — z;. By taking the homogeneous
components with respect to the G 5 -grading, we may assume that f; is homogeneous
of degree — ;. By decomposing f; into the sum of its monomials, in order to show
the containment 2 in (7), it is enough to show that p(y; — z;) € Cox(/), whenever
ie{l,...,k}and p € S is a monomial of degree —pf;.

Since py; and pz; are monomials of degree 0 in S, there existr, s € ¥ N M
such that py; = Cox(x") and pz; = Cox(x*). Since p(y; — z;) = Cox(x" — x*),
we must show that ¢ (r) = ¢ (s). Let us assume that

b,
p= l_[ x;.
gea ()
For each & € 6 (1), we have that
be + (ef, &) = (r,§)
be + (e}, &) = (s, &),
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therefore (e, &) = (r — s, &). Since & is full dimensional, we have r — s = e7;
this proves that ¢ (r) = ¢(s) and x" — x* € I.

Now we prove that y; —z1, ..., Yk — 2« is aregular sequence. By Lemma 3.8 it
is enough to show that the matrix M = ((e;", S)) l<i<k. £€5(1) has rank k and every
column of M has at most one positive entry. The latter condition is satisfied by (5).

The linear map associated to the matrix M is the composite of the ray map

p: ZI°OWI > N = N @ZF of TV (6) and the projection 7: N = N & Z¥ — Z.
Slnce o is full-dimensional, p ®7idR is surjective. This implies that (77 0 p) @7 idr
is surjective and that M has rank k. O

Proof of Lemma 3.4. By (iii) and (i) in Definition 3.1 we see that rec(Q;) <
rec(Q) C o foreveryi =0, 1, ..., k. In particular, rec(Q;) is strongly convex; so
Q; = conv (vert(Q;)) + rec(Q;). We have that

o = cone (o, vert(Qp) — ey — - - — ey, vert(Q1) + ey, ..., vert(Qr) + ex) .

This implies that the cone & is a rational convex polyhedral cone in N. Moreover,
the rays of ¢ are among the following rays:

e rays passing through the vertices of Qg —ej — - -+ — eg;
e rays passing through the vertices of Q; +e¢;,asi =1,...,k;
e rays of o that are not in the cone generated by the previous rays.

Now we prove that o = ¢ N Ng. The containment C is obvious. We need to
show the containment 2. Let v € 6 N Ng. By the convexity of Qg, Q1, ..., Ok,
which implies that cone (Q; + ¢;) = R>0(Q; + ¢;) and an analogous statement
for Qp, we may assume that

v=v+Xdo(qo—e1— - —er) +A(gr+er)+ -+ A(gr + ex)
= v+ Aoqo + A1q1 + - + Arqk + (A1 — Ao)er + - - -+ (Ax — Ao)ek

forsome v € 0,¢q; € Q; and A; > 0. Since v € Nr, Ao = A; for every i. Therefore
v=v+Aio(qo+q1+ - +qr). By(i)and (i), g0+ g1 +---+gxr € Q S 0o and
we conclude that v € o.

Now we show that ¢ is strongly convex. Since o is strongly convex and 0 ¢ Q
by (ii), we may find u € int(c") such that ming u# > 0. Since the recession cones
of O, Qo, Q1, ..., Ok are contained in o, the minimum of u on each of these
polyhedra exists. Consider

B
|I

k
Z nue —}—%mmu Ze EMR

In order to show that ¢ is strictly convex, we prove that i is positive on the rays of
0. We may distinguish three cases as follows:

e the ray passes through v — e; — - - - — ¢, for some v € vert(Qg); then
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k

(,v—e er) = (u v)—i—Zmin k min u
,V—e1— - —ek) = (U, U——-
v Qi k+1 0
. . k .
>minu+ mmn u— ——minu
Qo Qi++0k k+1 0
=miny — —— minu
0 k+1 0

1
= ——minu > 0;
k+1 0

e the ray passes through v + ¢;, for some v € vert(Q;) and 1 <i < k; then

1 1
i N — (. v) — mi —  ming> —— mj 0.
(u,v+e) = (u,v) Irg,nu+k+1lenM k+1mQ1nu>
e the ray is a ray of o through v € N \ {0}; then (i, v) = (u, v) > 0, because
u €int(oV);

This concludes the proof of the strong convexity of &.

We now show that & has dimension rank N. Equivalently we see that zero is the
unique linear functional on N that vanishes over . Let il = u +Z§€=1 aief € M be
such that it vanishes over . In particular it vanishes over o, hence u = 0 because
o is full-dimensional. By evaluating iz on Q; + ¢; we see that a; must be zero. This
implies that u = 0.

This concludes the proof of Lemma 3.4. O

Proof of Theorem 3.5(A). By Lemma 3.4 and Lemma 3.9 it is enough to show that
the toric morphism TV (o) — TV (o) is a closed embedding.
Before proving this, we shall prove the following claim:

k
Yueo'NM, Z \jrgn uJ = {ménuJ . 9)

i=0

Firstly we show that the minimum of # on Q is attained on a vertex of Q; this
comes from the strong convexity of o as follows. By (i) rec(Q) is contained in o
and so is a strongly convex cone. We have

Q = conv (vert(Q)) + rec(Q). (10)

Since u € oV, u is non-negative on rec(Q). Therefore there exists a vertex v of
Q such that ming u = (u, v). Now we prove the claim (9). By (iv’) we may find
vertices v; € vert(Q;),i =0, 1, ..., k, such that v = vy + v; + - - - + v; and they
are all integral with at most one exception. This implies that the numbers (u, vo),
(u, v1), ..., (u, vg) are all integral with at most one exception. Therefore

k

D L, vi)] = L, )]

i=0
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But ming u = (u, v) and it is clear that ming, u = (u, v;) fori = 0,1,... k.
Therefore we have proved (9).

