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Introduction

In algebraic geometry, moduli spaces naturally arise as spaces where each closed
point corresponds to an equivalence class of certain geometric objects. In general,
the moduli space of all such objects is too big. In order to get a finite-type scheme
parametrizing these objects, we restrict ourselves to stable objects.

In this thesis we are particularly interested in stability in two different contexts:

e Part I - Arakelov bundles over arithmetic curves.

e Part II - Bridgeland stability conditions on holomorphic triples over curves.

Arakelov bundles over arithmetic curves

Arakelov geometry is a theory to study varieties over rings of integers of number
fields by putting smooth hermitian metrics at infinity. Roughly, one can interpret
Arakelov theory as a dictionary to translate (projective) algebraic geometry concepts
into number theory and complex analysis. This identification is highly nontrivial
and sometimes it might not be even possible. Part I of this thesis is inspired by this
philosophy.

Although S. Arakelov developed the theory for arithmetic surfaces (see [Ara74,
Ara75]), our setting is on arithmetic curves. Our main goal is to provide a notion
of stability for Arakelov principal bundles over arithmetic curves which extends
semistability for Arakelov vector bundles and agrees with the analogue for Arakelov
group schemes. We provide a gentle introduction to the formalism below.

Let K be a number field and denote by Ok its ring of integers. As Ok is a
Dedekind domain, Spec(QOf) is a smooth affine algebraic curve. Let n = (0) denote
the generic point.

Each element p € Spec(Ok) \ {n} defines a valuation v,: K — R and its equiv-
alence class gives a so-called finite place of K. The finite places correspond to
nonarchimedean (p-adic) valuations. On the other hand, the infinite places of K
are the archimedean valuations of K. These archimedean valuations correspond to
complex embeddings t: K —— C up to complex conjugation, we denote this (fi-
nite) set by X.. The arithmetic curve associated to K is defined as the disjoint
union

X = Spec(Ok) U X.
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It is referred to as a curve due to the classical analogy between number fields and
function fields. Moreover, the well-known product formula

H|a|l,:1f0ralla€K\{O}

veX

with v running over all suitably normalized valuations of K, leads to think of X as
a projective algebraic curve, i.e. a compactification of the affine curve Spec(Ok) by
adding the finite set of points X, at infinity.

Now, an Arakelov vector bundle

E=(EA{{ )ev}rex.)
on X consists of the following data:
1. a locally free Og-module E of finite rank,
2. a family of scalar products {(-, ) g, }rex,, defined on the K,-vector space
EF,=F® K,,
where K, = R or C denotes the completion of K with respect to v.

There exists a notion of degree of Arakelov vector bundles which leads to a definition
of slope semistability. Moreover, as in classical algebraic geometry, every unstable
Arakelov vector bundle has a unique Grayson-Stuhler filtration [38] analogous to
the Harder-Narasimhan filtration.

In [16] and [14] J.B. Bost raised the question whether the tensor product of two
semistable Arakelov bundles is again semistable. There are numerous proofs of the
analogous fact in algebraic geometry. In [49], Narasimhan and Seshadri related the
theory of polystable vector bundles on a compact Riemann surface to the theory of
unitary representations of the fundamental group of that Riemann surface and they
obtained that the tensor product of two semistable vector bundles is semistable as
a corollary. In [40] (and [45]) Hartshorne related semistability of a vector bundle to
its nefness.

In Arakelov geometry, Y. André [2] provided examples of nef Arakelov bundles
whose tensor product is not nef, meaning that Hartshorne’s approach does not work
in the Arakelov world. However, an affirmative answer was given for low ranks by
de Shalit and Parzanchevski in [29] and by Chen in [23]. Bost also observed that
different choices of the metric on the tensor product might lead to better results
[15].

On the other hand, Ramanan and Ramanathan [52] put the tensor product
theorem for vector bundles in terms of the behavior of semistability of principal
bundles under extension of the structure group.

In view of the numerous occurrences of tensor product theorems in various areas
of algebraic and arithmetic geometry, this thesis provides the building stone to tackle
the problem in terms of principal bundles.
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The concept of an Arakelov principal bundle over an arithmetic scheme appeared
explicitly in the work [58] of A. Chambert-Loir and Y. Tschinkel. It is closely related
to the notion of decorated principal bundle by A. Schmitt [54].

Let G C GL(n, Ok) be a reductive connected affine algebraic group. An Arakelov
principal G-bundle

A= (X, {ov}vex..)

on X consists of the following data:
1. a principal G-bundle X — Spec(Ok),

2. reductions o, of the structure group of A, to a maximal compact subgroup
H, of G(K,) = G ®k K,, i.e. Spec(K,)-"~X,/H,.

We say that an Arakelov principal G-bundle X is semistable if for all reductions
Xp = (Xp, {opyvexs)
to parabolic subgroups P C G the following inequality holds
deg(Xp x*p) <0.
The non-negative real number
ideg(X) = max{deg(Xp x*?p) | Xp reduction to parabolic P}

is called the Arakelov degree of instability of X. A canonical Arakelov reduction is
a reduction Xp to a parabolic subgroup P such that deg(Xp x4 p) = ideg(X).

Let Gy be a split reductive group scheme over Ok and let X' be a principal
G-bundle on Spec(Of). We define a group scheme

Autg, (X) = X x%oconi G

where G| acts by conjugation on Gj. It is well known that parabolic subgroups of
Autg, (X)) are the same as reductions Xp, of X to Py [30, Exposé XXVI, Lemme
3.20].

Moreover, given v € X, consider a maximal compact subgroup Ky, C Go,. We
show that a section of X, /Hy, is equivalent to giving a maximal compact subgroup
H, C G,. This shows that an Arakelov principal Gy-bundle X is equivalent to giving
the Arakelov group scheme

g = (AUtGo (X)v {HV}VEXOO)‘
Then, the key fact in Part I is the following result.

Proposition 0.0.1. Let Gy be a split reductive group scheme over O and let X
be an Arakelov principal Go-bundle. Then the canonical parabolic subgroup of the
Arakelov group scheme G is equivalent to giving a canonical reduction for X .
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Proposition allows then to adapt the constructions of Harder and Stuhler
[39] to our context and prove the main theorem of Part I.

Theorem 0.0.2 (Main theorem). Every Arakelov principal G-bundle X has a unique
Arakelov canonical reduction Xp.

Furthermore, when G = GL(n) the Arakelov canonical reduction Xp corresponds
to the Grayson-Stuhler filtration of the Arakelov vector bundle associated to the
Arakelov principal G-bundle X.

A natural next step might be to study the question how semistability behaves
under extension of the structure group. It could be interesting to investigate how
to adapt the techniques of Balaji and Parameswaran [5] to study the behavior of
semistability of decorated principal bundles [54] under extension of the structure
group in a general context. Furthermore, it would also be interesting to see applica-
tions of Harder-Stuhler’s techniques to automorphism groups of indefinite lattices.

Bridgeland stability conditions on holomorphic tri-
ples over curves

This is joint work with A. Rincén Hidalgo (Freie Universitéit Berlin) and A. Riiffer
(University of Limerick) [47].

Stability conditions on triangulated categories were introduced by Bridgeland in
[19] as a mathematical formalization of Douglas’ work on II-stability of D-branes for
super conformal field theories (SCFT) in [31], [32].

Given a triangulated category D, a Bridgeland stability condition on D consists
of a bounded t-structure on D and a stability function on its heart with the Harder-
Narasimhan property. Such stability condition can be viewed as an abstraction of
classical slope-stability for vector bundles on a smooth projective curve. In [19],
Bridgeland proves that the set of stability conditions has a natural topology and
is a complex manifold, possibly infinite dimensional. We are particularly interested
in the finite dimensional submanifold of numerical stability conditions, denoted by
Stab(D). A key fact is that the stability manifold Stab(D) carries naturally a right

action of G~L+(2,R), the universal covering of GL*(2,R), and a commuting left
action by isometries of the group of exact autoequivalences of D. In addition, we
will require our stability conditions to satisfy the support property, which ensures
convenient deformation properties.

The stability manifolds of smooth projective curves were determined in [19],
[46], [51]. In the case D = D°(C), i.e. the bounded derived category of coherent
sheaves on a curve C' of genus g > 1, the action of G~L+(2,R) is free and transitive,
which means that the stability manifold Stab(C') can be thought as G:L+(2, R) itself.
Some stability conditions have been constructed on projective surfaces as well as a
connected component of the stability manifold for K3 surfaces [3], [20]. Macri gives
a method for constructing stability conditions from Ext-exceptional collections in
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[46]. Our example will probably be the first completely described stability manifolds
for a triangulated category with (finite) homological dimension greater than 1.

We study Stab(7¢) the stability manifold for the bounded derived category of
TCoh(C), the abelian category of holomorphic triples on curves of genus g > 1, i.e.
triples T' = (E4, Eq, ®) where E, Ey € Coh(C) and ®: E; — Es is a morphism be-
tween them. Holomorphic triples were first introduced by Garcia-Prada et al. in [35]
and [I§] for vector bundles over a smooth projective curve of genus g. It was shown
in [35] and [18] that projective moduli spaces for holomorphic triples exist. Later, a
precise construction via GIT of the moduli spaces was given by A. Schmitt in [55].
A variation of moduli with respect to the parameter « is found in [I7]. Moreover,
after the work of C. Daly in [28], we know that the submanifold of stability condi-
tions corresponding to the heart TCoh(C) is isomorphic to Stab(C)° x Stab®(C),
with Stab®(C') the connected component of stability conditions corresponding to
the heart Coh(C'). In her work, Daly was implicitly using the description 7o as
semiorthogonal decomposition of D*(C).

Recently, Bayer et al. in [6] introduced a very general method to induce Bridge-
land stability conditions on semiorthogonal decompositions. In particular, they
proved the existence of Bridgeland stability conditions on the Kuznetsov compo-
nent of the derived category of many Fano 3-folds and extended it to a Bridgeland
stability condition on the whole cubic fourfold X using J. Collins and A. Polishchuk’s
results in [25].

In our case, we use the complete description of Stab(C') to construct stability
conditions on 7¢. First of all, we follow A. Bondal and Kapranov’s results in [12]
to show the precise structure of T¢ as semiorthogonal decomposition of D?(C):

1) 710 - <CI7CQ>7

0 E E 0
ok
Ey—— E, 0 B[l
ii) To = (C3,C1),
Clp)[-1] by Ly Cly)
O
0 E, E, 0
iii) Te = (C2,Cs),
Jo——} 0 Eu1]

e

Moreover, following the BK-constructions we obtain a Serre functor S, on T¢
which at the level of objects is given by

STC (EI RN EQ.) = E; ® wc[l] — C(QD) & wc[l]. (001)
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Moreover, S, alternates between the above semiorthogonal decompositions:

St
=0, — >
K/p

-1
STC

Cs

In particular, if C' = E is an elliptic curve, then S;’-E = [4]. This implies that Tz is
a fractional Calabi-Yau category of fractional dimension 4/3.

Next, we glue hearts from the smaller subcategories into hearts of 7o but before
that we explore the relation between the classical construction by recollement of A.
Beilinson et al. in [I0] and [25].

Given a semiorthogonal decomposition (D;,Ds) of a triangulated category D,
a stability condition ¢ = (Z,A) on D is glued from oy = (Z1,.4;) on D; and
09 = (Z3, A2) on Dy if and only if Z; = Z|p, for i = 1,2,

Hom3’(A;, Az) =0 (0.0.2)

and A; C A fori=1,2.

We provide an explicit proof that the hearts obtained by CP-gluing and by
recollement are the same when the CP-gluing condition (0.0.2)) is fulfilled. After
this, we explore CP-constructions of stability conditions and we prove the following
result.

Lemma 0.0.3 (Jealousy Lemma). Let A C T be a heart constructed by recollement
of hearts A;, A; C C, which do not satisfy CP-gluing conditions. Then, A does not
accept a stability function defined on K(A), i.e. Z(A) ¢ H for every Z: K(A) — C.

This result highlights the need of satisfying CP-gluing condition to ensure the
existence of a stability function, which leads to a stability condition provided that
it satisfies the Harder-Narasimhan and support properties.

The last step is to show these remaining properties. We show in general that:

Proposition 0.0.4. Let (Dy,Ds) be a semiorthogonal decomposition of a triangu-
lated category D. Suppose that o is obtained from CP-gluing of pre-stability condi-
tions a; on D; for v =1,2. If o is a pre-stability condition on D, then there exists
a quadratic form Q) such that

a) for every o-semistable object E € P(¢), we have Q(v(E)) > 0.
b) Q is negative semi-definite with respect to the kernel of Z.

Moreover, there exists a quadratic form Q' such that ()’ is negative definite with
respect to the kernel of Z.

Although we can not guarantee that o will satisfy the support property with
respect to Q' for an arbitrary triangulated category D, Proposition [0.0.4] shows that
the CP-gluing procedure will be quite close to give stability conditions satisfying
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support property independently on whether the former (pre-)stability conditions
satisfy it or not.

Given a candidate pre-stability condition ¢ on T, obtained from CP-gluing of
pre-stability conditions o; on C; for ¢ = 1,2, we can directly ensure the Harder-
Narasimhan property only under certain conditions:

1. When there exists a real number a € (0,1) such that (o, 02) € S(a), where
S(a) = { (13, £1), (T £) € GLT (2. R): £1(0) > £2(0) and fi(a) > fofa) .

2. For 07 and o9 being a discrete stability condition on C; for ¢ = 1, 2 respectively.

We note that condition 1. is non-trivial and it consists of CP-glued pre-stability
conditions that behave well under the (EiJr(Z,R)—action. Roughly, it states that
there exists some a € (0,1) such that the rotation by ar of ¢ is again a CP-glued
pre-stability condition.

On one hand, we show that the CP-gluing of the standard slope stability condi-
tion on C; and on Cy (denoted by o) belongs to S(a) for every a and on the other
hand we provide explicit examples of CP-glued conditions which are not CP-glued
after acting by some of these rotations.

At this point, we show that we obtain the following result.

Theorem 0.0.5. oy satisfies the support property with respect to Q). Moreover,
—~+

since o9 € S(a) for every a € (0,1) all elements in the GL (2,R)-orbit of oo are

stability conditions on Tc.

Finally, all the evidence shown leads us to formulate the following conjecture.

Conjecture 0.0.6. All gluing of stability conditions o; = (Z;, P;) onC; fori =1,2,3
give stability conditions on T¢.

However, we have proven in [47] the following result which implies that we can
describe the whole stability manifold.

Theorem 0.0.7. Let i, (resp. j., resp. l.) denote the 3 possible inclusions of C in
To. We define the following subsets of Stab(7¢):

©12 = {0 € Stab(7¢) | i.(C(z)), i.(O¢), j«(C(z)) and j.(O¢) are o-stable}
O31 = {0 € Stab(7¢) | i+(C(x)), i.(Oc¢), l.(C(z)) and 1.(O¢) are o-stable}
Oy3 = {0 € Stab(7¢) | 7.(C(2)), j«(Oc), l.(C(x)) and [.(O¢) are o-stable}
then,
Stab(7¢) = O12 U Og3 U Oy3.

Moreover, we have given a precise description of all the stability conditions in
Stab(7¢) as either constructed by CP-gluing or tilting TCoh(C') by a stability func-
tion which fails to be a Bridgeland stability condition (as in [20]). At this point,
we follow Bridgeland’s construction for K3-surfaces as well as Bayer-Macri’s [7] for
the local projective plane to extend the Harder-Narasimhan condition to the whole
manifold via the support property.
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Organization of the thesis

Finally, we outline the contents of the thesis.

Part I - Arakelov bundles over arithmetic curves. In Chapter I we compile the
basics about Arakelov geometry that we briefly described above. We define Arakelov
vector bundles on arithmetic curves and we explore the relationship of nefness and
the tensor product problem as evidence of the pathologies of the Arakelov setting.
Chapter II reproduces Behrend’s construction of complementary polyhedra for sta-
bility of group schemes and the later adaptation to Arakelov geometry by Harder
and Stuhler. The main results of this part are contained in chapter III, where we de-
fine Arakelov principal bundles. We provide a notion of stability and prove Theorem
i.e. we show that our definition agrees with all the previous constructions.

Part II - Bridgeland stability conditions on holomorphic triples over curves.
Chapter IV gathers basic facts about triangulated and derived categories. In Chap-
ter V we introduce the general definition of Bridgeland stability conditions and
explore few examples of constructions of stability conditions that are interesting
for our constructions. Finally, chapter VI contains all our constructions of Bridge-
land stability conditions on holomorphic triples over curves. First we describe the
bounded derived category of holomorphic triples on curves 7o as semiorthogonal
decomposition of the bounded derived category of coherent sheaves on the curve
and we show the existence of the Serre functor Sy, (0.0.1). Next, we compare re-
collement and CP-gluing to construct hearts via semiorthogonal decompositions,
by gluing hearts in the smaller categories and we compute the necessary numerical
conditions for triples. Finally, we construct stability conditions on Ts by gluing
stability conditions from Stab(C'). We study the Harder-Narasimhan and the sup-
port properties of glued stability conditions in general and for triples. The very last
section shows the sketch of how we finally come up with the full description of the
stability manifold Stab(7¢).

The results contained in chapter VI will appear soon in the co-authored paper
Bridgeland stability conditions on holomorphic triples over curves as a preprint on
the Mathematics ArXiv, [47]. The sections reproduced here are those that existed
in similar form in my research before the paper was finished. The proofs in the
final section of that chapter have not been included as they will be presented in
the co-author’s PhD theses (mainly from Theorem onwards in the exposition
above).
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Arakelov bundles over arithmetic
curves






Arakelov vector bundles on
arithmetic curves

This chapter provides basic facts about arithmetic curves and Arakelov vector bun-
dles defined on these arithmetic curves that we will use afterwards.

1.1 Arithmetic curves

Definition 1.1.1. An absolute value of a field K is a function
|-]: K —R
satisfying the following properties
i) |z| > 0 for all z € K and |z| =0 if and only if x =0
i) |zy| = |z||ly|, for all z,y € K
iii) |z +y| < |z|+ |y, for all z,y € K.

Definition 1.1.2. Two absolute values |- |; and | - | on K are equivalent if and
only if there exists a real number s > 0 such that

|y = |3
for all x € K.
Remark 1.1.3. Given an absolute value | - | on a field K, we define the distance
between two points z,y € K as
d(x,y) = |z —yl.

This distance function turns K into a topological space, where two absolute values
| |1 and | - |2 on K are equivalent if and only if they define the same topology on
K. See [50, Proposition I1.3.3] for the details.

Definition 1.1.4. An absolute value | - | on a field K, is called nonarchimedean if
it satisfies the strong triangle inequality

|z + y| < max{|x], |y|}.

Otherwise, | - | is called archimedean.
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Example 1.1.5. When K = Q is the field of the rational numbers, we have the
usual absolute value

| loo =11,
which is archimedean, and for each prime number p € Z the p-adic absolute value

2], = 1/p™,

where if z = a/b € Q, with a,b € Z, then m is the highest power extracted from a
and b, i.e.

T = pma//b/

with ged(a'b’, p) = 1. The p-adic absolute value |z|, is nonarchimedean.

Proposition 1.1.6 (Ostrowski’s theorem [50, Proposition 11.3.7]). Every absolute
value of Q is equivalent to one of the absolute values | - |« or |- |, for p € Z prime.

Given a prime number p € Z and a rational number x € Q, we denote the
exponent m in the definition of |z|, as v,(x), so that we have

], = p77 ).
In general, given a nonarchimedean absolute value | - | on a field K, we put
v(z) == —log|z|
for x € K\{0} and v(0) := oo. In this way we obtain a function
v: K - RU{o0}
satisfying the following properties
i) v(z) = oo if and only if z =0
il) v(zy) = v(r) +v(y)
iii) v(z+y) > min{v(z),v(y)}.

Definition 1.1.7. A function v satisfying these properties is called a valuation of
K. Two valuations v; and vy of K are equivalent if v; = s, for some real number
s> 0.

Conversely, given a valuation v of a field K we obtain an absolute value by
putting

—v(x)

|I|V =q

for some fixed real number ¢ > 1.

Remark 1.1.8. Note that replacing v by an equivalent valuation sv changes | - |
into the equivalent absolute value | - |*.
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Definition 1.1.9. Let K D Q be a number field. A place of K is a class of equivalent
valuations of K. By abuse of notation, we will denote by v a place of K, even though
it refers to a representative of the equivalence class.

Let K D Q be a number field. Define O C K to be its ring of integers, i.e. the
integral closure of Z C K,

Ok = {t € K | p(t) = 0 for some monic p(z) € Z[x]}.

It is easy to see that Ok is a Dedekind domain, that is a noetherian, integrally
closed domain of dimension 1. Thus, we have a smooth affine algebraic curve

Spec(Ok) = {p C Ok prime ideal}

and we denote by i = (0) the generic point.

Each element p # 7 defines a valuation 1,: K — R and (its equivalence class)
gives a so-called finite place of K. They correspond to nonarchimedean (p-adic)
valuations. The infinite places of K are the archimedean valuations of K. These
archimedean valuations correspond to complex embeddings t: K ——=C of K up
to complex conjugation and we denote this (finite) set by X...

Remark 1.1.10. By [50, Theorem II1.8.1] there are 2 sorts of infinite places:

e Real places are given by embeddings

v K—R.

e Complex places are given by pairs of complex-conjugate embeddings

. K——C.

An infinite place v is real or complex depending whether the completion K, is
isomorphic to R or to C.

Definition 1.1.11. Given a number field K, the arithmetic curve associated to K
is defined as the disjoint union

X = Spec(Ok) U X.

Note that the set X \ n of all places of K is in canonical bijection to the set of
all valuations of K, up to equivalence of valuations. Moreover, one can think X as
a finitely many points compactification of Spec(Of), since there is the well-known
product formula

[T lal, =1 for all a € K\ {0} (1.1.1)

veX

with v running over all suitably normalized valuations of K (see [50), Proposition

111.1.3]).
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Remark 1.1.12. By suitably normalized valuations of K we mean the following:
To each prime p of K we associate a canonical homomorphism v,: K* ——R
from the multiplicative group K* of K.

o If p is finite, 1, is the p-adic valuation which is normalized by the condition

e If p is infinite, 14 (x) = —log |tx|, where t: K —— C is a complex embedding
defining p.

Now, for a finite prime p, denote by p the prime number corresponding to the
characteristic of its residue field x(p) and put f, == [k(p): k(p)] and N (p) = p.
For an infinite prime p put f, == [K,: R] and N(p) := e/*. Define then the absolute
value v,: K ——=R by v,(z) = N(p)~®@ for x # 0 and v,(0) = 0.

With these notations, the product formula says that for any x € K*, one has
vy(x) = 1 for almost all p, and

va(az) =1

1.2 Arakelov vector bundles

Now we define vector bundles on arithmetic curves and introduce their notion of
stability.

Definition 1.2.1. Let X = Spec(Ok) U X be an arithmetic curve. An Arakelov
vector bundle

E = (E, {<, ‘>E,V}V€Xoo>

on X consists of the data of a locally free Ox-module F of finite rank and of a family
of scalar products { (-, -) g, }rex., defined on the K, -vector space E, = EQK,,, where
K, = R or C denotes the completion of K with respect to v.

Remark 1.2.2. Note that different choices of the scalar products (-, -)g, defined
on E, for v € X, give rise to different Arakelov vector bundles.

Remark 1.2.3. In the definition of Arakelov vector bundles in [39] they consider
certain families of norms ||.||, for v € X, which correspond to ||s||? == (s, s) g, for
every s € F,. We will use both notations indistinctly.

Definition 1.2.4. Let E be an Arakelov vector bundle over X. The elements of
the finite pointed set

[(X,E)={s€E|(ss)p, <lforalve X,}

are called global sections of E.
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Basic linear algebra operations apply to Arakelov vector bundles by defining the
scalar products in the infinite places.

Subbundles. Let E = (E,{{-,"Yg,}vex.,) be an Arakelov vector bundle on X, a
subbundle ' C E is given by a subbundle F' C E equipped with the restriction of
(-, Ygw to F,, for v e X.

Quotients. Let E = (E,{(-,")g,}vex.) be an Arakelov vector bundle on X,
and I C E denote a subbundle of £. For v € X, the orthogonal projections
p,: B, — F+ provide isomorphisms (E/F) ® K, — F+ which can be used to make
E/F into an Arakelov vector bundle on X denoted E/F.

Direct sums. Let E; = (E;,{{-,")p.»}vex.,) for i = 1,2 be 2 Arakelov vector
bundles on X. One define their direct sum

E,® E,
by considering the direct sum E; & Es of the corresponding locally free Ox-modules
equipped with the scalar products

(X1 @B X2, Y1 B Y2) Bromrw = (T1, Y1) B0 + (T2, Y2) By 0

for v € X, defined on (E_1 @ Es), = E1, @ Es,.
Tensor products. Let E; = (E;, {(-, ) g, }vex.,) for i = 1,2 be 2 Arakelov vector
bundles on X. One define their tensor product

E,® E,

by considering the tensor product F; ® Es of the corresponding locally free Og-
modules equipped with the scalar products

(11 ® T2, Y1 @ Y2) Bromyw = (T1, Y1) 1w - (T2, Y2) By

for v € X, defined on (F; ® E3), = E1, ® Es,.

Dual. Let E = (E,{{*,) g, }vex.,) be an Arakelov vector bundle on X. One
define its dual E* by considering the dual E* = Homg, (E, Ok) of the corresponding
locally free Og-module equipped with the scalar product

@y ) e = (T, Y)p,

forv € X, defined on £ = Hom(F,, K,) and where z* denotes the homomorphism
(,2)p, € Hom(E,, K,).

Exterior powers. Let E = (E,{(-,")g.,}rex..) be an Arakelov vector bundle on
X. One define its n-th exterior power A" E by considering the n-th exterior power
A\" E of the corresponding locally free O-module equipped with the scalar product

(T N ANy yr Ao A yn>/\” g = det (<xi,yi>E‘,u)

for v € X, defined on
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For the highest exterior power, n = rk(FE), the Arakelov line bundle obtained is
called the determinant of E,

det(E) = AN*FE.

Base change. Let K be a number field and let Xx be the arithmetic curve
associated to K. Furthermore, let £ = (E,{(-,") g, }vex,..) be an Arakelov vector
bundle over Xx. Now, given a finite extension L of K, let X be the arithmetic
curve associated to L. We define

EXL - (EOL7 {<7 '>E0L7V’}V’€XL,OO>

the base change of F to X, as follows. Consider the base change Ep, = E®p¢, O,
of the corresponding locally free Og-module. To define the scalar product, note
that we have a surjection

f: XL,oo —> XK,oo

where, given v € X o (resp. V' € Xy o) with v = f(V/), then d,, = [L,, : K] is
either d,, = 1 or d,, = 2. Hence, we set

<7 >EOL’V/ = dy/<7 >E1f(V,)

for v/ € X[ o, defined on Ep, .

Restriction of scalars. Let m: Spec(Of) — Spec(Z) be the natural morphism.
The (locally free) module Ez := m, F is simply the locally free Ox-module F, viewed
as a Z-module. Let vg denote the only infinite place of Q and denote by Eg the
completion of E7 with respect to . Note that there is a natural isomorphism

ER—> @ EV7

VEXOO
TH—"—> (:CV)I/EXOO

see [38, section 1] and [22, Lemma 1.3.1] for more details. Then we take the following
scalar product

<x7y>EZ,V@ = Z <xV7yV>E71/

vE€EXoo

for z,y € FEgr. All together, we obtain an Arakelov vector bundle which we denote
by . E.

Definition 1.2.5. A morphism of Arakelov vector bundles
o:FE— F

consists of an Og-linear map ®p, : £ — [ such that for each place v € X the
induced map
Qy, =bp, ®1: E, = F,
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satisfies
<(I)Ku (5)7 (I)KV (S)>F,V < <37 S)E,V

forall s € FE,.

Moreover, an isomorphism of Arakelov vector bundles ®: E — F is an O-
linear isomorphism ®¢, : £ — F' such that for each place v € X, the induced map
Ok, : £, — F, is an isometry.

Remark 1.2.6. The resulting category of Arakelov vector bundles on X is not
additive, since the sum of morphisms is not always a morphism. For example,
idz 4+ idg is not a morphism of Arakelov vector bundles.

Definition 1.2.7. Given an Arakelov line bundle L on X, the degree of L is

deg(L) = log(#L/sOk) — Z e, log((s, s) /2) eR (1.2.1)

I/EXOO

where s € L\ {0} is arbitrary and ¢, = [K,: R], i.e. ¢, = 1 or 2if K, =R or C
respectively. For an Arakelov vector bundle E of higher rank it is defined as the
degree of its determinant, i.e. deg(E) = deg(det(E)).

