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In 2000, Kadets et al. introduced the notions of acs, luacs, and uacs spaces, which form common generalisations of well-known
rotundity and smoothness properties of Banach spaces. In a recent paper, the author introduced some further related notions and
investigated the behaviour of these geometric properties under the formation of absolute sums. The present paper is in a sense a
continuation of this work. Here we will study the behaviour of the said properties under the formation of Kéthe-Bochner spaces,

thereby generalising some results of G. Sirotkin on the acs, luacs, and uacs properties of L?-Bochner spaces.

1. Introduction

We begin with some notation and definitions. Throughout
this paper, X denotes a real Banach space, X* its dual, By its
unit ball and Sy its unit sphere.

In the next definition, we summarise the most important
rotundity properties.

Definition 1. A Banach space X is called

(i) rotund (R) if for any two elements x,y € Sy the
equality [lx + y| = 2 implies x = y,
(ii) locally uniformly rotund (LUR) if for every x € Sy, the
implication
|x, + x| — 2= |x,- x| —0 6)
holds for every sequence (x,,),,cn it Sx»

(iii) weakly locally uniformly rotund (WLUR) if for every
x € Sy and every sequence (x,,),,cy in Sy one has

|x, + x| — 2 = x,, — x weakly, (2)

(iv) uniformly rotund (UR) if for any two sequences
(%) pen and (¥,) e in Sy the implication

[+ 3l = 2 =[x, = 3l — 0 (3)

holds,

(v) weakly uniformly rotund (WUR) if for any two
sequences (x,,),.cn and (¥,),cn the following implica-
tion holds:

|%, + ¥l — 2= x,— 3, — O weakly.  (4)

Figurel shows the obvious implications between these
notions. No other implications are valid in general (see
the examples in [1]). Note, however, that all these notions
coincide in finite-dimensional spaces, by the compactness of
By.
The modulus of convexity of the space X is defined by

Ox (e) = inf{l ” :x,y €By, |x-y| 2 e} (5)

2 ||x +y
for every ¢ in the interval ]0, 2]. Then X is UR if and only if
Ox(e) >0forall0<e<2.

For the local version one defines

Sy (x,¢€) :inf{l - ;":y € By, |x-y| Zs} (6)

2||x+y

for every x € Sy and each ¢ €]0, 2]. Then X is LUR if and only
if§y(x,e) >0forall x € Sy andall0 < e < 2.
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Let us also recall some notions of smoothness. The space
X is called smooth (S) if its norm is Gateaux-differentiable
at every nonzero point (equivalently at every point of Sy),
which is the case if and only if for every x € Sy there
is a unique functional x* € Sy. with x"(x) = 1 (cf. [2,
Lemma 8.4 (ii)]). X is called Fréchet-smooth (FS) if the norm
is Fréchet-differentiable at every nonzero point. The norm
of the space X is said to be uniformly Gateaux-differentiable
(UQG) iffor each y € Sy thelimitlim, _, j(lx+7yl—1)/7 exists
uniformly in x € Sy. Finally, X is called uniformly smooth
(US) if lim, _, ,px(7)/T = 0, where px denotes the modulus
of smoothness of X defined by pyx(7) = sup{1/2(|x + =yl +
lx =yl = 2): x, y € Sx} for every T > 0.

In [3] the following notions were introduced (in connec-
tion with the so called Anti-Daugavet property).

Definition 2. A Banach space X is called

(i) alternatively convex or smooth (acs) if for every x, y €
Sy with [[x+y| = 2andevery x™ € Sx. withx™(x) = 1
one has x*(y) = 1 as well,

(ii) locally uniformly alternatively convex or smooth
(luacs) if for every x € Sy, every sequence (x,,),en
in Sy and every functional x* € Sy one has

lutx] —2  x(x) —1=x"®=1L @

(iii) uniformly alternatively convex or smooth (uacs) if for
all sequences (x,,),en> (Vp)pen I Sy and (x)),,ey in
S+, one has

Ity — 20 X (x) = 1= % (,) — 1. ()

The author introduced the following related notions

in [4].

Definition 3. A Banach space X is called

(i) strongly locally uniformly alternatively convex or
smooth (sluacs) if for every x € Sy and all sequences
(%) pen in Sy and (x,,),,en in Sy+, one has

[[x, + x| — 2, x(x,) —1=x(x) — 1, (9)
(ii) weakly uniformly alternatively convex or smooth

(wuacs) if for any two sequences (x,,),eny> (Vp)pen i
Sy and every functional x* € Sy, one has

x'(x,) —1=x"(y,) — L
(10)

I+ ull — 2,
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The obvious implications between the acs properties and
the rotundity properties are indicated in Figure 2. No other
implications are generally valid (see the examples in [4]), but
note again that the properties acs, luacs, sluacs, wuacs and
uacs coincide in finite-dimensional spaces, by compactness.

The connection between some of the acs properties to
smoothness properties is illustrated in Figure 3.

Let us mention that if we replace the condition x, (x,,) —
1 by x(x,) = 1for every n € N in the definitions of the
properties uacs and sluacs, respectively we still obtain the
same classes of spaces. For uacs spaces this was first proved
by Sirotkin in [5] using the fact that uacs spaces are reflexive
(see below). For sluacs spaces this characterisation can be
proved by means of the Bishop-Phelps-Bollobas theorem (see
[4, Proposition 2.1]).

This characterisation enables us to define the following
“uacs-modulus” of a given Banach space (cf. [4, Definition
1.4]).

Definition 4. For a Banach space X one defines
Dy (e) ={(x,y) € Sy xSx: Ix" € Syux™ (x) =1,
() <1-¢h,

Si(acs (s):inf{l - ll%“ (x,y)e Dy (s)} Ve €]0,2].
(11)

Then X is uacs if and only if (SuXaCS(s) > 0 for every ¢ €]0,2]

and one clearly has d(¢) < 8% (e) for each ¢ €]0,2].

uacs

The above characterisation shows that the class of uacs
spaces coincides with the class of u-spaces introduced by Lau
in [6] and our modulus 8, is the same as the modulus of u-
convexity from [7]. Also, the notion of u-spaces which was
introduced in [8] coincides with the notion of acs spaces.

Recall that a Banach space X is said to be uniformly
nonsquare if there is some § > 0 such that for all x, y € By
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we have [x + y[| < 2(1 = 9) or [|lx — yll < 2(1 -9). It
is easily seen that uacs spaces are uniformly nonsquare and
hence by a well-known theorem of James (cf. [9, page 261])
they are superreflexive, as was observed in [3, Lemma 4.4].
For a proof of the superreflexivity of uacs spaces that does
not rely on James’ result on uniformly nonsquare spaces, see
[4, Proposition 2.8].

Let us also restate here the following auxiliary result [4,
Lemma 2.30] (it is the generalisation of [10, Lemma 2.1] to
sequences, with a completely analogous proof).

Lemma5. Let (x,),cn and (3,),en be sequences in the (real or
complex) normed space X such that || x,, + y,| - lIx,ll - Iy, —
0.

Then for any two bounded sequences (&,),eny> (Bp)nen Of
nonnegative real numbers one also has |, x,,+ 3, v, Il — e, 1, |-

Bulyul — 0.

Finally, we will need two more definitions from [4].

Definition 6. A Banach space X is called

(i) a luacs™ space if for every x € Sy, every sequence
(x,)en in Sy with [lx, + x| — 2,and all x* € Sy.
one has

x'(x,) —m1e=x"(x)=1, (12)

(ii) a sluacs” space if for every x € Sy, every sequence
(%) pen in Sy with |lx,, + x| — 2, and all sequences
(%) )yen i Sx+, one has

x (x,) > 1= x, (x) — L. (13)

Obviously, every WLUR space is luacs®, and every
LUR space is sluacs™.

In the next section we will recall some facts on Kothe-
Bochner spaces.

2. Preliminaries on Kothe-Bochner Spaces

If not otherwise stated, (S, &/, y) will denote a complete, o-
finite measure space. For A € & we denote by x, the
characteristic function of A.

A Kéthe function space over (S,¢/,u) is a Banach
space (E,| - |z) of real-valued measurable (i.e., &/-Borel-
measurable) functions on S modulo equality y-almost every-
where (we will henceforth abbreviate this by p-a.e. or simply
a.e. if p is tacitly understood) such that

(i) x4 € E forevery A € o with u(A) < oo,

(ii) for every f € E and every set A € & with u(A) <
oo f is p-integrable over A,

(iii) if g is measurable and f € E such that |g(t)] <
|f(t)| p-a.e,then g € Eand gl < I fl

The standard examples are of course the spaces L¥ (u) for
1<p<oo.

Every Kothe function space E is a Banach lattice when
endowed with the natural order f < g if and only if f(t) <
g(t) p-ae.