Now we prove that the toric morphism TV¢ (o) — TV (o) is a closed embed-
ding. Equivalently, we have to show that the semigroup homomorphism

¢:6VNM—>oc"NM
is surjective. Let u € 0¥ N M and consider
ﬁ:u—Z{m&nuJe?‘eM;
i=1 !

if we prove that i € 5 we have finished because the equality ¢ (i1) = u obviously
holds true. It is clear that & is non-negative on ¢ and it is very easy to show that i

is non-negative on Q; + ¢;, foreachi = 1, ..., k. So it remains to show that i is
non-negative on Qg —e; — -+ - — ex. If ¢ € Qop, then
k
(il,qg —e1— - —e) = <u,q>+2{n3nuJ
i=1 -~

k
> |minu | + minu | = [minu | > 0,
]+ Lo = e
where the last equality is (9) and the last inequality holds because of (i).
This concludes the proof of Theorem 3.5(A). |

Lemma 3.10. Let (A, m, k) be an artinian local ring and B be a flat A-algebra
of finite type. Let by, ...,by € B generate the ideal J of B. If by, ..., by is a
(B ®4 Kk)-regular sequence, then B/J is flat over A.

Proof. Let P be a prime ideal of B. Since m is the unique prime ideal of A, we
have m = PN A and A — Bp is a local homomorphism. We need to show that
(B/J)p = Bp/JBp isflatover A. If J Q P, then (B/J)p = 0 and we are done.
If J € P, then we conclude by [23, Corollary to Theorem 22.5]. O

Proof of Theorem 3.5(B). From (10) and (v), we have that w is non-negative on
rec(Q) and ming w = (w, v) for some vertex v of Q. By (iv’) we may find
vertices v; € vert(Q;),i =0, 1,...,k,suchthatv = vg + v| + - - - + v; and they
are all integral with at most one exception. This implies that the numbers (w, vp),
(w, v1), ..., (w, vg) are all integral with at most one exception. Therefore

k
> Lw, vi)] = L(w, v)] .

i=0
But ming w = (w, v) and it is clear that ming, w = (w, v;) fori =0,1,... k.
Therefore we have proved the equality

Xk: {mi_n wJ = {mgin wJ : (n

i=0 !
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Now we show that the trinomials (4) are elements of the polynomial ring
Clty, ..., tellxe | £ e 5 (1)],

which is the homogeneous coordinate ring of TV¢(y,,....41(0). It is enough to show
that every Cox coordinate appearing in the third monomial in (4) has a non-negative
exponent. Fix a ray £ of 6. We may distinguish three cases as follows.

e £ passes through a vertex of Qg —e; —---—ex. Then& = A(vg—e; —- - - —ex),
for some A € N and vg € vert(Qq). Then

k k
(w, &) = AMw, vo) +A§ {rrélln wJ > k; {nélln wJ = {inn wJ > —A,

where the last equality holds by (11) and the last inequality holds by (v). There-
fore the exponent of x¢ in the third trinomial in (4), which is (w, §) + A, is
non-negative.

e £ passes through a vertex of Q; +e¢;,forsome 1 <i < k. Then& = A(v+e;), for
some » € N* and v € vert(Q;). Then (w, §) = A(w, v) — A [ming, w]| > 0.

e £ is aray of o too. We need to show that (w, §) = (w, &) is non-negative. For
a contradiction assume that (w, &) < 0. Therefore a positive multiple of & lies
in the polyhedron P := o N{n € Nr | (w, n) = —1}. Since rec(P) is strongly
convex, P = conv (vert(P)) + rec(P). By (vi) we obtain that £ = Ag + 7,
for some A > 0,¢q € Q, r € rec(P). Since Aqg and r are both in ¢ and £ is a
ray of o, we have that £ = pg for some u > 0. From (iii) we have that & is
incone (Qg—e; —---—ex, Q1 +e1, ..., Qr + ex). This contradicts the fact
that £ is a ray of both ¢ and 5.

Now the closed subscheme X is well defined. We need to show that the restric-
tion of X — A{é to any infinitesimal neighbourhood of O € Aé‘: is flat.

Fix a (71, ..., fr)-primary ideal g. Consider the local artinian C-algebra A =
Clt, - - -, t]/9. We need to show that X x% Spec A — Spec A is flat. The homo-

geneous coordinate ring of TV 4(6) is the polynomial A-algebra B = A[x; | & €
o (1)]. By (A) the trinomials (4) form a (B ® 4 C)-regular sequence. By Lemma 3.10
the homogeneous ideal / C B generated by the trinomials (4) is such that B/J
is flat over A. By Lemma 2.2 the sheafification of the G5-graded B-module B/J
is a coherent sheaf on TV 4(¢) which is flat over Spec A. This sheaf is the struc-
ture sheaf of the closed subscheme X’ x Ak Spec A of TV 4(0). Therefore we have
proved that X' x Ak Spec A is flat over Spec A.

This concludes the proof of Theorem 3.5(B). O

4. Deformations of affine toric pairs

If in Theorem 3.5 we assume that (Q, Qq, QO1, ..., Ok, w) is a d-deformation
datum, then Mavlyutov’s construction of deformations of affine toric varieties,
which appears in [24] and is rewritten in Sect. 3, actually gives deformations of
their toric boundary too.
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More precisely, in the setting of Theorem 3.5 with the additional hypothesis
(iv), we construct a reduced divisor D in the toric variety X = TV (o) such that
DN X is the toric boundary d X of X. Theorem 3.5 constructs a formal deformation
X — Afé of X as a closed subscheme in the trivial family X X Afé; then one can
see that the closed subscheme X' N (D x ¢ Aé) gives a deformation of 9 X. In other
words, X N (D x¢ Afé) — X - Afé induces a formal deformation of the toric
pair (X, 0X). This is the content of the following theorem, which is the precise
formulation of Theorem 1.1.

