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Chapter 1

Introduction

1.1 Scale separation and effective models

At its core, statistical physics is the pursuit of effective descriptions of systems that are comprised
of many degrees of freedom [1–3]. A prototypical example for this is a dilute gas, where
one is typically not interested in the detailed motion of each individual particle, but rather in
macroscopic properties like the pressure the gas exerts on a bounding wall. Indeed, one of the
early successes of equilibrium statistical physics was the derivation of the heuristically known
ideal gas law starting from atomistic detail [1–3]. The reason that simple macroscopic equations
can describe properties of complicated many-body systems is separation of scales. In the above
example of a gas, both length and time scales associated with the intermolecular interactions are
typically much smaller than those of the macroscopic observable one is interested in. This scale
separation, together with the fact that there are many particles involved, leads to the emergence
of the macroscopic law [1–3].

In non-equilibrium statistical physics, a similar prototypical example is the Langevin equation
[4–9]. In 1827, the botanist Robert Brown observed that a pollen grain, when suspended on
water, performs a seemingly random jittery motion [10]. Since a similar motion is present for
a variety of materials, for example pulverized volcanic ashes, he could exclude the possibility
that living pollen is actively moving. If not life, then what was causing those particles to move?
The origin of the “Brownian motion” was only fully understood at the beginning of the 20th
century, independently by Albert Einstein [11] and Marian Smoluchowski [12]. They presumed
that the motion of the suspended particle is caused by ongoing collisions with the surrounding
water molecules, and derived a probability distribution for the particle position, which obeys the
diffusion equation. That this equation indeed describes how a pollen grain on water moves was
subsequently verified experimentally by Jean-Baptiste Perrin [13], who would receive the Nobel
Prize in Physics for this work in 1926.

While Einstein and Smoluchowski considered the probability distribution of the suspended
particle, Paul Langevin took a different, yet equivalent, perspective. In 1908, he postulated
an equation of motion for the position of the particle by adding a stochastic term to Newton’s
equation of motion, thus obtaining [4, 5]

m�x(t) = �
 _x(t) + F (x(t)) + FR(t): (1.1)
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In this equation, which today is called the Langevin equation [6–9], m and x are mass and
position of the particle, time derivatives are denoted by dots, 
 is a friction coefficient, F (x)
is a deterministic external force (which in the case of Brownian motion vanishes) and FR(t) is
a stochastic force, modeled as a Gaussian stochastic process with zero mean. The interaction
between system (the pollen grain) and environment (the water molecules) is described by both
the frictional and the stochastic force, and their common origin manifests itself in a relation
called the fluctuation-dissipation theorem [6–8]. Due to the stochastic nature of FR, solutions of
the Langevin equation Eq. (1.1) are themselves stochastic, and upon averaging it can be shown
that the Langevin equation is indeed equivalent to the diffusion equation originally used to model
Brownian motion [6–8].

A key concept in the models of Einstein, Smoluchowski and Langevin is separation of scales.
The Langevin equation is formulated for the typical time scales on which the suspended particle
moves. On these time scales, which are much larger than the typical time scales of the smaller and
lighter solvent molecules, the bombardment of the suspended particle by the solvent molecules
seems random and uncorrelated in time. This is reflected in the properties of the stochastic force
FR and allows for formulating the relatively simple effective equation (1.1) for the interaction of
the particle with its environment [7–9].

But what happens if we consider the motion of the suspended particle for very short times,
comparable to the solvent time scales? Or if we consider a system with characteristic time scales
comparable to those of its environment? And is there a systematic way of deriving the Langevin
equation from the Newtonian equations of motion of all the particles involved? Pioneering
work in this direction was done by Hazime Mori [14] and Robert Zwanzig [15, 16] in the 1960s.
They considered a dynamical system with many degrees of freedom, comprised of a reaction
coordinate x which is linearly coupled to an environment, also called “heat bath”. The reaction
coordinate is not necessarily the position of a particle but can be something more abstract, for
example a particle density in a volume, or a vector connecting two particles. By eliminating the
heat bath variables from the equation of motion of the reaction coordinate, Mori and Zwanzig
derived what is today called the generalized Langevin equation (GLE),

m�x(t) = �
Z t

0
dt0 �(t0) _x(t� t0) + F (x(t)) + FR(t): (1.2)

The effect of the environment on the reaction coordinate is twofold. First, there is a frictional
force modeled by a function �(t), called the memory kernel. Second there is a stochastic force
FR(t), where stochasticity enters by assuming appropriate random initial conditions for the
environment [8]. As in the Langevin equation, the common origin of memory kernel and random
force leads to a generalized fluctuation-dissipation theorem. Because of the integral in Eq. (1.2),
the evolution of the reaction coordinate at a given time does not only depend on its state at that
time, but also on its states at previous times. This is called memory, or the GLE is said to exhibit
“non-Markovian dynamics”. In contrast, the Langevin equation Eq. (1.1), where the acceleration
at a given time only depends on the state at the same time, is a “Markovian” equation. If there is
separation of time scales, i.e., if the time scale on which �(t) decays is much smaller than the
time scale on which _x(t) varies, the history-dependence in Eq. (1.2) can be neglected, and the
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original Langevin equation be recovered via

�(t) �! 2
�(t); (1.3)
Z t

0
dt0�(t0) _x(t� t0) �! 
 _x(t); (1.4)

where 
 =
R1

0 dt�(t) [8]. If there is no separation of time scales between � and _x, memory
effects can influence the dynamics of x on time scales much larger than the decay time of �.

The works of Mori and Zwanzig reveal a very general principle, namely that eliminating
degrees of freedom in a dynamical system can lead to memory effects in the effective equations
for the remaining degrees of freedom [7, 8, 14–16]. As a matter of fact, the converse is also
true. Typically, reaction coordinates which display memory effects can be described by a set of
Markovian equations via introducing additional degrees of freedom, i.e., by adding an explicit
model for the environment [7, 8]. The Mori-Zwanzig derivation furthermore illustrates that
whether dynamics is Markovian or exhibits memory effects depends on what is considered
“reaction coordinate” and what is considered “environment”.

Since the Markovian Eq. (1.1) is easier to analyze than the non-Markovian Eq. (1.2), much effort
is put into identifying relevant reaction coordinates that are (approximately) Markovian [17–26].
However, for a given physical question such reaction coordinates might not exist, so that including
memory effects becomes indispensible [7, 27–34]. As we further outline in the next section,
many systems encountered in biological physics are of the latter type.

1.2 Biological systems are never isolated

Cells are often referred to as the units of living matter [35–37]. Indeed, each living organism
originates from the division of a single cell, and apart from having the ability to divide, cells
store information, react to external stimuli, move, and can even destroy themselves [35–37]. Each
cell is bounded by a biomembrane, and densely packed on the inside. An important class of
biomolecules populating the cell are proteins, which together with water make up most of the
mass of a cell [36]. To enable the cell to function, proteins perform a multitude of tasks including
catalyzing reactions, processing information, building and transporting other molecules, and
regulating in- and outfluxes through the cell membrane [27,35–40]. Throughout, they interact
with their heterogeneous environment so that, much like a pollen grain on water, no protein is
ever isolated. In fact, the interaction of a protein with its surroundings is typically even necessary
for proper function. For example, many proteins have to reach and maintain a folded state to be
functional, and this is assisted by interactions with both surrounding molecules, and interactions
among different parts of the protein itself [38, 41–46].

A quantitative model for a single reaction coordinate of a single protein would require including
all the degrees of freedom that couple to the reaction coordinate, which can be computationally
prohibitive or impossible due to the lack of detailed knowledge about the environment. It is
therefore not surprising that one resorts to effective descriptions, and that both the Langevin
equation and the generalized Langevin equation are cornerstones of biological and soft-matter
physics [7, 9, 27].
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The Langevin equation has successfully been applied to model, for example, both translational
and rotational diffusion of bacteria [39, 40], diffusion through membranes [35, 47–49], and
chemical reactions [50–52]. With advances in experimental techniques, such as Förster resonance
energy transfer (FRET) or single-molecule spectroscopy, ever smaller scales can be probed
directly [53–56]. In parallel, increasing computing power allows for simulation of larger systems,
so that many-body dynamics can also be probed computationally [57–60]. These developments
led to the observation of memory effects in many biologically relevant reaction coordinates. For
example, memory effects were observed in conformational transitions in small molecules [28,29],
lateral diffusion of particles in biomembranes [30, 31], the dynamics of an individual monomer
in large polymers [32–34], the motion of colloidal particles in actin networks [61] and other
crowded environments [27], and the folding kinetics of polymers and peptides [62–65]. In
these systems, there is typically no strict separation of time scales between the dynamics of
what is considered “reaction coordinate” and “environment”, so that memory effects cannot
be neglected. We thus see that the models introduced by Einstein, Smoluchowski, Langevin,
Mori, and Zwanzig continue to be of great importance, and in particular are indispensable for
understanding biological and soft-matter systems on a microscopic scale.

1.3 Outline of this work

In the present work, we consider three systems in the realm of biological soft-matter physics
where memory effects are relevant. In short, the first part is devoted to effectively modeling
the large scale behavior of polymers using the generalized Langevin equation. In the second
part, we consider a model system to study how memory effects influence processes such as
chemical reactions or conformational transitions of molecules. In the third part we consider
surface waves, a phenomenon usually not associated with memory, but in which such effects
emerge as a consequence of dimensional reduction.

Cyclization dynamics of polymers. The kinetics of loop formation of polymers is of bio-
physical interest for protein folding [65–67] or regulation of gene expression [68–71]. Simply
speaking, one wants to know the time needed until two residues of a polymer find each other,
called the cyclization time. Figure 1.1 (a) illustrates a polymer backbone model (with the terminal
residues enlarged) and highlights the appropriate reaction coordinate for studying cyclization of
the polymer endpoints, the end-to-end distance of the chain. Memory effects arise because the
typical time scales of the end-to-end distance motion are comparable to those of other internal
degrees of freedom of the molecule, and in Chapter 2 we investigate the cyclization time by
analyzing the non-Markovian dynamics of the end-to-end distance. We run Langevin simulations
for several polymer backbone models, including the case where the chain can intersect itself
(phantom chains) and where the chain is self-avoiding and collapses to form a globule. We
numerically extract memory kernels and find that for phantom chains, the end-to-end distance
dynamics is described by a memory kernel with intermediate scaling

�(t) � t�1=2; (1.5)

independent of the precise nature of the bonded interactions. On the other hand, for a self-avoiding
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Figure 1.1: Illustrations of the systems considered in this dissertation. (a) In a polymer, the
coupling of the end-to-end distance (indicated as a black line) to the internal degrees of freedom
leads to memory effects. This affects folding kinetics, see Chapter 2 for details. (b) Memory
effects change the barrier crossing time as compared to the Markovian (short memory) limit. This
can lead to both acceleration and slowdown of barrier crossing. See Chapters 3 and 4 for details.
(c) Pressure waves in a compressible interface on a viscous fluid are described by a fractional
wave equation. Memory effects arise because the dynamics of the bulk medium (shown in blue)
is eliminated from the dynamical equations of the interface (shown in green), and the time scales
of bulk- and surface dynamics are comparable. See Chapter 6 for details. The figures shown
here are based on (a) Fig. 2.3, (b) Fig. 3.1, and (c) Fig. 6.1.

collapsed chain, we find

�(t) � t�6=11: (1.6)

For both phantom and self-avoiding collapsed chains, we numerically calculate the cyclization
time �c and observe that the phantom chain reproduces the known scalings �c � N2 [72, 73],
�c � N3=2 [74], where N is the number of monomers. For the self-avoiding collapsed polymer
we find the scaling �c � N5=3, and using Flory theory relate this scaling to the non-Markovian
dynamics of the end-to-end distance.