Recall that a Banach lattice E is said to be order complete
(0-order complete) if for every net (sequence) in E which is
order bounded, the supremum of said net (sequence) in E
exists. A Banach lattice E is called order continuous (o-order
continuous) provided that every decreasing net (sequence) in
E whose infimum is zero is norm-convergent to zero.

It is easy to see that a Kéthe function space E is always o-
order complete, and thus by [11, Proposition 3.1.5] E is order
continuous if and only if E is o-order continuous if and only
if E is order complete and order continuous. Also, reflexivity
of E implies order continuity, for any o-order complete
Banach lattice which is not o-order continuous contains an
isomorphic copy of £*° (cf. [11, Proposition 3.1.4]).

Let us also mention the following well-known fact that
will be needed later.

Lemma 7. If E is a Kéthe function space, (f,,),en @ Sequence
in E, and f € E such that |f,- fly — 0, then there
is a subsequence of (f,),en Which converges pointwise almost
everywhere to f.

For a Kothe function space E we denote by E' the space of
all measurable functions g: S — R (modulo equality y-a.e.)
such that

loll = sup { | foldus 5 € Be <co. 9

Then (E', || - || ) is again a Kéthe function space, the so called
Kothe dual of E. The operator T: E' — E* defined by

(Tg)(f) = L fgdu YfeE VgeFE (15)

is well-defined, linear and isometric. Moreover, T is surjective
ifand only if E is order continuous (cf. [11, page 149]), thus for
order continuous E we have E* = E'.

We refer the reader to [12] or [11] for more information
on Banach lattices in general and Kothe function spaces in
particular.

Now recall that if X is a Banach space, a function f :
S — X is called simple if there are finitely many disjoint
measurable sets A;,..., A, € o such that u(A;) < oo for
alli = 1,...,n, f is constant on each A; and f(t) = 0
for every t € S\ |JL, A;. The function f is said to be
Bochner-measurable if there exists a sequence (f,,),cn Of
simple functions such that lim, , Il f,,(t) — f(O) = 0 u-
a.e. and weakly measurable if x* o f is measurable for every
functional x* € X". According to Pettis measurability
theorem (cf. [11, Theorem 3.2.2]) f is Bochner-measurable if
and only if f is weakly measurable and almost everywhere
separably valued (i.e., there is a separable subspace Y € X
such that f(t) € Y p-a.e.).

For a Kéthe function space E and a Banach space X we
denote by E(X) the space of all Bochner-measurable func-
tions f: S — X (modulo equality a.e.) such that || f(-)|| € E.
Endowed with the norm IIfIIE(X) = llf Ol E(X) becomes



a Banach space, the so called K6the Bochner space induced
by E and X. The most prominent examples are again the
Lebesgue-Bochner spaces Lf(X) for 1 < p < oo.

Next we recall how the dual of E(X) can be described
provided that E is order continuous. A function F: § — X*
is called weak " -measurable if F(-)(x) is measurable for every
x € X. We define an equivalence relation on the set of all
weak”-measurable functions by setting F ~ G if and only
if for every x € X F(t)(x) = G(t)(x) a.e., and we write
E'(X*,w") for the space of all (equivalence classes of ) weak*-
measurable functions F such that there is some g € E' with
IF@I < g(t) a.e.

A norm on E'(X*,w*) can be defined by

IF g x ) = inf{“g"E,: geE, F(t)<g(t) a.e.}.
(16)

Then the following deep theorem holds.

Theorem 8 (cf. [13]). Let E be an order-continuous Kothe
function space over the complete, o-finite measure space
(S, d, ), and let X be a Banach space. Then the map V :
E'(X*,w*) — E(X)* defined by

V ([F)) (f)

= LF(t) (f®)du(), YfeE(X), V[F]eE (X", w)
17)

is an isometric isomorphism, and, moreovet, every equivalence

class L in E'(X*,w") has a representative F such that | F(-)|| €
!

E and |L|lg x+ w+y = NIFOUg-

There are a number of papers on various rotundity and
smoothness properties in Kothe-Bochner spaces in general
and Lebesgues-Bochner spaces in particular, see for example
[14-17] and references therein.

Sirotkin proved in [5] that for 1 < p < co the Lebesgue-
Bochner space LP(X) is acs, respectively luacs, and uacs,
whenever X has the respective property. In the next section
we will study the more general case of Kéthe-Bochner spaces.

3. Results and Proofs

We begin with the acs spaces, for which we have the following
result.

Proposition 9. IfE is an order-continuous acs Kéthe function
space and X is an acs Banach space, then E(X) is acs as well.

Proof. The proofis similar to that of [4, Proposition 3.3]. First
we fix two elements f, g € Spx) suchthat|| f + gllyx) = 2and
a functional [ € Sg )+ with I[(f) = 1.

Since E is order continuous, by Theorem 8, [ can be
represented via an element [F] € E'(X*,w") such that
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IFOI € E and IIFOIg = IFpoewy = M = 1.1t
follows that

1=1(f) = LF(t) (f () du (0

< L IEONf O due) < MEONIFON,  @®

= | "f"E(X) =1
and hence
L IE @I 0] de(6) = 1, 19)
FOF®)=IFOI|f @) ae (20)

We also have

2= £+ gluo = Mf O+ g Ol

(21)
<[IFOI+1g Ol < "f"E(X) + "g"E(X) =2
and thus
FOI+1g Ol = 2. (22)
Since E is acs it follows from (19) and (22) that
[ 1FOg @] du ) = 1. (23)

In a similar way as we have obtained (22) we can also show

NFO+aOl+1fOl+ 19Ol =4 (24)

Because E is acs this together with (19), (22) and (23) implies

L IE O |Lf (5 + g (0)] dut (1) = 2. (25)
From (19), (23) and (25) we get

IFOI(f O +g®]-[f®O+g®])=0 ae (26)

Now we will show that
F®)(g®)=IFMI|g®)] ae. (27)

To this end, let us denote by N, and N, the null sets on which
the equality from (20) and (26), respectively does not hold.
Let N = N; UN,.

PutB={t e S\N: F(t)#0and g(t)#0}and C = {t €
B: f(t) = 0}. We claim that C is a null set.

To see this, define h: S — Rbyh(t) = |[F(t)| fort € S\C
and h(t) = 0 for t € C. Then h is measurable and since h(t) <
IE@)| for all ¢ € S we have h € E' with Al < 1. We also
have h(t)|l f(&)Il = IE@)III f ()] for every ¢t € S and hence by
(19)

[ n@ls Oldue =1 (28)
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which also implies ||/l = 1. Together with (22) we now get

[ n@llg @hdue =1, (29)

since E is acs. Taking into account (23) we arrive at

L UIF @)l - k(1)) |g O] du () = 0. (30)

Hence (|F(#)Il-h(t)lg(®)]l = 0 a.e. and thus C must be a null
set.

Now ift € (S\ C) N Bthen F(t) #0, f(t)#0and g(t) #0
and [F@IIl £ = F(£)(f(2)) as well as

Ilf@&+a®]=f®]+]a®]. (31)

By [10, Lemma 2.1] this implies
f® 90 IZ2 5
7o el = )

Since X is acs it follows that | F(t)l[llg(t)| = F(t)(g(t)).

So M:= NUC isanull set with [F(t)|lllg(®)]l = F(t)(g(t))
for every t € S\ M and (27) is proved.

Now combining (23) and (27) we obtain

I(g) = LF(t) (g@®)du(®) =1, (33)

which finishes the proof. O

Before we turn to the case of luacs spaces, let us recall
Egorov’s theorem (cf. [18, Theorem A, page 88]), which states
that for any finite measure space (S, &, p) and every sequence
(f)nen of measurable functions on S which converges to zero
pointwise p-a.e. and each € > 0 there is a set A € & with
u(S\ A) < esuch that (f,,),,c is uniformly convergent to zero
on A.

Now we are ready to prove the following theorem.

Theorem 10. Let E be an order-continuous Kéthe function
space over the complete o-finite measure space (S, o, u) and
X an luacs Banach space. If

(a) E is WLUR or

(b) E is luacs™ and E' is also order continuous,

then E(X) is also luacs.