Theorem 4.1. Let N be a lattice, let 0 C NR be a strongly convex rational polyhe-
dral cone with dimension rank N, let (Q, Qo, O1, ..., Qk, w) be a d-deformation
datum for (N, o), and let N, & and W be as in Notation 3.2.

Let X be the affine toric variety associated to o, let d X be the toric boundary of
X, and let X be the affine toric variety associated to &. Consider the reduced effec-
tive divisor D on X defined by the homogeneous ideal generated by the following
monomial in the Cox coordinates of X :

1_[ Xg. (12)
Viell, ..k}, (e}, £) <0

Let t1, ..., 1ty be the standard coordinates on Af&. Consider the closed sub-

scheme X off( X Spec C A{(": = TV¢y,...1(0) defined by the homogeneous ideal
generated by the following trinomials in Cox coordinates:

l_[ xg(ei‘»é)_ l_[ x;(é?f)_n l—[ xg(u';,s) l—[ xs—(ef‘@ (13)

gea(): gea(): g5 (1) ges(l):
(ef.£)>0 (ef.£)<0 (ef,£)<0
fori=1,... k.
Then the diagram

XN (D xspecc AR X
\ k
A(C
induces a formal deformation of the toric pair (X, dX) over C[[t1, ..., t;].
Example 4.2. In the lattice N = Z> consider the cone

1 —1 0
ozcone< 11,1 11,10 >§NR.

0 0 1
The corresponding affine toric variety X = TV (o) is the cAj-singularity:

X = SpecClx, y, z, ul/(xy — u?)
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where the variables x, y, z, u correspond to the following generators of the monoid
oV NM:(1,1,0),(-1,1,0), (0,0, 1), (0, 1, 0). The toric boundary is

0X = SpecClx, y, z, ul/(xy — uz, zu).

Fix p € N and consider the d-deformation datum (Qo + Q1, Qo, Q1, w) for
(N, o) (see Definition 3.1) given by the polytopes

—1/2 0 1
Qo = 1/2 and Qg =conv< 01,10 >,
0 0 0

and by the chelracter w = (0, -2, p) € M. Following Notation 3.2, inside the
bigger lattice N = Z* we construct the cone

N\ /=1\ [0\ [—1/2\ [0\ (1

a:cone< | 1 0 12 ] o] |o >
ol o |t]| o []o]]o
o/ Lo/ \o - 1] \u
0\ /—1\ [0\ (1

:C0ne< 0 ! 0 0 >

1ol ol ]o
o/ \=2) i/

One can see that these last four vectors are a basis of N = 7%, therefore the
affine toric variety X associated to ¢ is the affine space Aé: = Spec Clx, y, z, u].

Now the variables x, y, z, u correspond to the following elements of M = 7%
(1,1,0,0), (-1,1,0, 1), (0,0, 1, 0), (0, 1, 0, 0), which form the dual basis to the
primitive generators of the rays of &. In this particular case the Cox coordinates of
X coincide with X,y,2,U.
The trinomial (13)is xy — u? —1zP and the monomial (12)is zu. By Theorem 4.1
we consider the following closed subschemes of X x ¢ Spec C[¢]:
X = SpecClx, y, z,u, t]/(xy — u? —1z?),

B = SpecClx, y, z,u, t1/(xy — u® — 1z, zu).
The diagram

BC—s X

N

Spec C[¢]

induces a formal deformation of the pair (X, dX) over C[[¢]], by base changing to
Spec C[¢]/(¢"*!) for each n € N.

The rest of this section is devoted to the proof of Theorem 4.1.
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Lemma 4.3. Let S be a polynomial ring over C in finitely many indeterminates.
Letmy, ..., m; € S\ {1} be some monomials such that the t sets of indeterminates
appearing in these monomials have empty pairwise intersections. Let R be the
C-subalgebra of S generated by my, ..., m;. Then my, ..., m; are algebraically
independent over C and S is a free R-module.

Proof. Ttis clear that the monomials m, ..., m; are algebraically independent over
C. Another way to see this is to notice that they form a regular sequence in S and
then use [23, Exercise 16.6].

Now we want to prove that S is a free R-module. Foreachi = 1,...,¢, let
S; be the polynomial ring over C in the indeterminates that appear in m; and let
R; C S; be the C-subalgebra generated by m;. Let Sy be the polynomial ring over
C in the indeterminates of S that do not appear in any m;’s. If we prove that S; is
a free R;-module foreachi = 1,...,¢,then S = Sy ®c S| Rc - - Q¢ S; will be
freeover R = R; ®c - ®c R;.

Therefore we may assume that # = 1 and that all the indeterminates of S appear
inm:=mj,ie. S =Clxy,...,x,Jand m = x{" -+ x," withay, ..., a, € N
The set

n
il xbr e S| bi < ai)
i=1

is a free basis of S as R-module. O

Lemma 4.4. Let S be a polynomial ring over C in finitely many indeterminates.

Let y1, ..., Yk, 21, .-, 2r € S\ {1} be some monomials such that the k + r sets of
indeterminates appearing in these monomials have empty pairwise intersections.
Fixcy, ..., c, € Nand consider the monomial 7o = z(il oz Then

Y1 —205---5 Yk — 20,21 2r (14)

is a regular sequence.