Barrier crossing in systems with memory. The rate-determining step of chemical and
conformational molecular reactions is typically modeled as the crossing over a single barrier in
an effective one-dimensional energy landscape [75–85], see Fig. 1.1 (b) for an illustration. The
one-dimensional reaction coordinate x is coupled to both solvent and intra- or intermolecular
degrees of freedom, and if there is no separation of time scales between x and the orthogonal
degrees of freedom, then memory effects are present [25, 29, 86]. In Chapters 3 and 4, we
consider the GLE Eq. (1.2) as a model system for dynamics with memory effects, and address
the question how the mean first-passage time for barrier crossing �MFP depends on the time
scales of the system.

In Chapter 3 we consider a single-exponential memory kernel

�(t) =



��
e�t=�� : (1.7)
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We simulate the corresponding GLE in the complete parameter space that encompasses both
low and high friction 
 as well as short and long memory times ��, compare our numerical data
for �MFP to predictions of well-known non-Markovian rate theories by Grote-Hynes (GH) [87]
and Pollak-Grabert-Hänggi (PGH) [88], and present a simple heuristic formula for �MFP that
holds globally as a function of all parameters. We find that there is an intermediate regime where
memory effects accelerate barrier crossing as compared to the Markovian case, and use our
heuristic formula to establish a scaling diagram that contains all asymptotic regimes, as well as
the intermediate memory acceleration regime.

In Chapter 4 we then consider a bi-exponential memory kernel

�(t) =



2�1
e�t=�1 +




2�2
e�t=�2 : (1.8)

We simulate the corresponding GLE to obtain the barrier crossing time �MFP as a function of

, �1, �2. We find that �MFP is dominated by the shorter of the two memory times �1, �2, and
extend the heuristic formula from Chapter 3 to also include the bi-exponential scenario.

Surface waves. Recently, surface waves have received focal attention in the context of nerve
pulse propagation. It was found experimentally that nerve pulses are accompanied by mechanical
displacements in the nerve cell membrane [89, 90]. To address the question whether these
pressure pulses are of functional relevance, extensive experimental studies of pressure pulses
in membranes have been carried out on a simple model system comprised of a lipid monolayer
spread at the air-water interface [91–94]. While the exact relevance of pressure pulses for nerve
pulse propagation is still a matter of debate, it was found that the pressure waves which propagate
in such a system share many interesting properties with nerve pulses; in particular, they show a
nonlinear all-or-nothing response when excited by different driving amplitudes [93,94]. The aim
of Chapters 5 and 6 is to first understand linear surface waves, and then to derive a comprehensive
theory of nonlinear pressure waves at interfaces.

In Chapter 5, we discuss the linear theory of surface waves on a semi-infinite viscoelastic
medium bounded by a 2D viscoelastic interface, see Fig. 1.1 (c) for an illustration. We derive the
generic dispersion relation describing the surface waves that can exist in such a system, which
contains the known Rayleigh, capillary-gravity and Lucassen wave solutions as limiting cases.
We furthermore identify an additional solution that differs from all previously described waves
in that gravitation, surface tension and bulk shear viscosity must simultaneously be nonzero for
it to exist, and which can in principle be excited on a pure air-water interface. Finally, we discuss
the existence regions of the various surface waves and find that for a surfactant monolayer on
water, the number of coexisting wave solutions switches between one and three, depending on
interfacial compressibility and frequency.

In Chapter 6, we focus on the Lucassen wave, which is the 2D pressure wave observed in the
above-mentioned experiments [93, 94]. We first derive the fractional surface wave equation that
governs the linear Lucassen wave discussed in Chapter 5. The fractional character of the surface
wave equation characterizes memory effects, which appear because the degrees of freedom of
the bulk medium below the interface are eliminated. This results in memory effects that couple
to the interface acceleration and, in the notation of Section 1.1, scale as

�(t) � t�1=2: (1.9)

6
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Having established the linear fractional wave equation, we include nonlinear effects arising from
the dependence of the interface compressibility on the local compression. This reflects a phase
transition at the interface, and the precise form of our nonlinearity is based on experimental
measurements by our collaborators Matthias Schneider (TU Dortmund) and Shamit Shrivastava.
Numerical solutions of our nonlinear fractional theory reproduce several experimental key
features of surface waves in phospholipid monolayers at the air-water interface without freely
adjustable fitting parameters. In particular, the propagation distance of the surface wave abruptly
increases at a threshold excitation amplitude. Similar to experimental results, we find a wave
velocity of the order of 40 cm/s, which slightly increases as a function of the excitation amplitude.
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Chapter 2

Cyclization dynamics of ideal and
self-avoiding collapsed polymers

Bibliographic information: The content of this chapter and of Appendix A is in preparation to
be submitted to a peer-reviewed journal (Ref. [i]).

2.1 Introduction

The kinetics of loop formation of polymers is of biophysical interest for protein folding [65–67]
or regulation of gene expression [68–71]. Consequently, this topic has been studied extensively
both experimentally [65–67, 95, 96], and theoretically [62, 68, 72, 74, 97–99]. For loop formation
of polymers the observable of interest is the cyclization time �c, which is the mean time needed
for the two ends of a polymer to fall below a threshold distance Rc, called the capture radius,
after starting from a distance Rs > Rc. Pioneering theoretical works predicted the cyclization
time for a Gaussian chain undergoing Rouse dynamics to scale with the number of monomers N
as

�c � N� (2.1)

with � = 2 for Rc not too small, known as the Wilemski-Fixman (WF) scaling [72, 73], and
� = 3=2 for small capture radii, known as the Szabo-Schulten-Schulten (SSS) scaling [74]. Since
the end-to-end distance Rete is a collective variable involving all internal degrees of freedom of
the chain, analytical treatments typically include the whole conformational space of the polymer to
obtain the dynamics ofRete [62,68,97]. Only recently effective descriptions of polymer dynamics
in terms of the generalized Langevin equation (GLE) have been developed [32–34, 100, 101]
to tackle the complex relaxation kinetics observed in experiments [64,102,103]. For realistic
self-avoiding chain models approximate analytical results are sparse [100] so that numerical
simulations have to be used [104,105] to probe the dynamics of chains of short and intermediate
length.

In the present chapter we investigate whether cyclization dynamics depend on the polymer
model or on the presence of non-ideal effects. To this end we consider the end-to-end dynamics of
three phantom polymer models, namely a Gaussian chain, a freely jointed (FJ) chain, and a freely
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rotating (FR) chain. Furthermore we consider a non-ideal Gaussian chain with Lennard-Jones
interactions (GLJ), see Fig. 2.1 for illustrations. We run explicit Langevin simulations of the

Freely jointed
chain

Freely rotating
chain

κ

b

θ
b

Gaussian chain

Figure 2.1: Illustration of models considered in this chapter. In the Gaussian chain model, the
interaction potential between two consecutive monomers is harmonic with strength �. In the
freely jointed (FJ) chain, the bond length b between two consecutive monomers is constraint, in
the freely rotating (FR) chain both bond length b and bond angle � are constraint.

models and map the end-to-end distance Rete onto a GLE, where non-Markovian friction effects
are characterized by a memory kernel �. We find that the memory kernels of the phantom chains
(Gaussian, FJ, FR) agree perfectly on time scales where details of the bond interactions are
irrelevant, and in particular all show a � � t�1=2 scaling behavior for intermediate times t. The
GLJ model yields a memory kernel with a steeper power law decay which, for longer chains
N & 200 when the GLJ chain is in a collapsed globular state, is consistent with � � t�6=11,
as obtained from a scaling model. We then calculate cyclization times �c from simulations.
Depending on the capture radius Rc, the phantom chains yield the WF and SSS scalings. For the
GLJ model we find an asymptotic scaling �c � N5=3 for long chains. This scaling can be derived
from a scaling analysis based on Flory theory in poor solvent [105]. Thus, both memory kernel
and cyclization time are insensitive to the detailed nature of bonded interactions, but substantially
influenced by non-bonded interactions that lead to chain collapse.

2.2 Methods

We simulate four different models via Langevin dynamics at temperature T = 300 K using the
GROMACS 2016.3 simulation package [57], see Fig. 2.1 for illustrations and Appendix A.1 for
more details. Our parameters are based on alkane chains in water as modeled in the gromos53a6
forcefield [106].

i) Gaussian chain. The monomers of a chain of length N have masses mi, i = 0; :::; N � 1,
wherem0 = mN�1 = 15 amu,m1 = ::: = mN�2 = 14 amu. We denote the position of the i-th
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2.3 End-to-end distance dynamics

monomer by ~Ri(t). Each monomer is subject to friction with friction coefficient 
 = 110 amu/ps.
The strength of the nearest-neighbor harmonic potential is � = kBT=b

2 = 319:8 amu/ps2, which
leads to a mean squared distance between neighboring monomers h(~Ri � ~Ri+1)2i = b2 with
b = 0:153 nm. A snapshot from simulations of the Gaussian chain model is shown in Fig. 2.3
(a).

ii) Freely jointed (FJ) and iii) freely rotating (FR) chain. The simulations of the FJ and
FR chains are based on the Gaussian chain model, but with the distance between neighboring
monomers constrained to b = 0:153 nm (both FJ and FR chain) and bond angles constrained to
� = 111� (FR chain).

iv) Gaussian chain with Lennard-Jones interactions (GLJ). The GLJ chain is based on the
Gaussian chain model, but additionally includes the standard gromos53a6 non-bonded Lennard-
Jones (LJ) interactions for alkane chains [106], see Appendix A.1 for details. Figure 2.3 (a)
shows a snapshot from simulations of the GLJ model and illustrates that for large N , the chain
collapses to a globular state. This is expected since our parameters model a weakly hydrophobic
chain. In Appendix A.2 we show that, due to the repulsive part of the LJ interactions, chain
segments cannot cross, so that the chain is self-avoiding.

Employing our Langevin trajectories we parametrize a GLE

� �Rete(t) = �
Z t

0
dt0 �(t� t0) _Rete(t

0)�rU(Rete(t)) + FR(t); (2.2)

where Rete =

q
(~RN�1 � ~R0)2 is the scalar end-to-end distance of the chain, � is an effective

mass,rU is the derivative of the potential of mean force (pmf)U(Rete), �(t) is a memory kernel
modeling non-Markovian friction effects, and the random force FR(t) is a Gaussian stochastic
process with zero mean, and which obeys the generalized fluctuation-dissipation theorem (FDT)
hFR(t)FR(t0)i = kBT �(jt � t0j), where kB � 1:38 � 10�23 J=K is the Boltzmann constant.
To calculate �, we use a recent extension of the Berne method [107] developed by Daldrop
et al. [108], which allows to obtain memory kernels for any given reaction coordinate from
numerical data, see Appendix A.3 for details.

Before discussing the scalar end-to-end distance Rete, we validate our numerical methods.
In Fig. 2.2 we compare numerically extracted memory kernels to analytical predictions for the
end-to-end distance vector ~Rete = ~RN�1 � ~R0, see Appendix A.4 for details. The agreement is
perfect without any fitting parameters, which impressively validates our method for extracting
�(t). We find that for N & 100, the corresponding memory kernel shows a transient � � t�1=2

scaling regime. Note that the same scaling was recently derived for the memory kernel of the
middle monomer of a Gaussian chain [32, 34].

