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We perform model calculations of coherent lattice vibrations in solids driven by ultrashort laser

pulses. In order to maximize the amplitude of the coherent phonon in the time domain, an

evolutionary algorithm optimizes the driving laser field. We find that only a Fourier-limited single

pulse yields the maximum phonon amplitude, irrespective of the actual physical excitation mechanism

(impulsive or displacive). This result is in clear contrast to the widespread intuition that excitation by a

pulse train in phase with the oscillation leads to the largest amplitude of an oscillator. We rationalize

this result by an intuitive model and discuss implications for other nonlinear processes such as optical

rectification. VC 2012 American Institute of Physics. [http://dx.doi.org/10.1063/1.4767922]

INTRODUCTION

It is a longstanding dream of laser spectroscopy to con-

trol chemical transformations of molecules by light. One

approach to this goal are tailored laser pulses that steer the

motion of nuclei along a selected path.1 In solids, femtosec-

ond laser pulses are routinely used to launch vibrational

wavepackets, so-called coherent phonons, resulting in a clas-

sical oscillation of the crystal lattice.2 A very exciting pro-

spective is to induce very large oscillation amplitudes, which

would allow one to study lattice vibrations beyond the har-

monic regime such that different lattice modes start to inter-

act with each other. Exciting phenomena along these lines are

atomic displacements with nonzero average3 or the induction

of localized lattice deformations.4 An ultimate goal would be

the ultrafast triggering of structural phase transitions.5

Therefore, one needs to find the optimum shape of the

driving laser pulse that generates a maximum lattice ampli-

tude Q(t) at a certain instant of time. Previous works6–10

made use of pulse shaping techniques and indicated that

dividing a pulse into a pulse train should lead to an increased

phonon amplitude, provided the pulse repetition rate equals

the phonon frequency. This process can be compared to kick-

ing a pendulum with appropriate timing. However, recently,

Misochko et al. suggested that a pulse train does not enhance

the phonon amplitude as compared to single-pulse excitation,

provided the total optical energy is the same in both scenar-

ios.11 Thus, it is not yet clear which shape of the laser pulse

excites coherent phonons most efficiently, in terms of realiz-

ing the largest oscillation amplitude.

In this paper, we address the question of the optimum

laser pulse to excite coherent phonons more generally. We

perform simulations of the coherent-phonon dynamics with

an evolutionary algorithm to find the pulse shape that maxi-

mizes the amplitude of the lattice vibration in the time do-

main. We find that for a given laser intensity spectrum, the

Fourier-limited single pulse with identical intensity spectrum

yields the best result. Simulations are performed for two dif-

ferent types of excitation mechanisms, but general considera-

tions show that our numerical results are valid for all types

of excitation processes that scale linearly with the laser

intensity profile.

MODEL AND IMPLEMENTATION

Figure 1 shows the model schematic of our study. A

Fourier-limited pulse with electric field EFLðtÞ is transformed

into a pulse

EðtÞ ¼ ðH � EFLÞðtÞ ¼
ð

dt0 Hðt� t0ÞEFLðt0Þ; (1)

by means of a pulse shaper with a freely programmable transfer

function H(t), where t denotes time. The laser field E(t) then

creates a time-dependent force F(t) onto a vibrational mode

characterized by the coordinate Q(t). This force is a result of

inelastic light scattering, and its temporal structure depends on

the shape of the laser pulse as well as of the properties of the

solid.12 In case of transparent materials, impulsive stimulated

Raman scattering (ISRS) is operative, and F(t) is proportional

to the instantaneous laser intensity,13 FðtÞ / EðtÞ2. In opaque

materials, another mechanism, displacive excitation of coherent

phonons (DECP), usually dominates. Then, the generation of

electron-hole pairs induces a force F(t) that scales with the

absorbed laser energy,14,15 FðtÞ /
Ð t
�1 dt0Eðt0Þ2. One can sum-

marize these cases in the following equation:

FðtÞ ¼ ðCFE � E2ÞðtÞ; (2)

where CFEðtÞ describes the coupling of the light field E with

the lattice. Its temporal shape represents the force F acting

on the lattice as a result of a d-like laser pulse. CFEðtÞ equals

the d-function and the Heaviside step function in case of

ISRS and DECP, respectively. For the sake of simplicity, we

assume that F(t) drives only one phonon mode that can be

represented by a harmonic oscillator with resonance fre-

quency x0 and damping constant c.12 Thus, the impulse

response of this mode is given by the Green’s function

CQFðtÞ ¼ expð�ctÞsinðx0tÞ; (3)
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and the dynamics of the phonon amplitude as a result of the

force F(t) follows from the convolution

QðtÞ ¼ ðCQF � FÞðtÞ ¼ ½CQF � CFE � ðH � EFLÞ2�ðtÞ: (4)