Proof. Suppose that we are given a sequence (f,,) e in Sg(x)
and an element f € Sgy, such that || f, + fl Ex) — 2aswell
as a functional I € Sgy)- such that I(f,) — 1. As before, we

can represent/ by an element [F] € E'(X*,w"). We then have
1(fa) = L F () (f,(£)du(t) < L IE O£, 0] du (1) < 1
(34)

and hence

Jim [ IFOLS O du ) = 1. (35)

By passing to a subsequence we may also assume that

Jim (IFOIf, O] -F®) (£, ) =0 ae. (36

We further have
1fa+ fllzco = M5O+ FOlle < WA OF+ 17 Ol < 2
(37)
and thus
Jim 14,00+ 1f Ol =2 (38)

An analogous argument also shows

lim £, + FOI+1LOI+ 1 Ol =4 39

n— oo

Moreover, the inequality

(A f"E(X) +1
> I O+ FOI+ 10 Ol (40)
2 14,0+ FOL+ 1401+ 1 Ol -1

holds for every n € N. It follows that

lim [0 + FO + 15, Ol = 3. (41)

n— 00

Analogously one can see that

lim 17,0+ FOL+ 17 Ol = 3. (42)

n—00

Finally, we have

WA O+ £ O+ 1Ol +3
O+ FOI+1ALOI+31FOM  @3)
22|[£, O+ £ Ol + 1 Ol

Consequently

lim [[1£,0 + FOI+ 100+ 31F Olls =6 (49)

n— o0

Since E is in particular luacs we get from (35) and (38) that
J 1O O et =1 (45)

Because E is in any case luacs”, it follows from (41), (44), and
(45) that

Jim [ IFOIS, @+ 16,0+ f OD du© =3 0
and thus

A, L IE@I(L @ +1f Ol
~lf @+ Ol du@) =o.

(47)



So by passing to a further subsequence we may assume

A IEOIf @+ 1f Ol -1 O+ f®f) =0 ae.
(48)

Next we will show that

FOf®)=IFOI|f @] ae (49)

Since (S, o/, u) is o-finite there is an increasing sequence
(A, )m N in ¢ such that u(A,,) < co for every m € N and
Um 1 =S.

Denote by N; and N, the null sets on which the
convergence statement from (36) and (48), respectively does
not hold, and le¢ N = N, UN,. PutB = {t ¢ S\ N :
F(t)#0and f(t)#0}and C = {t € B: f,(t) — 0}. We
will see that C is a null set.

First we define for every m € N a functiona,,: S — R
by setting a,,(t) = |F(t)| fort e S\(CNn A,,)and a,,(t) =0
fort € Cn A,,. Note that each a,, is measurable and since
la,, ()] < [|F(t)|| for every t € S we have a,, € By.

We have limk_>oo||F(t)||||fk(t)||XCnAm(t) = 0 for every
t € Sand every m € N, so by Egorov’s theorem we can find
for every m € N an increasing sequence (B,,,),en in 14
with 4(A,, \ B,,,) < 1/n such that (IFCIfo () xcna, Jeen
converges uniformly to zero on each B, ,

It follows that M,,,:= (), A,,\ B, is a null set for every
m € N.

Let us now first suppose that (b) holds, so E' is order
continuous. We have

1im [IF (Ol Xenga,m,) 0 =0 VE€S\ M,  (50)

and moreover this sequence is decreasing, so the order
. . ! . .
continuity of E' implies

Jim JIEON Xena, o, = 0- (5D

Soif m € N and ¢ > 0 are given, we can find an
index n € N such that ””F(')"XCH(Am\Bn,m)"E' < & and
then, by uniform convergence, an index k, € N such that
IEOI "fk(t)"XCﬂBnm(t) < s‘u(Am)_1 for every t € S and every
k > k. ’

Then we have

j IF Ol | f, (] dut ()
CnA,,

- j OGS
CNB

n,m

’ J IE @I fie 0] dp (1) (52)
Cn(

m \Pn,m

SJCan e )du(t>+||||F()||anA o |

< 2¢

for each k > k.
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In conclusion we have

lim J.
k—oo Jona,

Now if (a) holds, that is, if E is WLUR, then by (38) the
sequence (|| fi.(-)I) e must be weakly convergent to || f(-)| in
E, and hence

lim J
k—oco Jcn(a,,\B

m\Pn,m

IFOIfe O] du(®) =0 ¥meN.  (4)

IF @I fie @) dee ()
(53)
B J IE @I f @] dee (1)
on(

for all n,m € N. Since (I f()lxcn(a,\b,,,))nen decreases
to zero a.e., the order continuity of E gives us
lim, _, o ILf Ol Xcnca, 8,0l = 0 for every m € N.

A similiar argument as before now easily yields that (+)
also holds in case (a). But (+) is nothing else than

n@gj;wFam—amUDwﬂawdyU):O vm e N,
(54)

Combining this with (35) leaves us with

hm.L%Aﬂw&Umd#U)=l vmeN.  (55)

n— 00

Since E is luacs and because of (38), it follows that
J;am(ﬂ"f(ﬂndy(ﬂzzl vmeN.  (56)

Taking into account (45) we get

L (E O -ap O)|f O de®) =0 YmeN, (57)

and hence for every m € N we have (|F(t)| —a,, )l f ()] = 0
a.e. Consequently, C N A,, is a null set for every m, and thus
C=U,.,CnNA,,isalsoanull set.

Now suppose that t € (S \ C) n B. Then we have
F(t) £0, £(£)£0 and |L£,(8)]| + 0, as well as [F(®) £, (£)] -
Ft)(f,,(t)) — Oand

Jdim (L O+ [fOI-1f @+ f@®) =0 (58
By passing to a subsequence we may assume that (| f,,(H)Il) ,eny
is bounded away from zero. Then it follows from Lemma 5
that

f () (ﬂl 5 -

nm“nf,,(t)u Ironl > )
Also, we have

F (t) ﬂa))zl 60

ni“%o||F(t>||(||fn<t)|| ' (60

Since X is luacs we can conclude that F(£)(f(t)) =
IEONf @I
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So M:= NUCisanullset with F(t)(f(¢)) = [FOII f @)l
for every t € S\ M and (49) is proved.
From (45) and (49) it follows that

1(f) = L F@)(f () du() =1 (61)

anddwe are done.
O

Recall thata subset A € L' (y) is said to be equi-integrable
if for every € > 0 there is some § > 0 such that

Bedwithy(B)g&:” fdy|SS VieA (62
B

It is well known that for a finite measure y a bounded subset
A < L'(u) is relatively weakly compact in L'(u) if and only
if A is equi-integrable (see, e.g., [19, Theorem 13.6]). One
ingredient for the usual proof of this fact is the following
lemma (see [19, Proposition 13.4]), which we will also need
in the sequel.

Lemma 11. For a finite measure space (S, &/, u), a sequence
(F)nen in L'(u) is equi-integrable whenever the sequence
(JB fd) eny is convergent for each B € .

We will also need Vitali’s lemma, which reads as follows
(see, e.g., [11, Lemma 3.1.13] for an even more general ver-
sion).

Lemma 12. Let (S, o/, u) be a finite measure space, and let
(f)uen be a sequence in Ll(y) such that {|f,| : n € N} is
equi-integrable. Let f be a measurable function on S such that

f.(t) = f(t) y-a.e. Then f € Ll(//t) and | f, - fl, — 0.

Finally, let us recall that a Banach space X is said to have
the Kadets-Klee property (also known as property (H)) if for
every sequence (x,,),¢y in X and each x € X the implication

X, 7 x, x| — Ixll = |x, - x| — 0  (63)
holds. For example, every LUR space and every dual of a
reflexive, FS space has the Kadets-Klee property.

It is known that every Banach lattice with the Kadets-Klee
property is order continuous, (cf. [12, page 28]). With this
in mind we can prove the following result concerning luacs”
spaces.

Theorem 13. Ifthe measure y is finite and E is LUR, then E(X)
is aluacs® space whenever X isluacs*. If in addition E' is order
continuous then the assertion also holds if u is merely o-finite.

Proof. By the previous theorem, E(X) is luacs, so we only have
to show the implication “<” in Definition 6 (i). To this end,
let (f,,),en be a sequence in Sgxy and f € Spxy such that
If, + fIIE(X) — 2,andlet! € Sgx) such that[(f) = 1. It will
be enough to show that a subsequence of (I( f,,)),,cr converges
to one.

Since E is order continuous, we can as before represent /
by some [F] € E'(X*,w") and conclude

L OIS O du(®) = 1, (64)
IEOIf O] =F@®) (f@) ae. (65)

Also, just as we have done in the previous proof, we find that

fim 1500+ 1 Ol = 2

1,6+ SO+ L0+ 1 Ol = 4
JY [ TACRR0) P TACT [ FEENS
Jm 15,60+ 701+ Ol =3,

150+ FO1+ 101+ 315 Ol = 6

Since E is LUR, it follows that

Aim [O1 =15 Ol = o, (67)
lim 17,0+ FOL+ [£01 =317 Ollls =0 (68)

n— 00

Hence, by passing to a subsequence, we may assume that (cf.
Lemma 7)

tim £, 0] = O] e,

n— 00 (69)
Tim 1,0+ FO1 =207 O] ae
By (67) and (64) we also have
Jim [ IFOLS, O du ) = 1 (70)

Since X is luacs?, it follows from (65), (69) that
Jim (IFOU £, O] -F® (£, ®)) =0 ae  (71)

From (67) we also get

lim L IEONf, )] du )

n— 00

= L IFOIf ©du) vAea. 72

Thus by Lemmall the sequence (|[FC)IIIf,,()lxs)neny and

hence also the sequence ([(FO)I f,()l = FC)(fu())XB)nen
are equi-integrable with respect to (B, &g, y,) for every
B ¢ o with u(B) < oo. This combined with Vitali’s lemma
and (71) implies

Lim j (EOIf, O - F @) (f, (1)) dpu 2) = 0
n—oo Jp 73)

VB € o with pu(B) < co.



