THE p-DAUGAVET PROPERTY FOR FUNCTION SPACES

ENRIQUE A. SANCHEZ PEREZ AND DIRK WERNER

ABSTRACT. A natural extension of the Daugavet property for p-convex
Banach function spaces and related classes is analysed. As an appli-
cation, we extend the arguments given in the setting of the Daugavet
property to show that no reflexive space falls into this class.

1. INTRODUCTION

A Banach space B is said to have the Daugavet property if every rank one
operator T: B — B satisfies the Daugavet equation

[1d + T[] = 1+ ||T],

where Id is the identity map on B. In the setting of Banach function spaces,
several recent papers have analysed for which ones the Daugavet property
is satisfied. The main examples are L'(x) and L> (1) whenever u does not
have any atoms (see [7, Section 2]). Also, if K is a compact Hausdorff
topological space without isolated points, the space C(K) has the Daugavet
property; this space is a function space, but not a Banach function space in
the sense that we use in this paper.

Some modifications of the Daugavet property have also been introduced in
order to provide a weaker property for extending the techniques and results
that arises for spaces with the Daugavet property to a bigger class of spaces
(see for example [4, 9, 10, 11]). In this paper we consider what we call
generalized function spaces (to be defined at the end of the introduction), a
new class that includes p-convex Banach function spaces and C'(K)-spaces,
whose definition is partially motivated by the one of a K-representable space
given in [5]. Our generalization of the Daugavet property is the following.

Definition 1.1. A constant 1 p-convex (generalized) function space X is
said to have the p-Daugavet property if and only if for every rank one oper-
ator T: X — X, the equation

sup [|(f7 + T(f)")/P| = (1 + ||T||P)"/?
feBx

is fulfilled. We call this equation for an operator 1" the p-Daugavet equation.
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We remark that we deal with a different p-version of the Daugavet prop-
erty in our paper [13].

The aim of this paper is to characterize the p-Daugavet property and
provide a description of the structure of the spaces that satisfy it, as well
as to exhibit a class of spaces having the property. As applications, and
following the same steps as for spaces with the Daugavet property, we prove
that no reflexive constant 1 p-convex generalized function space has the p-
Daugavet property. From the methodological point of view, we adopt the
Banach lattice aproach to the Daugavet property (see [1, 2]) but use the
geometric tools that were introduced later ([7]).

We use standard notation. All the Banach spaces considered in the paper
are supposed to be defined over the reals. Let Y be a Banach space. By and
Sy are the (closed) unit ball and the unit sphere, respectively. Y* denotes
the dual space of Y. The slice S(y*,¢) defined by y* € By« and € > 0 is
given by

S(y*.e)={y € By: (y,y") 21— ¢}.

Let (2,3, 1) be a measure space. A Banach function space X (u) is an
ideal of the space L%(u1) of classes of measurable functions (the usual j-a.e.
order is considered) that is a Banach space with a lattice norm | - || such
that for every A € ¥ of finite measure, x4 € X (p) (see [8, Def. 1.b.17]). If
the measure p is fixed in the context we simply write X for X (u). X (u)*
stands for the positive cone of X (u) and in general, if S C X (u), we will
write ST for its positive part S N X (u)*.

Let us now recall two basic geometric properties of Banach lattices. If X
is a Banach lattice, it is called p-convez if there is a constant K such that
for each finite sequence (z;)7_; in X,

()] = (X teli)™

An operator T: X — F on a Banach lattice X is p-concave if there is a
constant k such that for every sequence (z;); in X,

(g i) " < i (; )

The quantities M ®)(X) and M) (T') are respectively the best constants in
the above inequalities. If T is the identity map, we also say that X is p-
concave and denote the corresponding constant by M, (X). Throughout
the paper we assume that the p-convexity constants of the spaces are equal
to 1; we will write that the space X is constant 1 p-convex for short.