2.3 End-to-end distance dynamics

Figure 2.3 (b) shows U as a function of the end-to-end distance rescaled by the Kuhn length
ai, which is defined by hR2

etei � aiL, where i = G, FJ, FR, GLJ indicates the respective chain
model and L is the length of the fully extended chain, L = (N � 1)b. The pmfs of the phantom
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Figure 2.2: Analytical and numerical memory kernels for the end-to-end distance vector ~Rete of
a Gaussian chain. Analytical memory kernels are calculated using the Mori-Zwanzig projection
formalism [14, 15], see Appendix A.4 for details. Numerical memory kernels are extracted
directly from Langevin simulations [108], as explained in Appendix A.3.

chains are very similar; for the GLJ chain a plateau at short end-to-end distances Rete=a � 5,
caused by the LJ interactions, can be discerned. For N & 200 the GLJ chain is more compact
than the other models, as can be seen in Fig. 2.3 (c), where the mean squared end-to-end distance
hR2

etei is plotted. The phantom chains all yield a linear scaling hR2
etei = aib(N � 1) with

aG = aFJ = b, aFR = b
p

(1 + cos �)=(1� cos �) [109]. For the GLJ chain we observe a
length-dependent crossover between different scaling regimes, from a swollen chain for N . 30
to a collapsed chain for N & 100 [110]. The asymptotic scaling is consistent with the Flory-
theory prediction [109,110]

hR2
etei � N2�st ; (2.3)

where �st is the Flory exponent characterizing the solvent quality in the context of the equilibrium
(static) end-to-end distance. For negligible nonbonded interactions �st = 1=2, for a poor solvent
�st = 1=3, and for a good solvent �st � 3=5. Our LJ parameters model a hydrophobic chain,
and asymptotically hR2

etei scales with the corresponding Flory exponent �st = 1=3.
Moving on to the dynamics of Rete, in Fig. 2.3 (d) we show mean squared displacements

(MSDs)


�R2

ete(t)
�

= h(Rete(t) � Rete(0))2i as calculated from simulations. For Gaussian
and FJ chain models we see a power law



�R2

ete(t)
�
� t� (2.4)

with � = 1=2, which for the Gaussian chain can be derived analytically [109,111]. For the FR
chain model no clear power law can be observed before the MSD saturates, see Appendix A.5
for a possible explanation. For the GLJ chain, we observe a power-law scaling � = 6=11
[112, 113] extending over almost two decades in time. As we show in Appendix A.7 the
observed MSD scalings can be obtained from a scaling analysis based on Flory theory, which
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Figure 2.3: Numerical results for end-to-end distance Rete. (a) Simulation snapshots of Gaussian
and GLJ chains. (b) Pmfs for the end-to-end distance Rete for N = 200. (c) Mean squared
end-to-end distance as function of chain length N . Dashed lines and dashed-dotted lines show
hR2

etei = aiL with L = (N � 1)b and Kuhn lengths ai = b
p

(1 + cos �)=(1� cos �) (dashed
line), ai = b (dashed-dotted line). The dotted line indicates the power law hR2

etei � N2=3.
(d) MSDs calculated from simulation trajectories. Transient power law scaling is indicated by
black bars. (e) Mean squared distance hR2

0;ii = h(~R0 � ~Ri)
2i of the terminal monomer to the

i-th monomer of a GLJ chain. The red dashed line represents the mean end-to-end distance
hR2

0;200i � hR2
etei. (f) Memory kernels extracted from simulations [108] for chain lengths

N = 200. Transient power-law scaling is indicated by black bars.

predicts � = 2�dyn=(1 + 2�dyn) with �dyn the Flory exponent characterizing the end-to-end
dynamics [112, 113]. While for �dyn = 1=2 one recovers � = 1=2 as observed for the Gaussian
and FJ chain, for a good solvent, where �dyn = 3=5, we obtain � = 6=11. Remarkably we
observe good-solvent scaling �dyn = 3=5 in the MSD, even though our LJ parameters model a
hydrophobic chain and we observe poor-solvent scaling �st = 1=3 in the equilibrium end-to-end
distance. While in the true asymptotic limit we expect that both equilibrium and dynamical
properties are characterized by the same Flory exponent, �st = �dyn, for the finite values of N
we consider, we find mixed intermediate scaling regimes where �st 6= �dyn. Indeed, the mean
monomer distance h(~R0 � ~Ri)

2i along the chain shown in Fig. 2.3 (e) exhibits good-solvent
condition up to the experimentally relevant nanometer scale.

In Fig. 2.3 (f), we show memory kernels for N = 200. The kernel �G of the Gaussian chain
scales as �G � t�1=2, and except for short times agrees very well with the kernel �FJ of the
FJ chain, demonstrating that the end-to-end dynamics are insensitive to the detailed form of
the bond-potentials. Note that this scaling, which we also find for ~Rete in Fig. 2.2, reflects the
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Rouse spectrum [32,34]. The kernel �FR of the FR chain model also scales as �FR � t�1=2, but
rescaled in time as compared to �G. As we detail in Appendix A.6, this is due to the different
Kuhn lengths of the models, and after an appropriate rescaling the memory kernels �G and �FR

agree perfectly in the power-law regime. The memory kernel �GLJ exhibits a different power
law, consistent with �GLJ � t�6=11. The inverse relationship h�R2

etei � t� , � � t�� between
MSD and memory kernel is expected [114], in Appendix A.5 we give a short derivation of this
relation and briefly discuss its range of validity.

As a final remark in this section, we point out that the the dynamics of the radius of gyrationRg,
which is another experimentally relevant collective variable reflecting the large-scale motion of
the chain, can be very different from that of the end-to-end distance. As we show in Appendix A.8,
for long self-avoiding collapsed chains the MSD ofRg displays a scaling behavior h�R2

gi � t1=4,
which is different from all the scalings observed in the present section for Rete.

2.4 Cyclization time

0 4
Rete [nm]

0

2

4

U
[k

B
T

]

Rc

0 2 4
Rs [nm]

102

104

τ c
[p

s]

(a)

200

500

1000

2000

N

Rete
Rc

101 102 103

N

10−1

101

103

105

τ c
[p

s]

∼ N 2

∼ N 3/2 ∼ N 5/3

(b)

Gaussian

FJ

FR

GLJ

Gaussian,
Rc = 0.03 nm

101 102 103

N

100

102

104

τ M
S
D

[p
s]

∼ N 11/9

∼ N 2
(c)

Gaussian

FJ

FR

GLJ

Figure 2.4: (a) Pmf for the end-to-end distance of a GLJ chain as a function of Rete (upper
plot) and corresponding cyclization time �c (lower plot) as a function of Rs. �c is obtained via
averaging over first-passage times obtained from equilibrium simulations. Rc = 3aG � 0:46 nm
is shown as a black vertical dashed line, each colored vertical dashed line denotes the position
of the minimum of the pmf with corresponding color. The inset gives an illustration of the
end-to-end distance Rete and the capture radius Rc. (b) Cyclization time as a function of chain
length N , together with scaling behaviors indicated by dashed and dotted black lines. Except for
the blue empty circles, where Rc = 0:03 nm, the cyclization radius Rc = 3a � 0:46 nm is used
for calculating cyclization times from simulations. For Rs, the minimum of the respective pmf
is used. (c) Numerically obtained MSD saturation time �MSD as function of N . The definition
of �MSD is illustrated in Fig. 2.5.

We now consider the cyclization time �c, defined as the average time forRete to reach a capture
radius Rc for the first time, starting from an end-to-end distance Rs, see the inset in Fig. 2.4
(a) for an illustration. The figure furthermore shows pmfs for the end-to-end distance of the
GLJ model, and �c as a function of Rs for fixed Rc = 3aG � 0:46 nm. The capture radius
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�R2

ete(t)
�

= 2 Var(Rete). The dashed
black lines illustrate this for N = 2000. The inset shows the MSD of a terminal monomer,
h�R2

0(t)i = h(~R0(t) � ~R0(0))2i, for N = 2000. Power-law scaling regimes are denoted by
black bars.

Rc is shown as black vertical dashed line, for each N the respective minimum of the pmf is
indicated as colored vertical dashed line. For Rs not too close to Rc, �c is almost independent of
the starting radius Rc, so that our definition of �c should lead to the same scaling behavior as a
definition based on an equilibrium average over starting radii.

In Fig. 2.4 (b) we plot the cyclization time �c as a function of N for all chain models, using
for Rs the minimum of the respective pmf. Phantom chains yield the WF scaling, �c � N2 [73],
which can be obtained by assuming that for Rc not too small, �c scales like the MSD saturation
time �MSD [105] (see Fig. 2.5 for a graphical definition). If the MSD scales as h�R2

ete(t)i � t� ,
c.f. Eq. (2.4), and the variance of Rete scales as Var(Rete) � N2�st , c.f. Eq. (2.3), then �MSD

scales as

�MSD � N� (2.5)

with � = 2�st=� = �st(2�dyn + 1)=�dyn, where for the MSD scaling we use the Flory-theory
prediction � = 2�dyn=(2�dyn + 1). For �st = �dyn � �, this reduces to the well-known
relation �MSD � N2�+1 [115,116]. For a Gaussian chain (� = 1=2) we obtain the WF scaling
�MSD � N2 [73] observed in Fig. 2.4 (f), so that Eq. (2.5) can be seen as a generalization of the
WF scaling.

For small capture radius, Rc=(
p
Nb) � 1, the cyclization time exceeds the time scale on

which the internal degrees of freedom of the chain relax and the SSS scaling should be recovered,
which can also be derived from a simple scaling argument. Using Eq. (2.3) and a Gaussian
approximation for the distribution of Rete, the probability density � for the two terminal residues
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of the chain to be within a small capture radius scales as � � 1=hRetei3 � N�3�st , so that from
transition state theory it follows that

�c � 1=� � N3�st : (2.6)

For a Gaussian chain, �st = 1=2, we recover the SSS scaling �c � N3=2 [74], which is illustrated
in Fig. 2.4 (b) for Rc = 0:03 nm � a=15.

For the self-avoiding collapsed chain, neither the classical WF scaling �c � N2 nor the
excluded-volume generalization of the SSS scaling, which follows from Eq. (2.6) with �st = 1=3
as �c � N , are observed. For long chains, we rather observe the asymptotic scaling �c � N5=3,
see Fig. 2.4 (b). This scaling, which is close to the results of a recent extension of the WF
theory to include nonbonded interactions [100], follows directly from Eq. (2.5) for a poor solvent,
�st = �dyn = 1=3. However, for �dyn = 1=3 one expects � = 2=5, in contrast to � = 6=11
as seen in Figs. 2.3 (d), 2.5. Using Eq. (2.5) with �st = 1=3, �dyn = 3=5, we rather obtain
�MSD � N11=9, which is consistent with the numerical results for the MSD saturation time
shown in Fig. 2.4 (c). The difference � 6= � between the two scalings Eqs. (2.1), (2.5) has an
intuitive explanation in terms of the multiscale relaxation processes determining Rete. In fact,
the MSD for a terminal monomer of a N = 2000 GLJ chain, shown in the inset of Fig. 2.5,
shows three distinct scaling regimes. While for times t . 103 ps, the MSD displays good-solvent
scaling � = 6=11, for intermediate times 103 ps . t . 105 ps we observe poor-solvent scaling
� = 2=5, until for longer times diffusive behavior � = 1 is found. We thus expect poor-solvent
scaling to only become relevant on time scales t & 103 ps, and indeed the cyclization times of
the GLJ chains shown in Fig. 2.4 (b) are of that order. The corresponding �MSD shown in Fig. 2.4
(c) on the other hand is of the order �MSD . 103 ps, and thus still dominated by good-solvent
dynamics, leading to the scaling �MSD � N11=9.