So if u(S) < co, we immediately get

1(f,) = LF(t) (fo ) du(t) — 1, (74)

because of (70).

If y is merely o-finite but E' is order continuous, we
can fix an increasing sequence (A,,),,y in & such that
Ui A, = Sand u(A,) < oo for every m € N. Then
the sequence ([|[F(-)l xs\a )men decreases pointwise to zero,
and, by the order continuity of E', we can conclude that
MECxs\a,, Iy — 0.

Thus given any ¢ > 0, we find an m; € N such that
||||F(-)||)(S\AmO IIE, < ¢&/3. Since y(Amo) < 00, there exists
N € N such that

Vn > N.

L (IE @1 O] - F© (f, 0) du0) < 5

mo

It follows that for every n > N

L UE O, O] = F @) (£, ) du (1)

IN
W | m

2 j EOIL, O de®  (76)
S\A,g

<eE.

< <
El

&
S+ 2IFOlxsia,,

So we have

Jim [ PO, O] -FO (£, 0)du@ =0, 07

and because of (70) it follows as before that

1(f,) = LF(t) (f, () du(t) — 1, (78)

finishing the proof. O

Now we turn to the sluacs spaces. An easy normalisation
argument shows that a Banach space X is sluacs if and only
if for every x € Sy, every sequence (x,),cy in Sx-, and all
sequences (x,),ey in X with [x, + x| — 2, [Ix,] — 1
and x)(x,) — 1, we have x,(x) — 1. In view of this
characterisation, X is sluacs if and only if for every x € Sy
and every 0 < ¢ < 2 the number

Bx (x,€):= inf{max{l = llx;yll, Iyl - 1],

[ 0) =1l fs ) e v

(79)
is strictly positive, where
Vee={(0hx") e XxSx:x"(y—x)>¢}.  (80)

Next we will prove an easy lemma on the continuity of .
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Lemma 14. Forall 0 < ¢, €,< 2 and all x,X € Sy, one has
|Bx (x.6) = Bx (8| < Ix— Xl +le-2;  (81)

that is By is 1-Lipschitz continuous with respect to the norm of
XoR.

Proof. First we fix0 < ¢ < 2and x,X € Sy. Put§ =[x — X|
and take y € X, x* € Sy- such that x"(y — x) > . It follows
that x"(y - %) > e - 0.

Now let 0 < 7 < 1 be arbitrary. We can find z € Sy with
x*(z) =1 - 1. Define = y + 8(1 — ) 'z. Then

x" (y—f)z%rx*(z)+x* (y-%)26+x"(y-%)=¢
(82)

and hence

X+y
max{l—” yl
2

Azl -1l

£ ()11} 2 pr (o).
(83)

But we have [[|7] = |yl < ly = 7l = 8(1 = 7)™ and |x* () -
XMI<ly-yl=601- 7)7! as well as

=212
2 2
1 _ 1 8 )
< 3Ox-mely-3D =3 (0415 ) s 1o
(84)
Thus we get
X+ "
max 1= S22 1y - 111 () -}
85
) 5 (85)
Z;BX(x)e)__)

1-71

and since 0 < 7 < 1 was arbitrary, it follows that

max {1- | 2| Iy - 1], v () - 1]} = Bx R -,
(86)

Again, since (y, x") € V,  was arbitrary we can conclude that
Bx (X&) = Bx (x,€) <6 = lx - X]| (87)

and by symmetry it follows that
|Bx (%:8) = By (x, )] < lx = X (88)

Analogously one can prove that
|Bx (x,8) = Bx (x,8)| < e - & (89)

forall x € Sy andall 0 < ¢, &< 2. An application of the
triangle inequality then yields the result. O
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In the paper [16] Kaminska and Turett proved various
theorems concerning different rotundity properties of Kothe-
Bochner spaces. For example, by [16, Theorem 5] if E has
the so-called Fatou property and is LUR, then E(X) is LUR
whenever X is LUR. We will adopt the technique of proof
from [16, Theorem 5] to show the following result.

Theorem 15. IfE is LUR and X is sluacs smooth, then E(X) is
also sluacs.

Proof. Since E is LUR it is order continuous.
Let0 < e <2and f € Sgx, be arbitrary and let

aJres o s g (F96)2 1L o

for every n € N. Since by the previous lemma fy(-,€/8) is
continuous, it follows that the sets A, are measurable. Also,
the sequence (A,),cy is increasing and because X is sluacs,
we have [J;2, A, = {t € S: f(t) #0}; hence (I f () xs\4, )nen
decreases pointwise to zero. The order continuity of E implies
I "f(‘)”XS\A,, ||E — 0, and thus we can find n, € N with

1F O], = =

Now let us take g € Sgxy and [ € Sg(x)+ with [(g) = 1 and
I(f) <1 - e Letlbe represented by [F] € E'(X*,w"). As in
the proof of Proposition 9 we can conclude that

(o1

L IE Ol g )] due 0) = 1, (92)
IEOI|g®] =F®)(g®) ae (93)

Next we define
C:={teS:F(t) #0},

B:= {t ceC:FM)(g() - f(®) (94)

> SJF@lmax{]f O] Jg O]}

Then B is measurable, and

J F(t)(g®) - f®)dut)
S\B

< Z I IF () max {|[ £ @)||, |l ||} dpe (©)
S\B

<5 OOl lg@hanw = f2= 5.
(95)
Since I(g — f) = &, it follows that
[ Fo@o-reduns3. (96)
Let us fix 0 < # < min{e/16, 1/2n,} such that
n 2
— < —. (97)

l-n mn

Now consider the following sets:

(1-mf ol
Byi={teB: (1-n)|f O] <lg ] < |f O},
freB:(1-n)la®]<|f ol <lg®I}
Byi={teB: (1-n) g &) > | £ @]}

B;:= {teB:|g®)| <

Bs:

Then B,...,B, are measurable, pairwise disjoint, and
U?:l B; = B. Thus by (96) there exists some i € {1,...,4}
such that
€
Jrowo-roawo=5 o

If i = 1, then, since |g(t)|| < | f(t)] for t € B, it follows that
€
| rEenrolao s <, (100)
B, 16

and again by definition of B, we obtain

g OF =15 Ol
=llg O =15 Olle

> [ oI @l -lg@hdse 0O

> 1 Ll IF @1 O du ) > n-

and hence

f+g

“ lfC )II +1g0l

<1-8: (I Olngz )

(102)

E

In the case of i = 4 one can obtain the same statement by an
analogous argument. To treat the remaining cases we need
some preliminary considerations.

Let us denote by N the null set on which the equality from
(93) does not hold and suppose thatt € B, N A, N(S\ N).
Then in particular t € Band | f(¢)|| > IIg(t)II and ‘hence

F@t) (( g®)  f® ) € 103
IF @ (IIf(t)II Fop)>s %
Moreover, by the definitions of B, and A,, and the choice of
n we have
o || flsel ., 1
Il -zt =<,
WACH E) (& E)
Sﬁx(ﬂfﬁm’8 P\ Trols)
(104)
Sincet € (S\ N), we also have
F(t) (g(t) )_ _ ||g(t>||_1’<lg (f(t) g>
OO If ®l \rol s/
(105)
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So by definition of Sy we must have So if we put @ = min{a;, 0} and P = B,n A, N(S\N),

Q=B;nA, N(S\N) then
1” ORNION (f(t) f><1_i o
siron Tronl = A\ frere) = T Irorg0lsa-w ol sl veeruo
(106) (113)
Once more by the definition of B, this implies