Proof. Consider the polynomial ring R = C[Yy, ..., Yx, Z1, ..., Z,] where the
Y;’s and the Z;’s are indeterminates. Consider the C-algebra homomorphism
¢: R — § defined by ¥; + y; and Z; + z;. By Lemma 4.3, ¢ is injective
and flat.

Consider the monomial Zy = Z{'--- Z;". Consider the C-algebra automor-
phism 6 of R that fixes the Z;’s and maps Y; to ¥; — Zy. By applying 6 to the
regular sequence Y1, ..., Yk, Z; - - - Z, we get the regular sequence

Yhw—-2o,.... Yy —Z2o,21---Z,.

Now, by applying the flat map ¢ to this regular sequence, we get that the sequence
(14) is regular. |

Remark 4.5. A slight generalisation of Lemma 4.4 can be used to prove that the
binomials in Theorem 3.5(A) form a regular sequence, without using [14] and
Lemma 3.8.
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Proof of Theorem 4.1. By Theorem 3.5, itis enough to deal with the toric boundary.
Here we adopt some notations used in the proof of Lemma 3.9. Let I be the kernel of
the surjective ring homomorphism v : C[6 VN M 1 — CloY N M] that is associated
to the surjective semigroup homomorphism ¢: 6¥ N M — oY N M given by
u+aiej + - -+ aref — u. The ideal of the toric boundary 9 X in X is

® o
ucint(cV)NM

Therefore the ideal of 8 X in X is

1=y} @ Cx"

u€int(oV)NM
=i 2 CyHaeit+ue,

utaye}+--+agefe((int(c¥)NM) v/ 31al:a%

Now we consider the Cox ring of X: § = Clxg | & € 6(1)] withits G5-grading.
In the proof of Theorem 3.5(A) we had the following description of the rays of &.

e Rays passing through the vertices of Qg — e; — -+ — ex. We denote by
20,1, - - - » 20,5, the corresponding Cox coordinates.

e Rays passing through the vertices of Q; + ¢;, asi = 1, ..., k. We denote by
Yil, ..., Yis the corresponding Cox coordinates.

e Rays of ¢ that are not in the cone generated by the previous rays. We denote
by zs.1, - . -, Zo,s, the corresponding Cox coordinates.

Consider the following monomials in the Cox coordinates of X:

yi = l_[ x;ei,é) =Yil  Vis foreachi € {l1,..., k},
20 = 1_[ x?e"’@:zgfl“'z&go foranyi € {1,...,k},
Zf)edz 1_[ Xe =201 20,5 foranyi € {l,...,k},

Zg = 1_[ Xe = 20,1 20,5, foranyi € {1,...,k},
g5 (1):
(e} .£)=0
7= 1_[ xg:z{)edzg foranyi € {1,...,k}.
Eea(l):
(ef,§)=<0
The exponents cy, ..., cg are the minimal positive integers by which we have
to multiply the vertices of Qg to get lattice points. Here we have used (iv) in
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Definition 3.1 to deduce that y; are reduced monomials. We see that y; are exactly
the ones used in the proof of Lemma 3.9, whereas the monomials z1, .. ., zx there
coincides with zg in our case. We see that y; — zq is the binomial obtained from
the trinomial (13) by setting ; = 0 and z is the monomial in (12). Let / C S be
the ideal generated by y; — z, ..., yx — zo and let J = J + Sz. We already know,
from Lemma 3.9 or Theorem 3.5, that the Cox isomorphism between C[6Y N M]
and Sp € S maps the ideal I onto the degree zero part of the ideal J, i.e. Cox(/) =
J N Sp. We have to prove that

Cox()=7TNSp. (15)

This equality will imply that the scheme-theoretic intersection X N D coincides
with 0 X.

We now prove the containment C in (15). Since Cox(/) € J C J,itis enough
to show that Cox(x%) = x* € J forall ii = u + aje} +--- +aref € 67 N M
such that u € int(c"). We have that z,, divides x% because u is in the strict interior
of o¥. Since # € &V, & cannot take negative values on Qg — e; — -+ - — ¢,

Q1 +ei, ..., QO + e If ii is strictly positive on Qg — e — - -+ — ek, then z)¥4

divides x", and hence z = z(r)ed Zo divides x" which implies that x% lies in J and we
are done. So we may assume that 0 = ming,—¢,—...—¢, i = Ming, u —ay —- - - —aj.

Therefore, since u € int(oc¥) and 0 ¢ Q, we have

k k
0<minu=minu+minu+~~-+minu=Z<ai+minu>= min .
0 Qo 01 Ok P 0i Qite;
So, there exists i € {1,...,k} such that ming, 1., # > 0. This implies that y;

divides x%, i.e. there exists a monomial p such that x* = py;. Since z,|x", we
know that z,|p. By writing x* = p(y; — z0) + pzo and by noting that z divides
P20, we conclude that x% lies in J.

We now prove the containment 2 in (15). By using the same argument as
in the second part of the proof of Lemma 3.9, it is enough to show that if u =
u+aef + - +aref € GV N M is such that x# = pz for some monomial
p € Sthen u € int(o"). Since z divides x*, we see that i is strictly positive
on Qp —e; — --- — e and on the rays of ¢ that are not in the cone generated
by Qo —e1 —--- —ex, Q1 + e€1,..., Qr + ex. Now we want to prove that u
is strictly positive on the non-zero elements of o; if v € o we can write v =
rMgo—er—- - —ex)tAlgite)+- - +A(gkt+er) +ve = A(go+q1+- - +qk)+ v,
for some A > 0, ¢; € Q;, and v, in the cone generated by the rays of ¢ that are not
in the cone generated by Qg —e; — - -+ — ek, Q1 + e1, ..., Ok + ex. We have

(w,v)y =A[(i, g0 —e1 — - —ex) + (it, q1 + 1) + -+ + (il g + ex)] + (i, vo).