In order to extend these lattice notions to a bigger family of spaces, we
introduce the class of generalized function spaces (g.f.s. for short). Let
1 < p < oco. Let A be a set and consider a family of measure spaces
{(A5, %5, 15): 6 € A}. Let (R45),, be the space of classes of us-a.e. equal
measurable functions, usually denoted by L°(As,us). For each element
f € Ilsen(RA),;, the modulus |f] is defined pointwise by |f[(8) = |f(6)].
Let X be a Banach space of (classes of) functions f € [[scx (R),, such
that | f| € X and with a norm with lattice properties when the natural order
inherited in X from the product is considered. Thus, X is a Banach space
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of functions whose values at each point § are classes of ugs-a.e. equal real
functions such that the modulus of each element belongs to the space, too,
and with a lattice norm; notice that the counting measure on Aj is also
admissible, which is important for including C'(K) spaces. The measure ps
will not be written explicitly if it is not relevant in the context.

Note that, if f € X, we can write it at each point 6 € A as f(J) =
sign{ f(0)}|f(6)| and define the map 4, from X taking values in [sc o (R?%),,
by means of its pointwise evaluation

ip(f)(0) := sign{f(O)} (), [feX.

Here, sign{a} denotes the sign of the real number a. We use the notation

fP=ip(f);
we caution the reader that for even integers fP need not be the same as | f|P.
The map i, is clearly an injection; we denote by iy, (i.e., il/p(g) = g!/P for
every g € i,(X)), the inverse map.
We say that a Banach space of functions as above is a constant 1 p-convex

generalized function space if for every finite family of elements z1,...,x, €
X the function (3.1, 27)!/? belongs to X and

(k) = (S te) ™
=1 i=1

It can easily be seen that this class includes for instance constant 1
p-convex Banach function spaces (take A a singleton), C(K)-spaces and
C(K,Y)-spaces, where Y is a constant 1 p-convex Banach function space.

2. THE p-CONVEXIFICATION OF THE DAUGAVET PROPERTY

Let X be a constant 1 p-convex g.f.s. Consider the linear space Fx , of
functions from X to the corresponding product [[sc (R49),, that are finite
sums of the elements of the set

Sxp= {(b: X — H(RA“)M: ¢ =1i,0T, T: X — X linear and continuous}.
JSPAN

Define the function norm on the space Fx , by

p

[l = su | (; ai(p) " = g@(f) €

Clearly, this formula is independent of the representation that is used for
the element ¢ as a sum of elements of Sx ;. It can easily be checked that
it is a norm on the space Fy ,, just taking into account that || - ['/?|/% is a
norm in ¢,(X) since X is a constant 1 p-convex g.f.s. and that the map i, is
one-to-one.

Lemma 2.1. Let X be a constant 1 p-convex g.f.s. Suppose that T and S
are operators from X into X such that

Sup NT (Y + SR = (TP + 1 SI1P) 2. (2.1)
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Then for every o, 8 > 0,
1

sup [[|(aT(£))” + (BS(F)PI7|l = (T |” + 5S]7) .

feBx
Proof. Consider the functions ¢ and ¢ in Sx, defined by ¢ = i, o T and
¢ = ip 0.8 and note that ||¢||ry, = [|T||” and [|¢|Fy, = [S]|P. Therefore,
by (2.1) we have that

16+ ¢llrx, = [9llry, + el
This implies, by Lemma 11.4 in [2] (or [14, p. 78]), that for every couple of
non-negative real numbers a and b,
lag +bollpx,, = alldllry, + bllellry,-

But this can be rewritten as

Sup a(T () +b(SUNPIMPI = all TP +b] S|P

€Bx

Thus, the result holds just by considering a = a'/? and 3 = b'/?. U

Proposition 2.2. Let X be a constant 1 p-convez g.f.s. Suppose that T
X — X is the rank one operator given by T(f) := (f,g")g, where g* € X*
and g € X. The following statements are equivalent:

(1) suppepy 17+ THPMPlx = L+ (|T)P) 2.
(2) For every € > 0 there is an element h € S(”g—*”,e) such that

1
)"+ 1 =2 2=
ol

Proof. Let us prove first that (1) implies (2). By Lemma 2.1, we can assume
that the norm of T' is one, just by replacing T' by T/||T|| = T/ |lg||llg*||, and
representing the resulting operator with two norm one elements that we still
denote by g and g*. Let ¢ > 0. Take h € Sx such that

IIR? + TRPIPI > 2 — <.