2.5 Conclusions

In summary, from Langevin simulations of various polymer backbone models we calculate
memory kernels for the end-to-end distance. We find that the memory kernels for all phantom
chains display identical intermediate � � t�1=2 scaling regimes, showing that the details of
the bond-interactions are not relevant for the large scale end-to-end dynamics. For collapsed
self-avoiding chains we find � � t�6=11, which can be explained by Flory theory. We calculate
the cyclization time �c from our simulations, and while for phantom chains we observe the
classical WF and SSS scalings, for the GLJ model we find the generalization of the WF scaling
for a collapsed chain �c � N5=3. This scaling follows from Flory theory [105], and is different
from the scaling of the MSD saturation time �MSD. The reason for this difference is that the
end-to-end relaxation of a collapsed self-avoiding polymer is a complex multiscale process, and
the observed �MSD, �c are dominated by different scaling regimes of the internal chain relaxation
dynamics. In the present chapter this is expressed as �st 6= �dyn, and the difference between �st

and �dyn is expected to disappear in the asymptotic limit.
Based on Flory theory, we provide the asymptotic scaling behavior for the end-to-end distance

memory kernel, the end-to-end distance MSD, and the cyclization time, and show how these
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2.5 Conclusions

quantities are interrelated. We thus provide a comprehensive picture of the relations between
interactions on the molecular scale and non-Markovian effects in the large-scale end-to-end
dynamics, which will be helpful in interpreting experimentally observed scaling behavior of
intrachain distance dynamics [64, 117].
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Chapter 3

Memory-induced acceleration and
slowdown of barrier crossing

Bibliographic information: Parts of this chapter and of Appendix B have previously been
published. Reprinted with permission from Ref. [ii]. Copyright 2018 by the American Institute
of Physics.

3.1 Introduction

The rate-determining step of chemical and conformational molecular reactions is typically
modeled as the crossing over a single barrier in an effective one-dimensional energy landscape [75–
85]. Solvent reorganization and intra- or intermolecular degrees of freedom that are orthogonal
to the reaction coordinate give rise to non-Markovian or memory effects. Many recipes for
choosing a good reaction coordinate, i.e., a coordinate for which memory effects are minimal
or even absent, have been suggested [17–26]. The existence of a good coordinate depends on
a separation of time scales between orthogonal degrees of freedom and reaction coordinate.
Only if orthogonal degrees of freedom relax relatively quickly (corresponding to the adiabatic
approximation) is a Markovian description possible [28, 29,118–121]. In this case, the system
kinetics and the transition rate can be characterized by instantaneous friction. In this chapter, we
consider the general situation where the memory time can be smaller or larger than the other
intrinsic time scales of the system, and address the question how the barrier crossing time depends
on the diffusive, the inertial and the memory time scales. This encompasses macromolecular
reactions when there is no clear time-scale separation between the reaction coordinate and the
environment, but also the case of ill-conditioned reaction coordinates that are coupled to very
slow orthogonal degrees of freedom. We are particularly interested in the intermediate scenario
when the diffusive, the inertial and the memory time scales are of the same order, which is relevant
for dihedral barrier crossing reactions in peptides and alkanes [29], as well as for ion-pairing
kinetics [25, 86].

Our general viewpoint follows from the fact that the dynamics of a complex multi-dimensional

19



Memory-induced acceleration and slowdown of barrier crossing

system can be described by the one-dimensional generalized Langevin equation (GLE) [14, 15]

m �x(t) = �U 0 (x(t))�
Z t

0
�(t0) _x(t� t0) dt0 + �(t); (3.1)

wherem is the effective mass of the reaction coordinate x, U 0(x) is the derivative of the potential
U(x), and �(t) is the memory kernel that results from integrating out all orthogonal degrees of
freedom, which is assumed to couple linearly to the velocity _x. The Gaussian random force �(t)
has zero mean and in equilibrium obeys the fluctuation-dissipation theorem (FDT)

h�(t)�(t0)i = kBT �(t� t0); (3.2)

where kBT is the thermal energy. If the memory kernel �(t) decays fast compared to the time
scale on which _x(t) varies, one reaches the Markovian limit and Eq. (3.1) reduces to the ordinary
memoryless Langevin equation characterized by the friction coefficient 
 =

R1
0 �(t) dt. In this

chapter we consider a single-exponential memory kernel [122],

�(t) =



��
exp

�
�jtj
��

�
; (3.3)

that in addition to 
 is characterized by the memory time ��. This specific form of the memory
kernel allows us to vary the friction coefficient 
 and the memory time �� independently from
each other.

We are interested in the mean first-passage time (MFPT) �MFP needed to cross a barrier of
height U0 in the quartic double-well potential defined by

U(x) = U0

��x
L

�2
� 1

�2

; (3.4)

see Fig. 3.1 (a) for an illustration. This problem has a long and active history. Early on it was
shown that �MFP, which equals the barrier escape time in certain limits [123], as will be discussed
later, is given by the Arrhenius law �MFP � exp(U0=(kBT )) [124], but the pre-exponential
factor remained unclear. The transition state theory (TST) of Eyring [125] predicts �MFP in
the framework of equilibrium statistical mechanics but does not include the friction coupling to
the environment. This gap was filled by Kramers, who for Markovian dynamics, i.e., �� = 0,
derived �MFP for asymptotically small as well as high friction 
 [50]. He found that for fixed
mass m, �MFP is minimal for intermediate 
. Four decades later the Markovian theory including
also the regime for intermediate 
, known as Kramers turnover, was established by Mel’nikov
and Meshkov (MM) [126]. For short memory time ��, Grote and Hynes (GH) derived a self-
consistent equation for �MFP in the medium-to-high friction regime [87], while Carmeli, Nitzan
provided a formula for low friction [127]. These limiting cases were bridged by empirical
expressions [122, 128, 129]. Finally, Pollak, Grabert and Hänggi (PGH) worked out a theory for
�MFP for arbitrary memory time �� and arbitrary friction 
 [88].

GH and PGH theory can be derived using the equivalence of the GLE Eq. (3.1) to a Hamiltonian
system where the one-dimensional coordinate x is coupled to harmonic oscillators [16]. Using a
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normal-mode approach, the particle barrier escape time can be related to the dynamic energy
partitioning between the modes [88]. In contrast to GH theory, PGH theory accounts for the
particle history stemming from unsuccessful barrier crossing attempts [88]. PGH theory has
recently been extended to account for low barriers [130,131] and has successfully been compared
with Langevin simulations in a restricted parameter range [131,132]. Excellent accounts of the
historical development of rate theories [51,52] and pedagogical introductions to PGH theory [133]
exist. However, due to the complex mathematical structure of PGH theory, it is mostly GH theory
that is currently used for the interpretation of molecular dynamics (MD) simulations [29,134–138].
The precise limits of accuracy of the various theories and formulations have remained unclear.

−1 0 1

x/L

0

1

U
(x

)/
U

0

(a)

750 800
t/τD

−1

0

1

x
/L

(b) inertial, Markovian

535 540
t/τD

−1

0

1
x

/L

(c) high friction, Markovian

500 520 540 560 580
t/τD

−1

0

1

x
/L

(d) high friction, Markovian

102.8 103.0
t/τD

−1

0

1

x
/L

(e)

5500 6000 6500
t/τD

−1

0

1

x
/L

(f) inertial, long memory

26000 27000 28000
t/τD

−1

0

1

x
/L

(g) high friction, long memory

20000 40000 60000 80000 100000
t/τD

−1

0

1

x
/L

(h) high friction, long memory

Figure 3.1: (a) Illustration of the barrier crossing of a massive particle in the double-well
potential U(x) defined in Eq. (3.4). The mean first-passage time �MFP is defined as the mean
time difference between crossing the minimum at x = �L (left vertical dashed line) and reaching
the other minimum at x = L (right vertical dashed line) for the first time. (b), (c), (d), (f), (g), (h)
Typical simulation trajectories that display barrier crossing events for barrier height U0 = 3 kBT
and (b) low friction �m=�D = 10 and short memory ��=�D = 0:001, (c), (d) high friction
�m=�D = 0:001 and short memory ��=�D = 0:001, (f) low friction �m=�D = 10 and long
memory ��=�D = 10, (g), (h) high friction �m=�D = 0:001 and long memory ��=�D = 10. The
horizontal green dashed lines indicate the potential minima. (e) Illustration of how first-passage
times (FPTs) are obtained from Langevin simulation. The vertical black lines mark crossings of
the trajectory with the minimum x = �L (lower green dashed line), the vertical red line marks
the first crossing of the trajectory with the minimum x = L (upper green dashed line). Each
vertical black line constitutes a sample for the FPT, obtained via calculating the time difference
to the red line, and the MFPT �MFP is obtained by averaging over all FPTs. For the trajectory
shown, the parameters �m=�D = ��=�D = 0:001 and barrier height U0 = 3 kBT are used.

In this chapter we study the barrier crossing by numerical simulation of the GLE Eq. (3.1) in
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the complete parameter space that encompasses both low and high friction 
 as well as short and
long memory times ��. By comparison of our numerical data with existing theories, we confirm
that GH theory has a very limited range of applicability [122], while PGH theory is virtually exact
for all parameters. We find a regime at intermediate memory time where memory accelerates
barrier crossing. At long memory time the MFPT scales as �MFP � �2

�e
U0=(kBT )=
 and thus

increases with �� as a power law [122], which shows that memory can modify the barrier crossing
behavior at time scales that are much longer than the memory time itself. By an asymptotic
dynamic propagator analysis, the barrier crossing acceleration at intermediate �� is explained
by effective mass reduction due to unsuccessful barrier crossing attempts, the barrier crossing
slowdown at large �� by slow energy diffusion effects. We provide a simple heuristic formula
for �MFP that holds globally as a function of all parameters, and use it to predict the crossover
between the Markovian overdamped and inertial regimes and the two non-Markovian regimes
where memory effects are relevant and either accelerate or slow down the barrier crossing rate.

3.2 Setup

To reformulate the problem defined by Eqs. (3.1)-(3.4) with a minimal set of parameters, we
introduce the time scales

�D =
L2


kBT
; �m =

m



; (3.5)

where �D is the diffusion time linked with the barrier separation L and friction coefficient 
, and
�m is the inertial time that characterizes viscous dissipation of particle momentum. With this,
we can rewrite the GLE Eq. (3.1) as

�m
�D

�~x(~t ) =
4U0

kBT
~x(1� ~x2)� �D

��

Z ~t

0
exp

�
��D
��

~t0
�

_~x(~t� ~t0)d~t0 + ~�(~t); (3.6)

where ~t = t=�D is the time in units of �D, ~x(~t) = x(�D~t)=L the dimensionless particle position,
and ~�(~t) = L�(�D~t)=(kBT ) is the dimensionless random force which is characterized by the
correlator h~�(~t)~�(~t0)i = exp(�

��~t� ~t0
�� �D=��)�D=��. It now transpires that the problem is fully

specified by the rescaled potential barrier height U0=(kBT ) and two dimensionless ratios formed
by the characteristic time scales �m, �D, and ��.