Now we see that the degree is well defined.

Lemma 1.2.8. Let L be an Arakelov line bundle on X . Its degree deg(L) (1.2.1)) is
well defined, i.e. it is independent of the choice of s € L'\ {0}.

Proof. We first claim that

log(#L/sOx) =~ > log(lls]lz)- (1.2.2)

peSpec(Ok)

Then, note that for any ¢ € L\ {0}, there exists a € K* such that ¢t = as. Now, by
the product formula ((1.1.1]

Y log(llally) + Y log(llallz,

peSpec(Ok) veXoo

On the other hand, we observe that

> log(lthzy) + Y logltlzs) > log(llasllzy)+ Y log(llas|zs)

peSpec(Ok) veEXoo peSpec(Ok) veXoo

which shows the desired equality

log(#L/tOk) = Y e log(|ltllz.) = log(#L/s0k) = D e log(lls]lL.).

I/EXoo VGXOO

We finish by proving the claim ((1.2.2). First, note that

L/sOk = @D Ly/5(Ok)y-
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Furthermore, let f, denote the isomorphism f,: L, — (Ok), and apply it to each
direct summand to obtain

LP/S(OK)p = (OK/fp(S))Up(S)-
This implies that
#L/s0k =[] lIsll;"-
p

]

Next, we show the computation of the degree of an Arakelov vector bundle as a
Z-lattice.

Let K D Q be a number field with ring of integers O . Then, if we interpret an
Arakelov vector bundle E as a hermitian lattice, one has that

deg(E) = —log(vol(E)),
where we define volume of E to be the covolume of the Z-module E7 inside its
inner product space Eg (where the scalar product is the one defined by restriction
of scalars).
This is a consequence of a classical result in algebraic number theory, that states
the following.

Lemma 1.2.9. Let a be a nonzero ideal of Ok, denote by F' its fundamental domain
as lattice in RY for N = [K: Q| € Zso. Let ry denote the number of complex
embeddings of K. Then,

vol(F) = 2% /| D (a)

where Dgg(a) = (O : a)?Dg, with Dg = Dk o(Ok) denoting the discriminant of
Ok.

Proof. Consider an integral basis a,--- ,ax of a over Z. Denote the real (resp.
complex) embeddings of K by oy, ,0,, (resp. 7y, -, 7, and their conjugates),
where r| + 2ro = N. In this way each element o € K maps to a vector

_ _ N
(UIOQ”' y Op QG THQ - v Ty O, T = - ,7}204) e CV.

By definition, Dg/g(a) is the square of the determinant of the N x N-matrix

016y -+ 010N
Urloél o oo O—T‘laN
1y o TION
@ : . (1.2.3)
T Q1 Tp QN
Tyt TiOpN
@9

77}2011 77'7,20[]\[
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Now, let z; = R(7;a) be the real part and y; = (1) the imaginary part of
7o for j = 1,---  re. Moreover, put 7,0, = j, + 1y;,, for . = 1,--- | N, so that

(1.2.3)) reads as follows

010 T 010N
Or, (1 tee Or, N
i1+ 0 TN TN
@ : . (1.2.4)
Lyl + iyrg,l *rr Tpg N + iyrg,N
11— Wi o T1,N — W1,N
&
Lrol = Wryl "0 Trg,N = WYy N

Replacing the set of rows ®; by ®; + ®5 we obtain

0101 Tt 010N
Op, 01 ce Or, N
21‘171 cee 21’17]\[
®I1 : . (1.2.5)
2-%‘7"2’1 e 2xT2’N
i1 — Wi -0 TN —WiN
3P
Lro,1 — inQ,l "t Tpy,N — iyrmN

and replacing ®y by %,1 — ®9 in (|1.2.5), we get that the absolute value of the deter-
minant of (1.2.4) equals

o1t¢p -+ 010N
Op, Q1 *++ Op QN
11 v T1,N
2" det
ng,l Tt xrz,N
Y11 te Y1,N
y?“g,l e y’I‘Q,N

i.e. the right hand side is the determinant of a set of basis vectors for a as a lattice
in RY having all their components in the direction of the canonical unit vectors of
RY.
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Therefore, the claim follows

/I Dijala)] = 2 vol(F).

Lemma 1.2.10. Given n € Z~,

vol(OF) = H (det z,)/?(vol(Og))"

VEXOO

where €, = [K,: R] and z, denotes the matrixz of the scalar product (,),, forv € X,
evaluated on the standard basis.

Proof. 1f all z, = Id, then the direct sum O} is orthogonal and then it has volume
vol(O%) = (vol(Ok))".

Otherwise, we choose an orthonormal basis {e;,} of K]}. Let y, be the K-
automorphism of K’ such that the standard basis {b;} is given by b, = y,e;,.
Denote by y the direct product of the y,’s for v € X, it is a R-automorphism of

[I K. If welet ' =y 'O%, then its volume
lleXoo

vol(E") = (vol(Ok))™.
Thus,
vol(OF%) = | det y|(vol(Ok))".

Now, since endomorphisms of complex vector spaces have extra multiplicity, i.e.
any endomorphism h of a C-vector space has that detg h = (det h)?, and

| dety| = H | det y, |-
I/EXOO

Moreover, if we denote Y, the matrix of the y, with respect the orthonormal
basis {e;,}, then z, =" ¥,Y; and we find

vol(Of) = [ (det z,)*/*(vol(Ok))".

[]

Finally, we see the relation between the Arakelov degree and the volume as
hermitian lattice.

Proposition 1.2.11. Let E be an Arakelov vector bundle over X. Then,

deg(E) = —log vol(E).



13 Chapter 1. Arakelov vector bundles on arithmetic curves

Proof. For every Arakelov vector bundle E there exists a subbundle £/ C E with
same rank which is free, i.e. E' = sO} for s € E'\ {0}. Therefore,

(det 2,)/2(vol (O )"
vol(E) = H HET50,)

VEXOO

where z, denotes again the matrix of the scalar product (,),, for v € X, evaluated
on the standard basis. A direct computation applying logarithm to both sides shows

—logvol(F) = deg(FE).
[

Remark 1.2.12. The claims in Lemma and Proposition |1.2.11] use the scalar
product matrices z, for v € X,,. This is independent of a choice of a basis, since
the determinant of a base change is a unit of Ok and the product of all archimedean
norms of a unit of Ok is one.

Next, we show some properties of the Arakelov degree.

Proposition 1.2.13. Let K be a number field and denote by X the arithmetic curve
associated to K. Let E and F be an Arakelov vector bundles over X.

1. Given a finite extension L of K, let Ex, denote the base change to X, the
arithmetic curve associated to L. Then,

deg(Ex,) = [L : K] deg(E)

2. deg(FE ® F) = 1k(F) deg(E) + 1k(E) deg(F)
3. deg(E*) = —deg(F)
4. deg(E @ F) = deg(FE) + deg(F).

Proof. 1. Recall that we have a surjection

f: XL,oo —> XK,oo

where, given v € Xy o (resp. V' € Xy o) with v = f(V/), then d,, = [L,, : K] is
either d,, = 1 or d,» = 2. Moreover, note that

[L:K]=> dy.
Hence, given s’ € det(Ep,) \ {0}, we have

deg(Ex,) =~ Y 10g(l8'laet(mo o) = D € 10g(l18' laer(zo, )ar)-

p’ESpec(Op) vV'eXr oo
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Finally, the claim follows from the definition of the scalar product (,) Eo, v's defined
on EOLJ/"
2. This is a consequence of

det(E & F) = det(E>®rk(F) ® det(F)®rk(E‘).

3. This is a consequence of

4. This is a consequence of
det(E @ F) = det(E) @ det(F).
]

Remark 1.2.14. Let E be an Arakelov vector bundle over the arithmetic curve as-
sociated to a number field K. After Proposition 1. we will consider the degree
of E to be normalized i.e. in what follows, we write deg(E) to denote deg(E)/[K : Q.
This will not affect semistability and will make the value invariant under finite ex-
tension of the number field K.

If Y is a smooth projective curve of genus g over an algebraically closed field of
characteristic 0 and E is a vector bundle over Y, the Riemann-Roch formula states

(Y, E) — h' (Y, E) = deg(E) + (1 — g) rk(E). (1.2.6)

Moreover, by duality we have h!(Y, E) = h%(Y,w;' ® E*), where wy denotes the
canonical bundle of Y.

Let X be an arithmetic curve associated to a number field K. There exists a
dualizing Arakelov bundle D' that yields a duality theorem as shown in [22, The-
orem 1.3.2]. Unfortunately, with the definition of global sections given for Arakelov
vector bundles in Definition there is no such Riemann-Roch equality as in
(1.2.6). However, Gillet and Soulé [36] established an inequality as an approximate
analogue of the Riemann-Roch formula.

Proposition 1.2.15. Let E be an Arakelov vector bundle over the arithmetic curve
associated to a number field K, of rank n € Z~q. Then, one has

_ _ _ 1
h(E) — h° (D' ® E*) — deg(E) — §n10g |Dg|| < c(ry,m2,n)

where h°(E) = log(#I'(X,E)), D denotes the discriminant of K, ry (resp. ra)
denotes the number of real (resp. complex) embeddings of K in C and c(ry,m9,m) is
a constant depending only on 1, r9, and n.

In [22], Chambert-Loir recalls an alternative definition of h° which allows for
an exact Riemann-Roch equality as in (1.2.6). Moreover, he shows the following
inequality that we will use later.
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Proposition 1.2.16 ([22, Proposition 1.4.12] ). Let E be an Arakelov vector bundle
over the arithmetic curve associated to a number field K, of rank n € Z~y. Then,
one has

- _ 1 2 +dn 2 +dn 1
hO(E) > deg(E) — inlog |Dg| — 5 log < o ) - §log7r

where d = [K : Q).

Next, we define semistability of an Arakelov vector bundle £ analogously to
semistability of algebraic vector bundles on curves.

Definition 1.2.17. Let E be an Arakelov vector bundle of rank 7 € Z~, then the
slope of E is B
_ deg(F
w(E) = ( )

,
Then, E is called semistable, if for all non-trivial subbundles 0 C F C E it holds

that 1(F) < p(E).

Example 1.2.18. Consider K = Q. Let L = (L, {.,.)) be a rank r Arakelov vector
bundle on Spec(Z)U{oo}, i.e. L is a locally free Z-module of rank r and we let (., .)
denote an euclidean metric in R". By Proposition [1.2.11] its degree is

deg(L) = —log(vol(L)).
Now, let H denote the upper half plane of the euclidean plane and
D={zeM|[z| 21 R(z) <1/2}

the fundamental domain for the action of SLy(Z) on H. See the gray region in
Figure |1.1]
Given 7 € D, consider the lattice

L, =7+ 7t

and together the standard euclidean metric, denote L, the corresponding rank 2
Arakelov vector bundle.

Hence, L, is semistable if and only if for every proper Arakelov line subbundle
of L;,ie.0£ L' G L,

—log(vol(L,))
2
~log($(r)
2

—log(vol(L')) <

Note that 1 is a vector of minimal length in L.. Therefore, L, is semistable if and
only if 1 > (7). See the darkest region in Figure [L.1]
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Figure 1.1: Stability region of L.

Example 1.2.19. Put K = Q. Let
An :ZnJrlm{(QZl,"' ,Jln+1> ERnJrl | $1+"'—|—$Un+1 :O}

denote the root lattice with Gram matrix

2 1 00
1 2 00
By, = |t S
o0 --- 21
00 --- 1 2
in the standard basis eq, -+ , e, and standard euclidean norm. We note that A,

is semistable since the natural representation by permutation of coordinates of the
symmetric group on A, Xz R is irreducible and preserves A,,. Furthermore,

() =~ log(\/det By, )

1
=5, log(n + 1)

where the last inequality can be shown by induction. Indeed, we have det By, = 2
(resp. det By, = 3) for n =1 (resp. n = 2) and in general for n > 3 we have

det By, = 2det By, , —det By, ,
=2n—(n—1)
=n+1.

Now, given a number number field K and a rank 1 subbundle L C A, ®z Ok,
we consider the morphisms

Xi,Li L — OK

that given (xq1, -+ ,z,41) € L,

Xi,L(xb e 7xn+1) =T
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for each i € {1,--- ,n+ 1}. Let a(L) denote the cardinality of the set
{ZE {1, ,n+1}|X,7L7é0}

Then, we claim

deg(L) < —% log(a(L)). (1.2.7)

Note that a(L) > 2. Indeed, for I == {iy,--- ,i,_1} C {1,---,n + 1} denote by
L; C A, the Z-subbundle defined by X;, =--- = = 0, it satisfies

in—1

1
deg(L;) = —3 log 2

and in this case we verify that a(L;) = 2.

Now we take a rank 1 subbundle L C A, ®7 Ok, with L # L; ®7 Ok for any
I as above. Note that this assumption implies that X; ; # 0 for at least 3 different
i€ {l,---,n+1}. Hence, for each i € {1,---,n + 1} such that X, # 0, by
semistability of line bundles we know that

. 1
deg L < ——— log | X;.zll,-
8L < e 3 log1 Xl

vEX o
Then,
B 1 a(L)
a(L)degL < ———— > " log | [T IXill. |- (1.2.8)
[K ’ Q] ve€Xoso i=1

Finally, we recall the inequality of arithmetic and geometric means, i.e. given
positive real numbers x, - , x,,

\ I S S 1 + + Tn
n
This implies that
(L) o(L)
a(L a(L
og | TL 100l ) < -“Piogan) + “Piog (3 1xi,
=1 =1

for every v € X. Now, by definition

a(L)

log | Y 1 Xill, | <0
=1

and the claim (|1.2.7)) follows by plugging in these inequalities in ([1.2.8]).

The following lemma provides the main tool in the construction of the analogue
to the Harder Narasimhan filtration.
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Lemma 1.2.20. Let E be an Arakelov vector bundle on X. For every c € R, there
ezist finitely many subbundles ' C E such that deg F' > c.

Proof. First of all, we restrict to the case where K = Q by restriction of scalars.
Let m: Spec(Ok) — Spec(Z) be the natural morphism. Moreover, the functor m,
induces an injection from the set of Arakelov subbundles F of E to those of 7, FE
(see for example |38, Lemma 1.2]).

Now, recall that if we consider F as an hermitian lattice, by Proposition ,
we have deg E = —logvol(E). Hence it is equivalent to see that for every ¢ € R,
there are finitely many submodules F' C E with vol(F) < —c.

Now, after all this assumptions, we have Og = Z and let r € Z-o denote the
rank of F'. If r = 1 it is clear since the F' are discrete in Fr and the ball of radius
c is compact. If > 1, Let F} be the Arakelov subbundle defined by F, := Fx N E.
Both F and F; have the same rank r and satisfy F' C F}, hence

deg(Fy) = deg(F) + log(#(F1/F)).

In particular, deg(F}) > c¢. On the other hand, the rank r subspace Fx C Ff is
determined by the line A" Fi in A" E. By the rank 1 case, it follows that F belongs
to a finite set of Arakelov subbundles and log(#(F,/F)) < deg(F}) — c.

Our claim follows since, given any positive integer n, the set of submodules F’
of Fy such that #(F;/F’) is bounded is finite. O

In [38, Discussion 1.16] it is shown that as a consequence, together with a dis-
cussion about the degrees of the subbundles, that every Arakelov vector bundle E
on X has a unique filtration analogue to the Harder-Narasimhan filtration.

Proposition 1.2.21 ([38]). For an Arakelov vector bundle E on X there exists a
unique filtration B ) ) B
0=E,CEC--CE =E

satisfying the following properties:
i) All quotients E;/E;_y, with j = 1,--- ,r, are semistable of slope p;(E).
ii) These slopes satisfy
i (E) > pa(E) > -+ > i (E).

Moreover, this filtration also satisfies

iit) If we write

max E/E; ) = F, 1.2.9
fmax(E/Ej-1) Ogrgngﬁ;j_lu( ) (1.2.9)

then E;/E;_y is the largest subbundle of E/E;_y such that

y’j<E’) = Nmax(E/Ej_l).
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i) If we write

Nmin(Ej) ‘= min :U’(EJ/F>7

0CFCE;
then E;/E;_y is the smallest quotient bundle of E; such that
115 (E) = pimin (E;).
Definition 1.2.22. For an Arakelov vector bundle £ on X the canonical filtration
0=EyGCE G- GCE=E
given by Proposition is also called the Grayson-Stuhler (GS-)filtration of E.

Remark 1.2.23. Note that an Arakelov vector bundle E on X is semistable if and
only if its corresponding GS-filtration contains only 0 and F, i.e. r = 1.

Let E be a locally free Ox-module of rank n, let I' = GL(E). Denote X = X (E)
the space of Arakelov vector bundles on X whose underlying locally free Ox-module
is E. If we let X, be the space of scalar products on E,, for v € X, we can see X,
as an open subspace of a real or complex vector space (up to fixing a basis for F,).

We have X = I X, which defines a natural topology on X.
lIGXoo

Given E € )N(, let (v, w)g, denote the value of the scalar product on v,w € E,.
For g € T', we define a new Arakelov vector bundle gFE by the formula

(v, W)gp, = (970,97  W)E,

and this defines a left-action of I’ on X. B B
This left-action provides an isomorphism g: F —= gF also denoted by g. Con-

versely, given an isomorphism g: Fy, —— Ey of Arakelov vector bundles in X, since
both of them have the same underlying locally free Og-module F| it gives rise to
an element g € I'. Then, it is clear that E; = gF.
Thus, the orbit set B
M\ x

can be regarded as the set of isomorphism classes of Arakelov vector bundles on X
with underlying locally free Ox-module E. In [38] is shown that when restricting
to the semistable points the quotient I\ X is compact so that it is the analogue of
the moduli space for vector bundles on an algebraic curve.

1.3 Nefness and the tensor product problem in
Arakelov geometry

This section compiles results from [2]. It provides interesting evidence of the patholo-
gies of the Arakelov setting compared to the classical setting.
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Given an Arakelov vector bundle E on X, recall the notation above (1.2.9).
Hence, E is semistable if and only if pimax(F) = p(E).
Now, given F; and F5 two Arakelov vector bundles on X, note that

1By ® Ey) = pu(EBy) + p(Es).

This implies that B B B B
,umax(El 0%y E2> 2 N/max(El) + ,U/max(E2)

and one can ask whether it is an equality.

Conjecture 1.3.1 ([16, Problem 1.3]). Let £y and Ey be two Arakelov vector bundles
on X, B B B B
MmaX(El X EQ) = N/max(El) + ,U/max(E2>‘

Remark 1.3.2. Equivalently, if £, and F, are semistable, then F; ® F, is also
semistable.

There are numerous proofs of this fact in the classical setting. In the following
lines we explore the pathologies found in the Arakelov setting when we relate the
notions of semistability and nefness.

Definition 1.3.3. An Arakelov vector bundle E on X is numerically effective (we
will write nef) if for every finite extension K’ O K, any quotient line bundle on the
pull-back £’ := Espec(o,.,) has non-negative degree.

Example 1.3.4 (Direct sum of nef is nef). Let £ and E; be two nef Arakelov
vector bundles on X, we want to see that E; @ E, is also nef.
Indeed, fix a finite extension K’ D K. Consider a rank one quotient of £ & E,
L. Assume (without loss of generality) that the restriction of the quotient morphism
to £ is nonzero and denote by L’ the image in L under this restriction. Since F is
nef, deg L' > 0. Therefore,
deg L > deg L' > 0.

In the classical setting, Kleiman’s Theorem states that the nefness of a vector
bundle implies the non-negativity of its degree (see for example [45, Lemma 6.4.10]).
As a consequence, it follows that a vector bundles of degree 0 is nef if and only if it
is semistable. However, in Arakelov geometry we have a bound for the degree of a
nef Arakelov vector bundle which allows negative degrees, as the following example
illustrates.

Example 1.3.5 (Example of nef Arakelov vector bundle with negative degree). On
K =Q, let
AQ = Z3 N {(ZEhZEQ,J]g) c R?) | 1+ To +[E3 = 0}

denote the root lattice with Gram matrix

(5 5)
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in some basis ey, e5, with angle é1e; = /3.
Fix \ € [1og(23/2)’ 1053

all norms by e~*. Hence,
deg(As(N)) = deg(Ag) + Ark(Ay)
B log 3

= 2
2+ €|

Let us see that Ay(A) is nef. Note that the shortest length of a vector in Ay (\) is
\/§6_’\, so its degree as rank one sublattice is

), we denote by As(A) the resulting lattice by multiplying

log 3

—log2,0).

log 2
—log(v2e™) = A — og :
. log 2
Thus, any rank one sublattice of Ag(\) has degree < A — 5

Next, let L := Ay()\)/L’ be the quotient of Ay()\) by a line subbundle L. The
previous observation together with the additivity of the degree imply

deg(L) = deg(As(X)) — deg(L’)

log 2
5 )

and the fact that A > 1/2log(3/2) implies that any such quotient of rank 1 of Ay(\)

has non-negative degree, i.e.

> deg(Az(A)) — (A —

log 3 log 2

deg(L) > — + 22— (A
=X—1/2log(3/2) > 0.

Now, let K D Q be an arbitrary number field. Take a,b € Ok, with ab # 0 such
that | = ae; + bes is a non-zero vector in Ag(A\)p, . If we see that the degree of the

log 2
Ok-lattice that it spans is < [K: Q](A — =

it implies that any rank 1 quotient of Ay(\) has positive degree. Equivalently, we
are going to see that

)

), by the same arguments as before,

[T llo(a)er + a(B)es]* > (27212,

oK—C

Indeed, given 0: K — C,

%Ha(a)el +ob)es” =la(a)l” + o) + R(a(a)a(b))

= (|o(a)| = |o()])* + 25 (a)o(b)| + R(F(a)o (D))
> |o(a)o(b)]
= |o(ab)]

and since a,b € Ok with ab # 0,

IT lo(ab)| > 1.

ocK—C
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Remark 1.3.6. Note that in particular we have seen that As()) is semistable of
negative degree. Indeed, we have found that any rank one sublattice L of Ay(\) has

W(I) < A— 1052'
Now observe that we have
p(As(N)) = A — 5
and )\_log3>)\_10g2
4 ~ 2’

implying p(L) < p(A2(A)).

Remark 1.3.7. Moreover, the lattice Z(X') is nef for A > 0. Then, Example
implies that Ay(\) @ Z(N) is also nef. In particular, if one takes

_ log3

N
2

-2\

then Ay(A\) @ Z()N) is nef, of degree 0 but not semistable, contradicting the classical
result (every nef vector bundle over a smooth projective curve defined over a field
of characteristic 0, of degree 0 is semistable).

Proposition 1.3.8 (Arithmetic Kleiman theorem [2, Lemma 3.2]). Let E be a nef
rank r Arakelov vector bundle on X. Then,

deg B > —[K: Q]logr.

Theorem 1.3.9 ([2, Theorem 0.4]). Let £y and Ey be two Arakelov vector bundles
on X,

log(tk(E; @ Ey)). (1.3.1)

:umax(El ® EQ) < ﬂmax(El) + NmaX(EQ) + [K2 @]

Proof. First of all, we can assume without loss of generality that puma(E;) = 0 for
i = 1,2 by replacing E; by E;()\) if needed. Hence, E} are nef for i = 1,2,

Indeed, put £ = E; for i = 1,2. The fact that pim.(E) = 0 implies that
deg F* > 0 for all non-trivial subbundles F* of E*. In particular, any rank one
quotient subbundle of E* will have positive degree. Now, if we consider a finite

extension K’ O K, the pull-back E' = Espec(@K,) satisfies
fimax (E') = [K': K]pimax(E) =0 (1.3.2)

and the claim follows by the previous argument. o B
We will show that for every rank r subbundle, 0 # F C F; ® FE»,

deg E < [K: Q]logr.
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Indeed, given a finite extension K’ D K, a line subbundle L of E} ® E} gives rise
to a nonzero morphism B ) B
F(BY — "o Bl
Hence, the normalization of the maximal slopes, together with (1.3.2)) and duality
implies that any quotient of (E5)* has positive degree and any subbundle

0£MCL*®E;
has deg M < deg L*. Finally, factor f’ through the quotient by its kernel and we get

deg L* > 0. Putting all together, this implies that (£} ® FE,)* is nef, so its quotient
E* is nef and therefore, by Proposition m,

deg E < [K: Q]logr.
0

Remark 1.3.10. If we consider the classical setting, say let k£ be an algebraically
closed field of characteristic 0 and let Y be a smooth projective curve on k. Then
we recall that Kleiman’s theorem (i.e. the classical result on which Theorem [1.3.§]
is based) states that if a vector bundle F is nef, then deg E > 0.

This different lower bound compared to the given one in Theorem [1.3.8] is re-
sponsible of the extra summand in (1.3.1). Given E; and F, two Arakelov vector
bundles on the arithmetic X associated to a number field K, the mentioned extra

summand in (1.3.1)) does not allow to conclude that

,umax(E_’l X EQ) S Mmax(E_’l) + ,umaX(EZ)

unless both F; and E, are Arakelov line bundles.
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Arakelov group schemes

This chapter provides an introduction to Arakelov group schemes and the construc-
tion of Behrend’s complementary polyhedra in the lines of [39] (after [9]) to study
their semistability.

1.4 Behrend’s complementary polyhedra

1.4.1 Complementary polyhedra
Let (V,(,)) be an Euclidean R-vector space of dimension n and denote V" its dual.

Definition 1.4.1. A reduced root system of V' consists of a finite set ® of elements
of V' such that

i) 0 ¢ ® and ¢ generates V.

ii) For every a € ®, there exists a unique o € V" such that (o,a") = 2 and if
forz eV
So(z) =2 — {x,0")ar

denotes the reflection at the line spanned by «, then s,(®) = &.
iii) «Y(®) C Z for every a € ®.
iv) 2a ¢ @ for every o € O.
The elements of the root system are called roots.
Definition 1.4.2. A subset A C ® is called basis of ® if it satisfies
i) A generates V.

ii) Every root is an integral linear combination of elements of A and the coefficients
are either all non-negative or non-positive.

The elements of a basis are called simple roots.

Remark 1.4.3. The choice of a basis determines a partition
S =0T UP

into positive and negative roots.

25
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Definition 1.4.4. Let A = {ay, - ,a,} be a basis of ®. The n X n-matrix

A= (<ai’a}/>)ij

is called the Cartan matrizx.

Remark 1.4.5. Note that all the entries of A are integers because of property iii)
in Definition [[.4.1]

Now, for each o € ®, consider
H(a) ={z eV | (z,a) =0}

the hyperplane orthogonal to a.
The collection of such H(a) gives a decomposition of V' into facets.

Definition 1.4.6. Two points v, w € V are in the same facet if and only if for every
a € O either v,w € H(a) or they lie in the same side of H(«), i.e. (v, a)(w,a) > 0.
Facets of maximal dimension are called (Weyl) chambers. We denote by C(V, @) the
set of Weyl chambers.

Remark 1.4.7. The definitions of facet and chamber are as in [9]. However, the
reader should not confuse them with facets in classical convex geometry, where our
facets are simply called k-faces, where k € Z denotes its dimension and our chambers
are called facets. See for example [34, Definition 4.1].

Definition 1.4.8. A subset R C ® is parabolic if it satisfies the following properties
1. Forala € &, a € Ror —a € R.

2. If o, € Rwitha+ 8 € ®, then o+ 5 € R.

Lemma 1.4.9 (|9, Corollary 1.8]). For every facet F,

R(F)={ae®|(a,8) >0V € F}

defines a bijective correspondence between facets of ® and parabolic subsets of ®.
Moreover, this correspondence inverts inclusions, meaning that R(Fy) C R(Fy)
whenever Fy C F}.

Definition 1.4.10. For every facet F', we call the reduction of ® to F to be the
subspace
(Vi = (span(F))* C V,®p = &N Vi).

Remark 1.4.11. If we denote
UF)={ac®|3INe F: (a,\) >0},

then we have

R(F) =U(F)U ®p.
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Definition 1.4.12. Let A denote the set of weights, i.e. the set of A\ € V' such that
a¥(A\) € Z for all @« € ®. For a basis A = {ay, - ,a,} of ®, a weight A € A is
dominant if o/ (A) > 0 for all i = 1, -+ ,n. Denote by

Agi={ M1, , P CA

the system of fundamental dominant weights, i.e. such that o/ (X;) = dy;.
For any facet F' of V', define the set of vertices of F' as
vert(F) == {\ € Ayg | A € F}.
Hence,
= {Z ai\;, a; >0, \; € vert(F)}.

Furthermore, if C' € C(V, ®) corresponds to a basis {ag,- -+, @, }, then

vert(C) = {1, -+, \u}
is the set of fundamental dominant weights with respect to this basis.