Since v # 0, we have that either A > 0 or v, # 0; this implies (u, v) > 0.

This concludes the proof of the equality (15) and, consequently, of the fact that
XND=0dX.

By Lemma 4.4 we have that y; — zq, ..., yx — 20, z is a regular sequence.
Adapting the proof of Theorem 3.5(B) we conclude. O
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5. Deformations of projective toric varieties

In this section we study deformations of polarised projective toric varieties. Our
strategy is to deform the corresponding affine cones thanks to Mavlyutov’s theorem
(Theorem 3.5) and then apply the Proj functor. We will use the lemmata in Sect. 2.2.

Theorem 5.1. Let N be a lattice of rank n, let X be a projective Ty -toric variety,
and let D be an ample torus-invariant Q-Cartier Q-divisor on X. Let T be the
(n 4+ 1)-dimensional cone in the lattice No = N @ Zeo associated to the pair
(X, D) as in Lemma 2.3. Let (Q, Qq, Q1, ..., Ok, w) be a deformation datum for
(No, ) withw € M S My. Consider the latnces N = N & Ze, ® - @ Zex and
NO—NGBZeOEBZel@ - @ Zeg. LettC(No)RandweMCMobeasm
Notation 3.2. Let (X, D) be the polarised projective toric variety associated to the
cone T via Lemma 2.3.

(A) Then the inclusion T — T induces a toric closed embedding X — X
which identifies X with the closed subscheme of X associated to the homogeneous
ideal generated by the following binomials in the Cox coordinates of X :

1_[ X;)ei .P) _ 1_[ x;(el‘ ,P) (16)
pes(l): peX():
(ef,0)>0 (ef,p)<0
fori =1,...,k, where S is the fan off( inN. Moreover, the k binomials in (16)
form a regular sequence.
(B) Let t1, ..., 1ty be the standard coordinates on A{&. Consider the closed

subscheme X of X X Spec C Afé = TVC[zl,‘..,zk](i) defined by the homogeneous
ideal generated by the following trinomials in Cox coordinates:

x'(()e o) l—[ —(e .0) l—[ xﬁ’ 1—[ x;(ef,p) 17

pes(l): pes(l): peS(1) pes(l):

(ef,0)>0 (ef,p)<0 (ef,p)<0
fori =1,..., k. Then the morphism X — Afé induces a deformation of X over
Cl#1, - . ., t ]l and over an open neighbourhood of the origin in A{(‘:.

The rest of this section is devoted to the proof of Theorem 5.1.

Proof of Theorem 5.1(A). By Lemma 3.4 T isa (n + 1 + k)-dimensional strongly
convex rational polyhedral cone in No. It is clear that e € 7.

Now we show that e is in the interior of 7: it is enough to show that, if # = u +
Zf:o hief € VN Moy and hg = 0, then ii = 0. Since T C 7, we have that u is non-
negative on 7; but e is in the interior of 7, so u = 0. By evaluating u = Z{;l hief
onQyp—e —---—ep, Q1 +eq, ..., Qr +ex,wesee hy = --- = hy = 0. This
proves that eq lies in the interior of .

Thanks to Lemma 2.4 we have X = Proj C[£¥NMy]and X = Proj C[t¥NM].
The ring homomorphism

ClzY N My] —> C[zY N My], (18)
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which is induced by the inclusion t < 7 and is surjective by the proof of The-
orem 3.5, is homogeneous with respect to the N-grading and induces a closed
embedding (: X < X. Using the isomorphisms (2) it is not difficult to write down
the formulae for the actions of the tori 7 and Ty on the affine charts of X and X R
respectively. From these formulae it is possible to see that ¢ is a toric morphism.

We have to prove that X coincides with the closed subscheme of X defined by the
ideal J; C Sy generated by the binomials (16). Let Jz = J3 S be the extension of
J to the total coordinate ring S of the affine cone C = Spec C[TY N Mo] via the
ring homomorphism S3 — S defined in Lemma 2.5. The ideal J; is generated
generated by the binomials

(ef.8) —(e} ) .
I1 X - I1 X fori=1,...,k (19)
gci(l): gci(l):
(ef,§)>0 (ef,6)<0

in the Cox coordinates of C. By Theorem 3.5 the part of degree zero of J in the
ring (Sz)o =~ ClzV n Mo] coincides with the kernel H of the ring surjection (18).
By Lemma 2.5, X = Proj C[t¥ N M) /H coincides with the closed subscheme of
X defined by the ideal J5.

The matrices Mg = ({e}, p>)1§i§k,pe>§(1) and Mz = ({e], &) 1<i<k.zez (1)
differ just by multiplication by a positive integer on each column, namely the
numbers b, defined in Lemma 2.5. From the proof of Lemma 3.9 we see that M;
has rank k and each of its columns has at most one positive entry. Therefore also the
matrix M has these two properties. By Lemma 3.8 or Remark 4.5, the binomials
(16) form a regular sequence.

This concludes the proof of Theorem 5.1(A). |

The following two lemmata should be well known, but we have not been able
to find an adequate reference for them.

Lemma 5.2. Let (A, m) be a noetherian local ring and let m: Y — Spec A be a
proper morphism of schemes such that Y X spec o Spec A/m" — Spec A/m" is flat
for everyn € N. Then r is flat.

Proof. This proof relies on an argument that appears in the proof of [28, Propo-
sition 6.51]. We want to show that the set Z = {y € Y | Oy,, is not flat over A}
is empty. By covering Y with open affine subschemes and by using [23, Theorem
24.3], one can see that Z is closed in Y.