For numerical simulations of Eq. (3.6) we eliminate the memory kernel by coupling to an
additional fluctuating degree of freedom [122]. More explicitly, Eq. (3.6) is equivalent to the
coupled system of equations

�m
�D

�~x(~t) =
4U0

kBT
~x(1� ~x2) +R(~t); (3.7)

� ��

�D
_R(~t) = R(~t) + _~x(~t) + �(~t); (3.8)
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3.2 Setup

where � is white noise with h�(~t)i = 0 and variance h�(~t)�(~t0)i = 2�(~t� ~t0). The solution to
Eq. (3.8) with initial condition R(0) = R0 is

R(~t) = R0 exp

�
��D
��

~t

�
� �D
��

Z ~t

0
exp

�
��D
��

~t0
��

_~x(~t� ~t0) + �(~t� ~t0)
�

d~t0: (3.9)

Substituting this into Eq. (3.7) one recovers Eq. (3.6) with an effective random force given
by ~�(~t) = R0 exp(�~t�D=��)�

R ~t
0 exp(�~t0�D=��)�(~t� ~t0)d~t0. The FDT is fulfilled if R0 is

drawn from a Gaussian distribution with zero mean and variance hR2
0i = �D=��. In our

simulations, we sample the initial position ~x(0) from the equilibrium distribution within the
potential well centered around ~x = �1, using a Gaussian approximation so that h~x(0)i = �1
and h(~x(0) + 1)2i = kBT=(U

00(�L)L2) = kBT=(8U0). The initial velocity _~x(0) is sampled
from a Gaussian distribution with zero mean and variance h _~x(0)2i = kBT�

2
D=(L

2m) = �D=�m,
in accordance with the equipartition theorem. Equations (3.7), (3.8) are integrated numerically
using a standard fourth-order Runge-Kutta scheme.

Particle trajectories for overdamped and inertial dynamics with short and long memory time,
respectively, are shown in Fig. 3.1. In Figs. 3.1 (g) and (h) it is seen that even in the high friction
case, for long memory time we obtain bursts of quickly repeating barrier recrossing events, similar
to the inertial Markovian case shown in Fig. 3.1 (b); this hints already at a close analogy between
the long-memory and the inertial limits, which we will come back to further below [122,127,139].
Most of the results for the MFPT �MFP shown in this chapter are extracted from a single long
trajectory that in the presence of memory crosses the barrier many times and thus includes the
effects of multiple recrossing events. In Appendix B.1 we discuss alternative estimates of the
barrier crossing time based on first-passage events as well as based on the relaxation dynamics
of the particle probability distribution. To obtain �MFP we average over all first-passage times,
defined as the difference between the time a trajectory crosses the potential minimum at x = �L
and the time it reaches the other minimum at x = L for the first time, as illustrated in Fig. 3.1 (e)
(to increase sampling efficiency we also consider the reverse first passage events from x = L to
x = �L). Each of our trajectories includes at least thousand barrier crossing events.

Rate theories typically yield the escape time �esc, which is defined as the inverse of the escape
rate at which the fraction of particles initially localized on one side of the barrier decays towards
equilibrium. If trajectories cannot recross the barrier once they have reached their target position,
corresponding to a single-well scenario which is effected by a suitably positioned absorbing
boundary condition, there is no difference between the MFPT �MFP obtained in simulations
and �esc. If one allows for the recrossing of trajectories, corresponding to the double-well
scenario, �MFP and �esc only agree in the high-friction and Markovian limit. For MM and PGH
theory formulas for the escape time in the single-well as well as in the double-well scenarios
exist [88, 126, 133]. In this chapter we compare our numerically determined MFPTs in the
double-well scenario (including barrier recrossing) with the escape times from single-well rate
theories (which neglect barrier recrossing).

In Appendix B.1 we present explicit simulation results for double-well MFPTs and single-well
escape times and demonstrate that they are numerically identical. This shows that recrossing
events (which are absent in single-well rate theories) contribute negligibly to �MFP and therefore
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Figure 3.2: Simulation results for the mean first-passage time �MFP (crosses) are compared
with predictions from the memoryless Mel’nikov-Meshkov theory (MM) [126] (thick gray line),
Grote-Hynes theory (GH) [87] (dotted lines) and Pollak-Grabert-Hänggi theory (PGH) [88] (solid
colored lines) for fixed barrier height U0 = 3 kBT . (a) The rescaled MFPT �MFP=

p
�m�D �

�MFP=
p
m plotted as a function of

p
�D=�m � 
=

p
m shows the classical Kramers turnover

with a minimum in �MFP at an intermediate value of 
=
p
m between the low-friction (to the

left) and the high-friction regimes (to the right). PGH theory converges to MM theory for short
memory, GH theory is only valid for high friction. (b) Plot of �MFP=�D as a function of �m=�D
for several values of the rescaled memory time ��=�D. Simulation results agree accurately with
PGH theory. (c) Plot of �MFP=�D as a function of ��=�D for several values of �m=�D, for long
memory the MFPT scales as �MFP � �2

�. For intermediate values of the rescaled memory
time ��=�D, memory effects in fact accelerate barrier crossing as compared to the Markovian
(memoryless) case.

validates our comparison of numerically determined MFPTs in the double-well scenario with
escape times from single-well rate theories.

While the results in this chapter are based on the quartic potential defined in Eq. (3.4), in
Appendix B.2 we compare results for quartic and cubic potentials and demonstrate that the
differences are insignificant if suitable rescaled variables are used.

3.3 Comparison of rate theory results to Langevin simulations

Before we display numerical results, we compare in Fig. 3.2 (a) different theoretical predictions
for the rescaled MFPT �MFP=

p
�D�m for a few different fixed memory times �� and fixed barrier

height U0 = 3 kBT as a function of the rescaled friction coefficient
p
�D=�m � 
=

p
m. This

is the standard way of illustrating the friction-dependent Kramers turnover [88,126] since the
rescaled MFPT �MFP=

p
�D�m � �MFP=

p
m does not explicitly depend on 
. For short memory

time ��=
p
�D�m = 0:01 the MM theory (thick gray line) agrees perfectly with the full PGH

theory (green line), which is expected since MM theory is valid in the Markovian limit �� = 0.
For intermediate and long memory times ��=

p
�D�m = 1; 10 the PGH theory predicts the MFPT

to increase, compared to the Markovian limit �� = 0, in the inertial low-friction limit (to the
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3.3 Comparison of rate theory results to Langevin simulations

left), while for high friction the increase in memory time has no influence on the barrier-crossing
time. The power law behavior is independent of the memory time and (for fixed U0=kBT )
given by �MFP � m=
 for low friction and �MFP � 
 for high friction, the standard Kramers
scaling [50,126]. The minimum in the MFPT at intermediate friction is shifted upwards and to
larger friction as the memory time increases. The GH theory (dotted lines) clearly breaks down
in the inertial regime, which is expected and has been noted before [129].

To reveal the global scaling structure of the barrier crossing time, it is useful to slightly
change the rescaling and to express all times in units of �D. Figure 3.2 (b) shows �MFP=�D as a
function of �m=�D for a few fixed values of the rescaled memory time ��=�D, crosses denote
simulation results, which quantitatively agree with the PGH theory (solid colored lines). The
small deviations between simulations and PGH theory for long memory time are discussed in
Appendix B.1 The high-friction regime (to the left) is characterized by a constant rescaled MFPT
�MFP=�D � const:, and thus �MFP � 
, while the low-friction regime (to the right) displays a
linear scaling �MFP=�D � �m=�D and thus �MFP � m=
 (as indicated by a black bar). Notably,
in this presentation it is seen that GH theory not only fails in the inertial regime (to the right), it
also fails in the diffusive regime for elevated memory times ��=�D = 1, 10, and reduces to the
transition-state theory scaling �MFP �

p
m as indicated by a black bar.

In Fig. 3.2 (c) we present the scaling behavior of the MFPT as a function of the memory time
��, for this we plot �MFP=�D versus ��=�D for a few different fixed values of �m=�D. Again,
simulations (crosses) agree quantitatively with PGH theory (solid lines) for all parameter values,
which demonstrates that PGH theory is virtually exact both for long and short memory times
as well as for low and high friction. The power-law behavior �MFP � �2

� for long memory
times ��=�D � 1, which has been demonstrated before [122], is clearly seen both for low and
high friction, i.e., for all values of �m=�D. Note that this power-law scaling is not captured by
GH theory (dotted lines), but rather by the Carmeli-Nitzan energy diffusion formula [122, 139].
Unfortunately, the Carmeli-Nitzan theory is rarely used when applying rate theories to MD data.
In between the asymptotic short- and long-memory regimes the MFPT shows a minimum, which
is most visible for small mass �m=�D = 0:01 (shown in green). For the other two friction values
shown (�m=�D = 1, 10), a minimum cannot be discerned in the log-log representation, but is
still present. This is more clearly seen in Fig. 3.3, where we replot the simulation data and the
PGH prediction in a semi-logarithmic presentation and obtain quite good agreement between the
two. As we will discuss in more detail in Sections 3.4, 3.5, intermediate memory time speeds
up barrier crossing, while a long memory time invariably slows down reaction rates and in fact
gives rise to a power-law dependence of �MFP on ��.

The three different ways of representing the data in Fig. 3.2 bring out the three fundamental
scaling properties of the MFPT, namely the scaling �MFP � 
 for high friction, seen in Fig. 3.2
(a) to the right, the scaling �MFP � m=
 for large mass, seen in Fig. 3.2 (b) to the right, and the
scaling �MFP � �2

� for large memory time, seen in Fig. 3.2 (c) to the right.
To present this scaling behavior of the MFPT in one graph, we show the PGH predictions

for �MFP=�D in Fig. 3.4 (a) in a triple-logarithmic plot as a function of �m=�D and ��=�D for
fixed U0 = 3 kBT . �MFP=�D shows a plateau in the short-memory high-friction regime for
�m=�D � 1 and ��=�D � 1. The comparison with Figs. 3.2 (b) and 3.4 (c), where the GH
prediction is shown, demonstrates that this is the only regime where GH theory is reliable; this was
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Figure 3.3: Simulation data and PGH predictions for the MFPT �MFP. Same data as shown in
Fig. 3.2 (c), in semi-logarithmic representation, in order to illustrate the minimum in �MFP at
intermediate memory times ��. The numerical results shown in subplots (a), (b) illustrate that
the speedup in barrier crossing is also observed in the Langevin simulations. For subplot (c), no
numerical data is shown because a speedup could not be observed within statistical error.

clear when GH theory was devised [87]. For long memory ��=�D �
p
�m=�D (for �m=�D > 1)

or ��=�D � 1 (for �m=�D < 1) the power law �MFP=�D � (��=�D)2 emerges in PGH theory
as shown in Fig. 3.4 (a), while the low-friction short-memory scaling �MFP=�D � �m=�D is
seen for �m=�D � 1 and �m=�D � (��=�D)2.

3.4 A simple heuristic formula for the mean first-passage time

Based on the scaling behavior of �MFP exhibited in Fig. 3.4 (a), we construct the heuristic
crossover function

�MFP=�D = eU0=(kBT )

"
(U0=(kBT ))�1

1 + 10U0=(kBT ) ��=�D
+

�
U0

kBT

��1 �m
�D

+2

s�
U0

kBT

��1 �m
�D

+ e

�
��

�D

�2
3
5 ; (3.10)

where e � 2:72 is Euler’s number. Equation (3.10) is plotted in Fig. 3.4 (a), (d) as a red thick
line at the boundaries and reproduces PGH theory very accurately.