Definition 1.4.13. Given two chambers C, D € C(V, ®) are (a-)conjugated if they
have n — 1 vertices in common and there exists a unique root a € ® such that
a¥ |¢>0and o |p< 0.

Definition 1.4.14. A complementary polyhedron for (V,®) consists of a map
d: C(V,®) ——=VV
Cr—d(0)
such that, for every pair of chambers C, D € C(V, ®),
C1. For every common vertex A € vert(C) Nvert(D), we have

d(C)(A) = d(D)(A).

C2. If they are a-conjugated, then
d(C)(a) < d(D)().

Thanks to property C1 in the definition of d, given a facet F', we can choose
C € C(V,®) such that C' O F and define the dual polyhedron of F' as

d(F) := ConvexHull{d(C) | C D F}.
Note that
d({0}) = ConvexHull{d(C) | C € C(V,®)}.
Moreover,

deg F' = Z d(C) ()

acU(F)

= ) d(O)(a).
)

a€R(F
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Definition 1.4.15. We say that d is semistable if any of these equivalent conditions
hold

i) deg F' <0 for every facet F.
ii) deg F' < 0 for every one-dimensional facet F'.
iii) 0 € d({0})
Let F be a facet and A € vert(F'). Define
V(F, ) ={ae® |\ (a)=1, u/(a) =0, Vu € vert(F) \ {\}}.
The numerical invariant of F' with respect to A and d is
n(F,A) = > dC)(a).
acP(FN)
Definition 1.4.16. We say that a facet F'is special with respect to d if
i) n(F,\) > 0 for every A € vert(F).
ii) The reduction (Vg, @) with
dp: C(Vp, ®p) — V¥
is semistable.

The following proposition gives a characterization of special facets in terms of
the dual polyhedron.

Proposition 1.4.17 ([9, Proposition 3.13]). Let
d: C(V,®) — V'V

be a complementary polyhedron. Let y(d) be the unique point of V¥ in d({0}) closest
to 0. Then, F is special if y(d) € d(F). In fact,

FYnd(F) = {y(d)}.

Theorem 1.4.18 ([9, Corollary 3.14]). Every root system ® with complementary
polyhedron d has a unique special facet.

Example 1.4.19. Type A;
Let V = R endowed with the standard inner product and denote the set of roots
¢ = {£1}, with Cartan Matrix A = (2) and Ayy = {£1/2} is the set of fundamental
weights.

The vector space V decomposes into 3 facets: {0} and P* := Roo(&1).

To give a complementary polyhedron

d: C(V,®) —» VY

on &, we fix d* = d(P*) € VV. Suppose d* = z* (constant). Now, we check the
properties of Definition [1.4.14}
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C1. Doesn’t apply in this case since the facets are all pair-wise disjoint.

C2. Since P* are 1-conjugate, i.e. they are disjoint, 1 |p+> 0 and 1 |p-< 0, we have
dt(1) <d (1), ie 2zt <22,

Hence, it corresponds to the interval

d({0}) = [z",27].
Then, (P, d) is semistable if and only if 0 € d({0}), i.e. if and only if
T <0< zx.

If 27 > 0 (resp. = < 0), then Pt (resp. P~) is the special facet.

1.4.2 Root data and linear algebraic groups

Let G be a connected reductive linear algebraic group over an algebraically closed
field K of characteristic 0, we denote by g its Lie algebra. Given a maximal torus
T C G, with Lie algebra t, let

X*(T) = Hom(T, K™)
be its character group. The adjoint representation
Ad: G — GL(g)

gives a decomposition of g into root spaces

where

go = (X € g| Ad(H)X = a(t)X, Vt € T}

Then, we write

(G, T) = {a e XX(T) | ga # 0}

to denote the roots of G with respect to 1. Note that this set is finite since the
dimension of g is finite. Define

V = span(®(G,T)) ®z R

equipped with euclidean scalar product. Then, ® = ®(G,T) is a reduced root
system in V' of rank = dim(V'), equal to the semisimple rank of G.

Given a root a € ¥, we will denote by U, the root subgroup of G i.e. the
unique one-dimensional connected unipotent subgroup of G normalized by T" with
Lie algebra Lie(U,) = ga-
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Now, let T' C B C G be a Borel subgroup containing the fixed torus. It corre-
sponds to give a basis A C ®(G,T). For aroot o € @, denote by s, its corresponding
reflection. The s, are in bijection with elements S, € Ng(T)/T, where Ng(T') de-
notes the normalizer of T'in GG. Given a subset I C A, define W; to be the subgroup
generated by all S, for a € I. Then,

P = BW;B

is a parabolic subgroup of G. In particular, Py = B and P = G. Furthermore, the
roots of P; with respect to T are

(@t U D) ND;

where ®; is the set of roots that integral linear combinations of elements of I. Note
that all parabolic subgroups of GG containing B are of this form.

Remark 1.4.20. Here we are basically using the bijective correspondence stated
in [9) Lemma 5.2], between parabolic subgroups of G containing 7" and facets of
(G, T).

More details also found in [57].

Example 1.4.21. Type A,,_1, for n > 1.

Figure 1.2: Semistable and unstable complementary polyhedra for A,.

Let G = GL(n) with Lie algebra g = Mat(n x n). Denote by T'C G the maximal
torus of diagonal matrices. Let E;; € g be the matrix with 1 at (7, j) and 0 elsewhere.
The set of roots of G corresponding to 71" is

where

G,
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for 1 < i # 57 < n. The Weyl group W is isomorphic to the symmetric group
S,. For {e;}i1... , the standard orthonormal basis of R” and o € S, denote the
corresponding permutation matrix

Po = (60(1)7 e 760(71)) e w.

Let B C G denote the Borel subgroup of upper triangular matrices and consider a
basis of (G, T') corresponding to B by

Ap = {ai,i+1 }1§i§n—1 .

If we consider
I:={aipip+1} C Ap

for some 1 <175 < n — 1, then the corresponding parabolic subgroup is of the form

11 Az - Q14 A159+1 A159+2 T A1n—1 Q1n

0 agp -+ ay A250+1 (25042 *** Q2p1 a2y

0 0o .- Qigig Qigi941 Qigig+2 " Qign—1 Qjgn,
Pr = 0 0 Qig4+1ig  Qig+1lig+1  Gig+1lig+2  °°°  Qig+ln—1 Qig+1n
0 0o - 0 0 Qig42i94+2 *°°  Qig4on—1  Aig+2n
0 0 e 0 0 0 0 Op—1n—1 OGp-1n

0 0o --- 0 0 0 e 0 Ann,

By considering the permutation matrix P, and
B, = P,BP; "

we obtain exactly n! Borel subgroups containing 7' (Note that By = B). Hence, to
give a complementary polyhedron on ®(G,T') consists to define n! points in

VV:{(xl’”"xn)ERn’$1+"'+l’n:0}

satisfying the 2 conditions in Definition

For example, see Figure[I.2]for the case n = 1. There, at left hand side one sees a
reduced root system of R? with two as-conjugated chambers shaded. At right hand
side, one finds an example of semistable complementary polyhedron (with the shape
of a regular hexagon, whose convex hull contains the origin) with the fat points
corresponding to the previous as-conjugated chambers, as well as an example of
unstable complementary polyhedron (with the shape of an irregular hexagon, whose
convex hull does not contain the origin and where the bold edge corresponds to the
image of the special facet under the complementary polyhedron).



1.4. Behrend’s complementary polyhedra 32

1.4.3 Semi-simple and reductive group schemes
We recall some facts from the theory of reductive group schemes.

Definition 1.4.22. Let K be a number field with ring of integers Ok. A split torus
over K is a group scheme 7'/ Spec(K) that is isomorphic to G% /Spec(K). Such a
split torus has a unique extension to a split torus 7 over Og. Then, we have the

character module
X*(T) = X*(T) = Hom(T, G,,) = Z°.

A torus over K, denoted T'/Spec(K), is a group scheme, which splits over a
finite extension L/K, i.e. T, = T Xgpec(k) Spec(L) is a split torus over L. Let K
denote an algebraic closure of K, there is a smallest extension (which is normal and
separable) K C K’ C K such that Tk splits. Such a torus extends to a torus over
Spec(Ok) if and only if the extension K’/K is unramified.

A smooth connected group scheme G/F over an arbitrary field F' is called re-
ductive if it has no nontrivial unipotent normal subgroups. It is called semisimple
if its connected center is trivial.

Definition 1.4.23. A group scheme G/ Spec(Ok) is semisimple (resp. reductive)
if it is a smooth, affine group scheme of finite type over Spec(Og) whose fibers
G Xspec(0) SPec(K(p)) are semisimple (resp. reductive) over Spec(K(p)) for all
points p € Spec(Ok). The group scheme G is called split if it has a split maximal
torus 7 C G i.e. such that every fiber

T Xspec(0x) SPEC(K(P)) C G Xspec(ox) Spec(K (p))
is a split maximal torus for all p € Spec(Ok).
Remark 1.4.24. Any reductive group scheme is locally split for the étale topology.

In general, the type of a reductive group scheme is the set of simple roots A,
together with its structure as Dynkin diagram and the action of the Galois group
on it. In the following lines, we describe this latter action.

Let S := Spec(F') where F'is a field. Then, a reductive group scheme G/S has a
maximal torus 7 /S C G/S that splits over a finite unramified extension F;/F. We
denote

Ty =T xs Spec(Fy).

Then, the Galois group Gal(F;/F') acts on the characters X*(71) and on the set of
roots ®(G,T) by permutations.

Now, if we have two tori T, 7’, then there exists an unramified extension F’/F
which splits both tori. Given two Borel subgroups B O 7 and B’ O 7’, denote the
corresponding basis of (simple) positive roots as Az and Ap respectively. Then,
there is a unique element g € G(F’) (unique up to an element in 7 (F’)) which
conjugates the tori and the Borel subgroups and hence it provides a bijection between
Ap and Ag. Hence, we identify them and omit the reference to the Borel subgroup
by writing just A.
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Take now o € Gal(Fy/F), we can consider 77 = T’ and B? = B’ and o defines
a bijection
5’2A:AB—>AB/:A
and hence we get an action of the Galois group on A. If this action is trivial, then
G is of inner type, otherwise, it is of outer type.

1.5 The data at infinity

In this section we will focus on the local archimedian case, i.e. we look at the
additional datum at infinity attached to Arakelov group schemes (i.e. group schemes
on arithmetic curves that will be properly defined in the next section).

Let K, denote an archimedian local field, so it is either isomorphic to R or C.
Let G be a split reductive algebraic group over K, (with split maximal torus 7") and
denote by g (resp. t) its associated Lie algebra.

Moreover, we fix an underlying Lie algebra structure gy over the real subfield
Fy C K, (also assumed to be fixed). We consider a reduced root system ® of Gy
associated to Tj.

Definition 1.5.1. Le V be a finite-dimensional complex vector space. A subset R
of V' is called a complex root system if it satisfies the conditions of Definition [1.4.]]
where the only difference is that now R spans V' as complex vector space.

Remark 1.5.2. In general, let ® be a root system of a real vector space V; and let
V' be the complexification Vy ® C of V. The space Vj is embedded in V' and & is
a (complex) root system in V. This can be seen by extending the reflections s% of
Vo by linearity to V. Actually, [50, Theorem V.5] states that every complex root
system can be obtained in this way, reducing the theory of complex root systems to
that of real root systems.

Definition 1.5.3. A Chevalley basis of go consists of a set
{Xo|a€e®}U{H, | a € d}
satisfying the commutation rules:
i) [Xa, X o] = H,.
i) [t, Xo] = a(t)X,, for t € ty. In particular, [H,, X,] = 2X,.

iii) [Xa, Xp] = capXaip, for o, f € @ such that o+ € &, with structure constants
Cap € 7.

Remark 1.5.4. A Chevalley basis for a (complex) Lie algebra is a basis constructed
by C. Chevalley with the property that all structure constants are integers. This is
the starting point for the construction of the so-called Chevalley groups, which are
analogous to Lie groups over finite fields.

Furthermore, we note that a Chevalley basis is a Weyl basis, but with a different
normalization. See the definition of Weyl basis in [56, Theorem VI.6] and Chevalley’s
normalization in [56, Theorem VI.11].
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Example 1.5.5. Put K, = R, for v the only infinite place of Q. For the associated
Lie algebra
g =sl(n) ® R = {X € Mat(n,R) | tr(X) = 0},

we denote by ® the set of roots associated to the maximal torus 7T of determinant
1 diagonal matrices. Its character group is

X*(T) =span{e; —¢; | 1 <i<j<n}
2{(@17... ,an)EZ”|a1+---+an=0}%Z"—1

where €; denotes the linear form on the diagonal matrices which assigns to a diagonal
matrix its j-th entry. The corresponding root system in

V=X*T)®;R=R"!
takes the form

= {t(ei—e)) | 1< i< <n}C T

where e; denotes the j-th vector in the natural orthonormal basis of R™.
We fix a Chevalley basis

{Xa

Q5 € (I)} U {Hai]-

i a;; € O}
with
o X, =Ly
e H,, = FE;— Ej
for i < jorj<i,1<4,j<n,where E;; denotes the matrix with 1 at entry (¢, j)
and 0 elsewhere.

In fact, if we let X, = E;,;, and X3 = E;
of the following two cases occur:

then a + g € ® if and only if one

272>

e i1 = jo: in this case [X,, Xg| = —E;,;, and hence ¢, 3 = —1
e iy = ji: in this case [X,, X3| = E;,;, and hence ¢, 53 = 1.
Definition 1.5.6. Now we define the standard involution
©0: go — go
as follows:
1. O(t) = —t, for t € t,

2. Op(Xy) =—X_,, for a € .
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Remark 1.5.7. This extends to an Fy-linear involutive Lie algebra automorphism
of go. If K, = C, it extends to an antilinear automorphism of g.

Now, we note that the corresponding Cartan decomposition of g associated with
Oy is of the form g = hy D po, where

ho={X €g|60(X) = X}
and
po=1{X €g|6¢(X)=—-X}

Denote by Hj, the maximal compact subgroup of G whose Lie algebra is .

The space G/H, parametrizes the maximal compact subgroups of G by associ-
ating H := gHyg~! to every class v = gHy. In the same way, one associates to O
the involution ©,,

0,(X) = gOo(X)g~".
which is compatible with the SL(n,R)-action, i.e. if 2’ = ¢'x, then
Ou(X) = g'0.(X)g"".
On g we have the Killing form
(X,Y) = tr(ad(X)ad(Y))
which is invariant on g in the sense that
(12, X],Y)+ (X,[Z2,Y]) = 0.

Combining it with ©,, we obtain a symmetric bilinear (if K, = R) resp. a
hermitean form (if K, = C),

(X, V), = —(X,0,(Y)), (15.1)
for X,Y € g.
Proposition 1.5.8 (|56, section V.1]). With the previous notations.
i) The radical of (,), is the center Z(g) of g.
ii) (,)s 1s positive definite and nondegenerate on the semisimple part of g.

iii) One has an orthogonal decomposition with respect to the Killing form ()
0=t® P (9. ®9-0)
acdt
and with respect to the form (,)o
g=taPle.)
acd

where g, denotes the root subspace RX,, of g.



1.5. The data at infinity 36

iv) For every a € ®, one has
(Haa Ha)O = 2(Xou Xa)O

= B(H.)".

ped®

Proof. Parts i) and i) follow directly from the definition, i.e. (,), inherits these
properties from the Killing form.

Part 4i7) is a standard result (see [50, Theorems VI.1 - V.3]).

To see part iv), note that for the Killing form we have

(How Ha) = (Hom [Xon X—a])
= _([XmHa]vX—a)
= (2Xu, X_0)
= 2(Xu, X_a).

Hence,

(Hosza)O = _<H017 @O(Ha>>
= _(Hav _Ha)
= (Hm Ha)
=2(Xo, X o)
=—-2(X,,—X_4)
= —2(Xa, O0(Xa))
= 2(Xa, Xa)o-

Furthermore,

(H,, Ho)o = (H,, H,)
= tr(ad(H,) ad(H,))

= Z 5(Ha>2'

ped
where the last equality holds since we have
ad(H,) ad(H,)(Xs) = B(H,)?
for all B € ®, and
ad(H,) ad(H,)(H) = 0.
O

Example 1.5.9. Assume notations of Example [1.5.5] Define the standard involu-
tion
Go:g— 9

as follows:
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1. ©g(t) =—t, fort et
2. GO(XQ) = @O(Ez]) = _E]z = —X,a, for a € ®.

Now, associated with ©¢ the corresponding Cartan decomposition g = hy @ po,

where
ho ={X €g|60(X) = X}
—{Xeg| X' =X}
— Lie(SO(n, R)).

and

po={X €g|6¢(X)=-X}
_{Xeg|X'=x)

= symmetric matrices.

Denote by Hy = SO(n,R), the maximal compact subgroup of SL(n,R) whose
Lie algebra Lie(Hy) = bho.
In the case n = 2, we have

o = {Ozl = (]_, —1>,062 = —Oél}.

A Chevalley basis is given by

01 0 0 1 0
€1 ::X(Jfl:(o 0),62 ::Xa2:(1 0),63 ::Halz(o _1>

Furthermore,
0 0 =2 0 00 2 0 0
ad(e;)) =0 0 0 |,ad(eq)=| 0 0 2|, ad(esg) =0 —2 0
01 0 -1 00 0 0 0

Hence, the Killing form has matrix form

0 40
4 00
0 0 8

Therefore, combining it with the standard Cartan involution we get a symmetric

bilinear form
(X,Y)o = —(X,60(Y))

which in this particular case has diagonal matrix form

S O
O = O
co O O
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For any pair (B, ©) where B is a Borel subgroup of G over K, and © = 0, is a
Cartan involution corresponding to a maximal compact subgroup H (corresponding
to a point € G/F}) one can associate in particular the restriction of the form (, ),
to the unipotent radical rad, (B) of Lie(B) over K, as well as the induced forms on
the various subquotients u, of rad,(B) belonging to the roots. One should remark
that these subquotients depend only upon the Borel group B resp. its Lie algebra
Lie(B) and do not require to fix a maximal split torus in B.

Remark 1.5.10 (Normalization). The process of fixing the above metrics requires
some normalization because later on we want the Chevalley schemes with standard
base and standard involution as above to be semistable Arakelov group schemes,
which would not be the case, if we worked just with the forms or metrics (,),. In
particular, with respect to the standard Borel subgroup By given by the Chevalley
structure {X,, H, | « € &} above and © = 6, we obtain
1
(Xou Xa)O - é(Haa Ha)O-

Hence, the metric on a subquotient u,, of the unipotent radical rad,(B) induced

by (,). will be multiplied by 2(H,, Hy,), ", i.e.

Dy |ya: Q(HavHa)al(v )a: |ga .

In particular, with respect to the standard Borel subgroup B; given by the
Chevalley structure above and © = 0, we obtain hg = 1, so that restricting hq to

rad,(By) it is the standard (symmetric bilinear, resp. hermitean) form & (1).
acdt

Example 1.5.11. With the notations of Example [[.5.5 and Example let us
consider the case n = 2. Let B be standard Borel subgroup of SL(2,R), consisting

of matrices of the form
aip; a2
0 aﬁl

with a11,a12 € R and ay; # 0. Its unipotent radical Rad, (B) consists of matrices of

the form
1 ap
0 1

with a5 € R. In this case, there is only one subquotient of rad,(B), which corre-
sponds to ay, denoted u,,. Hence,

h‘O ’2a1 = Q(HCH’ Hoq)al(Xalaqu)O
= (2/8)4 =1.

Example 1.5.12. With the notations of Example and Example let us
consider the case n = 3. Let B be standard Borel subgroup of SL(3,R), consisting
of matrices of the form

a1 Q2 ais

0 ag a23

0 0 ajlay



39 Chapter 1. Arakelov group schemes

with a;; € R and ajjag2 # 0. Its unipotent radical Rad,(B) consists of matrices of
the form

1 ap a3
0 1 as3
0 O 1

with a;; € R. In this case, there are two subquotients of rad,(B) corresponding to
the filtration:

Rad,(B) = Uy D Uy =

o O =
o = O

ais
0 |CL13ER DUQZ(l)
1

a1, denoted u,,. Hence,
ho |2a1 = 2(Ha17 Ha1)61(Xa17Xa1)0
= (2/12)6 = 1.

1.6 Arakelov group schemes

Given a number field K, let X = Spec(Ok)U X be the arithmetic curve associated
to K. Let G C GL(n, K) be a reductive connected affine algebraic group. We first
recall the definition of Arakelov group scheme.

Definition 1.6.1 ([39]). An Arakelov group scheme (of type G)

g = (g7 {HV}VEXOO)

on X is given by a group scheme G on Spec(Ok) of type G and a maximal compact
subgroup H, C G(K,) for every v € X.

Remark 1.6.2. The maximal compact subgroups H, C G(K,) are unique up to
conjugation [I3]. This fact makes them essentially unique so that for example one
may just take U(n) (resp. O(n)) as maximal compact subgroup of GL(n,C) (resp.
GL(n,R)).

Proposition 1.6.3. An Arakelov group scheme
g_ - (g7 {HV}VEXOO)
determines the structure of an Arakelov vector bundle on Lie(G|K), given as

(Lie(G), {[[-ll }vexw)-

Proof. The inclusion
Lie(G) < Lie(G|K)

gives an Of-lattice in Lie(G|K). The norms ||.||, are defined on Lie(G(K,)) as
X5 = (X, X)n,

where (,)y, denotes an euclidean (resp. hermitian) scalar product defined from a
Cartan involution associated to H, as described in the previous section. O]
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1.6.1 The numerical invariants of a parabolic subgroup

Let P C G be a parabolic subgroup defined over K. Given an Arakelov group
scheme G of type G, P extends in a unique way to a parabolic subgroup scheme
P — G on Spec(Ok). In particular, this has as unipotent radical the subgroup
scheme Rad,(P) C P and denote by rad,(P) its Lie algebra. Further, the norms
||.||, are defined on Lie(G(K,)) and can be restricted to rad,(P) @k K,, so that we
obtain an Arakelov subbundle

rady (P) = (radu(P), {|[/l }rex..)

of
(Lie(G), {I[-I[ }rexe)-

Next, we describe the filtration
Rad,(P)=Uy DUy D --- DU, D (1) (1.6.1)

by normal unipotent subgroup schemes extending the corresponding filtration by
unipotent subgroups {U;}.—o.... , of Rad,(P) over K.
Take a split maximal torus 7" C P and let B be a Borel subgroup such that

TcBCP
are all defined over K. Given a root system ®(G,T) associated with 7', denote by
A= {alv"' 7an}

a basis associated with B. Note that P/Rad,(P) is a split reductive group over K
with split maximal torus 7" isomorphic to 7" under the projection morphism

P — P/Rad,(P).
We say the type of the parabolic subgroup P is
t(P)={o, -, 0}

Denote by {A{, -, A/} the set of coweights corresponding to the set of roots

T

t(P), consider the free abelian group € Z\,.
i=1

Definition 1.6.4. A vector

v = zr:ai/\;/ € éZAiv
i=1 i=1

is called positive if a; > 0 for all 7.
T T
For two vectors v = 3~ a; A} and o' = > ajA}, we write v’ > v if v/ — v is positive

i=1 i=1
and v’ # v.
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Definition 1.6.5. We denote the set of positive roots by

ot ={a e ®(G,T)|a= Zriai; r; > 0 Vi}.

i=1

T T
1. Given a positive vector v = Y a;\) € @ ZN; we set
i=1 i=1

Q) ={a e dt | (a,\)) > a; Vi}.

2. Let U(v) denote the unipotent subgroup generated by the root subgroups U,,
for a € Q(v) and
W(P,v) =U(v)/(U®) | v > v).

3. Given a root a € ®(G,T), its height is

r

ht(a) == Z(a,kﬂ.

=1

Lemma 1.6.6 (|27, Lemma 5.4.4]). Let U; be normal unipotent subgroups with
j =0,---,7r appearing in the filtration of Rad, P . Given j = 0,---,r, U
coincides with the algebraic subgroup of Rad,(P) generated by all root subgroups
U, C Rad,(P) such that ht(a)) > 5+ 1.

Example 1.6.7. With the notations of Example|l1.4.21|for G = GL(n+1), consider

the case n = 3. Denote by T' C G the maximal torus of diagonal matrices. Let
E;; € g be the matrix with 1 at (4,5) and O elsewhere. The set of roots of G
corresponding to T is

where

Q5 T Gm
diag(tl, e ,t4)  — tlt;l

for 1 <i#j <4
Then, its lie algebra g decomposes as

g=to @ Ja;;

(%71 cd
where in this case go,, = Ey; and the corresponding root subgroups are of the form
Uaij = {Id +CEZ']‘ | C 7£ 0}

for 1 <i#j5 <4
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Let B C G denote the Borel subgroup of upper triangular matrices and consider
a basis of ®(G,T') corresponding to B by

Ap = {Oéi,z‘ﬂ}lgigs-

If we consider

I = {04172} - AB

then, the corresponding parabolic subgroup is of the form

ajx Q12 a1z Qaiq

. ag1 QA22 Q23 Q24
P=PFP = 0 0

ag3 as4

0 0 0 Q44

and t(P) = {as23,a34}. Its unipotent radical Rad, P consists of matrices of the
form

a1z a4

A23 (24

1 0

0 1

The filtration of Rad, P given by has the following shape

o O O
o O = O

Rad, P=Uy D U; DUy D (1)
and consists of the following normal unipotent subgroups
i) Uy = Rad, P
i) Uy ={A€Uy|ay =0}
iii) Uy ={A € Uy | a13 = agq = 0}.

Let us consider U} the algebraic subgroup of Rad,(P) generated by all root
subgroups U, with ht(a) > j + 1. We see that U; = U; for j = 1,2.

For the case j = 1, the set of roots with o with ht(a) > 2 is {ays, @14, o4 }.
Then, it follows that U; = U7.

For the case j = 2, the set of roots with a with ht(«) > 3 is {ay4}. Then, it
follows that Uy = US.

Remark 1.6.8. 1. There is a decomposition

Uj/Ujtr = @ W(P,v)

vETj41

where we put

Ti1=A{v= Zai)\;/ | Zai =Jj+1}
i—1 i—1
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2. The definition of all these unipotent groups depends only on the choice of a
pair B C P, i.e. upon fixing a basis of roots, but it is independent of the choice
of the split torus 7.

3. All these groups can be extended to Spec(Of) since we assume G C GL(n, K)
be a split reductive connected affine algebraic group [26, Theorem 1.2] and
[30, XXV]. The extension is uniquely determined up to group isomorphism.

Finally, recall the Arakelov vector bundle rad,(P) on rad,(P) induces Arakelov
vector bundles u; on

u; = Lie(U;),

@/Uﬁl on

u;/uji = Lie(U;/Uj41)

and w(P,v) on
B w(P,v) == Lie(W(P,v)).

T

Definition 1.6.9. For a positive vector v € @ Z)\;, we define the numerical in-
i=1

variant of P with respect to v as

n(P,v) = deg(w(P,v)).

1.6.2 The numerical invariants of a Borel subgroup

Next, we show an alternative construction of the numerical invariants for the case
that P = B is a Borel subgroup.
Let C be a (Weyl) chamber in

C(X*(T) ®z R, ®(G,T))

with corresponding Borel subgroup B C G and {aq,- -, a,} its associated basis of
®(G,T). Note that C' defines an ordering of ® by requiring that a <¢ f if and only
if 8 — « is positive with respect to C. Note that we will omit the reference to the
chamber C' when it is clear from the context.

Definition 1.6.10. Let ag be a root. Then,

vi= Z(ao, AN
i=1

n
is a vector in € Z\) which is either positive or negative, according to whether ay is
i=1
positive or negative (with respect to the chamber C'). We distinguish between these
two cases:
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i) The root ag is positive. We define
Vc(Ozo) = @ Qﬁ
Bzcao

and

Vi(ag) = @ Ug.

B>cao

ii) The root «ay is negative. We define

Vo(ap) = Lie(T) & @ Ug

and
Vi) =Lie(T) & @D u,.

The linear subspaces of Lie(G) defined above extend uniquely to Arakelov sub-
bundles of Lie(G). Moreover, the quotient bundle V(o) / V() is an Arakelov line
bundle over X.

Proposition/Definition 1.6.11. [39, Proposition/Definition 5.9] Let o be a root.
Again, we distinguish between these two cases:

i) The root « is positive. Then, there is a canonical isomorphism
u, = Ve(a)/Vi(a).

it) The root ap is negative. We then define
u, = V(@) Vb ().