We can assume that (h,g*) > 0 (otherwise, replace h by —h). Notice first
that since X is constant 1 p-convex,

L+ (R g)Pllgll = RP1P IR + NI (R)PIPI > 2 e,

which implies that (h,g*) > (1 — €)'/ > 1 — £. Consequently, g € S(g*,¢).
On the other hand, also by the constant 1 p-convexity of X,

2 —e < |[IWP + T(R)[VPI%
< PP+ g 1P + T ()P — gP 71
= [lIA” + g”1 P I + (L = Chyg")P)g? [P
< AP+ 1P + (L= (b g")P)lllg? /2P
< [I1RP + gP[VPIE + e

This gives the result.
For the converse, first notice that the inequality

sup |||f7 + T(f)P|"P|l% < 1+ |77
feBx
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always holds, by the constant 1 p-convexity of X. By Lemma 2.1, we can
assume that ||g|| = 1 and ||g*|| = 1, and then ||T|| = 1. Let € > 0 and
h € S(g*,€) such that

llg? + BP[PP > 2 — 2.
Then, again by the constant 1 p-convexity of X,
2 —2¢ < ||lg” + W) PP = [llg” = T(h)? + T (h)" + h?|"/7||”
< llg? = T(R)PIVP ([P + [T (R)? + B2
< (1= (")) + T (R + B[P
< (1= (L=e)) + [T (R + P17
Since this holds for every € > 0, we obtain the result. O

Example 2.3. Let X (i) be a constant 1 p-convex Banach function space.
Consider the set P of positive rank one operators from X (u) — X (u), i.e.,

P={T:X > X:T=g"®g, g€ (X(1))", g€ (X(u)*}

Proposition 2.2 gives directly the following result by taking into account
that the supremum in (1) of Proposition 2.2 can be computed using just
positive elements.

The following assertions are equivalent:

(1) For every positive rank-one operator T € P,

sup [||f7+T(F))P|lx = L+ | T|")"P.
feBx
(2) For every € > 0, every g € S% and every g* € S%. there is an
element h € (S(g*,¢))" such that

llg?” + RPIPIP > 2 — 2.

For instance, LP-spaces satisfy the statements above, since they are p-
concave and M, (L?) = 1. This includes the case of ¢7; recall that the
Daugavet property is not satisfied for £, so the property given by the equiv-
alent assertions above, at least for the case p = 1, is strictly weaker than
the Daugavet property. We will show that this is also the case for p > 1
but in a more dramatic sense, since LP(u) over an atomless measure p does
not satisfy the p-Daugavet property. The reader can find more information
about what is called the positive Daugavet property in [3, Section 5].

Let us now give another example of Banach function space to which
Proposition 2.2 can be applied, i.e., a Banach function space that satis-
fies a weak version of the p-Daugavet property: we show that it holds when
only the functionals of the Kéthe dual of X are considered, instead of the
whole dual space X* (see for instance [12, p. 35] for the definition of Kéthe
dual). As a consequence of further results in this section, we shall see that
in fact it satisfies also the p-Daugavet property, i.e., when all the continuous
functionals are considered.

Example 2.4. Let 1 < p < oo. Consider an atomless measure u, a mea-
surable partition {A;};en and the space X = @, L (i), where p1; = pi| ..
Taking as the selected set of functionals the ones of the Koéthe dual, i.e.,
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the space X' = P, L (| 4,), we obtain that all rank one operators defined
by Ty 1o (f) = (fs fo) fos fo € X, foy € X' satisfy the p-Daugavet equation.
Notice that X is in particular a constant 1 p-convex g.f.s. To see this, just
consider the set A = N, for each i € A the set A;, and the representation
of a function f € X as (f‘Ai);’il € HZ-GN(RAZ')M’A_, and taking into account
that this definition makes sense almost everywhe}e.

We show our claim in two steps.

(1) Fix ¢ € N and suppose that the function g € Sx has its support
in A;, and fix ¢ € Sy that has its support in A;, too. Let ¢ > 0 and
let us find an element h € S(¢',¢), also with support in A;, such that
l1g? + h[Ve]| > 2 — 2.

Take the function h = sign{g'}. Clearly, h € S(¢’,¢). There is a set
B; C A; such that 0 < p;(B;) < e and 1 —e < ||gxp,|| < 1. We can assume
also that the sign of the function is + or — in all the set B;. Now:

(i) If sign{gxp, } = sign{hxp,} in a set of positive measure, take hg = h
and C = B;.