Now we will show that if i = 2 and i = 3, respectively then

||MH < (1 - %) 17 @l [, 1E@1Lr O e

(114)
-1 £ €
<3 ( / "0 (If @) +lg @) (107) > = resp. JQ IE@ONS O] du @) = .
1 Let us first assume that i = 2, that is,
=5 (=) (5 ®l+lg®l), .
F H—f@)du(t) = -.
wherom o (L L - 50, sz O(g0)- ) du® > (115)
Now suppose that £ € By 0 A,,, 1 (S\ N). Then Since [F(Oll > Ig(®)] for ¢ € B, it follows that
E@) ((gt) f@® > € 108 e
IF <||y(t)|| lgol )z O Jo JE O o> (116)
Consequently Because N is a null set, we have
E®) (g  f® )
IE ( lo@l ~ 17 J, JE @1 o
ZZJF 1;(1‘) ( f@ £ ) :JB » IE @1 £ @] dpe (0)
FON\ o0l 170l w0 =
__Il O f I= g_’"f(t)” _1‘ :j WE I f O] due 0)
||g(t)|| @l 4 el ” (117)
€ -
S Lz\% IF @1 f 0] du (1)
Since |F(t)| IIg(t)II = F(t)(g(t)), the definition of 8y implies €
that . > - I\ IEOf O] du 0
1 f®) g(t) ‘ <f(t) 5> <1- 1 € e ¢ €
: “ 7ol *Tooll =~ P\lrors ' 2 35 lroha, ],z 552 4
(110) where the second last inequality holds because of (91).
where the latter inequality holds because of t € A,, . It follows Now assume that i = 3; that is,
that
. “ f0 oW ‘ J,ro@o-r@wo=5 ay
2llrel sl It follows that
1l g g ‘ c
TR H TECI I PCT| 32, ronsol 1 oD
1@l ‘ 1
-1
"f (t)” < JB3 IE ()l (1 T 71) "f (t)“ dp () (119)
1 1 1
SRE. <:1 . 1) Cl-a, < 4]33 IE O£ @] du 1),
where &, := 1/n, — (2 — 217)”" which by (97) is greater than  and hence as before we get
zero. Because of | f(£)] < lg(#)l, it follows that .
lf@+g@l=-a)(f Ol +lg®D. JIrOns o105 - -

32 64 64 (120)
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Soifi = 2, ori = 3 then there is R € {P, Q} such that

WrOlxle> | IFOIf Old®> 2. o
R

Put h = | f()I(1 = 20xz). Then h € Bg, and moreover
If I =hllg = 2allll f () xrll; > ce/32; hence

1
Il O =exle = S I O+ Al
(122)

e
<1-o:(lrol5)-
We further have

”f+g
2

E(X)

1
< IAF Ol 19 OD xsie+ 1 O + g Oll Xl

(113) 1
< U701+ 19 O xsie
=) (1 O+ 19 Ol el
1
Mg O+ 17 O -alf Ol el

IN

IN

1 1
Ol - el

L (o (1ren )

=1-30: (Il 5)-

IN

(123)

Altogether we have shown that, for

o= min {28, (Ir 1. 5 ). 8 (Ir O 32 )} > o,
(124)

we have for every g € Sy, and every ] € Spxy- withl(g) = 1
andI(f) <1-¢

<1-6.

< (125)
E(X)

Hf+g
2

By the aforementioned characterisation of sluacs spaces ([4,
Proposition 2.1]), this implies that E(X) is sluacs. O

Next we will have a look at the case of wuacs spaces.

Theorem 16. If y is a o-finite measure and E is wuacs,
reflexive, and has the Kadets-Klee property, then E(X) is wuacs
whenever X is wuacs.

Proof. Note that since E is reflexive (or since it has the Kadets-
Klee property), it is order continuous.

Let us take two sequences ( f,,),.en and (g,,),en in the unit
sphere of E(X) such that || f,, + g, Ex) — 2anda functional

1

I € Sg(x)*» as usual represented by [F] € E/(X*,w"), with

I(f,) — L
As in the proof of Theorem 10 we find

Jim [ IFOUS @l a0 =1 29)
and by passing to a subsequence also
Jm (IE@OIf O] -FO (£,®) =0 ae.  127)
It is also easy to see that
Jim [ £, + g, Ol = 2 (128)
Aim AO8+ 19,01+ 15,0 + 9,00l =4 (129)
Since E is wuacs, it follows from (126) and (128) that
Jim [ IFO1lg, 00 =1 w0)

Again since E is wuacs and because of (126), (128), (129), and
(130) we can deduce that

lim L IE O (£ O] + g, Of = [ £ &) + g ®)]) de ()

n— 00

=0.
(131)

Hence we can pass to a further subsequence such that

Jim [(F @I (£, O +[g. O£, O+ g, O =0 ae.
(132)

By the reflexivity of E we can pass once more to a subsequence
such that (|| f,(-)ID,.eny and (I1g,,()11),,eny are weakly convergent
to h; € Bp and h, € By, respectively. In view of (126) and
(130) it follows that

L IF @Ik () du(t) =1 Vie{l,2}, (133)

hence [|h [ = |,z = 1, and moreover
[y + By = 2. (134)

The fact that E has the Kadets-Klee property implies that
01 =l — o,

and thus by Lemma 7 we can, for the last time, pass to a
subsequence such that

Jim £, O] = by @),

g Ol = hall; — 0, (135)

nll,néo "gn (t)“ = h2 (t) a.e.
(136)

Let N;, N,, and N; denote the null sets on which the con-
vergence statement from (127), (132), and (136), respectively,
does not hold and put N = N; UN, U Ny aswellas B = {t €
S\ N:F()#0 and h,(t)# 0} and C = {t € B: h;(t) = 0}.
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Because of (134) and since E is in particular acs, we can
show just as in the proof of Proposition 9 that C is a null set.

The fact that X is wuacs together with Lemma 5 easily
implies that

lim (IF Ol ]lg, ®] - F #) (9, ®))) = 0,

(137)
Vte S\ (NUCQ).
By the weak convergence of (||g,,(-)I1),,en to b, we have
Jim [ 1F O g, 0] du o
(138)

- L IF (@) hy (t)du(t) VYAed.

Since E is reflexive, E' is order continuous, and thus we can
deduce as in the proof of Theorem 13, with the aid of Vitalis
lemma, (138), (137), and the fact that N U C is a null set, that

Jim [ (IFO1lg, O] - F 0 (g, ) du ) = 0. 139

Because of (130), it follows that

lim I(g,) = lim J F(t)(g, ) du() =1, (140)
n—00 n— 00 s
and we are done. O

If we combine the techniques of the proofs of Theorems
16 and 13, we can also obtain another result concerning luacs®
spaces (we omit the details).

Theorem 17. If u is a o-finite measure and E is luacs,
reflexive and has the Kadets-Klee property, then E(X) is luacs®
whenever X is luacs”.

It is further possible to obtain another sufficient condition
for E(X) to be sluacs.

Theorem 18. If y is a o-finite measure and E is sluacs™ and
reflexive and both E and E* have the Kadets-Klee property,
then E(X) is sluacs whenever X is sluacs.

Proof. Let (f,),cn be a sequence in Sg(x) and f € Sgx, such
thatwehave||f, + fllgx, — 2.Also,let(l,),cy beasequence
in Sgx)+ such that [,(f,) — 1. If we represent each [, by

[F,] € E'(X*,w"), we can obtain as usual

lim L 1E, O] 1, O du ) = 1, (141)

n—oo
and by passing to a subsequence also

lim ([|E, O £, & - E, ) (£, ®)) =0 ae.

n— 00

(142)
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as well as

Jim [[L£,6 + £ Ol = 2, (143)
Jim 14,0+ FO+[LOI+1FOlle =4 (49
Tim 15,0+ Ol + 1400 = 3 (145)
Jim [ £, + FOf+ [ FOUlz = 3, (146)
Jim [1£,0+ FO+[ALO1+31FOlle =6 q47)

Using the fact that E is sluacs™ we can conclude that
Jim L IE, O£ ©)f dpe ) = 1, (148)

Jim, L IE OLAf @1+ 1 O - 1f O+ f ©) du®)

=0.
(149)

So we can pass to another subsequence such that

Jim 5, (1, O + 1 O] - L 0+ FON =0 ae.
(150)

Since E (and hence also E™) is reflexive, we may assume with-
out loss of generality that (|| f,,(-)II),.e is weakly convergent to
some h € By and that (||F,(-)]),,en is weakly convergent to
some g € By = By

It follows from (148) that

L g |f @) du@) =1 (151)

and hence g € Sg-. Because of (151), (143), and the fact that E
is sluacs™, we get that

Jim [0l 00 =1, )
and consequently
[Lownoduo-1, (153

whence h € Sg. Since both E and E* have the Kadets-Klee
property, it follows that

Al = Al — o,

Thus we can pass once more to a subsequence such that

lim £, @] =h),

lEOl =gl — 0. a54)

Jim [E,®]=g@®) ae
(155)

Combining (153) and (151) we also obtain

In+1f Ofllg = 2. (156)
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Let N be a null set such that the convergence statements of
(142), (150), and (155) hold for everyt € S\N,andput B = {t €
S\ N:g(t)#0 andf(t) # 0} as well as C = {t € B: h(t) = 0}.