In Fig. 3.5 we compare simulation results for �MFP (crosses) with PGH theory (solid lines) and
our heuristic formula Eq. (3.10) (dotted lines) as a function of the barrier height U0. We compare
two representative scenarios, one for high friction �m=�D = 0:1 and long memory ��=�D = 10
(in green), and the other for low friction �m=�D = 10 and short memory ��=�D = 0:1 (in blue).
The heuristic formula Eq. (3.10) and PGH theory agree closely with each other and also with
the simulation results for not too low barrier heights. It transpires that low-barrier corrections
to PGH theory [130–132] are not significant for barrier heights U0 & 3 kBT . In Appendix B.3,
we present a quantitative comparison of Eq. (3.10) to PGH theory predictions and find that
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Figure 3.4: (a), (d) Global plots of the mean first-passage time �MFP=�D as function of �m=�D
and ��=�D according to PGH theory for barrier heights (a) U0 = 3 kBT and (d) U0 = 20 kBT .
The red lines at the boundaries represent the heuristic formula Eq. (3.10). (b), (e) Scaling
diagrams showing the different scaling regimes for �MFP for barrier heights (b) U0 = 3 kBT
and (e) U0 = 20 kBT , respectively. The phase boundaries are determined by estimating the
crossovers between the different scaling forms Eqs. (3.11), (3.12), (3.13), (3.14) of the heuristic
formula Eq. (3.10). The memory speedup regime is defined by the parameter range where the
heuristic formula (3.10) yields a value for �MFP=�D less than 95% of the Markovian limit (3.12).
(c), (f) Global plots of the mean first-passage time �MFP=�D as function of �m=�D and ��=�D
according to GH theory for barrier heights (c) U0 = 3 kBT and (f) U0 = 20 kBT , which agrees
with the PGH theory only in the short-memory high-friction regime, defined by ��=�D � 1 and
�m=�D � 1.

throughout the parameter range considered, in which �MFP varies over 27 orders of magnitude,
relative deviations between our heuristic formula and the full PGH theory are small. Thus, over
many orders of magnitude in the parameters �m=�D, ��=�D, U0 and especially in the asymptotic
regimes, our formula (3.10) is a simple and accurate means for calculating �MFP.

Equation (3.10) allows us to establish a global scaling diagram. While in the long memory
limit ��=�D � 1, Eq. (3.10) reduces to

�MFP=�D � eU0=(kBT )+1

�
��

�D

�2

; (3.11)

in the Markovian limit ��=�D � 1, one obtains

�MFP=�D � eU0=(kBT )

�
U0

kBT

��1
"

1 +
�m
�D

+ 2 �
r

U0

kBT

�m
�D

#
: (3.12)
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Figure 3.5: Mean first-passage time �MFP=�D as a function of barrier height U0 for two different
parameter combinations of �m=�D and ��=�D. Crosses denote simulation results, solid lines
predictions from PGH theory, and dotted lines represent the heuristic formula Eq. (3.10).

The boundary between the Markovian and the non-Markovian regimes follows by equating
Eqs. (3.11) and (3.12), and constitutes the left boundary of the memory slowdown regime,
shown in green in the scaling diagram for barrier height U0 = 3 kBT in Fig. 3.4 (b). The
asymptotic boundaries are given by (��=�D)2 = kBT=U0 for high friction �m=�D � 1 and
(��=�D)2 = kBT=U0 � �m=�D for low friction �m=�D � 1. Similarly, the crossover from the
high-friction Markovian limit (�m=�D � 1) of Eq. (3.12),

�MFP=�D � eU0=(kBT )

�
U0

kBT

��1

; (3.13)

to the low-friction Markovian limit (�m=�D � 1)

�MFP=�D � eU0=(kBT )

�
U0

kBT

��1 �m
�D
; (3.14)

occurs at �m=�D = 1, and separates the Markovian low-friction (inertial) from the Markovian
high-friction (overdamped) regimes in Fig. 3.4 (b). We define the regime within which memory
accelerates barrier crossing as the parameter range where �MFP=�D according to the heuristic
formula Eq. (3.10) is smaller by 5% compared to the Markovian limit (3.12). This defines the
memory speedup regime, which in Fig. 3.4 (b) is shown in purple and is obtained for intermediate
memory time and not too large mass. Note that while a slight speedup is obtained even for large
mass �m=�D, the relative speedup goes to zero as �m=�D � 1, as is clearly seen in Fig. 3.3.

In Fig. 3.4 (e) we show the scaling diagram for U0 = 20 kBT . Compared to the result for
U0 = 3 kBT in (b), the boundary of the memory slowdown regime (shown in green) shifts
to slightly smaller values of ��=�D. Otherwise, the scaling diagrams for U0 = 3 kBT and

28



3.5 Propagator analysis

101

U0/(kBT )

10−3

10−2

10−1

τ Γ
/τ

D
| m

in

∼ U−0.5
0

Eq. (3.10)
PGH, τm/τD = 0.1
PGH, τm/τD = 1
PGH, τm/τD = 10

Figure 3.6: Memory time which minimizes �MFP=�D for given �m=�D, as predicted by Eq. (3.10)
(red solid line) and PGH theory (data points), as function of U0. Note that according to Eq. (3.10),
��=�Djmin does not depend on �m=�D. The power law ��=�Djmin � 1=

p
U0, denoted by a black

bar, approximates well the result from Eq. (3.10).

U0 = 20 kBT are very similar, which shows that the general scaling structure of the MFPT is
robust with respect to variations of the barrier energy U0. The comparison of PGH theory and
our heuristic formula for U0 = 20 kBT in Fig. 3.4 (d) shows that the heuristic formula also works
well for high barriers.

In Fig. 3.6 we show the memory time ��=�Djmin at which, for given inertial time scale
�m=�D and barrier height U0, the MFPT �MFP=�D is minimal. We compare results from the
heuristic formula Eq. (3.10) with predictions of PGH theory. According to Eq. (3.10), ��=�Djmin

is independent of �m=�D and decays as a power law ��=�Djmin � 1=
p
U0 with U0. While

��=�Djmin as predicted by PGH theory does slightly depend on �m=�D and is smaller than the
value obtained from the heuristic formula, the general agreement is quite good.

3.5 Propagator analysis

The scaling �MFP � �2
� for long memory time has been observed before and can be derived from

the energy diffusion limit of the barrier crossing rate [122]. Alternatively, it can be obtained
by an asymptotic analysis of the propagator C(t) � hx(t)x(0)i that describes the particle
motion within the potential well. This approach has the advantage that one can also derive the
barrier-crossing speedup at intermediate memory time in a straightforward fashion.

We consider the GLE (3.1) in a harmonic potential U(x) ’ Kx2=2 and for times t � ��,
so that we can replace the upper limit in the memory integral by infinity. Fourier transforming
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Eq. (3.1) and solving for ~x(!) yields

~x(!) =
~�(!)

K �m!2 + i!~�+(!)
� ~Q(!)~�(!); (3.15)

where the half-sided Fourier transform ~�+ of the memory kernel �(t) is given by

~�+(!) =

Z 1

0
dt e�i!t�(t) =




1 + i!��
; (3.16)

while the Fourier transform of the full memory kernel is

~�(!) = ~�+(!) + ~�+(�!) =
2


1 + !2�2
�

: (3.17)

Using Eq. (3.15), we calculate hx(t)x(0)i as

C(t) � hx(t)x(0)i =

Z
d!

2�
ei!t

Z
d!0

2�
h~x(!)~x(!0)i (3.18)

=

Z
d!

2�
ei!t

Z
d!0

2�
~Q(!) ~Q(!0)h~�(!)~�(!0)i (3.19)

= kBT

Z
d!

2�
ei!t

Z
d!0

2�
2��(! + !0)~�(!) ~Q(!) ~Q(!0) (3.20)

= kBT

Z
d!

2�
ei!t ~�(!) ~Q(!) ~Q(�!); (3.21)

where we used that the Fourier transform of the generalized FDT Eq. (3.2) is h~�(!)~�(!0)i =
kBT 2��(!+!0) ~�(!). Thus the propagator, i.e., the Fourier transform of C(t), is finally given
by

~C(!)=(kBT ) = ~�(!) ~Q(!) ~Q(�!) (3.22)

=
2


1 + !2�2
�

1

K �m!2 + i!~�+(!)

1

K �m!2 � i!~�+(�!)
(3.23)

= 2

�
(K �m!2)2 + !2
2 + 2!2
��(K �m!2) + !2�2

�(K �m!2)2
��1

:
(3.24)

For vanishing memory time, �� = 0, we obtain the standard damped harmonic oscillator result

~C(!)=(kBT ) = 2

�
(K �m!2)2 + !2
2

��1
: (3.25)

We now investigate the properties of Eq. (3.24) for small and large memory times ��.
For �� small we rewrite Eq. (3.24) as

~C(!)=(kBT ) = 2

�
(K � !2m(1� ��=�m))2 + !2
2 + !2�2

�(K �m!2 � !2
2
��1

(3.26)

= 2

�
(K � !2m(1� ��=�m))2 + !2
2 +O(!2�2

�)
��1

: (3.27)
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Neglecting the O(!2�2
�) terms in Eq. (3.27), we see that Eq. (3.27) reduces to the memoryless

propagator Eq. (3.25) with an effective mass

me� = m(1� ��=�m); (3.28)

which is smaller than the bare mass m. Thus, short but finite memory effectively leads to a
reduction of the mass, which according to high-friction Kramers theory is associated with a
speedup of the dynamics. This is indeed what we observe in both the Langevin simulations and
the PGH theory predictions, see Figs. 3.2 (c) and 3.3. Note that Eq. (3.28) was derived from
the linearized GLE. To arrive at Eq. (3.28) in the general nonlinear case, one can alternatively
perform a gradient expansion of the memory integral in the GLE Eq. (3.1). If the memory kernel
� decays quickly compared to the time scale on which _x varies, Taylor expansion of _x(t� t0)
around t and using the exponential memory kernel Eq. (3.3) yields

Z 1

0
�(t0) _x(t� t0) dt0 �

Z 1

0
�(t0) dt0 _x(t)�

Z 1

0
t0�(t0) dt0 �x(t) (3.29)

= 
 _x(t)�m ��

�m
�x(t): (3.30)

Replacing the memory integral in Eq. (3.1) by this expression, one obtains the ordinary Langevin
equation with friction coefficient 
 and the effective mass me� given by Eq. (3.28), in agreement
with our propagator analysis.

For large ��, we rewrite Eq. (3.24) as

~C(!)=(kBT ) = 2



!2�2
�

�
(K �m!2)2 +

1

!2�2
�

�
(K �m!2) + !2
2 + 2!2
��(K �m!2)

���1

(3.31)

= 2



!2�2
�

�
(K �m!2)2 +O((!��)�1)

��1 (3.32)

= 2
e�

�
(K �m!2)2 +O((!��)�1)

��1
: (3.33)

To leading order in ��1
� , this is the low friction limit �m! � 1 of the memoryless propagator

Eq. (3.25) with a frequency-dependent effective friction coefficient 
e� = 
=(!2�2
�). Indeed,

even though the friction coefficient is very high, the long-memory trajectories shown in Fig. 3.1
(g), (h) look inertial, in the sense that once a barrier crossing event takes place, there is a cascade
of recrossings, reminiscent of low-friction barrier crossing, as shown in Fig. 3.1 (b). For low
effective friction, the propagator Eq. (3.25) is dominated by the pole at !2

� = K=m, so that the
effective friction asymptotically equals 
e� = 
=(!2

��
2
�) = 
m=(K�2

�). Using the Kramers
scaling for �MFP for low friction and replacing 
 by the effective friction coefficient 
e� , we
finally obtain

�MFP � eU0=(kBT )mkBT=(
e�U0) = eU0=(kBT )�2
�KkBT=(
U0) (3.34)

= 8eU0=(kBT )�2
�kBT=(
L

2) � eU0=(kBT )�2
�=�D; (3.35)
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where we used K = 8U0=L
2, appropriate for the quartic potential Eq. (3.4). This is precisely

the scaling behavior obtained for large memory times �� both for large and small bare friction 

in Fig. 3.2 (c), and which is also recovered by the heuristic formula Eq. (3.10).