(ii) If this is not the case, notice that sign{gxp, } = —sign{hxp,} p-a.e.
and then take a subset C' C B; such that 0 < [ |¢'| du < €/2. Define hg in
this case as hg = hxa,\c — hxc. Notice that

/hog'du:/ hog'du—i—/hog'du21—5/2—6/2:1—5,
C

A;

and so hg € S(¢',¢).
So, in both cases,

llg” + hE 1M1 = [llg” + h§ | Pxcll = 2.

In particular, these calculations show that L>°(u) has the p-Daugavet prop-
erty.

(2) Using Lemma 2.1 one can show that the same can be obtained for
vectors with norm different from one, i.e., when ||g|| is not necessarily one,
for a fixed k > 0 we can find an element hy of norm k such that hg/|hol|
belongs to S(g',€) and |||g” + AG["7I[P > [lg][” + [ hol[P.

Fix an ¢ > 0 and take now a general ¢’ € Sx/, i.e., ¢ = > 7, g} with
each g/ with support in A; and such that > .2, ng/‘HI]ill(H.) = 1. Every h =
Yoo hi € S(d',€) satisfies

1—6<Z/g§hidu
i=1

and Y o2 ||hil% wo(u) = L Let us find the particular & needed. Take for each
i the function h; as a product of some positive constant by the corresponding
ho obtained as in (1) for € and g¢;/||g}||, and write C; for the corresponding
set C. Notice that for each ¢ € N, ¢} and h; satisfy

< gf{ h;
= gl [1hall

dp
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and so

o0 o0
S -lgdlind <> [ gibid
i=1 i—1
Choose now an h defined by h; satisfying the properties above and such that

2izy [1hallP =1 and 3252, [|hallllgill = 1 =322, [lgill”. Then

> 1/p
lg? + w17l = (32 gt + B2 )
=1

Y

(S lg? + w21 el )
=1

2 (Z lgall” + Hhin)l/p _ol/p
=1

Besides these examples and taking into account the purpose of this paper,
the main application of Proposition 2.2 is the geometric characterization of
the p-Daugavet property that is given in the following result.

Corollary 2.5. Let X be a constant 1 p-convex g.f.s. The following are
equivalent:
(1) X has the p-Daugavet property.
(2) For every ¢ > 0, every g € Sx and every g* € Sx- there is an
element h € S(g*,¢e) such that

llg? + b)) > 2 - 2.

In what follows we extend the idea given in Example 2.4 in order to define
a new class of spaces that we call (p, K)-representable spaces. This definition
generalizes in a sense the one given in [5, Definition 2.3].

Definition 2.6. Let 1 < p < oo and let I be an index set. Consider a
family I = {K;: i € I} of (disjoint) compact Hausdorff spaces. Let X be a
Banach space. We say that X is (p, K)-representable if there exists a family
(Xk)keU,, K; of constant 1 p-convex Banach function spaces or C'(K)-spaces
such that:

(i) Each = € X can be identified linearly with its coordinates in the
product erUieI K, Xk, and if ¢ € I, the restriction of x to the prod-
uct erKi X belongs to X. Also, for every finite family x1,...,z, €
X, the element (3"_, 5)'/? that is defined pointwise by means of
its representation belongs to X.

(ii) Consider the space @;c; C(K;), where the sup norm for the sum is
considered. If x € X, for every (y;)ier € @je; C(K;) the product
(¢i)r = (piz|;) belongs to X.

(iii) For every z € X,

1/p
2| = Sup{(Z (k) [?) s P C 1 finite, k; € Kj} < o0.
jer
(iv) For every z € X, i € I and ¢ > 0, the set
{k € Kiz lz(k)|| = (1 —e)ll|,]}
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is infinite.
Remark 2.7.

(1) If F' is a finite subset of I, we write x|p for the element z|p =
> _icr T|; that coincides with the projection of = in the coordinates
belonging to erUieF K Xk

(2) Notice that since each space X has lattice properties, by the de-
scription of the norm required in (iii) for every (¢;) € Bgye, ok,
and @ € X, [lpo]l < lo]|

(3) Straightforward calculations show that if the space X is (p,K)-
representable, then it is a constant 1 p-convex g.f.s.

(4) The chief example of a (p,K)-representable space is the ¢P-sum
D" L>°(u;) from Example 2.4

Proposition 2.8. If X is (p, K)-representable, then it has the p-Daugavet
property.