Assume by contradiction that Z is non-empty. Since 7 is closed, the set 7 (Z)
is a closed non-empty subset of Spec A. Therefore m € 7 (Z). Hence there exists
Yo € Z such that w(yg) = m. Let Spec R be an affine open neighbourhood of yy in
Y and let B = Oy, be the local ring of Y at yg. We know that A/m" — R/m"R
is flat for every n € N. Therefore the local homomorphism A — B is such that
A/m" — B/m"B is flat for every n € N. By the local flatness criterion [23,
Theorem 22.3] A — B is flat. But this is absurd because yg € Z. O
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Lemma 5.3. Let S be a noetherian scheme and let Y — S be a scheme morphism
of finite type such that Y xs Spec Os ¢ — Spec Ogs s is flat for some point s € S.
Then there exists an open neighbourhood U of s in S such that Y xs U — U is

flat.

Proof. Since the problem is local and ¥ — S is quasi-compact, we may assume
S = Spec A, Y = Spec B and s = m for some noetherian ring A, some finitely
generated A-algebra B and some prime ideal m of A. We know that B ® 4 A, is
flat over Ay, . Let us consider the set

V ={P € Spec B | Bp is flat over Apna} = {P € Spec B | Bp is flat over A},

which is open in Spec B by [23, Theorem 24.3]. The equality above holds by
transitivity of flatness and [23, Theorem 7.1].

We identify Spec(B ®4 An) with the set of primes P € Spec B such that
PNA Cm.If P € Spec Bissuchthat PNA C m,then by [23, Theorem 7.1] from
the flatness of B ® 4 A over Ay, we deduce that Bp is flat over (Aw)(Pnaya, =
Apna. This shows that Spec(B ® 4 Am) is contained in V.

Consider the set A \ m endowed with the order relation < such that f < g if
and only if g € /JAf.If f < g, there is the localisation map Ay — Ay, given
by the restriction of the structure sheaf of Spec A from the principal open subset
defined by f to the principal open subset defined by g. As f runs in A \ m, the rings
Ay form a direct system and the local ring Ay, is the direct limit of this system.
Since tensor products and direct limits commute, B ® 4 Ay, is the limit of By as
f € A\ m. We are in the situation of inverse limits of affine schemes studied in
[17, Section 8], i.e. Spec(B ®4 An) is the projective limit of the affine schemes
Spec By as f runsin A \ m.

For every f € A\ m, consider the set Ey = V N Spec By, which is open in
Spec By because V is open in Spec B. Since Spec(B ®4 A) is contained in V,
the set £ = V N Spec(B ®4 Am) coincides with Spec(B ® 4 Am). Since E is the
limit of the E¢’s, by [17, Corollaire 8.3.5] we have that there exists fy € A\ m
such that E s, = Spec B ,. This implies that By is flat over A g,. Therefore we may
take U = Spec A . m]

Proof of Theorem 5.1(B). The proof of the fact that the trinomials (17) are elements
of Clt1, ..., txllxp | p € f)(l)] is completely analogous to what is done in the proof
of Theorem 3.5(B) and will be omitted.

Let X be the closed subscheme of X X Spec C A{é defined by the homoge-
neous ideal generated by the trinomials (17). By (A) the fibre of X — Af(‘:
over the origin is X. The fibred product X X pk SpecClt1, ..., t]/q is flat
over C[zq, ..., t]/q for every (t1, ..., ty)-primary ideal q of C[zy, ..., ], thanks
to Lemma 3.10 and Lemma 2.2, as in the proof of Theorem 3.5(B). If A =
Clt1, ..., tkl(s,....5) 18 the local ring of Af(‘: at the origin O, by Lemma 5.2 the mor-
phism X" x Ak, Spec A — Spec A is flat, and consequently it induces a deformation

of Xover A = Cllry, ..., %] By Lemma 5.3 we may find an open neighbourhood
U C Aé’j of O such that X XA{E U is flat over U. O
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6. Deformations of projective toric pairs

In Theorem 5.1, from a projective toric variety X with an ample Q-Cartier Q-divisor
D and a Minkowski decomposition of a certain polyhedron with some properties
we constructed a deformation of X. Here we show that if D is a Z-divisor then we
can construct a deformation of the toric pair (X, dX). This is the content of the
following theorem.

Theorem 6.1. Let N be a lattice of rank n, let X be a projective Ty -toric variety,
and let D be an ample torus-invariant Q-Cartier Z-divisor on X. Let T be the
(n + 1)-dimensional cone in the lattice Ny = N @ Zeq associated to the polarised
projective toric variety (X, D) as in Lemma 2.3. Let (Q, Qq, O1, ..., Ok, w) be
a d-deformation datum for (No, v) with w € M < M. Conszder the lattices
N = N@ZeléB EBZekandNo—NeaZeOEBZelea -@® Zey. Let T C (NO)R
andw e M C Mo be as in Notation 3.2.

Let 30X be the toric boundary of X. Let (X, D) be the polarised projective toric
variety associated to the cone T via Lemma 2.3. Consider the reduced effective
divisor D on X defined by the homogeneous ideal generated by the following
monomial in the Cox coordinates of X :

I Xp, (20)

,oef)(l):
Vie{l,....k}, (e}, p)<0

where 3 is the fan of X in N.

Let t1, ..., 1ty be the standard coordinates on Afé. Consider the closed sub-
scheme X off( X Spec C A{é =TVcp... tk](f)) defined by the homogeneous ideal
generated by the following trinomials in Cox coordinates:

*

1—[ x[()el-,m_ 1—[ (ef.p) l—[ x'b l_[ xp—(e?,p) 1)

pes(l): pes(l): pes(l) pex(1):
(ef,0)>0 (ef,p)<0 (ef,0)<0
fori=1,... k.
Then the diagram

X N (D xspecc AY—> X

U

k
A(C

induces a deformation of the pair (X, dX) over C[[t1, . .., t ] and over some open
neighbourhood of the origin in Ak .