Proposition 1.6.12. [39, Proposition 5.10] With the above notations, we have the
following isomorphisms of Arakelov line bundles:

1.

ga ® gﬂ = ga-ﬁ-ﬁ

u,®u =0

Remark 1.6.13. We have the orthogonal decomposition

n

rad, (B) = u

=1

where u = w(B, /). This implies that

1%

n(B,\/) = deg(u_).
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1.6.3 Construction of the complementary polyhedron

Definition 1.6.14. With the above notations, we define a map d: C(V, ®) — V* as
follows

n

d(C) =Y n(B,\)N (1.6.2)

=1

= Zdeg N € X.(T) @z R. (1.6.3)

Theorem 1.6.15 (]9, Proposition 6.6] and [39, Theorem 5.3]). The map defined as
(1.6.2) with V= X*(T) ®z R, is a complementary polyhedron for the root system
O(G,T) in the sense of Definition |1.4.1/).

Proof. We have to check that the map defined as (1.6.2)) satisfies the conditions in
Definition [1.4.14} i.e. for every pair of chambers C, D € C(V, ®),

C1. If there is a common vertex
A € vert(C) Nvert(D),

then
d(C)(A) =d(D)(A). (1.6.4)

d(C)(a) < d(D)(). (1.6.5)

1. Suppose A is a fundamental weight for ® = ®(G,T). Let P be the maximal
parabolic subgroup associated to A such that 7" C P and let B (resp. B’) be a Borel
subgroup with ' C B C P (resp. ' C B’ C P).

Let C' = C(B) (resp. D = C(B’)) be the chamber in V = X*(T') ®; R associated
to the Borel subgroup B (resp. B’). We want to verify (1.6.4)), i.e. that the calculation
of deg(rad,(P)) is independent of the choice of Borel subgroup and it only depends
on the choice of the fundamental weight .

For that, suppose {ay, - ,a,} is the basis of ® corresponding to B such that
t(P) ={ai} and {\Y,--- , A/} denotes the set of coweights. We compute

deg(radu(P) = 3" deg(u,)

u,, Crady (P)

= Z Zoz)\vdeg )

u,, Crady (P) =1

= Z a,Zdeg(g A

u,, Crady (P)

—( Y adO),

u,, Crady (P)



1.6. Arakelov group schemes 46

by [39, Lemma 3.5],

Z a=c\

u,, Crady (P)

for some ¢ € R>y. Note that c is independent on the choice of B, it only depends
on the choice of the fundamental weight A\. Therefore, this implies

deg(rad, (P)) = ¢(\, d(C))

and this shows that (A, d(C)) is independent on the choice of B.
2) We denote by {aq, -+ ,a,} (resp. {af, -+, al}) the simple roots defined by
the chamber C' (resp. D) and the corresponding sets of vertices

vert(C) = {1, -+, \u}

and

vert(D) = {A, -+, AL}

Let B (resp. B’) be the Borel subgroup corresponding to the chamber C' (resp.
D). Moreover, we assume without loss of generality that C' and D are a;-conjugated
ie. D = 5(C), where

s1(x) =2 — {x,0) )y

denotes the reflection corresponding to ;. Therefore, the weights

vert(D) = {s1(A1), -+ ,51(An)}

are given as

{)\1 — , A27 e a)\n}

We write again s; for the reflection induced by s; in V*, i.e.
si(A) = A —of

and s1(\}) =AY for j =2,--- ,n.
Now, we note that by definition of the map ([1.6.2]) we have

n

d(D) =) n(D, AN
i=1

=n(D, M —a)(A —a)) + > n(D, AN

i=2
Therefore,

(a1,d(D)) = n(D, \ — ar){oq, \ — aq) + Zn(D, i) {ag, AY)

= —n(D, )\1 — O./l)
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Y

since (a1, AY) = 61 ;. Further, again by definition we have

<Oél,d(D)> = —n(D, )\1 — (lfl)

= —deg(u__ )
= deg(u, )
— deg (Vo(ar)/Vi(ar)
Next we claim that
{ae®|ag<ca}lC{ac®|adpa}. (1.6.6)

If the claim is true, it implies the following inclusion
{aed® |y <cafCc{ac®|aLpar}. (1.6.7)

Together, inclusions ((1.6.6) and (1.6.7]) imply that we have inclusions

Vc(()él) — VD(CYl),
Vi(an) = Vip(en),

inducing a homomorphism of Arakelov line bundles

Ve(an)/Vi(an) = Vpla)/ V) (aq). (1.6.8)

Note that the homomorphism ((1.6.8)) is equal to the identity on the generic fiber,
implying that it is not zero. Then, we obtain the following inequality of degrees

deg(Ve(ar)/Vi(an)) < deg(Vp(ai)/Vp(ar))

which it is exactly the inequality ((1.6.5)).
Finally, the claim ((1.6.6) follows by contradiction, i.e. assume a3 <¢ « and

a <p ai. Then, this implies that (a;, \)) = 0 for i = 2,--- ,n. Therefore, « is a
scalar multiple of ay, i.e. either &« = ay or & = —ay. But a@ = oy (resp. @ = —ay)
contradicts o <p a; (resp. a1 <¢ «). O

1.6.4 Semistability and canonical parabolic subgroup

Given a number field K, let X = Spec(O)U X be the arithmetic curve associated
to K. Let G C GL(n, K) be a reductive connected affine algebraic group.

Definition 1.6.16. An Arakelov group scheme
G = (G.{H.}vex..)

(of type G) is semistable if for every parabolic subgroup P C G, we have

deg(G,P) = Z deg(

uq Crady (P)

) <0.

u
—a
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Lemma 1.6.17 ([39, Lemma 6.1]). The set of real numbers
{deg(G,P) | P C G parabolic}

is bounded from above and attains its maximum.

Proof. Follows from Lemma[1.2.20] applied to the associated Arakelov vector bundle
on Lie(G|K), given as
(Lie(G), {I-Il}rexw)-

O

Definition 1.6.18. We call degree of instability of G the largest degree of its
parabolic subgroups, i.e.

deg;(G) == max  deg(G,P)

PCG parabolic

which by Lemma [1.6.17]is finite. Hence, G is semistable if deg;(G) < 0.

Theorem 1.6.19 ([39, Proposition 6.2-3]). Every Arakelov group scheme contains
a unique canonical parabolic subgroup.

Proof. Existence. If an Arakelov group scheme G is not semistable, then let P be
a parabolic subgroup such that it is the largest element in the set of parabolic sub-
groups of maximal degree in G with respect to G. Then, it is canonical with respect
to the complementary polyhedron constructed in Theorem [1.6.15] i.e. P/Rad,(P)
is semistable and the numerical invariants of P are positive.

If P := P/Rad,(P) is not semistable, there exists a parabolic @ C P such that
Q = Q/Rad,(P) has positive degree i.e. deg(rad,(Q)) > 0. However, since

deg(tad,(Q)) = deg(rad, (Q)) + deg(rad, (P))

this would mean that deg(rad,(Q)) > deg(rad,(P)) and this contradicts the as-
sumption of the maximality of degree of P.

Fix a split maximal torus 7" and a Borel subgroup B (both over K) such that
T C B C P. We denote by {ay,--+,a,} a basis for ®(G,T) and by {\{, -+, A’
the set of coweights such that

vert(P) = vert(F(P)) = {1, -+ , A}

where F'(P) is the facet in V = X*(T') ®z R associated to P.
Next, consider the unique parabolic subgroup ) O P such that the type

HQ) = T(P)\{on}

and therefore

vert(Q) = vert(F(Q)) = { A, - - , A\ }.
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By assumption, we have that deg(rad,(P)) > deg(rad,(Q)). Now, let us consider
the reduction of the complementary polyhedron from Theorem [1.6.15(to F'(Q). We
put

(Vi) = ((F(Q))v)L CV,®pi) = PN Vrg)

and consider pr: V' — Vp(qg) the projection to Vr(g). Then, we compute

deg(rad,(P)=( Y _  a,pr(d(C)))

u,, Crad, (P')

. (P’ ) e
T TP, 2 oA

Nevert(pr(F(P))) u, Crady (P')

Finally, since vert(pr(F(P))) = {A\1} and

( Z a, ) >0

u,, Crad, (P')

it follows that n(P’, A1) = n(P, A1) > 0.

Unicity. Suppose that P and () are two such canonical subgroups. We find a
split maximal torus 7" such that 7' C P and T' C (). Since both of them are canonical,
it implies that their corresponding facets F(P) and F(Q) in V = X*(T) ®z R
are both special. Then, by Theorem F(P) = F(Q), which implies that
P=qQ. ]

Definition 1.6.20. If G is not semistable, then a parabolic subgroup P is called
canonical when it is the largest element in the set of parabolic subgroups of maximal
degree in G with respect to G.

In the next chapter we will see examples of canonical parabolic subgroups (and
of their induced filtrations) and compare them to Grayson-Stuhler filtrations for
Arakelov vector bundles over arithmetic curves.
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Stability of Arakelov bundles via
complementary polyhedra

1.7 Semistability of Arakelov vector bundles

Next we use the previous constructions to investigate the notion of semistability for
Arakelov vector bundles. Given a number field K, let

X = Spec(Ok) U X
be the arithmetic curve associated to K. Denote by n the generic point.

Theorem 1.7.1. For an Arakelov vector bundle

E=(EA{()ps}rex..)
of rank n on X, consider the following settings:
1. By Proposition[1.2.21, E has a canonical filtration
0=ECEC-CE =E,

the so-called GS-filtration of E.

2. We consider the group of automorphisms of E
Aut(E) = (Aut(E)a {HV}I/GXOO)7

which is an Arakelov group scheme (of type GL(n)) in the sense of [39]. By
Theorem it has a canonical parabolic subgroup.

Then, these two settings are equivalent.

Indeed, note that groups of automorphisms of Arakelov vector bundles corre-
spond to Arakelov group schemes of type A, _;. An Arakelov group scheme of type
A,_1 is semistable if for all maximal parabolic subgroups P (i.e. such that they
stabilize flags of length 2) we have

deg(G,P) <0.

o1
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Then, we will see that the GS-filtration has a translation in this context in terms of
the canonical parabolic subgroup.

Let us consider the Lie algebra of G := Aut(E), as g = (E)" ® E. It is indeed an
Arakelov vector bundle with the Cartan-Killing metrics. Furthermore, the choice of
a maximal torus of 7" C GL(n) corresponds to choosing a generic splitting

Ey=(Li® @& L)y,

Then, we have a decomposition

Gy = <0K@@La>n

where ® denotes the set of roots with respect to 7' C GL(n) and the root bundles
can be seen as Arakelov line bundles on X, with the corresponding restricted metrics
at infinity.

Given a basis A = {ay, -+, a, } of &, with vertices A = {\y,--- , A\, }, we consider
the corresponding Borel subgroup 7' C B C GL(n).

The complementary polyhedron of £ with respect to T is then given by

T

d(B) =Y n(B,\)N

i=1
where n(B, \;) = deg(Ly,).

Example 1.7.2. Let K be a number field with ring of integers Of. Let

E = Ok(m) ® Okg(—m)

for m € Rsq, with the corresponding re-scaled standard euclidean/hermitian metrics

at infinity. The generic fiber of its automorphism group is Aut(E), = GL(2). Its
root system is

®(GL(2),T)) = {a, aa},

with oy = (1,—1) and ay = (—1, 1), which have weights A = {1, Ao} with 2)\; = «;.
The associated group scheme Aut(F) has Lie algebra

Lie(Aut(E)) = Hom(E, )
= 0% © Og(2m) © Ok (—2m).

The corresponding Borel subgroups are:
e BT upper triangular, corresponding to the basis Ag+ = a;.

e B~ lower triangular, corresponding to the basis Ag- = «s.
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Next, we compute the numerical invariants:

n(BT, M) = deg Ok (2m)

=2m
and

n(B~, ) = deg Ok (—2m)

= —2m.
Finally, the complementary polyhedron is given by

d(B+) = TL(B+7>\1))\\1/
= mal,

= (m, —m)"

and

Hence, it reduces to one point
F = {(m,—m)'}.

Hence, E semistable if and only if m = 0. Note that if m > 0, then B* is canonical.
Furthermore, BT corresponds to the filtration

0C Ox(m) C E
which is indeed the GS-filtration.

Remark 1.7.3. Note that the normalization of the Cartan-Killing metrics given in
ensures that for £ = O with trivial metrics at infinity, all line bundles L,
are trivial and therefore, the numerical invariants are all 0 (which indeed implies
that E is semistable).

1.8 Semistability of Arakelov principal bundles

1.8.1 Stability of principal bundles over smooth
projective curves
Let K be an algebraically closed field of characteristic 0. Let X be a principal G-

bundle on a smooth projective algebraic curve Y, defined over K. The stability of
X was introduced in [53] and depends on reductions to parabolic subgroups. Since
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a principal GL(n)-bundle corresponds to a rank n vector bundle Ey, we want to
determine a canonical reduction of X’ generalizing the notion of Harder-Narasimhan
filtration of Ex.

In [9], Behrend uses the previous construction to identify the canonical reduction
with a special facet.

Definition 1.8.1. Let X be a principal G-bundle. The non-negative integer
ideg(X) := max{deg(c*X x*p) | P C G parabolic and o: Y — X /P reduction}

(which exists by [9, Lemma 4.3]) is called the degree of instability of X. A pair
(6, Q) consisting of a parabolic subgroup ¢ C G and a reduction o: Y — X/Q is
called a canonical reduction if

deg(B*X x4 q) = ideg(X).

Proposition 1.8.2 ([9, Proposition 7.2], [41, Lemma 4]). A canonical reduction
(8,Q) of a principal G-bundle X satisfies the following properties

1. For any dominant character x: Q — K*, let
L(B,x) = "X x* K
be the associated line bundle. Then, deg(L(/,x)) > 0.

2. The extension of the Q-bundle *X to the Levi quotient L = Q/R,(Q) is a
semistable principal L-bundle.

Theorem 1.8.3 ([9, Theorem 8.2]). Any principal G-bundle has a unique canonical
reduction (8, Q) to a parabolic subgroup @ C G.

In this chapter we introduce the concept of Arakelov principal bundles on arith-
metic curves. We later use Behrend’s complementary polyhedra to study their
semistability in the same way as in this subsection by considering the numerical
invariants for Borel subgroups of G(n).

1.8.2 Semistability of Arakelov principal bundles

Given a number field K, let X = Spec(Of)U X be the arithmetic curve associated
to K. Let G C GL(n, Ok) be areductive connected affine algebraic group. We define
Arakelov principal G-bundles on X as a generalization of Arakelov vector bundles,
along the same lines as [5§].

Definition 1.8.4. An Arakelov principal G-bundle

A= (X, {ov}vex..)

on X consists of the data of some principal G-bundle X — Spec(Ok) and o, re-
ductions of structure group of X, to H, C G(K,) a maximal compact subgroup of

G(K,) =G ®k K,, i.e. Spec(K,) -~ X,/H,.
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Remark 1.8.5. We assume that for conjugated complex embeddings the corre-
sponding sections o, are complex conjugated, meaning that the corresponding ma-
ximal compact subgroups are complex conjugated. Hence, the reductions o, are
well-defined for every v € X.

We denote by H'(X, (G, H.)) the set of isomorphism classes of Arakelov prin-
cipal G-bundles on X. Moreover, we denote by H°(X, (G, Hy)) the set of sections
s € H°(X,G) such that for every v € X, s defines a section

Spec(K,) — H,.

Remark 1.8.6. In terms of cocycles, given an Arakelov principal G-bundle X, con-
sider a trivializing (Zariski) covering {U; }ic;. Then, its defining cocycle corresponds
to giving ¢;; € I'(U; NU;, G) taking values in H, for every v € X. Recall that one
may assume Zariski local triviality after [33, Theorem 2].

Example 1.8.7. 1) For G = GL(n), a principal G-bundle X — Spec(Ok) corre-
sponds to a rank n vector bundle £ — Spec(Ok) by

X = Isom(OéBp’zc(oK), E).

Furthermore, for v € X, a complex place, we fix H, = U(n) C G(C) and to give
a section of

A, (GL(n,C)/ U(n))

corresponds to give an hermitian metric over E,. On the other hand, for v € X
a real place, we fix H, = O(n) C G(R) and to give a section of

&, (GL(n,R)/ O(n))

corresponds to give an euclidean metric over E,. Therefore, Arakelov principal
GL(n)-bundles are in natural bijection with rank n Arakelov vector bundles.

2) In particular, for G = G,,, the group of isomorphism classes of Arakelov princi-
pal G-bundles corresponds to the group of isomorphism classes of Arakelov line

bundles.

Remark 1.8.8. The choice of the maximal compact subgroup in the previous ex-
ample is done without loss of generality by Remark [1.6.2]

Given two Arakelov principal G-bundles X; and X, on X = Spec(Og) U X,
a homomorphism between them consists of an homomorphism f: X} — A5 that
preserves the reductions at the infinite places, meaning that the following diagram

Iy

Xl,l//HI/

XZ,V/HV

Spec(K,)
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is commutative.

Note that to define now extension and reduction of structure group of an Arakelov
principal G-bundle X it is not enough to have group homomorphisms p: G — G/,
we need them to agree with the extra-structure for every v € X . Indeed, let p be a
group homomorphism as before such that, for every v € X, we have p,(H,) C H),
where H, (resp. H]) denote the given maximal compact subgroups of G, (resp. G.).
We denote by

p*X = (p*Xv {p*UV}VEXoo>

the Arakelov principal G’-bundle obtained from X by extension of structure group,
consisting of the extension of structure group p.X of X and p,o, a reduction of
structure group of p, X to H).

Conversely, given a closed subgroup GG; C G, a reduction of structure group of
X to Gy consists of

X = (X, {01, }vex..)

with X7 a reduction of structure group of X to G; and, for every v € X, reductions
o1, Spec(K,) — X, (G1,/H1,)
where H; , denotes a maximal compact subgroup of G ,,.

Definition 1.8.9. An Arakelov principal G-bundle X is semistable if for all reduc-
tions

Xp = (Xp, {opy}vex.)
to parabolic subgroups P C G the following inequality holds

deg(fp XAd p) <0.

Lemma 1.8.10. Let X be an Arakelov principal G-bundle on X. Then, there exists
a constant C' such that the degree of the vector bundle

deg(Xp xAp) < C
for every parabolic subgroup P C G and reduction Xp of structure group of X to P.

Proof. This is a direct consequence of the arithmetic Riemann-Roch inequality in
Proposition [1.2.16] Indeed, recall it reads

_ _ 1 2+d 2+d 1
deg(Xp x* p) < hO(Xp x*p) + —nlog|Dg| + ~dan log dn + —logm
2 2 2m 2
where n = rk(Xp x*dp) and d = [K : Q]. On one hand,
ho(/?p XAd p) < h0</?p XAd g)

On the other hand, recall that by Minkowski’s theorem |Dg| > 1 [22, Theorem
1.4.14] and this implies that log |Dg| > 0. Therefore,

1 2+d 2+d 1
§nlog|DK|+ +2 nlog( _5 n) < —n'log|Dg| +
m
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where n’ = 1k(Xp x*4 g). The claim follows since we have seen that

_ _ 1 2+ dn’ 2+ dn/ 1
deg(p X p) < hO(Xp XA g) + Sn'log | Dic| + " log ( n )

2
2 on ) T308T

which is now independent of the choice of parabolic subgroup P C G. m

Definition 1.8.11. The non-negative real number
ideg(X) = max{deg(Xp x*?p) | Xp reduction to parabolic P}

is called the Arakelov degree of instability of X. A canonical Arakelov reduction is
a reduction Xp to a parabolic subgroup P such that deg(Xp x4 p) = ideg(X).

Now, we want to adapt the constructions of Harder and Stuhler to our context,
i.e. we will prove that the canonical parabolic subgroup of Arakelov group schemes
G which are inner forms of Gy, a split reductive group scheme over Ok, is equivalent
to giving a canonical reduction for Arakelov principal Gy-bundles.

Lemma 1.8.12. Let Gy be a split reductive group scheme over Ok and By C Go a
parabolic subgroup. To give a reduction of an Arakelov principal Gy-bundle X to P,
is equivalent to giving a parabolic subgroup of the Arakelov group scheme

(Atttgy (X) = & x50 Gy {H,}yex..)
Proof. Given a principal Gy-bundle X on Spec(Of), one defines a group scheme
Autg, (X) = X x%ocon g

. where G acts by conjugation on Gj.

In particular, given a type t(P) of parabolic subgroups of Autg,(X), let Py C Go
be a parabolic subgroup of the same type. Then, parabolic subgroups of Autg,(X)
of type t(P) are the same as reductions Xp, of X to Py (see [30, Exposé XXVI,
Lemme 3.20]), since both are parametrized by sections of

Autg, (X)/P = X x% G,/ P,
= X/P,.

Moreover, under this equivalence,
Lie(P) = Xp, x™0 Lie(R)

and
Lie(Autg, (X)) = X x4 Lie(Gy). (1.8.1)

On the other hand, given v € X, consider a maximal compact subgroup K, C
Go,. Then, using the equality (1.8.1)), a section of X, /Hy, is equivalent to giving a
maximal compact subgroup H, C Autg,(X),. This shows the claim. O
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Finally, we check that the notions of canonical reduction and canonical parabolic
subgroup coincide under the above equivalence.

Proposition 1.8.13. Under the equivalence given in Lemma a reduction
Xp, to a parabolic subgroup Py C Gy is canonical if and only if the corresponding
parabolic subgroup P of G, together with the collection of maximal compact subgroups
H, C G, withv € X as described above is canonical.

Proof. We assume the same notations as in in Lemma [1.8.12]

The connected components v C t(P) parametrize the parabolic subgroups Qg
containing P which are minimal with respect to this property. The numerical in-
variant

n(P,v) = deg(X(x))
is given by a character of the form
oS+ S
o EV Jj>s
i.e. the character x is a multiple of the orthogonal projection of

<Z ai> e X*(T)

a; €V
onto X*(P). Thus,
n(P,v) = —cdeg (X x' Lie(Qo)/ Lie(F))
for some ¢ > 0. This shows that the two notions coincide. O

Lemma 1.8.14. A canonical Arakelov reduction Xp satisfies the following proper-
ties:

1. For any character x: P — G,, whose restriction to the chosen maximal torus
T C P is a non-negative linear combination »  n;a; of simple roots oy € A
(where n; > 0, and at least one n; # 0), if we let L(P,x) be the associated line
bundle to Xp, then deg L(P,x) > 0.

2. The extension of X to the Levi quotient L = P/ Rad,(P) is semistable.
Proof. By Proposition it is equivalent to [39, 6.2] applied to the group scheme
X xGeoni (7

O
All this together concludes our final result.

Theorem 1.8.15. Every Arakelov principal G-bundle X has a unique Arakelov
canonical reduction Xp.

Moreover, when G = GL(n) the canonical parabolic subgroup P corresponds
to the Grayson-Stuhler filtration of the Arakelov vector bundle associated to the
Arakelov principal G-bundle X.
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Triangulated categories

This chapter provides basic facts about triangulated and derived categories that we
will use afterwards. We recommend [42] for further details.

2.1 Triangulated and derived categories

Definition 2.1.1. A category A is called additive if for every two objects A, B € A
the set Hom4(A, B) is endowed with the structure of an abelian group such that
the following conditions are satisfied

i) The compositions
Hom (A1, A2) x Hom (A2, A3) — Hom (A1, A3)
(f,9) golf

are bilinear.

ii) There exists a zero object 0 € A, i.e. an object 0 such that Hom4(0,0) is the
trivial group with one element.

iii) For any two objects Ay, Ay € A there exists an object B € A with morphisms
jit Ay = B and p;: B — A;, © = 1,2, which make B the direct sum and the
direct product of A; and A,.

An additive category A is called abelian if it satisfies the following additional con-
dition
iv) Every morphism f € Hom(A, B) admits a kernel and a cokernel and the
natural map Coim(f) — Im(f) is an isomorphism.

In general, the (bounded) derived category of an abelian category will fail to
be again abelian, but it will still be additive. Then we give an extra structure (so
called triangulated structure) in order to have an analogous notion of short exact
sequences in this context.

Definition 2.1.2. Let D be an additive category. The structure of a triangulated
category on D is given by an additive equivalence [1]: D — D, the shift functor, and
a set of distinguished triangles

A—>B—>C——= Al

61
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subject to the following axioms

A.l

A.2

A4

i) Any triangle of the form

A4 0 Al

is distinguished.

ii) Any triangle isomorphic to a distinguished triangle is distinguished.

iii) Any morphism f: A — B can be completed to a distinguished triangle

A-L.p—~c——~ap).

A triangle

ALopSoc—toan
is distinguished if and only if
B2~ an) M gy

is distinguished. Hence, we visualize distinguished triangles as

Suppose there exists a commutative diagram of distinguished triangles with

vertical arrows f and g:

A B C Al

o

A— B —— A1)

Then the diagram can be completed to a commutative diagram, i.e. to a mor-

phism of triangles, by a (not necessarily unique) morphism h.

Octahedral axiom. Given distinguished triangles
A—t-BLo0—t g
B—'~C—-'>A—"~B
A= C "= B —" Al

There exists a distinguished triangle

o L-p tentoy

such that [ = gm, k = nf, h = j[1]i, ig = u[l]n and fj = mv.



63 Chapter 2. Triangulated categories

Proposition 2.1.3 ([42, Proposition 1.34]). Let D be a triangulated category and
let

A—sB—C— A[l]

be a distinguished triangle. Then, for any object X € D the following sequences are
exact:

-+« — Homp(X, A) — Homyp(X, B) — Homp (X, C') — Homp (X, A[1]) - - -

. —>H0mD(C’, X) q-I‘IOIHD(B,)() ﬁHOIHD(A, X) éHOHlD(O[—l], X) ce
Definition 2.1.4. Let D and D’ be triangulated categories with shift functors [1]p
and [1]p respectively. An additive functor F': D — D’ is called ezact if it satisfies
the following conditions

i) There exists a functor isomorphism

Fo [1]’1) — [1]1)/ ofF.

ii) Any distinguished triangle

A—>B—>C—=Alllp

in D is mapped to a distinguished triangle

F(A) F(B) F(C)— F(A)[1]p

in D'. Here we identify F(A[l]p) with F(A)[1]p via the functor isomorphism
in i).

Definition 2.1.5. Let F': C; — Cy be a functor between arbitrary categories.

e A functor H: Cy — C; is right adjoint to F (one writes F' 4 H or (F, H)) if
there exist isomorphisms

I’IOIHC2 (F(A1>, AQ) = I‘IOIHC1 (Al, H(AQ))
for any two objects A; € C; for i = 1,2 which are functorial in A; and As,.

e A functor G: Cy — Cy is left adjoint to F' (one writes G - F or (G, F)) if there
exist isomorphisms

I‘IOI’HC2 (AQ, F(A1)> = Homcl (G(Az), Al)
for any two objects A; € C; for i = 1,2 which are functorial in A; and As,.

Clearly, H is right adjoint to F' if and only if F is left adjoint to H.
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Remark 2.1.6. i) Suppose ' 4 H. Then, idp4) € Home, (F(A4), F(A)) induces
a morphism A — H(F(A)). The naturality of isomorphisms in the definition
of the adjoint functor ensures that these morphisms define a functor morphism

h: idcl — HoF

and one can easily see that F' is fully faithful if and only if h is an isomorphism.
Similarly, there is a functor morphism

g: FloH — ide,

and one can easily see that H is fully faithful if and only if g is an isomorphism.
See [42, Remark 1.24] for details.

ii) Using the Yoneda lemma, one verifies that a left (or right) adjoint functor is
unique up to isomorphism whenever it exists. See [42, Remark 1.16] for details.

iii) If C; and Cy are triangulated categories, then F is exact if and only if H is exact.
But this is not true for example if C; and Cy are abelian categories. When F
is left and right exact, in general its right adjoint is only left exact. See [42]
Remark 1.16 and Proposition 1.40] for details.

The triangulated categories we will work with will be (bounded) derived cate-
gories of certain abelian categories.

Let A be an abelian category, and let Kom(.A) denote the category of (bounded)
complexes of objects in A. A morphism of complexes f: A* — B*® is called a quasi-
isomorphism if the induced morphisms H'(f): H'(A®*) — H'(B®) are isomorphisms
for all ¢ € Z.

Definition 2.1.7. With the previous notations, the (bounded) derived category
of A, denoted D(A) (resp. D°(A)) consists of (bounded) complexes of elements
in A up to quasi-isomorphism, i.e. it is obtained by formally inverting all quasi-
isomorphisms. Further details about the construction of D(A) are found in section
2.1 in [42].

Remark 2.1.8. Viewing any object in A as a complex concentrated in degree zero
yields an equivalence between A and the full subcategory of D(A) that consists of
all complexes A® with H'(A®) =0, Vi # 0.

The triangulated structure of D(A) can be seen as follows. The shift functor [1]
simply shifts the complex. For example, under the above equivalence, A[1] seen as
a full subcategory of D(A), consists of all complexes A® with H*(A®*) =0, Vi # —1.