Similar to the arguments in the proof of Theorem 16 one
can see that C is a null set and then, using the fact that X is
sluacs, deduce that

tim (15, O£ O - 0 (F @) =0 ae

n—00

(157)

By our usual method based on Vitali’s lemma we can conclude
that for every A € of with pu(A) < co we have

lim L("F" O Ol - ) (F 0)) de () = 0. (158)

n— oo

Now we fix an increasing sequence (A,,),,cy in & such that
u(A,,) < coforallm € Nand |J), A, = S. The order
continuity of E implies [[[l f()lxs\a,ll, — 0. Analogous
to the argument at the end of the proof of Theorem 13, this
together with (158) leads to

tim | (15, @17 O] - £, (F @) dus(0 = 0. 159

n— 00

Taking into account (148) we arrive at

lim I, (f) = lim J F,(t)(f(@)du(t) =1, (160)
n— o0 n— 00 S
and the proof is finished. O

Next we will consider sufficient conditions for a Kothe-
Bochner space to be sluacs® (recall that a dual Banach space
X" is said to have the Kadets-Klee" property if it fulfils the
definition of the Kadets-Klee property with weak-replaced by
weak " -convergence).

Theorem19. Let E be a Kithe function space over the complete
o-finite measure space (S, o/, y), and let X be an sluacs®
Banach space. If E* has the Kadets-Klee™ property and in
addition

(a) E is sluacs®, reflexive, and has the Kadets-Klee prop-
erty or

(b) E is LUR and By. is weak” -sequentially compact,
then E(X) is sluacs”.

Proof. By Theorems 15 and 18 we already know that E(X)
is in both cases sluacs. Note also that in both cases E is
order continuous. Now take a sequence (f,),,cn in Sg(x) and
f € Spxy such that || f, + fllgy — 2, and let (1,),en be a
sequence in Sgxy+ such that [,(f) — 1. If we represent each

1, by [F,] € E'(X*,w*) we can obtain as usual

Jim [ [E, @11 Olde® =1 a6
and by passing to a subsequence also
lim (|E,@[f O1-E, @ (F©))=0 ae (62

n— 00

13
as well as

Jim [[L£,G + £ Ol = 2, (163)
Jim [1£,6)+ FOI+[ALOT+ 1Oz =4 q64)
Jim 7,0+ £OI+ 1400 =3, (165)
Jim [ £, + FOI+ 1 FONe = 3, (166)
Jim [ 4,0+ FOL+ [ LO1+ 31Oz =6 q67)

Since E is sluacs™, it follows that
Jim [ E, O, 0l =1 a6
Jim, [ 1B O 01+ 17 0] o

£+ F @) du =0,
so that by passing to another subsequence we can assume

Jim 5, O (L O+ 1 O - 15,0+ F©) =0 ae.
(170)

In both cases (a) and (b) the dual unit ball Bg. is weak™-
sequentially compact, so that we can also assume the weak”-
convergence of (|, (")]),,en to some g € Bg.. It follows from
(161) that

L g |f ®O)du®) =1, a71)

and hence |||l = 1. Since E* has the Kadets-Klee" property,
we get

lEOl = gl — o,

and thus we can, by passing to yet another subsequence,
assume that

172)

Am [E 0] =g @) ae. (173)

Next we claim that there is an h € Sy such that
| ownodauo-1, (174)

and, after passing to a subsequence once more,
H£:O1 = Al — 0. (175)

In case (b) E is LUR, and thus by (163) and (171) we can take
h =] f(-)l. In case (a) E is reflexive, and hence we can assume
that (|| £,,(-)I),.ey is weakly convergent to some h € Bg. Then
(174) follows from (172) and (168). This also implies [|h]z = 1,
and by the Kadets-Klee property of E we have (175).

By (175) we may assume that

Jim £, 0] =k ae. (176)
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Note that (171) and (174) imply that ||| f(-)Il + k[ = 2. Using
all this and the fact that X is sluacs™ one can first prove,
analogously to the arguments in the proof of Theorem 18, that

Jim ([E, O] | £, 0] - E, () (f,®)) =0 ae.  (77)
and then
Jgg;J;(HF;(ﬂHHf;(ﬂH-—fz(ﬂ(f;(w))du(0=:0, (178)

for every A € o with u(A) < oo.
Let us now fix a sequence (A,,)ey In & as in the
proof of Theorem 18. The order continuity of E implies

HfOlxs\a, ll; — 0

Let & > 0 be arbitrary. Since E is sluacs* there existsa & >
0 such that for all b € Sg and all ] € Bg. with [|b+ | f()llll =
2(1-8)and I(l f(:)I) =1 —SonehasI(b) > 1 — .

Fix m; € N with ””f(')”XS\AmO IIE < §/2. Because of (163),

(161) and (178) there is an N € N such that for all n > N the
inequalities

WA L+ 1F Ol 220 -9),

9
RECCIEOR RS 79)

[RCAC ARG B ACITAC) EMO RS

my

hold.
It follows that for every n > N we have

[, ol oo

< |Ir s, +| [ 1B @1 @l dn -1 <,
s
(180)
and hence by the choice of §,
[ im0l oleo=1- o

Consequently, for every n > N we have

[RUACTACI RV ACICACHEMD

S A [ TAC S ACIFATEME
S\Ayg

Ss+2[
S\A

<e+2(1-(1-¢) =3

IE, O£, )] dus (2)

mo

(182)

Thus we have shown

lim L (I O£ Ol = E, 0) (£, (1)) due(8) = 0. (183)

n— 00

Together with (168) it follows [,,(f,) — 1, as desired. O
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Now let us treat the case of uacs spaces. In analogy to
[4, Definition 3.15] we say that an order continuous Kothe
function space E has property (u") if for every ¢ > 0 there
is some § > 0 such that for all f, g € Sg and every h € Sp we
have

If+gls=20-9),

(184)
[, rhdu=1—= | m1f - gldu<e
This property certainly implies that E is uacs, while every
UR space has property (u*), but the author does not know
whether these implications are strict.

The following theorem holds. Its proof is completely
analogous to the one of [4, Theorem 3.16] (which is a
modification of the proof of [20, Theorem 3]), but we will
explicitly give it here, for the readers convenience.

Theorem 20. If E is an order continuous Kothe function space
with the property (u") (in particular, if E is UR) and X is a uacs
Banach space, then E(X) is also uacs.

Proof. Let 0 < & < 2 be arbitrary. Since E is in particular uacs
there is a number # > 0 such that for all functions a,b € Bg
and every functional I € By« with I(a) = 1 one has

1) < 1- 2% (f)::ua+wbsz(1-m. (185)

- Z uacs \ o
Now let f,g € Sg(x) such that [ f(£)[| = [g(t)] a.e., and let
L € E(X)" such that L(f) = 1 and L(g) < 1 —e&. We claim that
Lf + gl < 201 = 1.

Let L be represented by [F] € E'(X*,w"*), and put B =

gl v = IIFC)Il. Define y by y(£) = v(t)(t) - F(t)(g(t)).
Note that y is measurable and

O<y()<2v(t)B(t) VteS. (186)
As before we can deduce from L(f) = 1 that
J IFONF @l due =1 187)
and F(t)(f(t)) = IF@®II f(®)]l a.e., hence
FO)(f@®)=»r@®)B@#) ae. (188)

Next we define

1 ox y () ) .

2 uacs(,y(t)‘B(t) 1f0<Y(t)<v(t)/5(t)’
“0=10 ify () =0,

%&ﬁcs (1) otherwise.

(189)

Note that since Siims is continuous on (0, 1) (see [21, Lemma
3.10] or [4, Lemma 2.11]), the function « is measurable. Using
(188) it is easy to see that

[fO+g@®]|<20-a@®)p@) ae (190)
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By (186) and (187) we have Js p(t)du(t) < 2. Furthermore, we
also have

e<1-L(9)=L(f=9) = | FO(f ©)-9®)du®

< Ly(t) du(h);
(191)
thus

£ < L y©du(®) < 2. (192)

Now put A = {t € S: 2y(t) > ev(t)B(t)} and B = S\ A. We
then have (because of (187))

[ roa@w <] vopwduo
B B

(193)
< fj V() B(t)du(t) = &
<3, >
Together with (192) it follows that
e ¢
t)du(t -——=—, 194
[RICLTICET S (194)
Taking into account (186) we get
j v (t) B () du(r) > & (195)
A 4

Next we define h = Byg and h' = By, aswellas b = (1 -
6ics(e/2))h'. Then |h+h'| < |h+H|; = 1Bl = 1. Let
I be the functional on E represented by v = ||F(-)||. We have
I(h+H') =1(B) = 1 (by (187)) and further, by (195),

m _q,_ X (€ !
Hhan") =1-0%,(5)1(W)

-1 Lv(t)ﬁ(t)dy(t) <1- 25)‘(%)

(196)

So by our choice of 77 we get [|2h + W+ h'|p <20 - n); that
is,

_lsx <E>) , _
llh " (1 e (5))H] < 1-n o)
By monotonicity of . . we have
a(t) > LoX (f> Vte A (198)
= 2 uacs 2 °
Using (190), (198), and (197) we obtain
”f + g”E(X) = ””f ()+g ()""E < 2”(1 ) ﬁ“E
< 2"(1 -27'6% <5>>h’ +h| <2(1-7n).
2 E
(199)
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The first step of the proof is completed. Next we wish to
remove the restriction | f(:)] = [lg(-)|l a.e. So let again 0 <
€ < 2 be arbitrary, and choose 7 as above but corresponding
to the value ¢/2. Take 0 < w < 27/3.

