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While free and weakly interacting nonrelativistic particles are described by a Gross-Pitaevskii
equation, which is a nonlinear self-interacting Schrédinger equation, the phenomena in the strong-
coupling limit are governed by an effective action that is extremized by a double-fractional gen-
eralization of this equation. Its particle orbits perform Lévy walks rather than Gaussian random

walks.
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INTRODUCTION

A quarter of a century after Bose and Einstein’s 1924~
1925 prediction ﬂil, E] that a free gas of Bose particles
would condense at low temperature to a coherent state,
Bogoliubov developed a first theory of weakly interacting
Bose-Einstein condensates (BEC) in 1947 [3]. It was an
inspiring paper for many similar condensation phenom-
ena, such as superfluidity and superconductivity. The
experimental study of a BEC had to wait until 1995.
Only then were cooling and trapping techniques suffi-
ciently well developed to prepare large enough samples of
such gases to observe their physical properties. Presently
these supply us with important systems on which we can
test the theoretical tools developed in many-body physics
and quantum field theory.

As an important result it was found that a nonlin-
ear Schrodinger equation, which in this context is known
as Gross-Pitaevskii equation, yields satisfactory descrip-
tions of such condensed states if the temperature is suffi-
ciently low M, E] This is possible due to the high dilution
of the condensates which ensures the weakness of the in-
teraction of the particles.

More recently, however, it has been possible to increase
the interaction strength of these gases so much that in
spite of the high dilution, the interactions can be consid-
ered as strong. The way to do is to exploit the so-called
Feshbach resonance in the two-body potential. There ex-
ists a magnetic field B, where the scattering length of the
two-body potential grows to infinity ﬂ] In that regime,
the Bogoliubov theory is no longer applicable, and the
quantum field theory of the Bose gas becomes completely
nontrivial and therefore interesting.

If we want to carry quantum field theoretical calcula-
tions from the well understood weak-coupling regime to
strong couplings, we may resort to various procedures.
One is, of course, the numerical simulation of the par-
tition function of the system on a computer. This may
yield numerical date with can be compared with exper-
iments. A more satisfactory understanding can, how-
ever, be reached by analytic methods. If the action of
the systems is formulated on a lattice, there are high-

temperature and low-temperature expansions. The criti-
cal regime between them remains, however, hard to reach
since both expansions diverge where they are supposed
to meet. The problem is that one needs in principle in-
finitely many orders to reach a critical point.

In the past twenty years, methods have been developed
to use weak-coupling expansions and resumming them in
the strong-coupling regime. This is known as the renor-
malization group approach B] If the field theory is for-
mulated in the continuum, the weak-coupling expansions
require the calculation of Feynman diagrams. The crit-
ical point lies at an infinite coherence length which cor-
responds to a zero mass of the euclidean field theory. At
that point, many Feynman diagrams diverge. If we want
to study the limiting theory, we must renormalize the the-
ory. For this we introduce an arbitrary mass scale u, and
for each p we calculate a renormalized coupling strength
g. The resulting expansions in powers of g are all diver-
gent with a vanishing radius of convergence. They need
sophisticated mathematical methods of resummation.

There exists a a renormalization group function [5(g)
which controls the change of the renormalized coupling
constant under a change of the renormalization scale p
ﬂQ, @] If this function has a fixed point ¢g* in the infrared
limit ¢ — 0, then the resummed series yield reasonable
estimates for the critical behavior of a theory. The gen-
eral form of the physical laws in this limit have been
formulated by many authors [11-13)].

A much simpler and yet most powerful method has
been developed in the textbook ]. Again, the ba-
sic input consists in the diagrammatic expansions of the
amplitudes, but here expressed directly in powers of the
unrenormalized or bare coupling constant gp. These ex-
pansions are subjected to a variational procedure ﬂﬁ]
that converts the divergent weak-coupling power series
into convergent strong-coupling power series ﬂﬁ] Their
expansion parameter is a certain inverse power of the
coupling constant, 1/¢%. The parameter w is the so-
called exponent governing the approach to scaling, in-
troduced by Wegner in 1990 [17]. The new method is
called Variational Perturbation Theory (VPT). If applied
to quantum mechanics it reproduces the same results as
the old-fashioned §-expansion HE] In quantum field the-



ory, however, there are anomalous power laws, which can-
not be handled by the d-expansion, and the full VPT is
essential. It has so far given the most accurate critical
exponents measured by precision experiments in micro-
gravity satellite environment [19].

For various physical quantities and critical exponents,
the critical expressions and the approach to the criti-
cal limit have been given in the textbook ﬂﬂ] It is the
purpose of this paper to extend the method to the cal-
culation of effective actions. From perturbation theory
it is well known how to calculate the effective action as
a power series in the field strength, to be called ®. This
expansion is valid as long as ® remains small. For large
field strength, however, the effective action exhibits a
nontrivial power behavior which is approached in a way
controlled again by the Wegner exponent w. We shall
present a method for finding a global expression the ef-
fective action as a function of of any ®. It has for small
® the correct power series, and for large ® the correct
power behavior, with the proper approach to the scaling
limit.