The derived analogue of kernels and cokernels are cones. Let f: A* — B*® be a
morphism of complexes, then the cone of f is defined as

C(f)z — Bz EBA’iJrl

i (Ao
c(f) = fitl diB .

with differential
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Distinguished triangles in D(.A) are triangles isomorphic to
AL o) — A
Remark 2.1.9. Given a short exact sequence

0 At B C 0

in an abelian category A. Under the full embedding A < D(A) it becomes a
distinguished triangle

A B C—2 Af1]

in D(A) with 0 given as the composition of the inverse of the quasi-isomorphism
C(f) — C and the natural morphism C(f) — A[1].
Conversely, if

A B C All]
is a distinguished triangle with objects A, B,C € A, then

0 A B C 0

is a short exact sequence in A.

In what follows, we will work with abelian (resp. triangulated) categories that
are essentially small, that is, that it is equivalent to an abelian (resp. triangulated)
category such that the class of objects is a set.

2.2 Torsion pairs and t-structures

Let D be a triangulated category. T-structures are a tool which allows us to see the
different abelian categories embedded in D.

Definition 2.2.1. A t-structure on D consists of a pair of full additive subcategories
(D=0 D=%), with D= := D=Y[—j] and D=" := D=°[—i| for i € Z, such that:

i) Homp(D=Y, D=1) = 0.
ii) For all E € D, there is a distinguished triangle

T E F——=T[1]

with T € D=0 and F € D=1,
iii) D=V c D=l and D2° > D=1,

For each n € Z there exist truncation functors 7<,,: D — D=" and 7>,,: D — D="
satisfying that for every non-zero object £ € D there exists a distinguished triangle

TSnEﬁEﬁTZnEﬁTSnE[l] .
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Definition 2.2.2. A t-structure (D=", D=!) on D is said to be bounded if

D = | D[] nD>[j].

1,jEZL

Definition 2.2.3. The heart A of a bounded t-structure (D=, D=1) on D is defined
as A = D=0N D=0,

The heart of a bounded t-structure is an abelian category A and short exact
sequences in A are precisely distinguished triangles in D with objects in A.

Example 2.2.4. Let D = D%(A) be the bounded derived category of an abelian
category A. The standard t-structure is given by

D=0={E e D: H(E) =0, for all i > 0}
D=0={E € D: H(E) =0, for all i < 0}

and its heart is the original abelian category A C D in degree zero.

Lemma 2.2.5 ([19, Lemma. 3.2],[43, Remark 1.16]). Let A C D be a full addi-
tive subcategory of a triangulated category D. Then A is the heart of a bounded
t-structure if and only if

i) Homp(A[k:], Alka]) =0 for ky > k.
it) For every nonzero E € D there exists a finite sequence of integers
ki >ky > >k,
and a collection of distinguished triangles

OZE() E1 EQQ‘"'Q‘Em_l Em:E

AN o
\141 \‘{42 AN

A

with A; € Alk;] for all j.

Remark 2.2.6. In other words, the lemma above shows that a bounded t-structure
on a triangulated category D is determined by its heart A. In fact, D=C is the
extension-closed subcategory generated by the subcategories A[k| for integers k& > 0.

A way to construct many non-trivial t-structures is by tilting A at a torsion pair.

Definition 2.2.7. Let A be an abelian category. A torsion pair for A consists of a
pair (7, F) of full subcategories such that

i) Homyu(7,F) =0.
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ii) For all E' € A, there is a short exact sequence
0—=+T—=E—=F—=0
with 7€ T and F € F.

Definition 2.2.8. Let A be an abelian category with a torsion pair (7, F). Then
the tilt of A with respect to (7,F) is defined as the full additive subcategory
Af C Db(A) of all objects E € D*(A) with

HY(E)eT,H Y(E)€ F,and H(E) =0 for i # 0, —1.

Lemma 2.2.9 ([43, Proposition 1.17]). The category A* is the heart of a bound- ed
t-structure on D°(A).

Remark 2.2.10. A torsion pair (7, F) for A gives rise to a torsion pair (F[1],7T)
for the tilt A®. If (T, F) is non-trivial, then A # A*. In other words, objects in A
can be thought as an extension of F' by T', with T' € T and F' € F, determined by an
element Ext'(F,T). On the other hand, objects in A* are an extension of T by F[1],
i.e. determined by an element Ext'(T, F[1]) = Ext?*(T, F). More concretely, every

object in A* can be represented by a 2-term complex E~! -5 E° with ker(d) € F
and coker(d) € T.

The following proposition shows the relation between tilts of the heart of a t-
structure on D and new t-structures on D.

Proposition 2.2.11 ([43, Proposition 1.20]). If A = D= N D=° is the heart of
a bounded t-structure (D=2, D=°) on a triangulated category D, then there exists a
natural bijection between:

i) Torsion pairs (T,F) for A.
i) t-structures on D given by (D'<Y, D'2%) satisfying D=°[1] C D'<" Cc D=,
Proof. A torsion pair (T, F) for A yields a t-structure

D=V:={FEeD: H(E)e T, and H(E) =0 fori > 0}
D=0 ={FeD: HYE)e F,and H(E) =0 for i < —1}.

Conversely, given such t-structure (D’<?, D’'2Y), define a torsion pair by 7 = AND'<?
and F = AND=L, O

Finally, note that the group Aut(D) of exact autoequivalences of D acts on the
set of bounded t-structures: if A C D is the heart of a bounded t-structure and
® € Aut(D), then ®(A) C D is also the heart of a bounded t-structure (in general
different from the original one).
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2.3 The Grothendieck and numerical groups

Now we recall a few definitions from the introduction of [19].

Definition 2.3.1. Let A be an abelian category. The Grothendieck group K(A) is
defined as an abelian group generated by isomorphism classes [A] for A € A such
that for each short exact sequence

0 A 5A—->A"=0

in A, [A] = [A] + [A"].

Analogously, given a triangulated category D, the Grothendieck group K(D) is
defined as an abelian group generated by isomorphism classes [A] for A € D such
that for each distinguished triangle

A A A" — A[1]

in D, [A] = [A] + [A"].
Proposition 2.3.2 ([48, Theorem 3.5.2]). If A is the heart of a bounded t-structure
on a triangulated category D, the natural morphism of abelian groups
K(A) — K(D)
18 an isomorphism.

Suppose now that D is linear over a field k. This means that the morphisms of
D have the structure of a k-vector space with respect to which the composition law
is bilinear. Suppose further that D is of finite type, that is that for every pair of
objects E¥ and F' of D the vector space

@ Homp(E, F[i])

is finite-dimensional. In this situation one can define the Euler form on K (D) via

X(E,F) = (—1)' dimj, Homp(E, F[i])
and a free abelian group NV (D) := K(D)/K (D) called the numerical Grothendieck
group of D, where K (D)t denotes the right orthogonal with respect to the Euler
form. If this group N (D) has finite rank the category D is said to be numerically
finite.

Example 2.3.3. As pointed out by Bridgeland in [19], there are two large classes
of examples of numerically finite triangulated categories.

1. If A is a finite-dimensional algebra over a field, then the bounded derived
category DP(A) of finite-dimensional left A-modules is numerically finite.

2. If X is a smooth projective variety over C, then the bounded derived category
D’(X) of coherent sheaves on X is numerically finite.

From now on, all triangulated categories will be presumed to be numerically
finite.
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triangulated categories

2.4 The space of stability conditions
Let D be a triangulated category, equipped with a surjective group homomorphism
v: K(D) - A

from its Grothendieck group to a finite rank lattice A. Let us recall the definitions
from [19].

Definition 2.4.1. A slicing P on D is a collection of full subcategories P(¢) for all
¢ € R satistying:

a) P(p)[1] =P(¢+1), for all p € R.
b) If ¢1 > ¢o and E; € P(¢;), i = 1,2, then Hom(E,, Ey) = 0.
c¢) For every nonzero object E € D there exists a finite sequence of maps

0=FE, L~ F E, ,—I"E —F

and of real numbers ¢; > --- > ¢,, such that for every j = 1,--- ,m, we have a
distinguished triangle

Ej E; 4; Ej[1]

The objects of P(¢) are called semistable of phase ¢; its simple objects are called
stable. The sequence of maps in c) is called the HN-filtration of E. We write ¢*(FE)
for the largest and the smallest phase in the associated HN-filtration of E.

Definition 2.4.2. A pre-stability condition on D is a pair 0 = (Z,P) where P is a
slicing and Z: A — C is a group homomorphism such that Z(v(E)) € Ry - €™ for
all nonzero E € P(¢), for every ¢ € R.

69
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Remark 2.4.3. Let A C D be a full additive subcategory and set P(¢) = A[¢]
for ¢ € Z and () otherwise. Then, A is the heart of a bounded t-structure if P is a
slicing on D.

Definition 2.4.4. A stability function on an abelian category A is a group homo-
morphism Z: K(A) — C such that for all 0 # E € A, Z(F) lies in the semi-closed
upper half plane

H:={2€C:z=1r-e" withr € Ryy and ¢ € (0,1]}.

For 0 # E € A we define its phase by ¢(E) :=  arg(Z(E)) € (0,1]. Furthermore,
E is called Z-semistable if for all nonzero subobjects F' < E, we have ¢(F) < ¢(F).

Definition 2.4.5. We say that a stability function Z on an abelian category A
satisfies the HN-property if every 0 # E € A admits a sequence

O:E0<—>E1;>‘—>EmIE
such that F;/E; | is Z-semistable for i = 1,--- ,m and

Qb(El/E()) > e > ¢(Em/Em—1)

Proposition 2.4.6 ([19, Proposition 5.3]). To give a pre-stability condition on D
is equivalent to giving a heart A of a bounded t-structure and a stability function Z
on A with the HN-property.

Remark 2.4.7. Here we use Proposition[2.3.2] i.e. that if A is the heart of a bounded
t-structure on D then K (A) can be identified with K(D).

Definition 2.4.8. A pre-stability condition o = (Z,P) on D is called locally finite if
there exists some € > 0 such that, for all ¢ € R, each subcategory P((¢—¢, p+€)) is
of finite length, i.e. any sequence of epimorphisms (resp. monomorphisms) stabilizes.

Remark 2.4.9. In this way P(¢) has finite length so that every object in P(¢) has
a finite Jordan-Holder filtration into stable factors of the same phase.

We denote by Stab(D) the space of locally finite pre-stability conditions that
are numerical, that is, those for which the stability function Z factors through the
numerical Grothendieck group N (D).

Remark 2.4.10. More generally, as pointed out in [§], one fixes a finite-dimensional
lattice A with a map v: K (D) — A and focus on stability conditions for which Z
factors via A. Obviously, this is no restriction in case K(D) of finite dimension; in
this case a typical choice for A might be the numerical Grothendieck group N (D).

The stability conditions we consider also satisfy the additional conditions in the
definition given in [44] Section 2| (in particular the support property, introduced
below). The local-finiteness condition will then be automatic. We will follow [8]
Appendix A], that contains a quite transparent and extended description of the
support property.
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Definition 2.4.11. Let Q: Ag = A ® R — R be a quadratic form. A pre-stability
condition o = (Z,P) satisfies the support property with respect to @ if

a) (@ is negative definite with respect to the kernel of Z.
b) for every o-semistable object E € P(¢), we have Q(v(E)) > 0.

A stability condition on D is a pre-stability condition that satisfies the support
property with respect to some quadratic form Q.

Remark 2.4.12. This property ensures that stability conditions deform freely, and
exhibit well-behaved wall-crossing.

The following lemma provides an equivalent definition of support property.

Lemma 2.4.13 (|8, Lemma A.4)). A pre-stability condition o = (Z,P) satisfies
the support property with respect to some quadratic form @ on Agr if and only if

there exists a constant C' € Rsq such that for every o-semistable object E € P(¢),
lv(E)|| < C|Z(v(E))| for some norm || - || on Ag.

There is a generalized metric (and thus a topology) on the set Slice(D) of slicings
on D given as follows. Given two slicings P and Q, we write ¢3(E) and ¢5(E) for
the largest and smallest phase in the associated HN-filtration of E for P and QO
respectively. Then, we define the distance of P and Q as

ds(P, Q) = zlég{\qﬁ%(@ — 0SB, 6p(E) — ¢o(E)[} € [0, +00]. (2.4.1)

Remark 2.4.14. 1. The term generalised metric is used to mean a distance func-
tion on a set X satisfying all the usual metric space axioms except that it need
not be finite. Any such function defines a topology on X in the usual way and
induces a metric space structure on each connected component of X.

2. The (generalized) distance (2.4.1)) can be computed by considering P-semista-
ble objects alone, i.e. E € P(¢) for ¢ € R.

On the other hand, the function

(W(E)]
1Z(E)]

W, = Sup{ . Eis U-semistable}

has all the properties of a norm on Hom(K (D), C), except that it may not be finite.
For each real number € € (0, 1), define a subset

B (o) ={r=W,Q): |W — Z||, < sin(me) and dg(P, Q) < ¢} C Stab(D).

Remark 2.4.15. Note that the condition ||W — Z||, < sin(me) implies that for all
o-semistable objects E, the phase of W (FE) differs from the phase of Z(E) by less
than e.
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In [19] it is shown that as o varies in Stab(D) the subsets B.(o) form a basis for
a topology on Stab(D).
The following theorem is the main theorem in [19].

Theorem 2.4.16 ([19, Theorem 1.2]). For each connected component ¥ C Stab(D)
there is a linear subspace V(X) C Hom(K (D), C) with a well-defined linear topology
and a local homeomorphism Z: ¥ — V(X), (Z,P) — Z.

Remark 2.4.17. Given a connected component > C Stab(D), its corresponding
linear subspace V' (X) C Hom(K (D), C) is defined as the set of U € Hom(K (D), C)
such that ||U||, < oo, for some o € 3.

Definition 2.4.18. A connected component 3 C Stab(D) is called full if it has
maximal dimension, i.e. V(X) = Hom(K(D),C). A pre-stability condition o is
called full if it belongs to a full connected component.

We also want to clarify the relation between full pre-stability conditions and
the support property introduced above, in the situation of finite-rank Grothendieck
group. More precisely, we choose a metric |- | on K(D)g.

Proposition 2.4.19 ([7, Proposition B.4]). Assume that K(D) has finite rank.
Then a pre-stability condition o = (Z,P) s full if and only if it has the support
property.

Moreover, the next theorem is a very nice result stating that the support property
of an element in Stab(D) is extended to the whole connected component containing
it.

Proposition 2.4.20 ([8, Proposition A.5]). Given o = (Z,P) € Stab(D), assume
that o satisfies the support property with respect to a quadratic form @ on Ag.
Consider the open subset of Hom(A, C) consisting of central charges whose kernel is
negative definite with respect to Q) and let U be the connected component containing
Z. LetU C Stab(D) be the connected component of the pre-image Z~1(U) containing
0. Then the following statements are true.

1. The restriction Z|y: U — U is a covering map.

2. Any stability condition o' € U satisfies the support property with respect to the
same quadratic form Q).

The following lemma compares stability conditions with the same stability func-
tion.

Lemma 2.4.21 ([19, Lemma 6.4]). Let 0 = (Z,P) and 7 = (Z, Q) be two stability
conditions on D with the same stability function Z. If dg(P,Q) < 1, then o = 7.

Next, we state Bridgeland’s deformation result for full stability conditions, since
we will require this particular formulation in our case of study.



73 Chapter 2. Bridgeland stability conditions on triangulated categories

Theorem 2.4.22 ([19, Theorem 7.1], [20, Theorem 2.4]). Let ¥ C Stab(D) be a full
connected component. Take 0 = (Z,P) € ¥ and 0 < e < 1/2. Then, for any group
homomorphism W: K (D) — C with

|W — Z||, < sin(7e),
the exists a unique stability condition T = (W, Q) € ¥ such that dg(P, Q) < e.

We finish this section by showing that there are two commuting actions on the
set of stability conditions on D.

e A left-action of the group of autoequivalences of D, Aut(D): Given & €
Aut(D) and o = (Z,P),
d.o= (2P

with Z/(E) = Z(® ' (E)) and P'(¢) = B(P(¢)).

e A right-action of the universal cover of the group of 2 x 2 real matrices with
positive determinant, GNLJF(Q,R): An element (T, f) € C/}vLJr(Q,R), consists of
T € GL*(2,R) orientation preserving and f: R — R an increasing map with
f(x+1) = f(z) + 1 such that the induced maps on S* agree. Then,

o(T,f)=(Z",P)
with Z' = T~'Z and P'(¢) = P(f(9)).

Remark 2.4.23. Note that the action of @fﬁ(Q, R) preserves the semistable objects,
but relabels their phases (so the heart can change).

Moreover, for any o = (Z,P) € Stab(D), the stabilizer group GLJF(Q,]R)(7 # 1d
if and only the image of Z is contained in a real line through 0 in R? = C.

Remark 2.4.24. Relation of the actions and support property:

e Given ® € Aut(D), if o = (Z,P) satisfies the support property with respect to
a quadratic form @, then it follows from the definition of the action ¢’ := ®.0
satisfies the support property with respect to Q' :== Q o ®~1.

e Given (7, f) € @+(2,R), if o = (Z,P) satisfies the support property with
respect to a quadratic form (), then it follows from the definition of the action
that o' == o.(T, f) satisfies the support property with respect to the same
quadratic form ().

2.5 Examples of spaces of stability conditions

2.5.1 Curves

Let C be a curve of genus g > 0 over C, consider C = D’(C) the bounded derived
category of coherent sheaves on C. Note that Z : Z* = N(C) — C = R? are of the
form

Z(d,r) = Ad+ Br +i(Cr + Dd)
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for certain A, B, C, D € R, where d and r stand for degree and rank respectively.
The next lemma is a strong consequence of C being hereditary, i.e. it has coho-
mological dimension 1.

Lemma 2.5.1 ([37]). Given a distinguished triangle in C,

A—sE—>B——A[l]

with B € Coh(C) and Homz"(A, B) = 0, then A, B € Coh(C).

Proposition 2.5.2 ([43 Lemma 2.16]). For any o € Stab(C), every line bundle L
and skyscraper sheaf C(z) of points x € C' are o-stable.

Sketch of proof. Let X be either £ or C(z). Given a stability condition o € Stab(C),
if X is not o-semistable, consider the final triangle of its HN-filtration.

E—>X—>A——>El] (2.5.1)

were A is o-semistable and ¢, (E) > ¢4(A). Then, Homz°(E, A) = 0 and by Lemma
2.5.1 E, A € Coh(C). Hence, the triangle is in fact a short exact sequence
in Coh(C). If X = C(z), there is not such exact sequence in Coh(C). If X = L,
then F is a line bundle and A is torsion, but then Hom¢(F, A) # 0 and yields a
contradiction. Therefore, X is o-semistable.

Now let Ap be a stable factor of X with Hom(Ag, X) # 0. Then, there exists a
distinguished triangle

A—sX—=B—— A

where A, B are semistable and such that all stable factors of A are isomorphic to
A and Hom(A, B) = 0. Moreover, by semistability, Hom<°(A, B) = 0 which by
Lemma implies that A, B € Coh(C). As before, this implies that B = 0 and
that all stable factors of E are isomorphic to Ag. Hence, [E] = n[Aq], where n is
the number of stable factors. Since [k(z)] = (0,1) and [£] = (1,deg(L)), it implies
that n =1, i.e. X must be stable. O

Moreover, there is a distinguished stability condition given by the standard slope
stability:
o, = (Z,,Coh(C))

where Z, = —d + ir. The next theorem states that in fact this is the only one up
~ +
to the GL (2, R)-action.

Theorem 2.5.3 ([19, Theorem 9.1], [46, Theorem 2.7]). The action of @iJr(Z,R)
on Stab(C) is free and transitive. In particular,

Stab(C) = GL' (2, R). (2.5.2)
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Sketch of proof. By Proposition [2.5.2] all skyscraper sheaves C(z) and line bundles
L are o-stable for every o € Stab(C), but not isomorphic. Therefore, the existence of
a non-zero morphism £ — C(z) (and by Serre duality C(z) — L[1]) give inequalities:

9o(L) < ¢5(C(2)) < ¢(L) + 1. (2.5.3)

Hence, the image of Z is not contained in a real line, which implies that the
GL+(2, R)-action is free.

Now, to show that it is transitive, we show that for every ¢ € Stab(C) there
exists (T, f) € @fﬁ(?,R) such that o.(T, f) = o0,. For o, we find the following
inequalities

0< ¢5,(L) < ¢0,(C(x)) < ¢g,(L) +1
where now ¢,,(C(z)) = 1. Comparing these inequalities with ([2.5.3) we can find an
element (T, f) € &+(2,R) such that

Z'(Cz)) = -1, Z'(Oc) =i, ¢s(C(x)) =1

where ¢/ = o.(T, f). Since both Z and Z’ factor via N(C') = Z?, with generators
C(z) and O¢, we see Z' = Z,,. Since ¢,(C(z)) = 1, all torsion sheaves have phase
1. Moreover, inequalities imply that line bundles have phase in (0,1) and
therefore every coherent sheaf has HN-filtration with factor of slope in (0, 1] i.e.
Coh(C) C P'((0,1]). Furthermore, since both Coh(C') and P’((0,1]) are hearts of
bounded t-structures on C, Coh(C') = P’((0, 1]), showing that ¢’ = o,,. O

Remark 2.5.4. Since for every stability condition o € Stab(C) there exists a unique
pair g = (7, f) such that o = 0,9, in (2.5.2)) we identify o with g.

For our purpose it is important to understand the isomorphism [2.5.2] First of
all, note that the Iwasawa decomposition of a matrix 7' € GL*(2,R), is of the form
T = kKNAwith k € R., where K is a rotation matrix of certain degree ¢ € [0, 27),

ie.
[ cos¢p —sing
K_(sinqﬁ cos ¢ )’

A:(g 19&)’

with a € Ryg and N is a horizontal shear transformation which fixes the real-axis
and acts as a stretching along each horizontal line

(o 1)

with z € R. Therefore, GL*(2,R) = C* x H.
Next, we use the Iwasawa decomposition to study stability conditions (Z,P) on

C as pairs (T, f) € (/}\TJJF(Q,R).

the matrix A is of the form
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e The identity element corresponds to slope-stability (Id,id) = o,.
e When7'=K, f: R— R, .+ x4+ 0 with 6 := ¢/m. We find (Zy, Py) where

Zy=K'Z,
= —dcos¢ + rsing + i(rcos ¢+ dsin ).

When 6 € [0, 1),
=P((6,0 + 1))
— Coh?(C)
where Coh?(C) stands for the tilting of Coh(C) with respect to the torsion
pair
Ty = P((0,1]).

When 6 € [1,2), put ¢ =60 — 1 € [0,1). Now,

Po((0,1]) = P(f((0,1]))
=P((0,0 + 1))
=P+ 1,0 +2])
— Coh? (C)[1].
e When T'=A, f,: R — R, we find (Z,,P,) for a € Ryy where
Z,=A"Z,
= —d/a +iar

and

Pa((0,1]) = P(£a((0,1]))
= P((0,1])
= Coh(C)

so it does not affect the heart.
e When 7= N, f,: R = R, we find (Z,,P,) for z € R where
= NﬁlZﬂ

=—d—uxr+ir

and

so it does not affect the heart.
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e For arbitrary (7, f) with decomposition T'= K AN, we find

Z=T"2,
=N'A"'K'Z,

which by the previous observations, it means that the action first determines
the heart and relabels the slicing afterwards.

Remark 2.5.5. Last but not least, we analyze the action of the Serre functor
Sc € Aut(C). Note that
Sc(E) =F® wc[l]

for all E € C, where we denotes the canonical line bundle of C'. Recall that the line
bundle we is trivial when C' = E' is an elliptic curve and in general it has degree
2g — 2, where g denotes the genus of the curve.

Let 0 = (Z,P) be a stability condition on C. Recall also that Sc.o = (Z',P’)
with Z'(E) = Z(S;'(E)) and P'(¢) = Sc(P(¢)). We note that if we have

Z(d,r) = Ad+ Br +i(rC + dD),

then Z'(d,r) = —Z(d,r) + (29 — 2)(A + iD). This shows that the action of the
Serre functor maps a heart Coh? to Coh?[1] with 6,6 € [0,1) and they are not
necessarily equal, i.e. in general 6 # 0’. The only exceptions are when the curve is
elliptic (g = 1) or when g > 1 and 6 = 0.

Remark 2.5.6. Burban and Kreussler described in [2I] the stability manifold for
the bounded derived category of coherent sheaves on a singular irreducible projective
curve of arithmetic genus 1.

The case of P! was treated independently by Okada [51] and Macri [46]. We
say a bit about it in the next sections since it is an example of stability conditions
constructed by means of exceptional collections.

2.5.2 Stability conditions and exceptional objects

Here we want to recall Macri’s construction [46] of stability conditions on triangu-
lated categories generated by finitely many exceptional objects.

Definition 2.5.7. Let D be a C-linear triangulated category.

1. An object E € D is exceptional if Hom%(E, E) = C and Homk (E, E) = 0 for
all k # 0.

2. A (finite) sequence {F;}!_; of exceptional objects in D is an exceptional collec-
tion if additionally Hom5 (E;, E;) = 0 for all k and 4 > j. It is usually denoted
by (Eh T 7En)'

3. An exceptional collection (Ej,--- , E,) is strong if Homh(E;, E;) = 0 for all
i, j with k # 0.
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4. An exceptional collection (Ey,--- , E,) is complete if it generates D by shifts
and extensions.

5. An exceptional collection (F\,--- , E,) is Ext-exceptional if Hom(F;, E;) =0
for all £ <0 and i # j.

Definition 2.5.8. 1. Let E and F' be exceptional objects. We define left muta-
tion of F' by E, LgF and right mutation of E by F, RpE by the following
distinguished triangles

LpF —=Hom(E, F)® E F,

E——Homy(E,F)® F —= RyE.

2. Let & = (Fy,---, E,) be an exceptional collection. We define a left (resp.
right) mutation of £ is defined as a mutation of a pair of adjacent objects in
this collection:

L= (B, - Ei1,LgEi1, B, Eig,---  Ey)
Rz(‘:: (Ela"'E’ifl7Ei+l7RE EZ'7EZ'+27H' 7En)

41

Fori =1,--- ,n — 1. We can do mutations again in the mutated collection.
We call any composition of mutations an iterated mutation.

Proposition 2.5.9 ([11, Proposition 4.9]). i) A mutation of a (complete) excep-
tional collection is also a (complete) exceptional collection.

ii) The following relations hold:
RiLi=LRi=1 RiRit1Ri=Rit1iRiRiv1, Lilinli = LinLilia.

For an exceptional collection (Fy,--- , E,) on D, we denote by (FEy,--- , E,) the
smallest extension-closed full subcategory of D containing the F;’s.

Lemma 2.5.10 ([40, Lemma 3.14]). Let (Ey,--- , E,) be a complete Ext-excep-tional
collection on D. Then, (Ey,--- , E,) is the heart of a bounded t-structure on D.

Lemma 2.5.11 ([46, Lemma 3.16]). Let (Ey,---,E,) be a complete Ext-excep-
tional collection on D and let o = (Z,P) be a stability condition on D. Assume that
E; € P((0,1]) fori =1,--- ,n. Then, (Ey,---,E,) = P((0,1]) and E; is o-stable
foralli=1,--- n.

Remark 2.5.12. Given a complete exceptional collection (Fy,--- , E,) on D, the
Grothendieck group is a free abelian group of finite rank K (D) = Z™ generated by
the isomorphism classes [E;] for i =1,--- ,n.
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Let &€ = (Ey,---,E,) be a complete exceptional collection. We summarize
Macri’s construction of stability conditions from £. For ¢ = 1,--- ,n, choose in-
tegers p; such that (Ei[p1],-- -, En[pn)) is Ext-exceptional. Denote by

Qp = (Erlp], -+ Enlpnl)

the heart of a bounded t-structure. Pick n points zy,---,z, € H and define a
homomorphism

Zy: K(Qy) —=C
[Ei[pi]] — 2.

The pair (Z,,Q,) is a (locally finite) stability condition on D (see [46, Remark 2.2]).
Let ©¢ be the subset of Stab(D) consisting of all stability conditions constructed

~ +
with the previous procedure, up to the action of GL (2,R). The following lemma
is an immediate consequence of Lemma [2.5.11]

Lemma 2.5.13 ([40]). Let € = (E1,--- , E,) be a complete exceptional collection.
Then, the E;’s are stable in each stability condition of Og.

Remark 2.5.14. The converse is not true in general, i.e. O¢ is not the subspace
consisting of stability conditions in which the E;’s are stable (see [46, Remark 4.8]).

Lemma 2.5.15 ([40, Lemma 3.18]). The subspace O¢g C Stab(D) is an open, con-
nected simply connected n-dimensional submanifold.