Since E is uacs, we may find 7 > 0 such that for all a,b €
Bg and every [ € Bg. we have

la+blg>2(1-1)=1(b)>1-w.
(200)

l(a)>1-1,

Next we fix 0 < p < min{e/2, 27, w} and find a number 7 to
the value p according to the definition of the property (u") of
E. Finally, let 0 < & < min{z, 7}.

Let f,g € Sgx) be arbitrary and L € Sgy) (as usually
represented by F) such that L(f) = land || f + gIIE(X) >2(1-
&). We are going to prove that L(g) > 1 — ¢, thus showing that
E(X) is uacs.

To this end, we definez: S — X by

If @l :
LEE ] f ,
Z(t) = "g (t)“ gt) ifg(t) #0 (201)
f@) if g(t)=0.
Then z is Bochner-measurable, and [z(t)| = [ f(#)] for all
t € S (hence z € E(X)). Furthermore,
lz0-g@l=Ilf @l -lg®ll vees. o)
As before we have
J 1O O s =1 (203)
Also,
20-0) <2 -9 <[ f + gllgg < MFON+ 190N -
(204)
so the choice of T together with (202) implies
L IF )] ||z () — g @)] du (£) < p. (205)
Next we observe that
lFOI+lg Ol +1f O +aOlle
(206)
22| f +glppz41-8=4(1-1),
and (because of (203) and (205))
J IFOIUS O + g @) du o
— 1+ [ 1F @19 ©] du @)
s
> 1+ [ IFOIF O] duto
S (207)

- L IEOIf O] - g O] due

=2 [IF @ ©] - s 0ll4

>2-p22(1-1).
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So (200) implies

L IEOIS O +g®]du®)>2(0-w).  (208)
Using (205) and (208) we can conclude
I+ 2lleo = [ IFOULF © +2 0] du @)
> | IE@NF O+ 9O du o)
S (209)

- [IF@nlg© -z @l aue

>2(1-w)-p>2(1-7n).

By the choice of # this implies L(z) > 1 — ¢/2. But by (205)
we also have [L(g) — L(z)| < p; hence L(g) > L(z) — p >
l1-¢/2-p>1-¢. O

The above theorem admits the following corollary.

Corollary 21. IfE is a US Kéthe function space and X is a uacs
Banach space, and hence also E(X) is uacs.

Proof. Since uacs is a self-dual property (cf. [4, Corollary
2.13]) X* is also uacs, and since E is US, we have that E* = E’'
is UR (cf. [2, Theorem 9.10]). So by the previous theorem
E'(X*) is uacs. But as a uacs space, X* is reflexive, and
hence it has the Radon-Nikodym property. It follows from the
general theory in [13] that in this case E(X)" is isometrically
isomorphic to E'(X*), so E(X)* and hence also E(X) is
uacs. O

Finally, we consider some midpoint version of luacs and
sluacs spaces. Let us first recall the following well-known
notions: a Banach space X is said to be midpoint locally
uniformly rotund (MLUR) if for any two sequences (x,,),.cn
and (,),.en in Sy and every x € Sy we have

X, +
|5 5222
2

— 0= ||x, - y,]| — 0. (210)

X is called weakly midpoint locally uniformly rotund
(WMLUR) if it satisfies the above condition with
lx, = v, — 0 replaced by x,, — y, 2,0, where the
symbol Z, denotes the convergence in the weak topology of
X. The notion of MLUR spaces was originally introduced by
Anderson in [22].

In [4] the author introduced the following analogous
definitions.

Definition 22. Let X be a Banach space.

(i) The space X is said to be midpoint locally uniformly
alternatively convex or smooth (mluacs) if for any two
sequences (x,,),cn and (¥,),ey in Sy, every x € Sy,
and every x* € Sy, one has

|5 222

— 0, x"(x,) —1=x"(y,) — L
(211)
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MLUR

NS
L > l

sluacs WLUR mluacs ——> acs
luacs
FIGURE 4

(ii) The space X is called midpoint strongly locally uni-
formly alternatively convex or smooth (msluacs) if for
any two sequences (x,,),cy and (¥,),en in Sy, every
x € Sy and every sequence (x, ),y in Sx+, one has

|5 222

- 0’ x; (xn) — 1= x:; (yn) — L
(212)

Figure 4 summarises the obvious implications. No other
implications are true in general (see the examples in [4]).

Concerning the properties msluacs and mluacs for
Kéthe-Bochner spaces we have the following result.

Theorem 23. Let E be an MLUR Kéthe function space over a
complete o-finite measure space and X a Banach space. If X
is mluacs, then so is E(X). If X is msluacs and in addition E*
has the Kadets-Klee* property and By is weak™ -sequentially
compact, then E(X) is also msluacs.

Proof. Let us first recall that £*° has no equivalent MLUR
norm (cf. [11, Theorem 2.1.5]), and so by [11, Propositions
3.1.4 and 3.1.5] (and since every Kothe function space is o-
order complete), E must be order continuous.

Now let us assume that X is msluacs and E* has the
Kadets-Klee* property and weak” -sequentially compact unit
ball. To show that E(X) is msluacs we will proceed in an
analogous way to the proof of [4, Proposition 4.7], which in
turn uses techniques from the proof of [23, Proposition 4].

So let us take two sequences (f,),en» (91)nen 0 Sg(x) and
f € Sgx such that || f, + g, - 2flgx — 0. Also, take
a sequence (I,),y of norm-one functionals on E(X) such
that [,(f,) — 1. As usual, [, will be represented by [F,] €
E'(X*,w"), and we conclude

Jim [ IR @GOl =1 @
and, after passing to an appropriate subsequence,
lim (|F, O] | f ®] = E, @) (f,®)) =0 ae. (214

n— 00

We also have

21O =152 O + 9. Ollle
=R O =10 O+ g, Ol

= ||||2f () - fn ()- In ()“"E = ”2f - fn - gn"E(X);
(215)
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hence
I21FOI =150+ g, Olllz — O (216)
As before we can also show
Ol + g, Ol — 2. (217)

Also, because of || f, + g, = 2fllpx) — 0, we may pass to a
further subsequence such that

Jim £, @)+ g,@6)-2f (®)] =0 ae. (29
Let us define for everyn € N
1
a, ):=2f O - 5 (IS @l + g O
) (219)
bn (t):= "f (t)” - z ”fn (t) + In (t)" :
Note that
IF @l <@+ 3 (f O+ la, @) @20
Soifa,(t) = 0, then
1
la, @] = 2[.f @ = 5 (1A @] + g, @)
) (221)
<2, 01+ (1,01 + o, @]
Ifa,(t) < 0, then
1
@, ®] = 5 (15, O] + g, O) - 2] f @)
1 (222)
<26, @+ 5 (Ifa O+ g, ®I)-
So we always have
o, O < 2[5, 0]+ 5 (1, O + g, @D @29
It follows that
1
M2 O+ llgn Ollle + 2081
1
> el Un 01l 0D, @9

1
2 flaule = 2 = S5 O + 9. Ol

and we can conclude with (216) and (217) that ||a,[l; — 1.
Using this together with (216), || f,()Il + 19, + 2a, =
4]l f()II, and the fact that E is MLUR we get

Aim 12| FO = 1£60 = g, Ol = 0. (225)
Again, since E is MLUR, this implies
tim[[.£,01 = 9. Ol = 0. (226)

n— 00
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Because of (225) and (226), we can pass to a further
subsequence such that

lim |5, ] = |f ©] = lim_lg,®] ae

n— oo n— 00

(227)

Since By is weak”-sequentially compact we may also ass-
sume that (||F,(-)I]),,cy weak™ -converges to some g € Bp.

Equations (225) and (226) imply £, - I Olll; —
0. Together with (213) this gives us

Jim [0l Oldwo=-1 23
hence we also have
[ g OnLf @l dute) = 29)

thus |lglly; = 1. Since E* has the Kadets-Klee® property, it
follows that [|[[|F,(-)| = glly — 0, so if we pass again to a
subsequence, we may assume

Am [E 0] = g(@)  ae. (230)

Now if we combine (214), (216), (227), and (230) we obtain

Jim (B, O f O -E. O ®)=0 ae, (231
since X is msluacs.