We aim to find the best filter function H that maximizes the

peak amplitude maxtjQðtÞj. This task is highly nontrivial as H
shows up in a nonlinear manner in Eq. (4). Note that there are

two boundary conditions. First, the pulse shaper is a passive

device such that j ~HðxÞj � 1 where the tilde denotes the

Fourier transform and x denotes the angular frequency. Sec-

ond, the pulse shaper has to fulfill causality, that is, H(t)¼ 0 if

t < 0. In our simulations, however, we do not apply this con-

straint as the optimum H is found to fulfill causality anyway.

For the numerical implementation of this optimization

problem, we apply a genetic algorithm16 to amplitude A and

phase u of the filter function

~HðxÞ ¼ AðxÞeiuðxÞ; (5)

in the frequency domain. The intensity envelope of the ini-

tial, Fourier-limited laser pulse (duration 30 fs) is shown in

Fig. 2(a), and the corresponding intensity spectrum is plotted

in Fig. 2(b). In order to fully cover the laser spectrum

j ~EFLðxÞj2, we choose the wavelength range from 2pc=x
¼ 730 nm to 860 nm. This window is represented by an

equidistant frequency mesh with a resolution of Dx=2p
¼ 1=16:1 ps, which corresponds to a time span of more

than three lifetimes 1=c of the phonon mode chosen (fre-

quency x0=2p ¼ 10 THz; 1=c ¼ 5 ps).

We start the optimization with a set fðA;uÞg of 20 ran-

domly generated phase and amplitude functions (genes) that

constitute the first generation. For each gene, we calculate

the phonon dynamics Q(t) using H and Eq. (4). The maxi-

mum phonon amplitude

f ¼ max
t
jQðtÞj; (6)

in the time domain serves as the fitness function that has to

be maximized. The next generation of genes is obtained by

adopting the two genes with the highest fitness (elites)

whereas the remaining 18 genes are generated by crossover

and/or mutation operations of the old genes. With iteration,

the fitness of the elites is successively improved and is

believed to finally converge to the global maximum.17 It is

convenient to keep the temporal center of mass of the pulse

at time zero, which is achieved by adding an appropriate

term linear in x to the spectral phase u of each gene.

RESULTS

Figure 2(c) shows the progress of the optimization, both

for the case of ISRS- and DECP-type excitation. The fitness f
is normalized to that of a Fourier-limited pulse ( ~H ¼ 1). It

starts at � 0:05 and then increases monotonously. Note that f
saturates after about 15 000 generations at a value of 1.0,

which equals the fitness of a Fourier-limited pulse. In order

to understand the evolution of the optimization process in

FIG. 1. Model schematic of our study. A Fourier-limited input pulse EFL is

shaped by a freely programmable pulse shaper with filter function H. The

resulting pulse E(t) exerts a force F(t) onto a phonon mode, inducing a time-

dependent displacement Q(t). The goal is to reach a maximum amplitude in

the time-domain.

FIG. 2. Optimizing laser-driven lattice displacement. (a) Intensity profiles I(t) of the Fourier-limited laser pulse and the fittest, shaped pulses from the first,

972nd, and last generation of the optimization process. (b) Intensity spectrum of the Fourier-limited pulse. (c) Progress of the optimization process for the case

of ISRS and DECP excitation of the coherent phonon mode at x0=2p ¼ 10 THz. The fitness maxtjQðtÞj is normalized to that of the Fourier-limited input pulse.

Arrows mark the selected generations shown in (a), (d)-(f) for the case of ISRS-type excitation. (d) Simulated coherent phonon dynamics for pulses shown in

(a). (e) Spectral amplitude A and (f) phase u of the pulse shaper’s filter function for the pulses shown in (a).
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more detail, we inspect the shape of the driving laser pulse,

the filter function, and the resulting phonon dynamics of the

fittest gene of the first generation (corresponding to a com-

pletely random ~H), as well as those of a later generation

(exemplarily, the 972nd is chosen) and of the last iteration

[see arrows in Fig. 2(c)].

As illustrated in Fig. 2(d), the phonon dynamics Q(t)
displays a damped harmonic oscillation and shows how the

peak displacement increases with increasing generation num-

ber. The three associated laser pulses are shown in Fig. 2(a).