This scaling result is noteworthy for several reasons. First, it demonstrates that the non-
Markovian limit, corresponding to memory times �� much larger than the diffusion and inertial
times �D and �m, is characterized by a very simple and universal scaling of the barrier crossing
time �MFP. Secondly, orthogonal degrees of freedom, which are at the core of non-Markovian
effects [14, 15], modify �MFP in a crucial but intuitive manner. To see this, we assume that
non-Markovian effects are caused by a single orthogonal degree of freedom subject to an energy
barrier of heightW0, so that the memory time can be written as �� � 
eW0=(kBT ) to leading order.
Combining this with the scaling �MFP � eU0=(kBT )�2

�=
, we obtain �MFP � 
e(U0+2W0)=(kBT ).
This shows that in the long-memory limit, the orthogonal barrier heightW0 is even more relevant
than the barrier height U0 associated with the reaction coordinate, which presumably reflects
multiple recrossing events over the orthogonal barrier.

A simple picture allows to rationalize the observed acceleration of the barrier crossing at
intermediate memory time in an intuitive manner. Consider a particle that has just returned
from an unsuccessful barrier-crossing attempt and is located at the potential minimum. For a
memory time that is of the order of the time it took the particle to move down from the barrier,
the net effect of friction will be to accelerate the particle up the barrier again, so this is a simple
way of understanding the effective mass reduction expressed by Eq. (3.28). For much longer
memory times the memory kernel will average over many previous barrier crossing attempts,
which cancel out on average and thus lead to a reduced effective friction. This explains why
the particle trajectories in Fig. 3.1 (g) and (h) look inertial and why the kernel derived in the
long-memory limit, Eq. (3.33), has a similar pole structure as the memoryless kernel Eq. (3.25)
for vanishing friction.

3.6 Conclusions

In summary, we compare several rate theories (MM, GH, PGH) for the barrier-crossing time
with explicit Langevin simulation results, and determine the range of applicability of the various
theoretical predictions. We confirm that the commonly used GH theory is only applicable in the
double limit of short memory and high-friction (overdamped) dynamics, and that PGH theory is
very accurate in predicting MFPTs in the entire parameter space. From asymptotic analysis of the
propagator, we derive that there is a regime at intermediate memory times where memory leads
to a decrease of the MFPT �MFP, and a distinct regime at long memory times where memory
effects slow down barrier crossing and the asymptotic power law �MFP � �2

� is obtained. As an
easy-to-implement alternative to the PGH formula, we provide the heuristic formula (3.10), show
that it accurately predicts the MFPT over many orders of magnitude in the parameters �m=�D,
��=�D, U0, and use it to establish the scaling diagram featuring the Markovian high-friction and
inertial regimes as well as the non-Markovian long memory regime. In particular, we identify a
regime at intermediate memory times where finite memory reduces the barrier crossing time.

The heuristic formula we provide is a convenient tool for the calculation of rates from known
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memory times, or, conversely, for the estimation of memory times from barrier crossing times
measured in MD simulations or experiments. Based on the heuristic formula we estimate the
memory time which maximizes the barrier crossing rate, this might be useful for the design of
systems with optimal barrier flux by tuning memory time and barrier height. More generally, our
analysis allows to quickly determine whether memory effects are relevant or not, as summarized
in Figs. 3.4 (b) and (e). The location in the scaling diagrams where the memory time, the diffusion
time and the inertial time are all of the same order, ��=�D � �m=�D � 1, is experimentally
relevant for dihedral barrier crossing phenomena [29,140] and ion-pair kinetics in water [25,86],
since in both cases the diffusion time, the memory time, and the inertial time are all of the order
of around one picosecond. The scaling diagrams Figs. 3.4 (b) and (e) show that in this area the
three scaling regimes corresponding to memory slowdown, memory speedup and the inertial
regimes touch. Since in this regime neither the Markovian models nor the GH theory, which are
easy to handle, are reliable, our heuristic formula will be useful as a convenient and accurate
tool to estimate reaction rates for such systems.
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Chapter 4

Barrier crossing in the presence of
bi-exponential memory is dominated
by the shorter memory time

Bibliographic information: The content of this chapter and of Appendix C is in preparation to be
submitted to a peer-reviewed journal (Ref. [iii]).

4.1 Introduction

Conformational transitions are usually modeled as barrier crossing in a one-dimensional energy
landscape. The corresponding reaction coordinate is coupled to both intra- and extramolecular
degrees of freedom, and only if there is separation of time scales between reaction coordinate and
orthogonal degrees of freedom is the dynamics of the reaction coordinate Markovian. However,
the time scales of the dynamics of microscopic systems are typically comparable to those of their
environment, and indeed non-Markovian dynamics, i.e., memory effects, have been observed in
ion-pair kinetics [25, 86], conformational transitions in small molecules [28, 29], and protein
folding [62, 98, 102, 141].

Memory effects can have substantial influence on barrier crossing times [88, 122, 127, 129,
132]. In Chapter 3 we studied barrier crossing for the case where the orthogonal degrees of
freedom are characterized by a single time scale and a single long-time friction coefficient, and
memory effects are described by an exponential memory kernel. Due to its simplicity, this is the
most-studied scenario for non-Markovian barrier crossing in the literature [88, 122, 131, 132].
However, in many physical reaction coordinates non-exponential memory effects have been
found [29,86,142–145], and only few systematic numerical studies of barrier crossing that go
beyond the single-exponential case exist [146]. As for theoretical results, the popular Grote-Hynes
(GH) theory [87] for barrier crossing in the presence of memory is easily applied to arbitrary
memory kernels, but in Chapter 3 we saw that even in the single-exponential case its predictions
only agree with numerical results in the double limit of high friction and short memory times.
On the other hand, for the rate theory developed by Pollak, Grabert and Hänggi (PGH) [88],
which in Chapter 3 is found to accurately describe the numerical data throughout the parameter
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range studied, the only solution readily available in the literature is that for single-exponential
memory [88].
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U
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Figure 4.1: (a) Illustration of barrier crossing of a massive particle in the double-well potential
U(x) given by Eq. (4.3). The barrier crossing time �MFP is defined as the mean time between
crossing the minimum at x = �L (left green vertical dashed line) and reaching the other
minimum at x = L (right green vertical dashed line) for the first time. (b) Illustration of how
first-passage times (FPTs) are obtained from Langevin simulation. Vertical black lines mark
crossings of the trajectory with the minimum x = �L (lower green dashed line), the vertical
red line marks the first crossing of the trajectory with the minimum x = L (upper green dashed
line). Each vertical black line constitutes a sample for the FPT, obtained via calculating the
time difference to the red line, and the MFPT �MFP is obtained by averaging over all FPTs. For
the trajectory shown, the parameters �m=�D = 10, �1=�D = �2=�D = 0:01 and barrier height
U0 = 3 kBT are used. Both the potential and the algorithm used for calculating FPTs in this
chapter are the same as in Chapter 3.

In the present chapter, we consider the situation where the orthogonal degrees of freedom
are characterized by two time scales. We consider the one-dimensional generalized Langevin
equation (GLE)

m �x(t) = �
Z t

0
�(t� t0) _x(t0) dt0 � U 0(x(t)) + �(t); (4.1)

where m is the effective mass of the reaction coordinate x, �(t) is a memory kernel, U 0 denotes
the derivative of a potential U(x), and � is a random force. The random force � is Gaussian with
zero mean, h�(t)i = 0, and obeys the generalized fluctuation-dissipation theorem (FDT)



�(t)�(t0)

�
= kBT �(jt� t0j): (4.2)

As in Chapter 3, we consider a double-well potential

U(x) = U0

��x
L

�2
� 1

�2

; (4.3)
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illustrated in Fig. 4.1. We consider a bi-exponential memory kernel

�(t) =
2X

i=1




2�i
exp (�jtj=�i) =




2�1
exp (�jtj=�1) +




2�2
exp (�jtj=�2) ; (4.4)

where �1, �2 are two memory time scales and 
 =
R1

0 dt�(t) is the long-time friction coefficient.
We here consider the special case where each of the two exponentials contributes equally to the
long-time diffusion coefficient 
,

Z 1

0
dt




2�1
e�t=�1 =

Z 1

0
dt




2�2
e�t=�2 = 
=2: (4.5)

If both memory times are equal, i.e., if �� � �1 = �2, then Eq. (4.4) reduces to the single-
exponential memory kernel considered in Chapter 3.

We study barrier crossing by numerical simulations of the GLE Eq. (4.1), (4.4), in the complete
parameter space which includes both low- and high-friction 
, as well as short and long memory
times �1, �2. For equal memory times �� � �1 = �2, we recover the single-exponential results
discussed in Chapter 3, which we describe in the present chapter using a slight modification
of the single-exponential heuristic formula Eq. (3.10). If the two memory times �1, �2 are very
different, the corresponding trajectories resemble those of single-exponential dynamics, with
the single-exponential memory time given by the shorter of the two memory times �1, �2. For
long memory times, we analytically show that indeed the shorter memory time dominates the
propagator of the GLE. We define an effective single-exponential friction coefficient 
e� and
an effective single-exponential memory time �e� , which interpolate between the symmetric
case �� � �1 = �2 and the asymmetric case where �i � �j . Used in conjunction with the
effective single-exponential parameters 
e� , �e� , the single-exponential heuristic formula for
barrier-crossing times describes our numerical data globally. Our results thus show that in the
asymmetric case, the shorter memory time determines the barrier-crossing time.

4.2 Setup

To formulate the GLE in dimensionless form, we introduce the time scales

�m =
m



; �D =

L2


kBT
: (4.6)

Here, �m is the inertial time which characterizes viscous dissipation of particle momentum, and
�D is the diffusion time linked with the barrier separation L and long-time friction coefficient 
.

With these definitions, Eq. (4.1) can be rewritten as

�m
�D

�~x(~t) = �1

2

2X

i=1

�D
�i

Z ~t

0
d~t0 exp

�
��D
�i

�
~t� ~t0

��
_~x(~t0) + ~F

�
~x(~t)

�
+ ~�(~t); (4.7)
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where ~t = t=�D is the time in units of �D, ~F (~x) = �LU 0(L~x)=kBT is the dimensionless deter-
ministic force, and ~�(~t) = L�(�D~t)=kBT is the dimensionless random force. The autocorrelation
function of ~� follows from Eq. (4.2) as



~�(~t)~�(~t0)

�
=

1

2

2X

i=1

�D
�i

exp

�
��D
�i
j~t� ~t0j

�
: (4.8)

To simulate the GLE Eq. (4.7) numerically, we eliminate the memory kernel by introducing
two auxiliary degrees of freedom R1, R2. More explicitly, Eqs. (4.7), (4.8) are equivalent to the
coupled system of equations

�m
�D

�~x(~t) = ~F
�
~x(~t)

�
+R1(~t) +R2(~t); (4.9)

� �1

�D
_R1(~t) = R1(~t) +

1

2
_~x(~t) +

1p
2
�1(~t); (4.10)

� �2

�D
_R2(~t) = R2(~t) +

1

2
_~x(~t) +

1p
2
�2(~t); (4.11)

where �i are Gaussian stochastic processes with zero mean and autocorrelation given by
h�i(t)�j(t0)i = 2�i;j�(t� t0). As we show in Appendix C.2, solving Eqs. (4.10), (4.11) forRi(t)
and substituting the result into Eq. (4.9), one obtains the GLE Eq. (4.7), with an effective ran-
dom force ~�R(~t) =

P2
i=1[Ri(0) exp(��D=�i~t )� �D=(�i

p
2)
R ~t

0 d~t0 exp(��D=�i(~t� ~t0))�(~t0)].
If the initial conditions Ri(0) are Gaussian random variables with zero mean and variance
hRi(0)Rj(0)i = �i;j�D=(2�i), then ~�R fulfills the FDT Eq. (4.8), so that ~�R � ~�.