Sketch of proof. Given an (arbitrary) exceptional collection Fy :== (F},--- , Fy), with
s > 1, we define, for i < 7,

RN B if Hom"(F;, Fy) = 0 Vk,
i =\ min{k | Homk(Fi, F;) # 0} otherwise.

Then, we define a’* := 0 and inductively for i < s,

Fs -— 3 Fs Fs )
ol = rjn>1£1{k” +ai*t—(s—i—1).

Consider R"™ with coordinates ¢y, -, ¢,. Let Fs C (Ey,--- , E,) be of the form
F, = (E,, -+ ,E,) for s > 1. Define R”* on R" as the relation ¢, < ¢, + a;°.
Finally, define

n o m; >0 Viand
Cgiz{(mh"';mna¢17"'7¢”>€R2 | RFVF, C& s> 1 }

Then, there is a homeomorphism from O¢ to Ce given by

p: O¢ Ce
0= (Z,P) %(‘Z<El)|7 e 7|Z<En)|7¢U(E1)7 T 7¢G<EH))'

See [46] for more details. O
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2.5.3 Quivers

Now let us consider a finite quiver @ = (Qo, @1, s, 1), i.e. a directed graph. It consists
of a finite set of vertices Qg = {0,1,--- ,n} and a finite set Q; of arrows between
them, together with maps s,t: Q1 — )y called source and target respectively. A
finite dimensional representation V' of a quiver @) consists of a family V' = {V,, f.}
where V, is a finite dimensional vector space for each vertex a € )y and a linear
map fo: Vi) = Vi) for each arrow a € Q1. Let Rep(Q) be the abelian category of
finite dimensional representations of Q and denote by Q = D?(Rep(Q)) its bounded
derived category.

Example 2.5.16. The P,-quiver is given by two vertices Qo = {0, 1} and n arrows
Q1={ay, - ,a,} from 0 to 1:

A representation of P, is a pair of vector spaces Vg, Vi together with n linear
morphisms f,, -+ , fa,: Vo = Vi.

If we assume a quiver () to be finite, with no loops and no oriented cycles, the
following results are well-known [46, Section 3.1], [4]:

e The collection of objects {S,}aeq, Where S, is given by assigning C to the
vertex a and 0 to the rest is a complete set of simple objects in Rep(Q) [4,
Chapter III, Lemma 2.1].

e We have Hom(S,, S;) = C for all a = b € )y and Hom(S,, S;) = 0 otherwise.
Moreover, Ext'(S,, S,) = C" where n denotes the number of arrows from a to
b.

e If we embed the S,’s in Q in degree 0, they are exceptional objects for all
a € Qo and by a suitable ordering (S,).cq, becomes a complete exceptional
collection on Q.

e The Grothendieck group K(Q) is generated by (S)acq,-
e The category Rep(Q) is hereditary |4, Chapter VII, Theorem 1.7].

In [46], Macri studied Stab(Q,,), with Q, = D’(Rep(P,)), i.e. the stability
manifold for the bounded derived category of finite dimensional representations of
the P,-quiver. He sets {S;}icz the family of exceptional objects on Q,,, where Sy[1]
and S; are the minimal objects in Rep(FP,) and the other exceptional objects are
defined inductively by

Sz' = £S¢+1Si+27 1 <0,
Si = Rsiilsi_g, 1 Z 2.
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According to [46] these are (up to shifts) the only exceptional objects in Q,. Each
adjacent pair (.S;, S;41) is an exceptional pair. Moreover, each (.S;, S;11) is the right
mutation of (S;_1,.5;).

Example 2.5.17. If n = 1, there are only 3 exceptional objects up to shifts:
So[l] =(C—10), S;=(0—C), Sy=(C—C).
Furthermore, the right mutation satisfies that

R1iR1R1 (S0, 81) = RiR1(S1, S2)
= R1(S2, So[1])
= (So[1], S1[1]).
Lemma 2.5.18 ([46, Lemma 4.1]). Assume n > 1. Ifi < j, then
. Homgn(SZ-, S;) # 0 only if k = 0;
e Homf (S;,8;) #0 only if k = 1.
In particular, the pair (S;, Si+1) is a complete strong exceptional pair.

Lemma 2.5.19 ([46, Lemma 4.2)). In every stability condition on Q,, there exists
a stable exceptional pair (E, F).

Remark 2.5.20. This result is a consequence of the category Rep(Q) being hered-
itary.

Let ©;, for i € Z, be the subset of Stab(Q,,) consisting of all stability conditions
constructed from the complete exceptional pair (S;, S;11) as in the discussion in the
previous section.

Lemma 2.5.21 (J46, Section 4]). For every i € Z, the set ©; coincides with the
subset of Stab(Q,,) consisting of all stability conditions in which S; and S;11 are
stable.

All these lemmas together imply the following description of stability manifolds.
Proposition 2.5.22. e Ifn > 1, Stab(Q,) = U ©..

i€Z
e forn =1, Stab(Q;) = ©gUO; U O,.
The next proposition describes the intersection of these sets.
Proposition 2.5.23 ([40, Proposition 4.4]). For all integers k # h we have
0,NO,=0_

Where O_; is the @JF(Q,R)-orbit of the stability condition oc_y = (Z_1,P_1) given
by Z_l(So[l]) = —1 and Z_l(Sl) =1+4z.
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Remark 2.5.24. The @+(2,R)-orbit O_; is in fact an open subset of Stab(Q,,)
homeomorphic to GL" (2,R).

Now, applying the proof of Lemma [2.5.15 we find an isomorphism
O = Cp = {(my, ma, ¢1,¢2) € R [ m; > 0 and ¢y < ¢}

for every k € Z. Since the C.’s are connected and simply connected and they glue
on O_y, which is contractible, Stab(Q,,) is also connected and simply connected by
Seifert-van Kampen’s theorem.

Theorem 2.5.25 ([46, Theorem 4.5]). The stability manifold Stab(Q,,) is a con-
nected and simply connected 2-dimensional complexr manifold.

Remark 2.5.26. We have been pointing out the case n = 1 since it gives the
description we will use later on, but the other cases n > 2 are also quite interest-
ing since it is well-known that Q,, is equivalent to D°(P"!) the bounded derived
category of coherent sheaves on the (n — 1)-projective space.

For n = 2, Okada [51] proved a stronger result, in fact he proved that

Stab(P') = C2.



Bridgeland stability conditions on
holomorphic triples

2.6 Holomorphic triples over curves

Let C' denote a smooth projective curve of genus g > 0 over C.

Definition 2.6.1. A holomorphic triple T' = (Ey, Ey, ) on C consists of two co-
herent sheaves Ey, Es € Coh(C') and a sheaf morphism between them ¢: E; — Es.

Definition 2.6.2. Let T = (E, Es, @) and T = (EY, E), ¢') be two holomorphic
triples on C. A morphism between them f = (f1, fo): T — T’ consists of a commu-
tative diagram

JoNLy 5

|k

B E
Denote the category of holomorphic triples on C' by TCoh(C).

Definition 2.6.3. Let T' = (Ey, Es, @) and 7" = (E1, E}, ¢') be two holomorphic
triples on C. We say that 17" is a subtriple of T', T C T, if E} C Fj is a subsheaf for
i = 1,2 and the following diagram commutes

o a—

|k

By E),.

There is also a notion of semistability for holomorphic triples. For that, we need
to introduce the definition of slope.

Definition 2.6.4. Let a € R be arbitrary. For a holomorphic triple T' = (E4, Es, ¢),
we define its a-degree as

deg, (T) := deg(E; ® Fs) + ar
= d1 + dg + ar

where d; = deg(E;), r; = rk(E;) for i =1, 2.

83
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The rank of T is tk(T') = 1 + ro and the a-slope is

_ deg,(T)

ta(T) Tk(T)

€ RU{c0}.

A holomorphic triple T' is a-(semi)stable if for all non-trivial subtriples 77 C T

Ma(T/) < pta(T') (vesp. Na(T/) < pa(T)).

Remark 2.6.5. Holomorphic triples were first introduced by Garcia-Prada et al.
in [35] and [I§] for vector bundles over a smooth projective curve of genus g. In
[T, Definition 2.2], Alvarez-Cénsul and Garcfa-Prada gave general notions of degree,
rank, slope and semistability for quiver-bundles, depending on multiple parameters.
For holomorphic triples, the resulting notions of semistability are more general than

a-semistability (compare Proposition [2.6.11]).

According to the definition of a-stability from [35] and [I8], the parameter a can
be any real number. However, it turns out that a-stable triples exists only under
certain constraints, as shown in the following result.

Proposition 2.6.6 ([I8, Proposition 3.13 and 3.14]). Let T' = (E4, E2, @) be an
a-stable triple, with Ey and Es vector bundles over C'. Then,

0 < u(Ey) — p(Er) < a,

where p(E;) = d;/r; denotes the slope of E; fori=1,2. Moreover, if r1 # ra, then

T+

o (1 ) (0 - ()
1 = 72|

Remark 2.6.7. Note that in the previous proposition we can replace stable by

semistable with the inequalities allowing equality.

Remark 2.6.8. In the following we will write
= p(Er) = p(Es),

an = (14 222 B - (),

71— 73|

Note that if pu(E1) = u(Es), then a,, = apr = 0, hence a-stable triples of vector
bundles cannot exist and a-semistable triples exist only for a = 0.

It was shown in [35] and [18] that projective moduli spaces for holomorphic triples
of vector bundles exist. Later, a precise construction via GIT of the moduli spaces
was given by Schmitt in [55]. A variation of moduli with respect to the parameter
a is found in [I7], where the main theorem reads as follows.

Theorem 2.6.9 ([I7, Theorem]). For every a € (o, ans) (resp. any value o > oy,
in the case 1y = 19) and o > 2g — 2, the moduli space of a-semistable holomorphic
triples is non-empty, smooth and irreducible,
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Note that the category TCoh(C) is abelian since it is the quiver category of an
abelian category. Denote by K (7T') (resp. K(C')) the Grothendieck group of TCoh(C')
(resp. Coh(C)).

Proposition 2.6.10 ([28, Lemma 5.3.4]). K(T) = K(C) ® K(C).

Proof. Each T' € TCoh(C) defines a class [T'] € K(T'). We can place T' = (E1, Es, @)
in a short exact sequence as follows:

0——0——FE —F, ——0
Lk
O—>E2—E2_>0_>O

Hence, [T] = [0 — Es] + [E1 — 0] in K(T") and we can define the isomorphism

K(T) —— K(C) & K(C)
[T]———([E1], [E5)).

]

K(C)

K(C)*

Coh(C') and by 7T¢ the bounded derived category of holomorphic triples on C.
Note that the Euler form on TCoh(C')

We denote by N(C) = =~ 72 the numerical Grothendieck group of

X(T,T') = (~1)' dim¢ Homq,, (T, T"[i])

i

vanishes if and only if r1 = 7o = 0 and d; = dy = 0, and hence the numerical
Grothendieck group of 7¢ is isomorphic to Z* by

N(Te) — z*

[El — EQ] — <T17d17r27d2)~

2.6.1 Stability conditions with standard heart

For v = 1,2, the inclusion functors [,: Coh(C) — TCoh(C'), induce group homo-
morphisms i, : K(C) — K(T) where i;([E]) = [E — 0] and i5([E]) = [0 — E].
If Z: K(T) — C is a stability function, denote the composition

Z, =Zoi, K(C)—C

for v = 1,2. The Z, are again stability functions and if Z has the Harder-
Narasimhan property, then the Z, have the Harder-Narasimhan property too.
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Proposition 2.6.11 ([28, Proposition 5.3.10]). For i = 1,2, let A;, B;,C; € R be
such that A;,C; > 0. Then,

Z(?”l, dl, T2, dg) = —Aldl — A2d2 + Bﬂ”l =+ BQTQ + i(C’lrl + 027”2)

is a stability function on TCoh(C') which has the Harder-Narasimhan property and
the corresponding slicing is locally finite.

Denote by Stab®(7¢) (resp. Stab®(C)) the set of numerical locally finite pre-
stability conditions on 7¢ (resp. C) with heart TCoh(C') (resp. Coh(C)).

Theorem 2.6.12 ([28, Theorem 5.3.11]). With the previous notations,
Stab®(T¢) —— Stab®(C) x Stab’(C)
(Z, TCoh) —— ((Z1, Coh), (Z3, Coh)).
A natural question arises from Theorem [2.6.12]is the following.

Question 2.6.13. Can all stability conditions on Tc be constructed from the ones
from C?

We will answer it in the following sections.

2.7 Semiorthogonal decompositions

From here, it is joint work with A. Rincén Hidalgo (Freie Universitat Berlin) and
A. Riiffer (University of Limerick) [47].
We note that we have three different ways to see Coh(C') embedded in TCoh(C):

ix(Coh) = Coh; == {E — 0: E € Coh(C)} C TCoh
J«(Coh) = Cohy :== {0 — E: E € Coh(C)} € TCoh
1.(Coh) = Cohy = {E 3 E: E € Coh(C)} C TCoh

as well as three different ways to see C as strictly full subcategories of 7o, where we
will adopt the same notation iy, j., l,. As before, we denote by C; for i = 1,2, 3, to
refer to the strictly full subcategories of 7o obtained as the image of C in 7¢ under
each embedding:

C,=1CCTe
CQ = .]*C C 7'C
Cg = Z*C C 76

2.7.1 Admissible subcategories and semiorthogonal decom-
positions

We first introduce the concepts of semiorthogonal decomposition and admissible
subcategories of an arbitrary triangulated category.
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Definition 2.7.1. Let D be a triangulated category. A semiorthogonal decomposi-
tion of D consists of a collection Ay, --- , A, of full triangulated subcategories such
that

1. Homp(A;, A;) =0 for every 1 < j <i<n.
2. D is generated by the A,;.
We write D = (Ay,--- , A,).

Lemma 2.7.2 ([12, Proposition 1.5]). Let D be a triangulated category. Let A and
B be strictly full triangulated subcategories of D. Assume that Homp (B, A) = 0.
Then, the following are equivalent:

1. The category D is generated by A and B i.e. for each X € D, there exists a
distinguished triangle

B—=X—>A——> B[l

with A € A and B € B.

2. B="*A={D e D|Homp(D, A) =0} and there exists a functor i*: D — A
which is left adjoint to the inclusion i: A — D.

3. A= Bt ={D e D|Homp(A, D) =0} and there exists a functor j': D — B
which is right adjoint to the inclusion j: B — D.

Remark 2.7.3. When the previous conditions are satisfied, we have a semiortho-
gonal decomposition D = (A, B). In this case, given X € D the components A € A
and B € B in (2.) are unique up to isomorphism.

Definition 2.7.4. Let D be a triangulated category. Let A and B be full triangu-
lated subcategories of D. If the conditions of Lemma are satisfied we say that
A is left admissible, B is right admissible. We say that a full subcategory of D is
admissible if it is both left and right admissible.

Lemma 2.7.5 ([12]). Let D be a triangulated category and let A be a full triangulated
subcategory of D. If A is admissible, we find an equivalence of triangulated categories

A= AL

Proof. We first define the following functors F: * A — A+ G: A+ — tA. Given
an object E € 1 A, considered as element of D, it has a unique triangle of the form

A B A A[l] (2.7.1)

with A € A and A’ € A+. We define F(E) := A’. Conversely, given an object
E' € At, as element of D, it has a unique triangle of the form

B'—>F —>B——> B/l (2.7.2)
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with B’ € *A and B € A. We define G(E') == B’. We now show that FG is
isomorphic to the identity (the opposite is analogous). Given E' € A+, G(E') € + A
is obtained by means of the distinguished triangle . Now apply (2.7.1) to
G(E")

C—GE)—C —C]1]

and get F(G(E')) = C' € A*+. On the other hand, from (2.7.2)) we also have
B[-1]—G(E')——=F ——B
from where we obtain C' = B[—1]| and F(G(E')) = E'. O

Now we see that in our context, To = D?(TCoh(C)) admits the following semi-
orthogonal decompositions.

Proposition 2.7.6. The triangulated category T admits three semiorthogonal de-
compositions:

Te = (C3,C1)
= (Cy,C3)
- <Cl,CQ>.

Proof. We start by proving that the triangulated category Cs is admissible and its
orthogonal categories are:

1. Cf = Co,
2. ¢y =04

Thus, by means of Lemma we will have 7o = (Cs,C1) = (C2,Cs).
In the abelian categories TCoh and Coh, we define the following functors

l,: Coh — TCoh E—ENSE
[*: TCoh — Coh E, 5 By By
l!l TCoh — Coh E1 i) E2 — El-

The definition on morphisms is addressed in Remark [2.7.9
First, we see left adjointness, (I*,1,), i.e.

Homeon (I (Ey 2 E,), Fy) = Homreon (B 5 By, 1L(FY)).

Indeed, a morphism f € Homrcon(Er RS Es, 1.(Fy)) consists of a commutative
diagram

E -1 R

|+ ) Ju

EQéFla
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which shows that f is uniquely determined by f, € Homeon (I*(Ey = Es), FY).
Now we see right adjointness, (I.,1'), i.e.

Homreon (L (E1), Fy 5 Fy) = Homeon (B, '(F) 5 F)).

Indeed, a morphism f € Homreon(lk(E1), F1 R F3) consists of a commutative
diagram

JoNpiay o}

-

Ey — F,

which shows that f is uniquely determined by f; € Homcon(E, I'(Fy R F)).

Finally, since all these functors are exact, we extend them to the derived cate-
gories and we will keep the same notations.

To prove (1.) we have to see that

Cy ={F € To | Hom7.(I.C, F) = 0} = Cs.
Indeed, for any F; % F, € T and any E € C we have
Homy, (1.(E), Fi % Fy) = Home(E,I'(Fy 5 Fy))

by adjointness. This means that Home(FE, F}) = 0 for all £ € C. This happens if
and only if F; = 0.
Now, to prove (2.) we have to see that

103 ={E € T¢ | Homp,(E,1.C) = 0} = C;.
Indeed, for any E; 2 F, € T¢ and any F € C we have
Homy.(E, 5 By, 1.(F)) = Home(I*(E, 5 E,), F),

by adjointness. This means that Homeg(Fs, F') = 0 for all F' € C and for all t € Z.
This happens if and only if £y = 0.

We finish by proving that C; is left-admissible and *C; = C, which again by
Lemma will give the remaining equality, Tc = (Cy, Co).

In the abelian categories TCoh and Coh, we define the following functors

1x: Coh — TCoh E—FE—0
1*: TCoh — Coh El i) E2 — El

The definition on morphisms is addressed in Remark [2.7.9
First, we see left adjointness, (i*,1i.), i.e.

Homeon (i*(Ey 5 Es), Fi) = Homreon(Ey 5 Es, iy (FY)).
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Indeed, a morphism f € Homrcon(Er RN Fs,i.(F))) consists of a commutative
diagram

B -
P
E2 I O
Then, f is uniquely determined by f; € Homeopn (¢*(E4 R Ey), Fy).
Since this functor is exact, we extend it to the derived categories and we will

keep the same notations.
Finally, to prove that *C; = C, we have to see that

¢, ={E € T¢ | Homr,(E,i,C) = 0} = C,.
Indeed, for any By % F, € T¢ and any F € C we have
Homy, (B, 5 Es,i.(F)) = Home(i* (B, 5 Es), Fy),

by adjointness. This means that Home(Ey, F') = 0 for all F' € C. This happens if
and only if F; = 0. O

Remark 2.7.7. The last step of the proof of Proposition [2.7.6, i.e. the proof of
the equality 7¢ = (Cy,Cs), can be proven equivalently by showing that Cs is right-
admissible and Cy = C;.

It follows by defining in the abelian categories TCoh and Coh the following exact
functors

J«: Coh — TCoh E—0—-F

j': TCoh — Coh By 5 By — B,
Remark 2.7.8. In particular, Proposition [2.7.6] states that C; is admissible for
t = 1,2,3. This manifests that we have a very special situation because the triangu-

lated category T admits three semiorthogonal decompositions combining the three
different ways we can see C as subcategory of 7¢.

Remark 2.7.9. In the course of the proof of Proposition 2.7.6] we omitted the
following important observations:

1. Definition of the functors on morphisms. For example given E, F' € C and
f € Home(E, F), we have i,(f) € Homy, (i.(E),i.(F)) as

i
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resp. given F £ By, By 22 Fy e To and (f1, f2) € Homy, (E; hitY E,, Fy L F)
as
B LR

lWE j¢F
f2

E2 —— FQ.

we have i*((f1, f2)) = fi € Home(i*(Ey 28 E,),i*(F, 5 F,)). The functor
properties are satisfied trivially. It can be easily checked for all the functors
defined in Proposition [2.7.6]

2. Functoriality of the cones. In the construction of the semiorthogonal decom-
positions we have carefully avoided any direct reference to the cones, i.e. we
have used only the exact functors defined on the abelian categories. There-
fore, the cone C(p) appearing in the distinguished triangles in Remark
is embedded as an object in the corresponding category C; for i = 1,2,3 and
functoriality follows from the definition of semiorthogonal decompositions and

Lemma 2. 7.2

3. Fully faithfulness of the inclusion functors i,, j, and [,. After seeing the
adjointness relations, this is easy to show by applying the functor isomorphisms

in Remark i).

2.7.2 Serre functor

Let D be a C-linear triangulated category.

Definition 2.7.10. A Serre functor on D is an exact autoequivalence S: D — D
such that for any E, F' € D, there is an isomorphism

ner: Homp(E, F) — Homp(F, S(E))*
(of C-vector spaces) which is functorial on £ and F.

Remark 2.7.11. For D of finite type (i.e. with finite dimensional Homp’s), a Serre
functor, if it exists, is unique up to isomorphism. Moreover, they commute with
equivalences, i.e. for ' : D — D’ an equivalence, Spr o ' = F o Sp. Furthermore,
given an admissible subcategory X C D it is easy to see that, by Serre duality, Sp
sends T X to X+ and 851 sends X1 to tX.

Example 2.7.12. Let X be a smooth projective variety defined over k, then the
autoequivalence

Sx: DY(X) D(X)
E*— E* @ wx[dim X]

where wx is the dualizing line bundle, is a Serre functor on D?(X). In particular, if
X is a Calabi-Yau variety, its Serre functor is simply the shift functor Sx = [dim X].
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Definition 2.7.13. Let n € Z. A triangulated category D is an n-Calabi- Yau
category if it has a Serre functor Sp and Sp = [n|. The integer n is called the
CY-dimension of D.

Definition 2.7.14. A triangulated category D is a fractional Calabi-Yau category
if it has a Serre functor Sp and there are integers p and ¢ # 0 such that S7, = [p].
In this case we say that D has (CY-)fractional dimension p/q.

The following result implies that we will have a Serre functor.

Theorem 2.7.15 ([12], Proposition 3.8]). Let D be a triangulated category and B C
D an admissible full triangulated subcategory with C = B+ admissible. If B and C
have Serre functors, then there exists a Serre functor on D.

Sketch of the BK-Construction of the Serre functor with D = 7.

We sketch the construction of the Serre functor given in the theorem. We consider
B = Cy and C = C; and see that all functors of the form hx = Homy.(X,.)* and
h* = Hom, (., X)* are representable. First, we construct a representing object for
hx, denoted by S7.(X), i.e. satisfying

hx(D) = Homy, (X, D)* = Homy_ (D, S7.(X))

for all D € To. We need a representing object E for hx|e, and representing ob-
jects for hx|e, and Homy, (., E)|c,. To construct a representing object E for hx|e,,
decompose X into a distinguished triangle

X' X X, X'[1]
with X’ € C3 = *Cy and X, € Cs. By adjunction, we have
Homy, (X, Dy) = Homg, (X5, D>)

for all Dy € Cy. Then, hxle, is representable by E = S¢,(Xs). To construct a
representing object F' for hx|c,, decompose X into a distinguished triangle

Yo X —= ¥, —= V3[1]
with Y5 € Cy and Y; € C;. By adjunction,
Homy, (X, Dy) = Home, (Y1, Dy)

for all Dy € C;. Then, hx|e, is representable by F' = S¢, (Y7). Finally, to construct a
representing object F’ for Homy, (., E)|c,, decompose E into a distinguished triangle

W E——=W —=Wi[l]

with W, € C; and W' € C3. By adjunction,

Homy, (Dy, E) = Homg, (D1, W), (2.7.3)
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for all Dy € C;. Then, Homy, (., F)|c, is representable by F' = W;. Now, consider
Dy = F' in (2.7.3)) and let v € Homy, (F’, E') be the morphism corresponding to
the identity. Consider hx(7y) and take ¢ € hx(F') = Home, (F', F') corresponding
to the identity in hx(E) = Home,(E, E). Take the cone C(¢) of ¢, i.e. complete
F' 5 F to a distinguished triangle

Ty

F' 2 F "% Cp) 2= F'[1]
and let § denote the composition y[1] o7m,. Let S € T be the element fitting in the
distinguished triangle

E—5—=C(p)——= E[1].
Bondal and Kapranov [12] proved that S = Sz (X), i.e.
hx (T) = Homyrp, (T’ STC (X))

for all T € T¢.

The Serre functor is a very powerful tool, so we finish this section by showing
nice properties of the Serre functor for arbitrary triangulated categories that we will
use in our constructions. The following lemma follows easily from the definitions.

Lemma 2.7.16 ([12]). Let D be a triangulated category with a Serre functor Sp
and let A C D be a full triangulated subcategory. We have Sp(*A) = AL and
Sgl(AL) =1 A. Moreover, if A is admissible, then A admits a Serre functor Sy4.

Remark 2.7.17. The previous result implies that Sp(A) = AL

The next proposition shows that the Serre functor can be used to construct
adjoint functors between triangulated categories.

Proposition 2.7.18. Let F': D — D’ be a functor between triangulated categories.
Assume that both D and D' have Serre functors Sp and Sp: respectively.

1. If F admits a left adjoint G: D' — D, then it also admits a right adjoint
H: D' — D, given as
H = SD oGo 55/1

2. If F admits a right adjoint H: D' — D, then it also admits a left adjoint
G: D — D, given as
GZSEIOHOSD/.

Proof. Let us see (1.). By definition, Homp (X, H(Y)) = Homp (X, SpoG oS5 (Y)).
By Serre duality, Homp (X, Sp o G 0 S,/ (Y)) = Homp(G o S5/ (Y), X)*. Now, since
G is left adjoint to F, Homp(G o Sp!(Y), X)* = Homp (Sp!(Y), F(X))* and by
Serre duality, Homp (S5} (Y), F(X))* = Homp (F(X),Y).

The proof of (2.) is analogous. O
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Corollary 2.7.19. If A is a left (resp. right) admissible full triangulated subcategory
of a triangulated category D, such that both A and D have Serre functors, then A
15 admissible.

Proposition 2.7.20 ([12]). Let D be a triangulated category with a Serre functor
Sp and let A C D be an admissible full triangulated subcategory. Then A admits a
Serre functor S4 and all iterated right and left orthogonals are admissible.

Remark 2.7.21. By exactness of the Serre functor together with the unicity of the
triangles of a semiorthogonal decomposition, the Serre functor maps a semiorthogo-
nal decomposition into another semiorthogonal decomposition.

Using the previous properties, we have the following technical lemma.
Lemma 2.7.22. Given somen € Z and 0 € [0, 1), the following equalities hold:

1. S7,(Cohi[n]) = j.(Sc(Coh’[n]))[1].

2. S7..(Coh[n]) = 1.(Se(Coh?[n))).

3. S, (Cohi[n]) = i.(Se(Coh?[n))).
Proof. Case 1. By definition of Cohy, it follows from Proposition

S70(Cohi[n]) = Sr (i Coh’[n])
= j. (Se(Coh’[n + 1)) .

Cases 2 and 3 follow analogously. O

After the existence theorem, i.e. Theorem [2.7.15 we obtain a Serre functor St
on T¢ which acts on objects by

S1o(Bt % B3) = By © wolt] 9 C(p) @ woll]
with inverse
STEL 5 B3) = Op) @u'[-2) "5
See [47] for the details of the proof.
Remark 2.7.23. Note that if C' = F is an elliptic curve, then S = [4]. This implies
that 7¢ = D*(TCoh(E)) is a fractional Calabi-Yau category of fractional dimension
4/3.

Proposition 2.7.24. The category TCoh(C') has (finite) homological dimension 2.
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Proof. We have to show that Homy, (7, T'[i]) = 0 for all T,7" € TCoh(C) and all
i €7Z,1> 2. Denote T'= (Ey, E2,¢1) and T" = (Fy, Fy, o). Applying the functor
Homy, (-,7") to the short exact sequence

00— By —— 5, — 0
N
0> By=——Ey——0——0

one obtains a long exact sequence

— Homr., (i.(Ey), T'[i]) — Homq, (T, T'[i]) — Homr..(j.(Es), T'[i])

— Hom, (i (Ey), T'[i +1]) — - -- (2.7.4)
On the other hand, we also have a short exact sequence
0——0——F —=F——0 (2.7.5)
L
0——=F=—F—=0—0.