While the envelope of the pulse intensity is distributed over

the whole simulated time window of 16.1 ps for the first gen-

eration, it is already more concentrated at time zero at the

972nd generation. At the last generation, the laser pulse has

turned into a pulse that cannot be distinguished from the

Fourier-limited pulse any more. Finally, Figs. 2(e) and 2(f)

show the evolution of the pulse shaper’s filter function
~HðxÞ. It starts with a function whose spectral amplitude and

phase fluctuate randomly over the full parameter range from

0 to 1 and 0 to 2p, respectively. In the course of the optimi-

zation, however, AðxÞ and uðxÞ become flatter and flatter,

with the phase approaching a constant and the amplitude

converging to 1. Therefore, the final optimized pulse is

indeed Fourier-limited.

We note that repeated runs of the genetic algorithm are

found to deliver virtually the same results, apart from an off-

set of the spectral phase that varies from run to run. The

slight variations of u at the edges of the frequency window

are not relevant as the spectral intensity of the laser pulse

[Fig. 2(b)] is already very small there.

DISCUSSION

How can one understand that a Fourier-limited pulse

leads to the largest phonon amplitude? To answer this ques-

tion, we consider Eq. (4) showing that the displacement Q(t)
is the response CQF � CFE to a d-pulse, yet smeared out by

convolution with the intensity envelope of the actual laser

pulse. This scenario is illustrated in Fig. 3 for the case of

ISRS [CFEðtÞ / dðtÞ]: The driving laser pulse can be under-

stood as a superposition of appropriately timed and scaled

d-pulses each of which triggers an exponentially damped lat-

tice vibration [Eq. (3)]. The superposition (addition) of all

these sub-responses finally yields the total lattice displace-

ment Q(t). Figure 3 makes clear that maximum amplitude is

achieved only when the laser-pulse envelope overlaps with

the maximum of jCQF � CFEj as tightly as possible. This con-

dition is fulfilled when EðtÞ2 is as short as possible. As for a

given intensity spectrum, a Fourier-limited pulse has the

shortest pulse duration of all possible waveforms, this pulse

will yield the maximum phonon amplitude, in agreement

with our simulations. Note that the Fourier-limited pulse has

to be shorter than the width of the maximum of jCQF � CFEj,
which is given by half a vibrational period p=x0 in both

cases ISRS and DECP.

We finally compare our results to relevant experimental

work. First, the authors of Ref. 11 used a single pulse and a

double pulse with the same total energy to generate coherent

phonons in Te. They found that the double excitation did not

lead to an increased vibrational amplitude, consistent with

our findings. Second, in Ref. 18, the linear chirp of the pump

pulse was varied over a wide parameter range, and a maxi-

mum amplitude of the resulting coherent lattice vibrations in

Te was found for a Fourier-limited pulse, in full agreement

with our work. It should be mentioned that in Ref. 18, pulses

with positive and negative chirp yet same magnitude and

therefore identical intensity envelope yielded different pho-

non amplitudes. This behavior is beyond the validity range

of our model in which the intensity envelope of the pump

pulse fully determines the induced phonon dynamics [see

Eqs. (2) and (4)]. To remedy this discrepancy, our model

would have to be extended, possibly by a force formula [Eq.

(2)] that takes more details of the driving laser field E(t) into

account, for instance, its instantaneous frequency. To

account for more intense pump pulses, nonlinearities higher

than second order with respect to E(t) (such as multiphoton

absorption18 and time-dependent phonon frequencies due to

vibrational softening/hardening by excited electrons) as well

as anharmonicities of the phonon dynamics should be

included. Note, however, that all these aspects are beyond

the scope of this work. We finally would like to emphasize

again that even under the more complex excitation condi-

tions of Ref. 18, the optimum pump pulse had zero chirp,

consistent with our results.

FIG. 3. Illustration of Eq. (4) describing the phonon excitation process for the

case of ISRS-type coupling. Coherent-phonon excitation may be understood as

a sequential excitation by a series of d-like pulses that follow the intensity en-

velope I(t) of the excitation pulse (topmost curve). The resulting displacement

Q(t) is a sum of all these events, three of which are indicated in the figure.
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CONCLUSION

In conclusion, we have shown that, for a given intensity

spectrum, Fourier-limited laser pulses yield the largest am-

plitude of laser-induced coherent lattice vibrations. We note

that these findings are relevant also to other second-order

effects with respect to the driving laser field. An important

example is optical rectification of femtosecond laser pulses

in nonlinear optical crystals, a process which is routinely

used to generate terahertz radiation.19 Consequently, second-

order mixing processes provide the highest terahertz field

amplitudes when Fourier-limited generation pulses are used.
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