Using our usual argument via equi-integrability and
Vitali’s lemma this leads to

lim L(IIFn OIf O -E @ (f ) du® =0 (232)

n— 00

for every A € o with u(A) < oo.
By the order continuity of E we can derive from this

Jim [ (E @11 O] -F. 0 (f ©) s =0 @33
also in the o-finite case (cf. the proof of Theorem 18).
Combining (233) and (228) gives us [,(f) — 1, and we
are done.
The statement about mluacs spaces can be proved simi-
larly. O

We remark that the results proved in this section espe-
cially apply to L? spaces for 1 < p < oo (as we said before,
for the properties acs/luacs/uacs this was already proved by
Sirotkin in [5]).

Corollary 24. If X is acs/luacs/luacs" /sluacs/sluacs” /mluacs/
msluacs/wuacs/uacs, then for any complete, o-finite measure
space (S, 9, p) and any 1 < p < oo the Lebesgue-Bochner
space L¥ (u)(X) has the same property.

In the last section we will establish some further connec-
tions between the various properties that we considered in
this paper.
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4. Miscellaneous

In [24] Lovaglia called a Banach space X weakly locally
uniformly rotund if for every sequence (x,,),ey in Sy, every
x € Sy and each x* € Sy, the implication

[[x, + x| — 2, xX(x)=1=x"(x,) — 1 (234)
holds. Since this notion of weak local uniform rotundity
is strictly weaker than the notion of WLUR spaces that is
nowadays commonly used, we will call such spaces WLUR
in the sense of Lovaglia. (A dual Banach space will be
called WLUR" in the sense of Lovaglia, if it fulfils Lovaglia’s
definition for all evaluation functionals.) By definition, a
Banach space is luacs® if and only if it is luacs and WLUR
in the sense of Lovaglia. Also, the following is valid.

Proposition 25. A Banach space X is luacs™ if and only if X
is WLUR in the sense of Lovaglia and for all x*, y* € Sy with
x* + y*|| = 2 and every x € Sy with x™(x) = 1 one also has
¥ (x) =1

Proof. The necessity is clear because of [4, Proposition 2.16
(1)]. For the sufficiency we only have to prove that X is luacs,
so let us take a sequence (x,,),cy in Sy and x € Sy such that
lx, + x| — 2aswellas x* € Sy. with x"(x,,) — 1. Since
By is weak”-compact, we can find x** € By.. and a subnet
(Xy())ier Which is weak”-convergent to x™*. It follows that
X (xT) =1 =[x

Now fix a sequence (y,, ),y in Sx- such that y (x,+x) —
2.Theny(x,) — landy, (x) — 1.Thereare y* € By. and
asubnet (y,;)je; which is weak”-convergent to y™. It follows
that y*(x) = 1 = [¥"|. Since X is WLUR in the sense of
Lovaglia, we conclude y*(x,) — 1.1t follows that x**(y") =
1 =x""(x"); hence |x™ + y*|| = 2.

Because of y*(x) = 1, our assumption implies x*(x) = 1
and we are done. O

The following assertion is also easy to prove (we omit the
details).

Proposition 26. If X is a Banach space which is WLUR in the
sense of Lovaglia, and such that X* is WLUR" in the sense of
Lovaglia then X is sluacs.

Under additional assumptions on the space X it is
possible to prove some more results.

Proposition 27. Let X be a reflexive Banach space.

(i) If X is WLUR in the sense of Lovaglia, then X is luacs”.
(ii) If X is sluacs and luacs®, then X is wuacs.
(iii) If X is wuacs and R, then X is WLUR.

Proof. (i) follows directly from the Proposition 25 and [4,
Proposition 2.15]. Of the remaining assertions we will only
prove (iii) explicitly.

Let (x,),ecn be a sequence in Sy and x € Sy such that
lx, + x| — 2. We can find a sequence (x,),ey in Sx- such
thatx; (x,+x) — 2,andhencex,(x,) — landx)(x) — 1.
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Since X is reflexive, we may assume that (x),cy is
weak”-convergent to some y* € By and (x,,),y is weakly
convergent to some y € By. It follows that y*(x) = 1 and
hence ||lx, + y*| — 2.

Since X is wuacs, the dual space X™ is sluacs (cf. [4,
Proposition 2.16]), and thus (because of x;,(x,) — 1) we
can conclude that y*(x,) — 1, whence y*(y) =1 = y*(x),
which implies [|x+ y|| = 2, which by the rotundity of X implies
x=y. O

Proposition 28. Let X be a reflexive Banach space with the
Kadets-Klee property.

(i) If X is acs then X, is luacs.

(ii) If X is WLUR in the sense of Lovaglia, then X is wuacs
and sluacs”.

(iii) If X is WLUR in the sense of Lovaglia and R, then X is
wuacs and LUR.

Proof. (i) Let (x,,),en» %> and y be as in the proof of (iii) of
the previous proposition and let x* € Sy with x*(x,) — 1.
Then x*(y) = 1 and hence ||y| = 1. Since X has the Kadets-
Klee property, it follows that [ x,,— y| — 0and thus||x+y|| =
2. Because X is acs, we obtain x*(x) = 1, as desired.

(ii) We first show that X is wuacs. Take two sequences
(%) pen and (¥,),en in Sy such that [x, + y,| — 2anda
functional x* € Sy. with x"(x,,) — 1. By the reflexivity of
X we may assume that (x,,),cy is weakly convergent to some
x € By. Then x*(x) = 1; hence ||x| = 1.

But X has the Kadets-Klee property, so this implies ||x,, —
x| — 0.

Now fix a sequence (y, ),y in Sx- such that y; (x,) —
1, and y (y,) — 1. It follows that y'(x) — 1 and
consequently ||y, + x| — 2.

Since x*(x) = 1 and X is WLUR in the sense of Lovaglia,
we get x*(y,) — 1, proving that X is wuacs.

Now we will show that X is sluacs. Take (x,,),,cp and x in
Sx with |lx,, + x| — 2 and a sequence (x ), in Sx- such
that x;,(x,) — 1. Also, fix a sequence (y,),ey in S+ with
ya(x,) — land y, (x) — 1.

We may assume that (x,,),,¢ is weakly convergent to some
y € By and (y,),,ey is weak”-convergent to some y* € By..
It follows that y*(x) = 1, and hence [|y* + y, || — 2.

Since X is wuacs, X" is sluacs, and thus we get y*(x,,) —
1. It follows that y*(y) = 1; hence ||yl = 1 and [x + y| = 2.
The Kadets-Klee property of X gives us ||x,, — y|| — 0.

Because of x)(x,) — 1, we can now infer x,(y) — L.
Since X is in particular acs, this implies x, (x) — 1 (cf. [4,
Proposition 2.19]).

We will skip the last part of the proof, the reverse
implication in the definition of sluacs™.

(iii) By (ii) X is wuacs and sluacs™. Let us take a sequence
(x,)en In Sy and an element x € Sy such that [ x, +x]| — 2.
Fix a sequence (x,),,¢y in Sy« such that x; (x,,) = 1, for every
n € N. Since X is sluacs, it follows that x, (x) — 1.

Assume that (x,,),,c is weakly convergent to y € By and
that (x,),ey is weak™-convergent to x* € By.. It follows that
x"(x) = 1 and hence x* € Sy.. Moreover, since X is WLUR
in the sense of Lovaglia, we get that x*(x,,) — 1.
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Since (x,,),,cn converges weakly to y this implies x*(y) =
1 and hence ||yl = 1. Now the Kadets-Klee property of X
allows us to conclude ||x,, — y| — 0.

Because of x"(x) = x*(y) = 1, we must have ||x + y|| = 2
and thus the rotundity of X implies x = y. O

Proposition 29. Let X be a Banach space such that X~
has the Kadets-Klee™ property and By is weak™-sequentially
compact.

(i) If X is S, then it is also WLUR in the sense of Lovaglia.

(ii) If X* is acs, then X is luacs*, and for all sequences
(%) nen i1 Sxs (X)) e in Sy and every x € Sy with
Ix, + x|l = 2andx,(x) — 1onehasx,(x,) — L

(ili) If X* is WLUR" in the sense of Lovaglia, then X is
sluacs.

Proof. We will only prove (iii), so let (x,,),y and x be in Sy
with [lx, + x[| — 2 and (x,),en @ sequence in Sy- such
that x(x,) — 1. Let (¥),ey be a sequence in Sy. with
ya(x,) — land y,(x) — 1.

By assumption, we may suppose that (y, ),y is weak”-
convergent to some y* € By-. Then y*(x) = 1; hence y* €
Sx+. By the Kadets-Klee” property of X* we must have ||y, —
¥l — o.

It follows that y*(x,) — 1;hence |lx, + y*| — 2. Since
X" is WLUR" in the sense of Lovaglia, we obtain x,(x) —
1. O
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