We mean that the base change of the diagram above to the origin of Acc is
the closed embedding dX — X over Spec C and that we get flat families when
we base change the morphisms X' N (D xspecc Af) — Af and X — Af to
Spec C[[#1, . .., tx] and to some open neighbourhood of the origin in A{(‘:.
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Proof of Theorem 6.1. By Theorem 5.1 itis enough to deal with the toric boundary.
Let C and C be the affine cones over X and X as in the proof of Theorem 5.1. Let J %
be the ideal in the Cox ring of X generated by the binomials (16) and the monomial
(20). We need to show that the closed subscheme of X defined by 75( coincides
with 0X.

Since X is polarised by a Z-divisor, by Lemma 2.3 the primitive generator of
every ray of the cone 7 is of the form p — a,eq for some a, € Z and p € N
primitive. From the definition of 7 in Notation 3.2 it is easy to see that also 7
has the same property, i.e. the primitive generator of every ray of 7 is of the form
p — apeq for some a, € Z and p € N primitive. Therefore the homomorphism
Sg —> Sg, defined in Lemma 2.5, is the identity. In particular the extended ideal
76‘ = 7;( Sz C Sg is generated by the binomials (19) and the monomial

l—[ Xe.

gei(l):
Vie(l, ...k}, (ef £)=<0

By Theorem 4.1 the contraction of 76 to the degree zero part (Sz)o = C[zVn Mo]
of Sz coincides with the ideal L of 9C in C, which is the preimage along the
surjection (18) of the the ideal L of 9C in C. By Lemma 2.5 the closed subscheme
of X defined by J ; coincides with

Proj C[7¥ N My]/L = ProjC[t¥ N My)/L = 3X,

where the last equality follows from Lemma 2.4.

[ — YT RN ST .

b ]

CltY N Mol <L C#Y N Mol == (S0 S <—— Sy

One can show that the binomials (16) and the monomial (20) form a regular
sequence by using Lemma 4.4. By adapting the proof Theorem 5.1(B) we can show
the flatness of the families. |

7. Mutations of Fano polytopes and deformations of Fano toric pairs

Here we recall the definition of mutations between Fano polytopes from [2] and we
prove Theorem 7.3. The definition of Fano polytope has been given at the beginning
of Sect. 1.3.

If N is a lattice, w € Mg \ {0} and i € R, then we denote by H,, ; the set
of all points of N lying at height & with respect to w, i.e. the affine hyperplane
Hy.p:={v € Nr | (w, v) = h}. In particular wt = w,0-
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Definition 7.1. Let P C Np be a Fano polytope. A mutation datum for P is a pair
(w, F) where w € M is a primitive vector and F € w* C Np is a lattice polytope
satisfying the following condition: for every 4 € Z such that minp w < h < 0,
there exists a (possibly empty) lattice polytope G, € Np such that

Hyp Nvert(P) € G + (=h)F < conv (H, 4, N PNN). (22)

Note that, for given Fano polytope P € N and primitive vector w € M, a
polytope F such that (w, F) is a mutation datum for P need not exist. From a
mutation datum we make the following construction.

Definition 7.2. ([2, Definition 5]) Let P € Ng be a Fano polytope and let (w, F)
be a mutation datum for P. Assume that {G},}minp w<h<0 1s a collection of lattice
polytopes satisfying (22). We define the corresponding mutation to be the lattice
polytope

-1 hmax
mut,, r(P) == conv< U GnulJWHwsn PN+ hF)>.

h=minp w h=0

The polytope mut,, r(P) does not depend on the choice of {G}}. Moreover,
mut,, r(P) is a Fano polytope. See [2, Section 3] or [6, Section 2.5] for the proofs
of these statements.

Roughly speaking, mut,, r(P) is obtained from P by adding i F at height &
(with respect to w) for 2 > 0 and by removing (—h) F at height & for h < 0. The
pair (w, F) is a mutation datum precisely when it is possible to remove from P
multiples of F at negative heights. For an example of mutation of Fano polytopes
see the beginning of Example 7.4.

The following theorem is the precise version of Theorem 1.3.

Theorem 7.3. Let P C Np be a Fano polytope, let (w, F) be a mutation datum
for P, and let P’ = muty, (P) be the mutated polytope. Let X p (resp. X pr) be
the Fano toric variety associated to the spanning fan of P (resp. P') and let X p
(resp. X pr) be the toric boundary of X p (resp. X pr). Set

vert(P)=0 = vert(P) N {v € N | (w, v) > 0},
vert(P)<0 = vert(P’) N {v € N | (w, v) < O}.

Consider the lattice N = N & Ze, and the polyhedron Q C My defined by

. } Vp evert(P)2°, (u,p)+1>0
Q= u+kef e Mg |Vp evert(P)<", (u,p’)+1+k{w,p’) >0
Vfevert(F), (u, f)+k>0

Then Q is a full dimensional rational polytope and the primitive generators of the
rays of the normal fan ¥ of Q are

e p for p € vert(P)=°,
o p' + (w, p'ley for p’ € vert(P)<0,
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o f + ey for f € vert(F).