Apply the functor Homr, (j.(E2), ) to (2.7.5) and obtain a long exact sequence
— Home, (j.(E2), j«(F2)[i]) = Homee, (5. (E3), T"[i])
— Hom,, (. (E2), i (F1)[i]) = Homyy, (4. (E2), ju(F2) [0 +-1]) = - .

Since Homy,, (j.(Es2), 7« (F2)[i]) = 0 for all ¢ > 2 and Homy,, (j.(E»), i (F1)[i]) = 0 for
all ¢ € Z, we have
Homr, (. (E2), T'[i]) = 0

for all ¢ > 2. Apply now the functor Homy, (i.(E1),) to (2.7.5) and obtain a long
exact sequence

— Homr, (0. (Ev), i (Fy)[i — 1]) — Homg, (i (En), 7. (F2)[])
— Homr,, (i.(Ey), T'[i]) — Homr, (i.(Ey), i (F)[i]) — -+

Note that Homy, (i.(E4), j.(E1)[i]) = Home(Ey, Foli — 1]) = 0 for all ¢ > 2. Hence,
Homr, (i.(E)), T|i]) = 0

for all i« > 2. Applying it to the long exact sequence we have that for all

e Homy (T, T'[i]) = Hom. (i.(E2), T'[i]) = 0.

Finally, note that for 7,7" € TCoh(C) with T' = i.(E;) and T" = j.(F3), by Serre

duality and Lemma [2.7.22]

Hom, (T, 7"[2]) = Homy. (T"[2], S7..(T))" = Homq, (ju(F2), j«(E1) ® we)"[2]
and if we take for example E; = O¢ and Fy = w¢, then

HomTc(j*(FQ)wj*(El) ® wC) 7é 0.
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2.8 Gluing hearts

Now we know how to decompose 7o into semiorthogonal decompositions and we
want to use the precise structure of the stability manifold of D?(Coh(C)) to construct
stability conditions of 7. The first step towards it is the construction of hearts.

2.8.1 Recollement

The construction of hearts in triangulated categories coming from semiorthogonal
decompositions was first introduced in [10].

Definition 2.8.1. Let X', Y, D be triangulated categories. D is said to be a recolle-
ment of X and ) if there are six triangulated functors as in the following diagram

/_}/\
\/\/

such that

1. (i*,4.), (i, 1), (5%, 4.), (ji,j') are adjoint pairs;

2. Jx, i, 1y are full embeddings;

3. j'oi, =0 (and thus also i* 0 j, = 0 and j* 0 i, = 0);

4. for every T' € D there are triangles
ii'T ——T — j,j*T —0,i'T[1] .
Jij' T —=T ——i,i*T — jij'T[1]

Note that the functors of the definition of recollement satisfy the following prop-

erties as a consequence of the vanishing condition (3.).
e X = ker(j*) and j* o4, = 0 implies that i, embeds the category ) as ~
e X+ =ker(j') and j' o i, = 0 implies that i, embeds the category ) as X'*.

Hence, if i, denotes the natural embedding of X in D, we have ) = X+, In fact,
the definition of recollement gives the two semiorthogonal decompositions

D= (X,*X)
= (Xt X)

associated to an admissible full subcategory X C D. This is a well-known fact in
the literature but we want show the proof to make it more transparent.
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Proposition 2.8.2. Let D be a triangulated category and let X C D be a full
triangulated subcategory. Then, D is a recollement of X and X if and only if X is
(left and right) admissible.

Proof. If D is a recollement of X and X+, then X is admissible trivially (just by
the existence of the adjoint pairs of functors (j*, 7.) and (4., j')).

Conversely, let us assume that X" is admissible and check the conditions of reco-
llement. We have six triangulated functors as in the following diagram

/\/\

> Xt

’\/’\/

where the j’s are the functors given by the admissibility of X', i, denotes the natural
embedding of X+ in D, i* is its left-adjoint and we can define 7, to be the composition
i’ oG where i, denotes denotes the natural embedding of * X in D and G: X L— *X
is the functor constructed in Lemma which gave the equivalence between X'+
and *X. Left adjointness (4y,7*) is then direct. Indeed, let X € X+ and T € D.
Applying Homp(i1(X), -) to

Gug' T T i3 T 317 T[]

we find that
Homyp (4(X), T) = Homp (4(X), i,2*T).

On the other hand, we apply Homp(+,,:*T") to
it G(X) 1+ X X' i"G(X)[1]

which it is the triangle that we used in Lemma to define the functor G. Then,
it follows that

>~ Homy o (X,i"T)
which concludes the proof of the left adjointness (i, *).
All these functors satisfy the conditions of the definition of recollement. Indeed,

conditions 1, 2 and 3 are straightforward. For condition 4 simply notice that for
every 1" € D there are triangles

0"l ——=T — j,5*T —4,i'T[1]

corresponding to (X, +X) and

‘T T i " T 15 T[]

corresponding to (X4, X). O]
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The following theorem shows how to construct t-structures from t-structures in
the smaller subcategories.

Theorem 2.8.3 ([10, Theorem 1.4.10]). Let X, Y, D be triangulated categories such
that D is a recollement of X and Y and assume the notation of Definition [2.8.1].
Let (X<, X2%) and (Y=°, V=) be t-structures in X and Y respectively. Then there
is a t-structure (D=°,D=%) in D defined by:

DV ={T €D |i*'T € Y=0,*T € x="}
D20 ={T €D |iT € Y=°,j'T € x=°}.

If we write Ay and Ay for the corresponding hearts in X and Y respectively, we
denote by rec(Ay, Ay) = D=0 N D=0,

Definition 2.8.4. Given triangulated categories D and D’ endowed with t-structu-
res (D=, D=Y%) and (D'=Y, D'2Y%), a functor F': D — D’ is called right (resp. left)
t-ezact if F(D=) C D'<Y (resp. F(D=") C D'2Y). We say that F is t-ezact if it is
left and right t-exact.

Corollary 2.8.5. In the situation of Theorem we have the following.
e The functors iy and j* are right t-exact.
e The functors i* and j, are t-exact.
o The functors iy and j' are left t-exact.

Since we know already from Proposition that all three subcategories C; of T¢
are admissible, the next theorem shows the explicit structure of 7 as recollement.

Theorem 2.8.6. The triangulated category To = D°(TCoh(C)) is a recollement of
C and C in three different ways, which we will refer as

1. Cy and Cy, with diagram

/\/—\
\_/\/

with the following morphisms:

j*i C—>'7E', E2|—>O—>E2, 1" 76—>C, ElgEz’—>E1;
g To—=C, E1i>E2|—>C(g0); i: C—="T¢, E1»—>E1£>E1;

j!I 76—>C, E1i>E2|—>EQ; Tu: Cé'%, EFi—FE; — 0.
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2. Cy and Cs, with diagram

/\/—\
\_/\/

with the following morphisms:

iv: C—=To, Ey— Ey — 0; I*: Te —C, B1 5 Eyr—> E»;
i*: To—=C, By > FEyr— Ey; Li: C—=To, E—0— E;
't To—=C, E1 5 Ey—=C(9)[-1]; L: C—Te, Er—~E S E.

3. C3 and Cy, with diagram diagram

f\/—\
\_/\/

with the following morphisms:

l.: C—To, E—=ES B, j: Tc—=C, E1 5 Ey—C(y);
I*: To—C, By 5 Fyr—Ey;  ji: C—Tg, Eyr— Fy[—1] — 0;
' T¢ —=C, B\ 5 Ey—>FEy;  jo.: C—=T¢, Eyr—=0— E».

Remark 2.8.7. We want to point out the following adjunction relations between
the previous functors:

A AG A, hAE AL AL and i it A, A4

Moreover, we keep the notations with different characters according to the reco-
llement one is working on but the special structure of our decompositions makes
that some of them actually agree. To make it more clear, we have the following
table where rows i) and ii) contain our functors and row iii) contains the “classi-
cal’notations for these functors. Rows from left to right represent left adjointness
and columns represent the same functors (up to isomorphism):

Dl o [ el el a | @
i) [ -1 @) [ o] & a1 57-1]

For ij € {12,31,23}, We will denote by rec;;(A;, A;) the heart obtained by
applying Theorem to the hearts A; C C; and A; C C;.
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2.8.2 CP-Gluing

Collins and Polishuck introduced in [25] (and Collins in [24]) a way to construct
hearts from semiorthogonal decompositions which later allows to define stability
conditions on D in a natural way.

Let D be a triangulated category equipped with a semiorthogonal decomposition
D = (D1, D,). As before, let ps: D — Dy be the right adjoint functor to the full
embedding is: Dy — D and let A;: D — D; be the left adjoint functor to the full
embedding ¢;: Dy — D.

Proposition 2.8.8 (|25, Lemma 2.1]). With the above notations, assume that we
have t-structures (D", D7) with hearts A; on D;, fori = 1,2, such that

Hom3 (i1 Ay, igAs) = 0. (2.8.1)
Then there is a t-structure on D with the heart
gl(i1 Ay, i0As) ={F € D | poE € Ay, \E € A1} (2.8.2)
With respect to this t-structure on D the functors Ay and py are t-exact.

Definition 2.8.9. We will refer to hearts of the form ([2.8.2) as hearts obtained by
CP-gluing.

Remark 2.8.10. T-exactness of the functors A\; and p, implies that
irAr C A= gl(i1 Ay, izAz)

for K = 1,2 and this gives automatically that Hom3"(i;.A;,i5.45) = 0, because of
the definition of heart of a bounded t-structure (see Lemma i)).

Lemma 2.8.11. Let D be a triangulated category equipped with a semiorthogonal
decomposition D = (D1, Dy). Let A; be a heart of a bounded t-structure (D:°, D7)
of D; fori=1,2. Then, they satisfy [2.8.1) if and only if Homp (i, D=°, iy D5°) = 0.

Proof. First, if Homp(z'lDfo,iQDZZO) = 0, it implies Hom%O(ilAl,igAg) = ( since
A, € DY and
Aslk] € DF°k] € D5°

for every k < 0.

Conversely, assume Hom3"(i1.4;,i2.45) = 0. Recall that D" (resp. D5°) is the
extension-closed subcategory generated by the subcategories A (k1] (resp. Aslks])
for integers k1 > 0 (resp. ko < 0). Then, for every k; > 0 and every ky < 0, we have

HOmD(ilAl [kl], 7/-2./42 [k‘g]) = HOmD(ilAl, iQAQ[kQ - kl])

which is zero by assumption. Thus, Homp(i; D50, i,D5") = 0. O]
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Now we want to point out the relation between hearts obtained by CP-gluing
and the ones obtained by recollement. Although the following result seems very
natural from the constructions in [25] and [24], we show a complete proof for the
sake of completeness.

Proposition 2.8.12. Let X, ), D be triangulated categories such that D is a recolle-
ment of X and Y and assume the notation of Definition|2.8.1. Let (X=°, X=%) and
(V=029 be t-structures with hearts Ay and Ay in X and Y respectively. Then
we have two semiorthogonal decompositions with notation as in Proposition [2.8.2,
Then,

1. If Homz" (i, Ay, j.Ax) = 0, then rec(Ay, Ax) = gl(i.Ay, j.Ax).
2. ]f Hom%()(j*Ax,igAy) = 0, then rec(Ay, AX) = gl(j*.Ax, i;.Ay).

Proof. . Assume that Hom3’ (i, Ay, j,Ax) = 0. The heart rec(Ay, Ay) given by
recollement of X and ), is defined as in Theorem by the following t-structure:

DV ={T €D |T € Y=, *T € x=}

D20 .— {T cD | i*T € yzo’j!T c XZO}. (2.8.3)

On the other hand, the heart gl(i..Ay), j..Ax) given by the semiorthogonal de-
composition of D by X and ), is defined as in (2.8.2)) by the following t-structure:
D'V ={T €D |iT € Y=0,;'T € x=%

D20 = {T D |T € Y2°,j'T € X2}

Hence, we need to see that D=ND20 = D'<0ND'20 In particular, since D=0 = D'Z0,
we are going to see that j'7" € X=C if and only if j*T € X<°. For that, we take
D € X=! arbitrary and we want to see that Homp(5,5*T, 7.D) = 0 if and only if
Homop(5,5'T, j.D) = 0.

Indeed, let us consider the two long exact sequences induced by both semiortho-
gonal decompositions from the recollement:

e For D = (X, X), apply Homp(-, . D) to
0i*T —— T —— §,j*T —iyi' T[1]
and obtain for k € Z,
<o — Homk, (4,5*T, j.D) — Homb (T, j.D) — Homk (4,i*T, j,D)  (2.8.4)
— Hom&™ (5,5*T, 5.D) — - - -
e For D = (Y, X), apply Homp(+, j.D) to
§uf' T —=T —i,i*T — jij'TT[1]
and obtain for k € Z,

.o — Homk (1,i*T, j, D) — Hom’ (T, j, D) — Homk (j,5'T, j.D)  (2.8.5)
— Hom&M™ (4,4*T, D) — - --
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Note that Homb5, (iyi*T, j, D) = 0 for every k, since D € X and i, maps i*T € Y
as an element from ~X. Using this in (2.8.4)), implies that

Hom? (j.5*T, j.D) = Hom’ (T, j.D)

for all k. On the other hand, we know that for any T € gl(i..Ay, j..Ax) (and any
T € rec(Ay, Ax)), i*T € Ay = Y<0N Y= Cc Y=Y and by Lemma [2.8.11] we have
Hom?% (i,i*T, j,D) = 0 for all k¥ < 1. Using this in (2.8.5) implies that

Hom#,(T, 5. D) 2 Homs, (j.5'T, j. D)
for all £ < 0. In particular,
Homp(j.j*T, j.D) = Homp(j.j'T, j.D).

Therefore, 7*T € X< if and only if j'T' € X=0.
. Assume that Hom3"(j,Ax, it Ay) = 0. The heart rec(Ay, Ay) is the same as

before (2.8.3)).

On the other hand, the heart gl(j..Ax,4.4y) given by the semiorthogonal decom-
position of D by *X and X, is defined as in (2.8.2)) by the following t-structure:

D//So — {T cD | *T € ySO,j*T c X§0}
D20 .= {T €D |i"T € Y=°,5*T € X=°}.

Hence, we need to see that D=0 N D20 = D"<0 0 D"20 Since D=0 = D=0, we
are going to see that j'T" € X2° if and only if j*T € X=°. For that, we take
D € X=% arbitrary and we want to see that Homp(j. D, 7.5*T[—1]) = 0 if and only
if Homp(j. D, j.j'T[—1]) = 0.

Indeed, let us consider the two long exact sequences induced by both semiortho-
gonal decompositions from the recollement:

e For D = (X, X), apply Homp (5. D, ) to
0i*T —— T —— §, j*T —iyi'T[1]
and obtain for k € Z,
-« — Homk, (4, D, iyi*T) — Homb (j,D, T) — Homk (5, D, 5.5*T)  (2.8.6)
— Hom&M (4. D, 4yi*T) — -
e For D = (Y, X), apply Homp(j.D, ") to
G T ——=T — i, i*T — 515 T[1]
and obtain for k € Z,

.o — Homk (4, D, j,.j'T) — Homb (j,D, T) — Hom®% (5, D,i,i*T)  (2.8.7)
— Homi"™ (4. D, juj'T) = - -
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Note that Hom5 (5, D, i,i*T) = 0 for every k, since D € X and i*T € Y = X'+,
Using this in (2.8.7)), implies that

Homf, (7. D, j.5'T) 2 Homd (7, D, T)

for all k. On the other hand, we know that for any T' € gl(j..Ax, . Ay) (and any
T € rec(Ay, Ax)), ©*T € Ay = Y=<' N Y= ¢ Y= and by Lemma [2.8.11 we have
Hom?%, (5. D,4,i*T) = 0 for all £ < 0. Using this in (2.8.7) implies that

Hom?% (7,D, T) = Hombk, (5, D, j,5*T)
for all £ < —1. In particular,
Homyp,' (4. D, juj' T) = Homp' (. D, j.j"T).
Therefore, 7*T € X2 if and only if j'T € X2°. ]

We have seen in Proposition that we have three semiorthogonal decompo-
sitions of 7o = D*(TCoh(C')) and we use the following notation:

e Case 7o = (Cy,Cy), recall the functors defined in Theorem A = i* and
p2 = j'. A heart in T¢ glued from A;, in Cy, for k = 1,2, will be denoted by
glio (A, As).

e Case T¢ = (Cs3,Cy), recall the functors defined in Theorem . A = [* and
p> = 4. A heart in T¢ glued from Ay, in C, for k = 3,1, will be denoted by
glsi (Asz, Ay).

e Case T = (Ca,C3), recall the functors defined in Theorem 2.8.6|3] A; = j* and
ps = I'. A heart in T¢ glued from Ay, in Cy, for k = 2,3, will be denoted by
glyg(Az, As).

Recall that each triangulated subcategory C; is equivalent to D?(Coh(C')) and in
the latter, by Theorem [2.5.3| we know that all hearts giving stability conditions are
of the form Coh’[n] for some n € Z and 6 € [0,1).

Now, given hearts in the smaller categories, we want to check first the gluing

condition (2.8.1)) for the hearts.

Proposition 2.8.13. We distinguish 3 cases according to the semiorthogonal de-
composition of Tc.

1. Case Te = (C1,Ca), we have
Hom%)((}ohf1 [n1], Coh%[ns]) = 0
if and only if ny + 61 > ng + 05.
2. Case To = (C3,C1), we have
Hom%)(Cohg?’ [ns], Coh? [n4]) = 0

if and only if ng + 603 > ny + 61 + 1.
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3. Case Tc = (Co,Cs), we have
Hom3? (Coh? [ny], Cohf* [ns]) = 0
if and only if ng + 6 > ng + 03 + 1.
Proof. First, we want to see under which conditions
Homy, (Coh? [n,], Coh§?[ny +i]) = 0

for every i < 0. Assume ny = 0, up to shifting by —ny. For a fixed i, take
0 — E, € Coh? and E; — 0 € Coh?'. By Serre duality we have

Homy,, (E4[ni] — 0,0 — Es[i]) = Homy, (0 = Es, S7.(E1 — 0)[n; —¢])*. (2.8.8)

By Lemma , Sr.(By — 0)[n1] € 4.(Se(Coh® [n1]))[1], so (2.8.8) vanishes for all
© < 0 if and only if n; > 0 and if n; = 0, we see that we need that #; > 65. Indeed, if
ny = 0, remember that each heart Coh? was defined by tilting Coh? = (Ff[1], T7),
for © = 1,2. By the previous argument with the Serre functor, the only restriction
appears when Fy — 0 € TP and 0 — E,[1] € F22[1]. Here, if 6; > 6, we have
T c T, Use Serre duality for C, so that

Home (Es[1], By ® we2 — i]) = Home(EL[1 — 1], Ea1])*

and it vanishes for all i < 0, since (752, F5?) is a torsion pair.
2. We want to see under which conditions

Hom%)(Cohg?’ [ns], Coh?[ny]) = 0.
Note that if we apply the Serre functor, by Lemma [2.7.22] we get that

Hom%(Cohgi” [ns], Cohf [n,]) = Hom?O(STC(COh%)[ng] St..(Cohf)[ny])
= Hom7 (i..(Se(Coh™[ng))), j. (Se(Coh™ [ny + 1]))).
Then, after applying the autoequivalence -®@w¢, we can use the previous condition

to conclude Hom%)((]ohg3 [n3], Coh?" [ny]) = 0 if and only if ng + 05 > ny + 6, + 1.
3. We want to see under which conditions

Hom3?(Coh? [ns], Cohf? [ns]) = 0.

Note that if we apply the inverse of the Serre functor, after Lemma [2.7.22 we get
that

Hom (CoheQ[ng] Coh [n3]) = Hom (ST (Cohg)[nz] ST (Coh93)[ 3])
— Homs(i.(S5 (Coh®[ns — 1)), 4. (S5 (Coh® [n5]))).

Then, after applying the autoequivalence - ® w¢, we can use the previous condition
to conclude Hom%(Cohe2 [na], Coh% [n3]) = 0 if and only if ng+60 > ng+03+1. O
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Therefore, by Proposition [2.8.12|if any of the CP-gluing conditions of Proposition
2.8.13 hold, then both hearts agree, i.e.

recy; (Ai, Aj) = gl;;(Ai, Aj)
for ij € {12,31,23}. By definition of CP-gluing, all hearts constructed by CP-gluing
contain the original hearts, i.e.

.AZ', .Aj C glij(Ai, .AJ)

for ij € {12,31,23}. The next proposition shows under which conditions there is
even a third heart inside the glued heart.

Proposition 2.8.14. We distinguish 3 cases according to the semiorthogonal de-
composition of Te.

1. Case Te = (C1,Cy), we have
Coh%'[ny] C gl;5(Cohf [n4], Cohf?[n,])
if and only if ny + 01 = ngy + 65.
2. Case To = (C3,C1), we have
Cohg?[n] C glyy (Cohg? [ng], Cohf! [r])
if and only if ng + 03 =ny + 601 + 1.
3. Case To = (Ca,C3), we have
Coh?[ny — 1] C glys(Cohf[ny], Coh%[ns))
if and only if ng + 0y = ng + 03 + 1.

Proof. 1. Put A; = Coh?i [n;] for i = 1,2. We will see that i1 A; C gli5( A, Ag) if
and only if A; = A,. Indeed, let us take an object £ € A;. Since i*iyFF = E, by
definition of glued heart, 4/ E € gl(A;, Ay) if and only if j'iy E € Ay. We conclude by
observing that j's E = I*l,LE = E.

2. Put A; = Coh%[n;] for i = 3,1. We will see that L A3 C gly; (I. A3, i,A) if
and only if A; = A3[—1]. Indeed, let us take an object E € Aj. Since I'[F = E,
by definition of glued heart, L E € gls, (I, As,i.A;) if and only if /') E € A;. We
conclude by observing that i'l| E = E[—1].

3. Put A; == Coh?[n,] for i = 2,3. We will see that jidy C glys(As, As) if and
only if A3 = As[—1]. Indeed, let us take an object E € Ay. Since j*jiE = E, by
definition of glued heart, jiE € gly;( Ay, A3) if and only if I'jiE € Az. We conclude
by observing that I'jiE = i*i,[—1]E = E[-1]. O

Remark 2.8.15. In general, for an arbitrary triangulated category D, consider the
notion of recollement as in Definition 2.8.1] If we have hearts Ay and Ay satisfying
CP-gluing condition 2.8.1] to ask whether i.Ay C rec(Ay,Ax) only makes sense
when all three triangulated subcategories are equivalent, i.e. X = +X = X+
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The next proposition reveals the numerical conditions to construct a heart A in
Tc by recollement of hearts A; in C; that agree with the CP-gluing condition.

Proposition 2.8.16. We distinguish three cases according to the type of recollement:

1. Case 12. Given hearts A; = Coh” [n1] and Ay = Coh? [no] in Cy and in Cy
respectively, then

glio(Ar, As), if ny + 01 > ny + 05

rociz(r, Ay) = { lag(Ag, Coh® [m]), i ma + 0y < 1y + 05— 1.

2. Case 31. Given hearts Az = Coh® [ns] and Ay = Coh™ [n1] in C3 and in C
respectively, then

glgl(.Ag,Al), ifng+60;3>n;+6;+1

e ) = { B0 i, s 2 s

3. Case 23. Given hearts Ay = Coh®[ny] and As = Coh™[ns] in Cy and in Cs
respectively, then

. g123(A2,A3), 1fn2—|—92 Zn3+63+1
re023(A2, AB) B { g131(-/43, COh%) [n2 - 1]), if ng + 0y < ng + 05.

Proof. Follows directly from the CP-gluing conditions of Proposition [2.8.13] to-
gether with Proposition [2.8.12] [

2.9 Construction of stability conditions

2.9.1 Gluing stability conditions

We begin by describing stability conditions glued as in [25]. Let D be a triangulated
category equipped with a semiorthogonal decomposition D = (D, Ds). Denote by
po the right adjoint functor to the inclusion Dy — D and by A; the left adjoint to
the inclusion D; — D.

Definition 2.9.1 ([25]). Let 0; = (Z;, A;) be stability conditions on D; for i = 1, 2,
such that the hearts A; satisfy (2.8.1). Then we say that a stability condition
o= (Z,A) on Dis CP-glued from oy and oy if the heart A is given by and
Z: K(A) — C is given by

Z =710\ + Zy0 po. (2.9.1)

Remark 2.9.2. Note that this CP-glued stability condition is uniquely determined
by o1 and o5y. It exists if and only if the Harder-Narasimhan property holds for the
stability function Z on the glued heart A. We will check this property separately
later.
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Lemma 2.9.3 (|25 Proposition 2.2]). 1. A stability condition o = (Z, A) on D
is glued from oy = (Z1, A1) on Dy and o9 = (Z3, As) on Dy if and only if
Z; = Z|p, fori=1,2, Hom3' (A, Ay) = 0 and A; C A fori=1,2.

2. Let o = (Z,A) be a stability condition on D. Assume that the heart A is glued
from hearts Ay C Dy and Ay C Dy, with Hom%O(Al, Ay) =0, such that that
(2.8.2)) holds. Then, there exists a stability condition o; = (Z; = Z|p,, A;) on

D;, fori1=1,2, such that o is glued from o, and o».

3. [fU - (Za P) is glued fmm 01 = (Zl,P1) and 09 = (ZQ,PQ)f then Pl(¢) C
P(p) and Pa(9p) C P(p) for every ¢ € R.

Example 2.9.4. 1. The stability conditions on 7 with heart TCoh described in
Theorem [2.6.12] are examples of stability conditions obtained by CP-gluing of two
stability conditions on C with heart Coh, i.e.

TCoh = gl,(Coh;, Cohy)
= gly5 (i, Coh, j, Coh)

and
Z(Tl, dl, T, dg) = —A1d1 — Agdg -+ Bl’l”l —+ BQTQ + i(ClTl + 027”2)

where A;, B;, C; € R are such that A;,C; > 0, for i =1, 2.

2. In this second example we show how we can obtain stability conditions on 7
that are not given by CP-gluing by applying the action of @ff@, R) on CP-gluing
ones.

In our usual setting we consider the stability condition on 7o obtained by CP-
gluing o and oy, where oy == (Z,, Coh) is the standard stability structure on C; and

take 09 = 0707, in Cy, where g = (N, f) denotes the following element of GNLJF(Q, R)

1 -1
(o)
and f is the unique associated compatible strictly increasing map, which satisfies
f(0) = 0. We then have Py(t) = P1(f(¢)).

Note that we have t < f(t) < 1 for all t € (0,1). Indeed, let E € P;(t) be an
element of phase ¢t € (0,1). In particular, the rank r of E is strictly positive. Now,
since E € Pyi(t) = Po(f1(t)), together with the fact that IZy(F) = SZ1(E) = r
and RZ,(E) = —d +r > RZ,(E), we have f~1(t) < t. The first inequality ¢ < f(t)
follows because f is strictly increasing. The second inequality follows simply because
t < 1, the function f is strictly increasing and f(1) = 1.

Now, for each a € (0,1) consider

Hom%(i*ﬂ(a, a+1], 3. Ps(a,a + 1)) = Homz(Py(a, a + 1], Pa(a, a + 1][-1])
= HomZ"(Pi(a, a + 1], P1(f(a) — 1, f(a)])
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but this is nonzero because we can find an € > 0 such that P;(f(a — €)) contains a
non-zero object and a < f(a —¢€) < 1.
To make it clearer, note that for a € (0, 1), we have

Pi((a,a + 1]) = Coh”

and

Pa((a,a +1]) = P1((f(a), f(a) +1])
= Coh/@

(i.e. we interpret the action of a € (0, 1) as a rotation by ma) and they don’t satisfy
gluing conditions since a < f(a) < 1.

Remark 2.9.5. Let 0 = (Z,P) be a stability condition on D such that it is CP-
glued from stability conditions o; = (Z;,P;) on D; for i = 1,2. Then, for any
(T, f) € (fﬁf(Q,R), recall that it acts by o.(T, f) = (Z',P') with Z' = T~1Z and
P'(9) = P(f(9)).

We write A = P((0,1]) and A; = P;((0,1]) for i = 1,2 (resp. A" = P'((0,1])
and A} == P/((0,1]) for i = 1,2) to denote the corresponding hearts to o and o; for
i =1,2 (resp. ¢’ and o for i = 1, 2).