Proof. Take two elements x € Sx and x* € Sx« and € > 0. There is a finite
set Fy C I such that

1/p
(1= all < (3 i)
1€
On the other hand, the set {x‘F: x € Bx, F C I finite} is clearly dense
in Bx and hence norming for X*. Consequently, there is a finite set Fy C [
and an element z € Sx such that

(1= 5Dl ll < el yra”)

Take F' = F1UF; and N = |F|. As in the proof of Lemma 2.4 in [5], for each
i € F, (iv) in Definition 2.6 provides a sequence of different points (w; )5 ;
in K; such that for each n,

lz;(win) | > (1 —&)"*Jali].

An application of Uryson’s lemma in each K; provides a sequence of nor-
malised disjointly supported functions (f; )52 such that f;,(w;,) =1 for
every n. For every ¢ € F, the sequence (f;,), converges pointwise to 0,
and consequently it converges weakly to 0 in C'(K;). Therefore, the func-
tion (fin): [Licr Ki — RY defined in each coordinate as f;,(w) converges
weakly to 0 in @;¢ , C(K;).

As a consequence of the requirements in Definition 2.6, for each v € X,
the linear map J: @;cp C(K;) — X given by J((:)) = Y ;cp piv]; is well-
defined and continuous, and so weak-to-weak continuous. This implies that
the sequence (y,)2%,, where

Yn = Z fz,nx‘l + Z(l - fl,n)z‘l
i€F i€Fy
(note that only Fy appears in the second sum) converges weakly to z|p,

in X. Notice that all these elements have norm < 1. Therefore there is an
index m such that (y,,,x*) > 1 —e. Take y := y,,. Finally, note that

1/p
Il + 71721 > (3 al? +ulZ7717)
i€F
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> (Y s + ylw ) 717)

el

1/
= 27 () 7))
=
1
> 921 - )2 (Y ali?) "
=

> 2l/P(1 — g)l/P,

This completes the proof. O

Remark 2.9. A direct consequence of the definition of (p, K)-representable
spaces is that every representable space in the sense of [5, Definition 2.3],
which is represented on a compact set K and over a product [];cx Xk
of constant 1 p-convex Banach function spaces or C(K)-spaces and for
which the requirements in (i) of Definition 2.6 are fulfilled, is in fact (p, K)-
representable; it is enough to consider a one point set 1.

3. THE p—DAUGAVET EQUATION FOR WEAKLY COMPACT OPERATORS

The proofs of the following results hold by adapting the techniques used
in the ones for the case of spaces with the Daugavet property, so we only
sketch the parts that are different. For the Daugavet property, Theorem 3.1
was first proved in [7] and Proposition 3.3 in [6].

Theorem 3.1. Let X be a constant 1 p-convex g.f.s. and with the p-Daugavet
property. Then every weakly compact operator satisfies the p-Daugavet equa-
tion. Consequently, X cannot be reflexive.

Proof. Let us show first the following claim:

o Let X(u) be a constant 1 g.f.s. If for every e > 0 there are a slice
S(g*,0) and an element g € Sx such that T'(S(g*,9)) is included in
the ball B-(g), then T satisfies the p-Daugavet equation.

In order to see this, note that we can assume that ||| = 1. Take € > 0,
and note that we can also assume that 0 < 6 < e. By Proposition 2.2 there
is an element h € S(g*, §) such that ||(h? + ¢P)'/P||x > 2 — 2¢; it follows that
IT(h) — gl|x <e. Thus

Sup 1P+ THP)PIE = (1(RP + T (R)P) 7|1
€Bx

> [[(W + g” = (" = T(W)P) 7|l
> [|(h + g") IR — (9" = T(h)?) 7|1
> 2 - 2¢ — ||(g" = T(h)?)7|I%.

Now notice that the inequality
llg” = T(R)P[MPI5 < llg = TR + p(2k(P)P" |lg — T(W)],

holds (Lemma 2.4 in [13]), where k(p) is defined to be 1 if p > p’ and
k(p) = 2('/P)=1 if p < p/; it can be proved using the pointwise estimates
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given in [12, Section 2.2], Holder’s inequality for Banach function spaces and
the constant 1 p-convexity of X. Therefore, we obtain that

2= 22— lg = T(W)Ifg 22— 22 — & = p(2h(p)}""e.

Since this holds for every € > 0, we have proved the claim.