Let X =TVc () be the toric variety associated to 3. Consider the reduced divisor
D on X defined by the following monomial in the Cox coordinates of X :

]—[ xXp ]_[ Xp. (23)

pevert(P)=9  p’evert(P)<0

Set V = ]P’é \{[1 :0:0],[0 : 1 : O]}. Consider the closed subscheme X of

X X specC V defined by the vanishing of the trinomial obtained by varying the three
coefficients of

[T =7+ I ="+ T[] «xr 24)
pevert(P)=0 p’evert(P')<0 fevert(F)

Then in the diagram
X N (D xgpecc V) — X
\ ;

the two morphisms with target V are flat and the base change of the diagram to the
points [0 :1: —1]and [1 : 0: —1] of V are the closed embeddings 0Xp — Xp
and 3 X pr — X pr over Spec C, respectively.

When dim Xp = 2, a slight Valriation of this construction was pursued in [1,
Lemma 7]. The rays of the fan of X in Theorem 7.3 have been suggested to us by
Thomas Prince. An example of Theorem 7.3 is given below.

Example 7.4. In the lattice N = Z? consider the polygons

e (2)- () (21)
p o ((2)-(2)- (1)

which appear in Fig. 2. We have P’ = mut,, r(P) with w = (—1,2) € M and

o (3. 3)

We see that X p = P2 apd Xp =P(1, 1,4). Following Theorem 7.3 we consider
the complete fan ¥ in N = Z> whose rays are generated by

0 —1 0 2
x=|1}),y=1-1),20=10).21=
0 -1 1
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Fig. 2. The polygons in Example 7.4

This implies that the toric variety associated to Yis X = P(1, 2, 1, 1) with Cox
coordinates x, y, zo, z1. The trinomial (24) is x% + y 4+ zz; and the monomial (23)
is xy.

Consider V = IP% \ {[1:0:0]1[0:1:0]} with homogeneous coordinates
a, b, c. Consider the following closed subschemes of (1, 2,1, 1) Xgpecc V:

B = {ax2+by+cz()z] =xy=0}—> X = {axz—i—by—i—cz()z] = 0}.

By Theorem 7.3, the projections X — V and B — V are flat and their fibres over
[0:1:—1](resp.[1:0:—1])are Xp and 0 X p (resp. X pr and 0 X pr). We notice
that the fibres over the closed points of V with b % 0 are ]P% with a reducible cubic.

Lemma 7.5. Consider the polynomial ring S = Clxi,...,Xr, Y1,..., Vs, 21,
...,ztJoverC. Fixay,...,ar, B1,...,Bs € N.Ifa, b, c € Care suchthatab # 0
orc # 0, then

o . B1
axll ..._x;x' +by1 yfT +CZI"'Ztg _xl..._xryl...ys
is a regular sequence in S.
Proof. They are two coprime elements in a unique factorisation domain. O

Proof of Theorem 7.3. Consider the lattice No = N @ Zep and the cone t =
cone (P + eg) C (No)r, which is associated to the ample Q-Cartier Z-divisor
dXp on Xp via Lemma 2.3. Let {G;} be the collection of lattice polytopes in
Definition 7.1. Consider the polytope

G
G:conv< U h—;eo>.

minp w<h<0

It is not difficult to see that (G + F, G, F, w) is a d-deformation datum for (Ng, 7)
withw € M C M.

Let us prove only (vi). Each vertex of the polyhedron t N {v + keg € (No)r |
(w, v) = —1} is of the form —(w, p)_l(p + eq) for some p € vert(P)<Y; by (22)
there exist g € Gw,p) and f € F such that p = g — (w, p) f; this implies that

_PEe_ 87O Gy
<w7p) _(wsp>
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Now consider the cone T = cone (t, G — ey, F 4+ ¢1) in 1(70 = N®Zey® ZLey,
as in Notation 3.2. By using (22) it is not difficult to show that T is generated by
p + e for p € vert(P)Z0, p’ + eg + (w, p'Yey for p’ € vert(P)<, and f + ¢
for f € vert(F). It is not difficult to show that these are the rays of 7. This implies
that the polytope Q defined in Theorem 7.3 coincides with ¥ N ey (1) and that
the rays of ¥ are the ones written down in the statement of the theorem.

Consider a, b, c homogeneous coordinates on V C P2 , consider the closed

subscheme X of X XspecC V defined by the homogeneous ideal generated by the

trinomial
a H xé,w’m +b l_[ x;,(w’P/) +c 1_[ X (25)

pevert(P)=0 p’evert(P')<0 fevert(F)

Let D be reduced effective divisor of X defined by the monomial (23). Consider
B=4XND Xspecc V) — X XspecC V. Therefore the diagram in Theorem 7.3
isB— X —> V.

If we ignore the coefficients, the trinomial (21) in this particular case becomes
the trinomial in Theorem 7.3 and the monomial (20) becomes the monomial (23).
By Theorem 6.1, the fibres of ¥ — V and B — V over the point [0 : 1 : —1] are
X P and 0X P-

Now we prove that X and B are flat over V. We pick an arbitrary closed point
vo =[a : b :c]of V.By Lemma 7.5, the trinomial (25) and the monomial (23)
form a regular sequence in the Cox ring of X. By Lemma 3.10 and Lemma 2.2, we
have that the morphisms X — V and B — V become flat when we restrict them to
every infinitesimal neighbourhood of the point vy in V. Since X and B are proper
over V, by Lemma 5.2 we have that the morphisms X — V and B — V become
flat when we base change them to Spec Oy ,,,. By Lemma 5.3 there exists an open
neighbourhood U of vg in V such that X'|y and B|y are flat over U. Therefore X
and B are flat over V.

It remains to show that X p and 9 X pr are the fibres of ¥ — V and B — V over
[1:0: —1]. This can be seen by using the inverse mutation from P’ to P and by
applying the automorphism of N @ Ze| given by v+ke; — v+ (k+(w, v))e;. O
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