Note that by property number 1. in Lemma[2.9.3] we have Z! = Z'|p, for i = 1,2,
Hom3" (A}, A,) = 0 and A, C A’ for i = 1,2. In fact, we have

ZZI == TﬁlZi
=Tz
— Z’

D;

D;

for i = 1,2 and on the other hand,

A = Pi((£(0), fF(1)])
C P((f(0), F)]) = A"

So the only condition that remains to check is the gluing condition on the hearts,
ie.

Homp' (A7, Aj) = 0
but this will not always be true, as we have seen in Example [2.9.4] 2.

A natural question would be whether stability conditions on 7¢ that are obtained
as in Example [2.9.4] 2. have hearts that can be constructed as recollement of hearts
that do not satisfy CP-gluing conditions. The following proposition shows that this
is not possible.

Lemma 2.9.6 (Jealousy Lemma). Let A C T be a heart constructed by recollement
of hearts A; C C;, A; C C; which do not satisfy CP-gluing conditions. Then, A
does not accept a stability function defined on K(A), i.e. Z(A) ¢ H for every
Z: K(A) —C.
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Proof. We give the proof for case 12 and the other cases will follow by acting with
the Serre functor Sy, (or its inverse) on o.

Let 0 = (Z, Aj2) be a stability condition on T¢ such that A5 = recia(A;, As)
is a heart in 7o defined by recollement from given hearts A; := Coh? [n;] in C;, with
n; € Z and 0; € [0,1), for i = 1,2, such that

N9 + 82 —1l<n+ 91 < ng + 92. (292)

First of all, we claim that the hearts i,.4;, j.A> and [, A; are in A;5. Indeed,
it follows from the definitions. Recall from the isomorphism of Theorem that
we can identify A; = P(n; + 0;,n; + 0; + 1] for i = 1,2, where P(0, 1] = Coh(C).
Therefore, 7. P(ng+ 02, ny + 02+ 1] C Ajs since i*j, = 0 and by adjunction j*j, = id
and j'j, = id. Also i,P(n; + 01,n1 + 61 + 1] C Ay, since

Z*Z*P<n1 + 91, ni + 91 + 1] = P(n1 + 91, ni + (91 + 1]
A
j*Z*P<n1 + 81, ny + 91 + 1] = j*jl[l]P(nl + 91, ny + ‘91 + 1]
=P(ny+6,+1,n +6; + 2
C P(HQ =+ 92, OO)
= A5°
and j'i, = 0. Similarly, [,P(n, + 61,11 + 01 + 1] C Ay, since I, = 1,

z*z;P(nl + 61,711 + (91 + 1] = P(m + 91, ny + (91 + 1]
= Al)
j!i[P(nl + 91,n1 + (91 -+ 1] = l*l*P(nl + 91,711 + 91 + 1]
=P(ny + 01,11 + 61 + 1]
C P(-OO, No + ‘92 + 1]
_ 220
= A3
and 7% = 0.
We assume ny to be (up to shift) equal to 0. Note that equation implies
thateithern1:n2 and91 <92<91—|—10rn1:n2—1and92<91 <92+1.
If we look closely to the imaginary part of Z, it has the form

SZ(r1,dy, 12, ds) = Didy + Dady + Crry + Cory
with C;, D; € R, for ¢ = 1,2. The restrictions to the previous hearts are

%Z ‘7:*73(7114-91,711—&-91—}—1]: Dld + Cl'r
%Z j*P(n2+92,n2+92+1]: D2d —+ CQT
Sz LP(n1+61,n14+601+1]— (Dl + D2>d + (Ol + CQ)T‘

for d,r € Z with r > 0. We recall that if C'r 4 Dd is the imaginary part of a stability
function on Coh’, then the value 6 is determined by the quotient D /C which implies
that 6 is determined by the quotients D;/C} and (Dy + D1)/(Cy + Cs). But these
two quotients cannot determine the same 6; unless 6; = 65, which contradicts the
assumption ([2.9.2]). O
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2.9.2 Harder-Narasimhan and support property

Now that we have hearts in T with the corresponding stability functions, we have to
check that they satisfy the Harder-Narasimhan property and the support property.
We begin by the Harder-Narasimhan property along the lines of [25].

Theorem 2.9.7 ([25, Theorem 3.6]). Let (D1, Ds) be a semiorthogonal decomposi-
tion of a triangulated category D. Suppose o; = (Z;,P;) is a stability condition on
D; fori=1,2 and let a € (0,1) be a real number. Assume the following conditions

hold:
1. Hom3z’ (i1 P1(0, 1], i5P(0,1]) = 0
2. Hom3 (i1 Py (a,a + 1], 5Py (a, a + 1)) = 0.
Then, there exists a locally finite pre-stability condition o glued from oy and o5.

Definition 2.9.8. For a real number a € (0,1), we define the subset S(a) as the
subset of pairs of stability conditions (07, 05) € Stab(D;) x Stab(D,) satisfying

1. Homz"(i1P1(0,1],i5P5(0,1]) = 0
2. Hom%o(iﬂ?l(a, a—+ 1], iQPQ(a, a—+ 1]) = 0.

Theorem 2.9.9 ([25, Theorem 4.3]). Let gl: S(a) — Stab(D) be the map associating
to (01,09) € Stab(D;) x Stab(Ds) the corresponding glued pre-stability condition o
on D (defined by Theorem[2.9.7). Then, the map gl is continuous on S(a).

For a € (0, 1), we have a precise description of the sets S(a) for the semiortho-
gonal decomposition 7¢ = (Cy,Ca).

Proposition 2.9.10. Consider the semiorthogonal decomposition Tc = (C1,Ca).
For a € (0,1), we have that S(a) is isomorphic to

{(T, 1), (T, ) € GLT (2, R) x G (2,R): /1(0) = />(0) and fi(a) > fola) }

Proof. Suppose ; = (Z;, Coh?'[n;]) is a stability condition on C; with 6; € [0,1) and
n; € Z, for i = 1,2. Assume that these stability conditions satisfy the gluing condi-
tion, i.e. ny + 07 > ng + 65. Let (T}, f;) be the elements in C/}VLJF(Q, R) corresponding
to o; under the equivalence in Theorem for i = 1,2. Note that f;(0) = n; +0;
for i = 1,2, so the condition 1 in Theorem is equivalent to f1(0) > f2(0). We
end the proof by showing that condition 2 is equivalent to fi(a) > fa(a). Indeed we
will have
Hom3 (i, Py (a,a + 1], 5, Ps(a,a + 1)) = 0

if and only if the stability condition ¢’ obtained from o, acting by rotation of angle
a satisfies gluing property (recall what we explained in Remark [2.4.24] and Example
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2.9.4). Hence, if we denote P(0,1] = Coh(C) the standard heart associated to
slope-stability Z,, then
Pi(a,a+ 1] = P(fi(a), fi(a) + 1]
= Coh/i®

for i = 1,2 and they will satisfy the gluing condition if and only if fi(a) > fa(a). O

Example 2.9.11. Consider the semiorthogonal decomposition 7¢ = (Cy,Cs). Sup-
pose 0; = (Z;, Coh?[n,]) is a stability condition on C; with §; € [0,1) and n; € Z,
fori=1,2.

L. Ifng +60; >ng+ 0+ 1, ie. f1(0) > fo(0) + 1, then (01,02) € S(a) for every
a€(0,1).

2. If ny = ny and 6; > 605 then there always exists some a € (0,1) such that
fa(a) < f1(0) and f1(0) < fi(a). Then, (o1,09) € S(a) for every such a.

3. Recall that in Example 2, we had 01 = 0, and 9 = (N, *Z,,, Coh) where

1 =z
(o 1)

with = < 0, then the pair of stability conditions (o1, 05) does not belong to
S(a) for any a € (0, 1), since they fulfill the condition 1 in Theorem but
not 2.

4. Take N, with x > 0, then the construction in Example provides concrete
examples of stability conditions on C; for i = 1,2 that belong to S(a) for all

ae (0,1).
Ar = (6 1(/)7“>

with » € Ryg. Then the construction in Example [2.9.4] provides concrete
examples of stability conditions on C; for i = 1,2 that belong to S(a) for some
a€ (0,1):

5. Take

e if r > 1, then (0y,03) € S(a) for every a € (0,1/2].
o if r < 1, then (0y,03) € S(a) for every a € [1/2,1).

e if r =1 then (01,09) € S(a) for every a € (0,1), since this case agrees
with Example 4 above with x = 0.

6. Finally we analyze examples 3 and 5 together. We consider oy = 0, and now
we take o9 = ((A,N,)"'Z,Coh) with r,x € R, r > 0 and z < 0. We show that
again they are a concrete example of stability conditions on C; for i = 1,2 that
belong S(a) for some a € (0,1). Then, we have the following cases:
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e if r > 1, then (01,05) € S(a) for every a € (¢g, 1/2), where ¢,, denotes
the phase of the complex number rz +i(1/r —r).

o if r < 1, then (01,02) € S(a) for every a € (¢ur, 1), where ¢,, denotes
the phase of the complex number —rz +i(r — 1/7).

o if r = 1 then (01,09) ¢ S(a) for every a € (0, 1), since this case agrees
with Example 3 above.

For small hearts that fulfill the condition 1 in Theorem but not 2, we
may need a different strategy. Let (D;,Ds) be a semiorthogonal decomposition
of a triangulated category D and let o; = (Z;,.A;) be a locally finite pre-stability
condition on D; for i = 1,2. Assume that Homz(A;, A;) = 0 and let A be the heart
in D glued from A; and A,. Consider the stability function Z = Z; o A} + Z 0 py
on A.

Lemma 2.9.12 ([25, Proposition 3.5]). If 0 is an isolated point of IZ;(A;) C Rsq
fori=1,2, then Z has the HN-property on A.

Proposition 2.9.13 (HN-property for Q). Let
glia(01,02) = (Z12 = Z1 0i" + Zy 0 j', Ara = gli( A1, As))

be a candidate stability condition on To obtained by CP-gluing the stability conditions
o; = (Z;i, A;) on C; with A; = Cohfi for 6; € 0,1) fori=1,2. If tan(n6;) € Q, for
all ©, then Z15 has the HN-property.

Proof. Under the previous notations, we will show that Z;5 has the HN-property
using Lemma [2.9.12] So we need to check that 0 is an isolated point of IZ;(A4;) C
R for i = 1,2. Without lost of generality, we will show it for ¢ = 1.

We know that Z; is of the form
a b cosmd sinwf —d
Zy(r,d) = ( 0 c ) ( —sinmd coswh ) ( r )

with a,b,c € R and a,c > 0. Therefore, Z;(r,d) = c¢(dsin 7 + r coswd). We take
the unit vector (u,v) = (—sin7f, cos ), such that

(u,v) - ( —d ) _ %%Zl(r, d).

r

We see that 0 is an isolated point of the set {vr—ud | r,d € Z}. Since by assumption
u/v € Q, consider m,n € Z with ged(m,n) =1 such that u/v = m/n. Then,

vr —ud = E(m“ — md)
n

and the claim follows since v/n is constant and nr — md € Z. ]

We obtain as a corollary that the CP-gluing of the stability conditions of Example
2.9.11] 3. are pre-stability conditions.
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Corollary 2.9.14. Let
glia(01,02) = (Z12 = Zy 08" + Zy 0 j', Ara = glin( A1, As))

be a candidate stability condition on To obtained by CP-gluing the stability conditions
o, = (Z;, A;) on C; with A; = Cohfi for 0; € [0,1) fori = 1,2, such that 6; > 6,
but it does not belong to S(a) for any a € (0,1). If tan(mb;) € Q, for all i, then
gliy(01,09) is a pre-stability condition.

Proof. Let gli5(01,02) be a candidate stability condition on 7¢ obtained by CP-
gluing with the notation above. It requires the numerical condition 6, > 6y by
Proposition which states it as the gluing condition for the case 7o = (Cy,Ca).

Then, if tan(76;) € Q, for all 4, then gl,5(01,02) is a pre-stability condition by

Proposition [2.9.13]
O]

The strategy now is to extend it to the rest by means of the support property.
The next proposition shows that in general every CP-glued stability condition will
be close to satisfy the support property.

Proposition 2.9.15. Let (D1, Ds) be a semiorthogonal decomposition of a triangu-
lated category D. Suppose that o is obtained from CP-gluing of pre-stability condi-
tions o; = (Z;,P;) on D; fori = 1,2. If o is a pre-stability condition on D, then
there exists a quadratic form @) such that

a) for every o-semistable object E € P(¢), we have Q(v(E)) > 0.
b) @Q is negative semi-definite with respect to the kernel of Z.

Proof. Assume we have a stability condition on D of the form

012 = (Z12, A12) = glip(01, 02)

where o; := (Z;, A;) denotes a pre-stability condition on D; for i = 1,2. Note that
the stability function Z5 is of the form

Zlgzle)\l—i-ZQOpg.

In the rest of the proof Z; (resp. Z3) will denote the composition Z; o Ay (resp.
Zy o py) and Z(E) (resp. Q(F)) will denote Z(v(E)) (resp. Q(v(E))).
We will show that the following quadratic form

Q = %Zlg%ZQ - %ZQ%Zl + %21%22, (293)

where we write SZ; (resp. Z;) to denote the imaginary (resp. real) part of Z; with
t = 1,2, does the job.

First of all, we show that for every oj-semistable object E € P(¢) we have
Q(F) > 0. Indeed, recall the short exact sequence in Ao
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and note that oi9-semistability of E implies the following inequality of phases:

(Z2(E)) < ¢ < ¢(Z1(E)). (2.9.5)

Assuming that ¢ € (0,1], we have E is such that SZ;(E) > 0 for all i = 1,2.
Assume first S7,(F)SZ2(E) > 0. We have Q(F) > 0 by hypothesis plus the
inequality (2.9.5). Now, if 3Z;(E) = 0, then RZ;(E) < 0 and

Q(E) = —RZ\(E)SZy(E) > 0.

On the other hand, if SZ5(F) = 0, then ¢,,,(iap2(E)) = 1. Moreover, since ¢ €
(0,1], the short exact sequence (2.9.4) implies that all 3 elements belong to the
heart. This means that the inequalities (2.9.5)) are in fact equalities

(22(E)) = ¢ = ¢(Z1(E)) = L.

This implies that in this case we also have $Z;(F) = 0. Therefore, Q(E) = 0.

We end by showing that () is negative semi-definite on the kernel of Z15. Note
that £ € ker Zy5 if and only if SZ,(F) = —S2Z3(F) and RZ,(E) = —RZ,(E). If we
plug this in equation (2.9.3)), we obtain that

Q(E) = — (SZ(E))* < 0. O

The only discrepancy between the conditions satisfied in Proposition is
that () is negative semi-definite with respect to the kernel of Z but not necessarily
negative definite. Since the kernels of the stability functions Z; i = 1,2 are trivial,
we might improve the quadratic form @ by adding the term RZ;R7,. Now
the formula reads

Q =SZ\RZy — SZRZ + SZ,S7Z, + RZRZ, (2.9.6)
and for 0 # E € ker Z15, we have
Q'(E) = — (3Z(E))* — (RZ2(E))* < 0. (2.9.7)
Remark 2.9.16. Let 015 be a pre-stability condition on D of the form
o1z = glyp(01,02)

where o; denotes a pre-stability condition on D; for i = 1,2. Notice that oo will
satisfy the conditions of Proposition [2.9.15 independently of whether the former
pre-stability conditions oy, oy satisfy similar conditions or not.

Proposition 2.9.17. Consider a pre-stability condition o = (Z, A) where A is a
CP-glued heart of the form gl,o(Coh?(C), Coh$(C)) and

Z =710\ + Zy0py

with 6 € [0,1) and Zy = Zy. Then, o satisfies the support property with respect to
the quadratic form Q" (2.9.6)).
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Proof. We assume that o = (Z, TCoh(C')) with

Z:ZMO)\1+ZMOP2-

This can be done without loss of generality, up to é:iJr(Q, R)-action.

In what follows, we will denote Z; = Z, 0 A\; and Z, := Z,, 0 ps and Z(E) (resp.
Q(F)) will denote Z(v(E)) (resp. Q(v(E))).

First of all, ()’ is negative definite on the kernel of Z by the arguments above.
Then, we have to see that Q)'(E) > 0 for every o-semistable object

E = (FE, 5 E) e P(¢).
Indeed, recall the short exact sequence in A
0 — iyEy — EF — 1By — 0 (2.9.8)
and note that o-semistability of £ implies the following inequality of phases:

P(Z2(E)) < ¢ < ¢(Z1(E)). (2.9.9)

Assuming that ¢ € (0, 1], we have FE is such that SZ;(F) > 0 for all i = 1, 2.

If By # 0 and SZ5(E) = 0, then ¢(Z2(F)) = 1. Moreover, since ¢ € (0, 1], the
short exact sequence implies that all 3 elements belong to the heart. This
means that the inequalities are in fact equalities

O(Z5(E)) = ¢ = ¢(Z1(E)) = 1.
This implies that in this case we also have $Z;(F) = 0. Therefore,
Q'(E) = RZ,(E)RZy(E) > 0.

On the other hand, if Ey # 0, SZ1(E) = 0 and SZ3(F) # 0 then we claim
that there is no o-semistable triple E with these data. Let us assume that E is
a o-semistable triple satisfying the previous conditions. Then, we note that Es is
torsion-free. Indeed, if it is not torsion-free, let us consider 75 to be the torsion
subsheaf of Fy. Then we have a subtriple i5(75) of F with phase ¢(Z5(i2(T))) = 1
and together with the short exact sequence it contradicts the o-semistability
of E. Therefore, Fj is torsion-free. This implies that the morphism ¢ is 0. Therefore
i1(F1) is a non-trivial subtriple of E of phase 1 which by the previous argument
contradicts the o-semistability of £ and the claim follows.

We end by showing the case SZ;(E)3Z2(E) > 0. Indeed, note that by hypothesis
E, and E, have to be torsion-free. Otherwise, if we denote by 7; the corresponding
torsion subsheaf of F; for ¢ = 1,2, then we would have a subtriple T' =T} — T5 of
E with ¢(T) = 1 contradicting the o-semistability assumption. Then, by Remark
[2.6.7 with a = 0, we know that ¢(Z,(E)) = ¢(Z5(E)), which implies ' (E) > 0. O

The support property of the stability conditions above extends to the connected
component containing them and therefore we obtain the following theorem.
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Theorem 2.9.18. All the pre-stability conditions on To given as in Proposition
are stability conditions on T¢.

Remark 2.9.19. The previous result stresses the connection between the stability
conditions we constructed and the classical results for holomorphic triples by Brad-
low, Garcia-Prada et al. The other cases are worked out in [47] where we need to
construct a generalization of the inequalities of Proposition [2.6.6] in our setting.

Finally we make an important remark about the existence of Harder-Narasimhan
filtrations.

As in previous constructions, we focus on the case of the semiorthogonal decom-
position 7¢ = (Cy,Cs), up to the action of the Serre functor of 7. Furthermore,
assume we have a candidate stability condition

012 = (Z12, A12) = gli5(01, 02)

defined, up to shift, by CP-gluing of a stability condition on C; of the form o, =
(Zy, Coh?'[n]) withn € Zsq and 6, € [0, 1) and a stability condition on C, of the form
0y = (Z,,Coh%?) with 6, € [0, 1), satisfying CP-gluing condition as in Proposition
2.8.13, i.e. n + 6; > 6. Note that the stability function Z;5 is of the form

Zho(r1,dy, 19, dy) = Aydy + Byry + Aady + Baorg +i(Chry + Didy + Cayrg + Dads)

for some real numbers A;, B;, C; and D; with D;/C; = tan(n6;), for i = 1,2.

We claim that all such 015 will be locally finite stability conditions on 7¢, pro-
vided that they all satisfy the HN-property, by extending Theorem [2.9.18

The remaining case to verify the HN-property is when (o7, 03) does not belong
to any S(a) for any a € (0,1) and tan(76;) € R\Q for i =1 or i = 2.

Let us consider that tan(7wf;) € R\Q. By Bridgeland’s deformation theorem
(recall Theorem [2.4.22)), If we show that for any such Z, there exists a (pre-)stability

condition o}, on T¢ of the form
0lg = (g = Zyoi* + Zyo j', Ay = g112<00h§/17 COhgé))
for 0, € (0,1) with tan(76}) € Q for i = 1,2 satisfying
|Z12(T) = Z15(T)| < sin(7/8)|Z1,(T)] (2.9.10)

for all T' € T that are oj,-stable, then there exists a unique locally-finite stabil-
ity condition 7 = (Z12,.4) on T with distance between the corresponding slices
satisfying

ds(Pay,,Pa) <1/8.

The problem is to compare both hearts P4 and Py,,, since the definition of distance
requires a notion of HN-filtration.

Nevertheless, due to the existence of the stability conditions shown in this thesis
and the good behavior of the deformation properties of the stability manifold in
general, we have that all gluing cases are going to define stability conditions on 7.

Theorem 2.9.20. [J7] All gluing of stability conditions o; = (Z;,P;) on C; for
1 =1,2,3 give stability conditions on T¢.
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2.9.3 Scope

In this section sketch the description of the stability manifold, Stab(7¢). The full
description will be found in [47]. The following lemma is an analogous result to
Lemma for holomorphic triples.

Lemma 2.9.21. Given a distinguished triangle in T of the form
E—si,(X)—A—— E][l]

- Ei— X —— A ——E\[1] (2.9.11)
¢El \ jw l@E[l]
E, 0 A, BE,y[1]
with X € Coh(C) and
HomZ)(E, A) = 0, (2.9.12)

then, Ey, Ay € Coh(C).

Using Lemma [2.9.21] we can prove the following result about semistability of
skyscraper sheaves and line bundles in 7¢.

Proposition 2.9.22. Let X be either a skyscraper sheaf C(x) of a point x € C or
L, a line bundle on C. For any stability condition o € Stab(T¢), if i.(X) is not
o-semistable, then j.(X) and l.(X) are o-stable.

Remark 2.9.23. In particular, we have found that if X = i,(C(x)) (resp. i.(L)) is
not o-semistable with respect to some (arbitrary!) stability condition o € Stab(7¢),
then its HN-filtration is precisely of the form

X X 0 X[1]
'
X —0—— X[1] —= X[1]

which resembles the (unique) decomposition of i,(C(z)) with respect to the semior-
thogonal decomposition 7o = (Ca, Cs).

The proof of Proposition [2.9.22]shows that the result works for an arbitrary choice
among the elements i,(C(x)), j«(C(z)) and [.(C(x)) (resp. i.(L), 7.(L£) and 1.(L)),

meaning that if one of them is not semistable, the remaining two are semistable.

The following proposition shows that there is no stability condition with mixed-
type stable elements.

Proposition 2.9.24. Consider the following set of pairs of elements of Tco:

{{i- (X))} x=cw).00: {17+ (X)) x=cw).00: {:(X) }x=c@)00 } - (2.9.13)
Then, for every stability condition o € Stab(7¢), at least 2 out of the 8 pairs in

(12.9.13) are o-stable.
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Finally, we define the following subsets of Stab(7¢):

e Oy = {0 € Stab(T¢) | i.(C(2)), i.(O¢), j«(C(z)) and j.(O¢) are o-stable}
e O3 = {0 € Stab(T¢) | i.(C(2)), i(O¢), L,(C(x)) and [,(O¢) are o-stable}
e Oy = {0 € Stab(T¢) | J«(C(x)), j«(Oc), l.(C(z)) and 1,(Oc¢) are o-stable}

Theorem 2.9.25.
Stab(%) == @12 U @23 U @13.

Proof. Follows immediately from Proposition [2.9.24] O

After Theorem [2.9.25] we know that we can describe the structure of the whole
stability manifold of 7. However, the HN-property in general for small CP-glued
hearts and the description of the topology of the stability manifold Stab(7¢) will be
given in our join preprint [47].
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Summary

Part I - Arakelov bundles over arithmetic curves. In Chapter I we compile the ba-
sics about Arakelov geometry that we briefly described above. We define Arakelov
vector bundles on arithmetic curves and we explore the relationship of nefness and
the tensor product problem as evidence of the pathologies of the Arakelov setting.
Chapter II reproduces Behrend’s construction of complementary polyhedra for sta-
bility of group schemes and the later adaptation to Arakelov geometry by Harder
and Stuhler. The main results of this part are contained in chapter III, where we
define Arakelov principal bundles. We provide a notion of stability and prove that
our definition agrees with all the previous constructions.

Part II - Bridgeland stability conditions on holomorphic triples over curves.
Chapter IV gathers basic facts about triangulated and derived categories. In Chap-
ter V we introduce the general definition of Bridgeland stability conditions and
explore few examples of constructions of stability conditions that are interesting
for our constructions. Finally, chapter VI contains all our constructions of Bridge-
land stability conditions on holomorphic triples over curves. First we describe the
bounded derived category of holomorphic triples on curves 7o as semiorthogonal de-
composition of the bounded derived category of coherent sheaves on the curve and
we construct the Serre functor S7,. Next, we compare recollement and CP-gluing to
construct hearts via semiorthogonal decompositions, by gluing hearts in the smaller
categories and we compute the necessary numerical conditions for triples. Finally,
we construct stability conditions on T by gluing stability conditions from Stab(C').
We study the Harder-Narasimhan and the support properties of glued stability con-
ditions in general and for triples. The very last section shows the sketch of how we
finally come up with the full description of the stability manifold Stab(7¢).

The results contained in chapter VI will appear soon in the co-authored paper
Bridgeland stability conditions on holomorphic triples over curves as a preprint on
the Mathematics ArXiv, [47]. The sections reproduced here are those that existed
in similar form in my research before the paper was finished. The proofs in the
final section of that chapter have not been included as they will be presented in the
co-author’s PhD theses.



Zusammenfassung

Teil T - Arakelov-Biindel iiber arithmetischen Kurven. In Kapitel 1 fassen wir
die Grundlagen der Arakelov-Geometrie zusammen, die wir oben kurz beschrieben
haben. Wir definieren Arakelov-Vektorbiindel auf arithmetischen Kurven und un-
tersuchen die Beziehung von Nefness und dem Tensorproduktproblem als Beweis fiir
die Pathologien der Arakelov-Einstellung. Kapitel II reproduziert Behrends Kon-
struktion komplementarer Polyeder fiir die Stabilitdt von Gruppenschemata und
die spatere Anpassung an die Arakelov-Geometrie von Harder und Stiihler. Die
Hauptergebnisse dieses Teils sind in Kapitel III zu finden, in dem wir Arakelov-
Hauptbiindel definieren. Wir stellen einen Begriff von Stabilitat vor und beweisen,
dass unsere Definition mit allen fritheren Konstruktionen iibereinstimmt.

Teil IT - Bridgeland Stabilitatsbedingungen auf holomorphen Tripeln iiber Kur-
ven. Kapitel IV tragt grundlegende Fakten tiber triangulierte und abgeleitete Kate-
gorien zusammen. In Kapitel V fiihren wir die allgemeine Definition der Bridgeland-
Stabilitatsbedingungen ein und untersuchen einige Beispiele, die fiir unsere Kon-
struktionen interessant sind. Schlieilich enthalt Kapitel VI alle unsere Konstruk-
tionen von Bridgeland-Stabilitatsbedingungen fiir holomorphe Tripel tiber Kurven.
Zuerst beschreiben wir die beschrankte abgeleitete Kategorie von holomorphen Tri-
peln in den Kurven 7¢ als semiorthogonale Zerlegung der beschréankten abgeleit-
eten Kategorie von kohéarenten Garben auf der Kurve und konstruieren den Serre-
Funktor S7.. Als néchstes vergleichen wir die Rekollement und CP-Verklebung,
um Herzen tiber semiorthogonale Zerlegung zu konstruieren, indem wir Herzen in
die kleineren Kategorien kleben und die notwendigen numerischen Bedingungen fiir
Tripel berechnen. Schliellich konstruieren wir Stabilitdtsbedingungen fiir 7¢, indem
wir Stabilitdtsbedingungen aus Stab(C') verkleben. Wir untersuchen die Harder-
Narasimhan- und die Stiitzeigenschaften von geklebten Stabilitatsbedingungen im
Allgemeinen und fiir Tripel. Im letzten Abschnitt wird skizziert, wie wir zu einer
vollstdndigen Beschreibung der Stabilitats-Mannigfaltigkeit Stab(7¢) gelangen.

Die Ergebnisse in Kapitel VI werden bald in dem gemeinsam verfassten Artikel
Bridgeland stability conditions on holomorphic triples over curves als ein Vorabdruck
auf dem Mathematics ArXiv [47] erscheinen. Die hier wiedergegebenen Abschnitte
sind diejenigen, die in ahnlicher Form in meinen Forschungen vor der Fertig-stellung
des Artikels existierten. Die Beweise im letzten Abschnitt dieses Kapitels wurden
nicht berticksichtigt, da sie in der Doktorarbeit des Co-Autors prasentiert werden.
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