For finishing the proof let ¢ > 0 and take into account that we are as-
suming that the norm closure T(Bx) = K is a weakly compact set, and
therefore it is the closed convex hull of its strongly exposed points. Thus,
there is a strongly exposed point fo € K such that 1—¢/2 < ||fo|| < 1. Then
there is a slice S such that T'(S) C B:(fo) (see the proof of this for example
in [2, Theorem 11.50] or [7]). Since B./2(fo) C Be(fo/llfoll), the claim gives
the result. Finally, note that the space X cannot be reflexive, for otherwise
the operator —Id would satisfy the p-Daugavet equation. O

Remark 3.2. A relevant consequence of Theorem 3.1 is that no LP(u) space
for 1 < p < oo satisfies the p-Daugavet property; recall that for p = 1 and
an atomless measure 1 the space L!(u) has the Daugavet property (see [1,
Theorem 3.2] or [7, Example, p. 858]). In general, for 1 < p < oo, if a
constant 1 p-convex Banach function space has the p-Daugavet property,
then every p-concave operator satisfies the p-Daugavet equation. This is so
because each such operator factorizes through an LP space (see [8, Corol-
lary 1.12]), and so it is weakly compact. Related arguments can also be used
for proving that there are no ideals in such spaces being isomorphic to L
spaces.

In a constant 1 p-convex Banach function space with the p-Daugavet prop-
erty, p > 1, there are no p-concave lattice projections. To see this, assume
that @: X — X is such a projection; there is another disjoint projection P
such that Id = @) + P. Then

sup [|(f — Q(f)P)?|| = sup [[(P(f)+Q(f))” — QUH)P)*||

f€Bx feBx
= sup [(P(f)P + Q(f)? — Q(H)P)/7|
f€EBx
= sup [[P(f)]| <1< (1+|Q|P)»
feBx

which is impossible since —() is p-concave and hence factorizes through an
LP space and is weakly compact. Moreover, the same computation gives
that in a constant 1 p-convex Banach function space with the p-Daugavet
property there are no projection bands being isomorphic to LP spaces or to
any reflexive Banach space. Finally, note that if X is order continuous, then
every ideal is the range of a positive contractive projection, so there are no
ideals isomorphic to L” spaces as Banach spaces (see [8, Proposition 1.a.11]).

Let us finish the paper a suitable version of the non-existence of uncondi-
tional bases for Banach spaces with the p-Daugavet property. We recall that
no Banach space with the Daugavet property has an unconditional basis [6]
and does not even embed into a space with an unconditional basis [7]. Let
X be a g.f:s. and consider an unconditional basis B := {e,: n € N} with
projections P4, where A is a finite subset of N. Write Q4 for the comple-
mentary projection Id — P4. We say that B satisfies a lower p-estimate if
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there is a constant £ > 0 such that
1Qall > sup ||(kf? — Pa(f)")"/7]].
feBx

Notice that every unconditional basis satisfies a 1-lower estimate with the
constant k& = 1. Also, if the natural lattice structure associated to the basis
is considered and X becomes a g.f.s. over the counting measure, the basis
satisfies a lower p-estimate for every 1 < p < oo, also with the constant
k = 1. None of these cases can occur if X is a Banach space with the Dau-
gavet property or a constant 1 p-convex g.f.s. with the p-Daugavet property,
respectively. The following result generalizes these examples.

Proposition 3.3. Let X be a constant 1 p-convex g.f.s. that has the p-
Daugavet property. Then X does not have an unconditional basis with a
lower p-estimate.

Proof. Let B := {e,,: n € N} be an unconditional basis for X with a lower
p-estimate. For every finite subset A C N denote by P4 and Q4 the cor-
responding projections on the subspaces generated by the elements of the
basis with subscripts in A and N\ A, respectively. Since Id = P4 + Q4, B
has a lower p-estimate and by Theorem 3.1 —Pj4 satisfies the p-Daugavet
equation, there is a constant k > 0 such that

1Qall = Sup 157 + (=Pa()))P[MPx = (K7 + || Pa|?) 7.
€Ebx

If we define V' = sup{||Pa||: A finite} and W = sup{||Qal|: A finite}, clearly
W < V. Since by the inequalities above W > (kP + VP)/P  we obtain
that V = W = oo, a contradiction with the fact that B is an unconditional
basis. O
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