Using a fourth-order Runge-Kutta integration scheme, we simulate Eqs. (4.9)-(4.11) for the
parameter range �m=�D 2 [10�3; 103], �1=�D; �2=�D 2 [10�3; 102]. Initial positions are sam-
pled from a Gaussian approximation of the probability distribution in the well ~x = �1, i.e.,
h~x(0)i = �1, h(~x(0)+1)2i = kBT=(U

00(�L)L2) = kBT=(8U0). Initial velocities are sampled
from a Gaussian distribution with zero mean and variance h _~x(0)i = �D=�m, in accordance with
the equipartition theorem. Throughout, we use the barrier height U0 = 3 kBT .

From our simulations we obtain distributions for the first-passage time (FPT) �FP by collecting
samples for the time needed from crossing the minimum at x = �L to reaching the minimum at
x = L for the first time, see Fig. 4.1 (b) for an illustration. Since the potential is symmetric, we
also collect FPT samples from crossings starting at x = L and reaching x = �L for the first
time. The mean first-passage time (MFPT) �MFP is subsequently calculated by averaging over
all samples, and we showed in Chapter 3 that this yields the same MFPT as is obtained when
using absorbing boundary conditions to eliminate recrossing, or using an absorbing boundary
condition and fitting an exponential decay to the time-dependent probability for a particle to
remain in the well x < 0.

In Fig. 4.2 we plot simulation trajectories showcasing typical barrier crossing events. In
Figs. 4.2 (a), (b), (d), (e) the two memory times are equal, �� � �1 = �2, so that in fact single-
exponential memory is studied. In the energy diffusion limit, which is attained if �m=�D � 1 or
��=�D � 1, we recover bursts of recrossings similar to our results in Chapter 3. Recrossing begins
when the particle has acquired enough energy to cross the barrier; it subsequently oscillates back
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low friction, Markovian low friction, long memory     low friction, τ1 � τ2

(a) high friction, long memory (c)
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Figure 4.2: Typical sections of simulated trajectories displaying barrier crossing events for
barrier height U0 = 3 kBT . Simulation parameters used are given in the legends. The horizontal
green dashed lines indicate the minima of the quartic potential Eq. (4.3), which is shown in
Fig. 4.1 (a).

and forth between the two wells until its energy falls below the barrier energy again [126,147].
Figure 4.2 (c) shows a trajectory with high friction �m=�D = 0:001 � 1, and memory times
�1=�D = 0:01� �2=�D = 10. The trajectory is reminiscent of the high-friction short-memory
dynamics shown in Fig. 4.2 (a), and markedly different from the long burst of recrossings
displayed in Fig. 4.2 (b). Similarly, the trajectory for low friction �m=�D = 10 � 1 and
�1=�D = 0:01� �2=�D = 10 shown in Fig. 4.2 (f) resembles more the low-friction Markovian
trajectory from Fig. 4.2 (d) than the low-friction long-memory trajectory shown in Fig. 4.2 (e).
While these observations are a first hint that the shorter memory time determines the dynamics of
the particle, we emphasize that both memory times always contributes equally to the long-time
diffusive behavior, see Appendix C.3 for details.

To check whether bi-exponential memory implies bi-exponential first-passage time distribution,
we in Fig. 4.3 present numerically obtained FPT distributions in a semi-logarithmic representation,
calculated using the trajectories depicted in Fig. 4.2. For all parameters considered we see that
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Figure 4.3: First-passage time distributions for barrier crossing. Simulation parameters are
given in the legends. For each subplot, samples are obtained from numerical simulations as
illustrated in Fig. 4.1 (b). The resulting normalized probability distribution �(�FP) is shown as
blue histogram. The MFPT �MFP given in the plots is obtained by averaging over the samples,
and used to plot an exponential distribution as defined in Eq. (4.12), and shown as red dashed
line.

the observed FPTs are well-approximated by an exponential distribution

�(�FP) =
1

�MFP
exp(��FP=�MFP); (4.12)

shown as red dashed lines in Fig. 4.3. Only for the long-memory regime shown in Figs. 4.3 (b),
(e) we see slight deviations from the exponential distribution for short �FP, which we attribute to
the recrossing events shown in Fig. 4.2 (b), (e), and which do not affect the MFPT significantly,
as shown in Chapter 3. Both for high friction (upper row) and low friction (lower row), we see
that if the two memory times are very different, as in Figs. 4.3 (c), (f), then the resulting FPT
distribution is single-exponential; the MFPT is close to the corresponding single-exponential
MFPT of the shorter memory time, shown in Figs. 4.3 (a), (d), and can differ by orders of
magnitude from the single-exponential MFPT of the longer memory time, as shown in Figs. 4.3
(b), (e).
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4.3 Propagator analysis

4.3 Propagator analysis

In Figs. 4.2, 4.3 we observed similarities between the dynamics in the asymmetric bi-exponential
scenario and the single-exponential scenario for the corresponding smaller memory time, in-
dicating that the smaller memory time dominates short-time dynamics and barrier crossing.
For long memory times, this can be rationalized by an asymptotic analysis of the propagator
C(t) � hx(t)x(0)i that characterizes the particle motion within one potential well. The follow-
ing calculation is a generalization of the propagator analysis carried out for the single-exponential
memory kernel in Chapter 3. We consider the GLE (4.1) in a harmonic potential U(x) ’ Kx2=2
and for times t� �1; �2, so that we can replace the upper limit in the memory integral by infinity.
Fourier transforming Eq. (4.1) and solving for ~x(!) yields

~x(!) =
~�(!)

K �m!2 + i!~�+(!)
� ~Q(!)~�(!); (4.13)

where the half-sided Fourier transform ~�+ of the bi-exponential memory kernel �(t) is given by

~�+(!) =

Z 1

0
dt e�i!t�(t) =




2

2X

j=1

1

1 + i!�j
; (4.14)

while the full Fourier transform is

~�(!) = ~�+(!) + ~�+(�!) = 

2X

j=1

1

1 + !2�2
j

: (4.15)

Using Eq. (4.13), we calculate the propagator C(t) � hx(t)x(0)i as

C(t) � hx(t)x(0)i =

Z
d!

2�
ei!t

Z
d!0

2�
h~x(!)~x(!0)i (4.16)

=

Z
d!

2�
ei!t

Z
d!0

2�
~Q(!) ~Q(!0)h~�(!)~�(!0)i (4.17)

= kBT

Z
d!

2�
ei!t

Z
d!0

2�
2��(! + !0)~�(!) ~Q(!) ~Q(!0) (4.18)

= kBT

Z
d!

2�
ei!t ~�(!) ~Q(!) ~Q(�!); (4.19)

where we used that the Fourier transform of the generalized FDT Eq. (4.2) is h~�(!)~�(!0)i =
kBT 2��(!+!0) ~�(!). Thus the propagator, i.e., the Fourier transform of C(t), is finally given
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by

~C(!)=(kBT ) = ~�(!) ~Q(!) ~Q(�!) (4.20)

= 


2X

j=1

"
1

1 + !2�2
j

1

K �m!2 + i!
=2
P2

k=1(1 + i!�k)�1

� 1

K �m!2 � i!
=2P2
l=1(1� i!�l)�1

#
(4.21)

= 

2X

j=1

(
(1 + !2�2

j )

"
(K �m!2)2 � !


2X

k=1

!�k(1 + !2�2
k )�1 (4.22)

+
!2
2

4

2X

k;l=1

(1 + i!�k)
�1(1� i!�l)�1

3
5
9
=
;

�1

:

For �1, �2 large, we rewrite this as

~C(!)

kBT
=




!2�2
1

2
4(K �m!2)2 +

2X

j=1

O
�
(!�j)

�1
�
3
5
�1

+



!2�2
2

2
4(K �m!2)2 +

2X

j=1

O
�
(!�j)

�1
�
3
5
�1

; (4.23)

and for �1 � �2, we obtain the approximate expression

~C(!)

kBT
� 


!2�2
1

�
(K �m!2)2

��1
: (4.24)

The result is independent of �2, showing that the dynamics is indeed dominated by �1 and giving
an explanation for the behavior of the trajectories shown in Figs. 4.2 (c), (f).

Note that similar to the long memory time limit for the single-exponential propagator discussed
in Chapter 3, Eq. (4.24) is the low-friction limit �m! � 1 of the memoryless propagator, and
using the same argument as in Section 3.5, the scaling �MFP=�D � (�1=�D)2 can be obtained
from Eq. (4.24), which holds for intermediate times where �m � �1 � �2.

4.4 Single-exponential scenario with improved heuristic formula

Before exploring the global behavior of �MFP=�D, we consider the symmetric scenario defined by
�� � �1 = �2, where the memory kernel Eq. (4.4) reduces to a single exponential. This situation
was studied in detail in Chapter 3, and based on PGH theory [88] we obtained a heuristic formula
for �MFP in the single-exponential case, given by Eq. (3.10). However, we also observed that
in the long-memory regime ��=�D � 1, PGH theory deviates slightly from numerical MFPTs,

42



4.4 Single-exponential scenario with improved heuristic formula

10−1 102

τm/τD

100

102

104

106

τ M
F

P
/τ

D

LangevinτΓ/τD

0.1
1

10

Eq. (4.25)
(a)

τΓ ≡ τ1 = τ2

10−2 100 102

τΓ/τD

102

104

106

108

τ M
F

P
/τ

D

τm/τD Langevin

0.01
1

10

Eq. (4.25)
(b)

∼ (τΓ/τD)2

τΓ ≡ τ1 = τ2

τΓ/τD10−2
100 102

τm/τD
10−2

100102

τ M
F

P
/τ

D

102

104

106

(c) τΓ ≡ τ1 = τ2

Figure 4.4: Simulation results for the MFPT for single-exponential memory, i.e., for �� � �1 = �2.
(a) The rescaled MFPT �MFP=�D is shown as a function of �m=�D for several values of ��=�D
(colored crosses). The colored lines represent the improved heuristic formula Eq. (4.25). (b)
The rescaled MFPT �MFP=�D is shown as a function of ��=�D for several values of �m=�D
(colored crosses). The colored lines represent the heuristic single-exponential formula Eq. (4.25),
the asymptotic power law scaling �MFP=�D � (��=�D)2 [122] is shown as black bar. (c) The
rescaled MFPT �MFP=�D is shown as a function of both �m=�D, ��=�D. The data shown in
subplot (a) corresponds to sections parallel to the �m=�D-axis, the data shown in subplot (b)
corresponds to sections parallel to the ��=�D-axis. For all simulations U0 = 3 kBT is used.

so that consequently also our heuristic formula deviates slightly from numerical MFPTs in that
regime, c.f. Fig. B.2 (c). To remedy this, in the present chapter we use a modified version of the
heuristic formula Eq. (3.10), given by

�MFP=�D = eU0=(kBT )

"
(U0=(kBT ))�1

1 + 10U0=(kBT ) ��=�D
+

�
U0

kBT

��1 �m
�D

+2

s�
U0

kBT

��1 �m
�D

+ 4

�
��

�D

�2
3
5 : (4.25)

The difference between Eq. (3.10) and Eq. (4.25) is the prefactor 4 in the last term, which in the
original heuristic formula Eq. (3.10) is given by Euler’s number e � 2:72. In Figs. 4.4 (a), (b) we
compare numerical data for the symmetric scenario �� � �1 = �2 to predictions of Eq. (4.25),
and consistent with our results from Chapter 3 we find very good agreement. The improved
heuristic formula Eq. (4.25) matches the long-memory regime ��=�D � 1, shown in Fig. 4.4 (b)
to the right, slightly better than the original heuristic formula, compare Fig. B.2 (c). In Fig. 4.4
(c) we display the global behavior of the single-exponential MFPT in a triple-logarithmic plot,
which shows �MFP=�D as a function of both �m=�D and ��=�D.
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