GENERATING FUNCTIONAL AND EFFECTIVE
ACTION

The physical properties of a system described by a
scalar quantum field ¢(x) can be derived from a classi-
cal effective action that is derived as follows. One starts
from the generating functional of all Green functions

Zlj] = eiW[j]/h’ (1)

where W[j] is the generating functional of all connected
Green functions. The vacuum expectation of the field,
the average

O(z) = (d(x)), (2)
is given by the first functional derivative
O(z) = dW[jl/0j(x). (3)

This can be inverted to yield j(z) as an z-dependent
functional of ®(z):

i(@) = j[®](z). (4)

This is used to form the Legendre transform of W[j:

H@EWM—/fm@M@- (5)

where j(z) on the right-hand side is replaced by ). This
is the effective action of the theory. Its first functional
derivative gives back the current

ggjw. (6)

In the absence of an external current j(x), the effective
action is extremal on the physical field expectations ®(z).

The generating functional of all connected Green func-
tions can be recovered from the effective action by the
inverse Legendre transform

Wm:n®+/#m@mu» (7)

In general, the above quantities can be obtained with
the help of functional integrals. The generating func-
tional Z[j], for example, is given by

fw(x)e(i/h){AMH d'azj(z)¢(z) }
- [ D()et/MAdTd]
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Using ([I) and (&), this amounts to the functional integral
formula for I'[®]:

o ATI@1+ [ d*ej(@)® () }

:/\/‘/ qu(x)e(i/h){f\[dﬂ-i-fd4zj(z)¢(z)} 9)

with the normalization factor

N {/D¢($)e(i/h)Ao[¢]}_l_ (10)

In writing this we have explicitly displayed the funda-
mental action quantum %, which is a measure for the size
of quantum fluctuations. There most physical systems,
the quantum fluctuations are rather small except in the
immediate vicinity of critical points.

For i — 0, the path integral over the field ¢(x) in
[@®) is dominated by the classical solution ¢j(x) which
extremizes the exponent

dA

~— = —j(x). (11)
00 | 4=paa(a)

At this level we therefore identify
Wil = o)+ [ dej@)s()
= Alpa] + / daj@)ba@).  (12)

Of course, ¢¢(z) is a functional of j(x), so that we may
write it more explicitly, as ¢a[j](z). By differentiating
W[j] with respect to j, we have from the general first
part of Eq. @):

SW 6T 6@ 5O
D)= — = ——+ D+ j—. 1
(z) 5; —omo; TOTIG; (13)

Inserting the classical field equation (), this becomes
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Thus, to this approximation, ®(z) coincides with the
classical field ¢c(z). Replacing ¢c(x) — ®(x) on the
right-hand side of Eq. (2], we therefore obtain the
lowest-order result (zeroth order in h):

I[®] = A[®] (15)

i.e., the effective action equals the fundamental action.
In general it can be shown that the effective action can
be expanded in a functional power series of ®(x)

— 1
F[(I)]:Zﬁ/deldD:EQ-~~dDan(")(z1,z2,...,:cn)
n=0

X P(x1)P(x2) - P(xy). (16)

where the nth coefficient is just the n-point vertex func-
tion of the theory [d, [14].
For the ¢*-theory with O(N)-symmetry and action

1 m?2
Al = [t [y @0 - ot - S @] an
the zeroth-order effective action is

I[®] = /d4z B (0D,)% — m;@i - % (@5)2} . (18)

For m? > 0,! this has an extremum at ®, = 0,
and there are only two non-vanishing vertex functions
T (g, ... xp):
n=2:
5°r
I ,Ty) = ————————
ab( 1 2) (S(I)a(.%'l)éq)b(zTCQ) P
B 52A
Ga(z1)Pp(22) ba=Po=0

= (=92 = m?)0up0™W (1 — x2). (19)
This determines the inverse of the propagator:
(2) — Lina!
Fab (xlv'rQ) - [ZhG ]ab(zlaz2>a (20)

Thus we find to this zeroth-order approximation that
Gap(21,22) is equal to the free propagator:

Gap(1,22) = Goab(21, T2) (21)
n=4:
4
F =
abed (P12 02, T T4 )6 (23 )
= gTabcd7 (22)

1 The case m2 < 0 corresponds to the condensed phase of the

system and will be treated below.

with
1
Tabcd = §(5ab55d + 5ac5bd + 5ad5bc); (23)

which is just the fundamental vertex implied by the local
interaction (I]).

According to the definition of the effective action, all
diagrams of the theory can be composed from the propa-
gator Gup (21, x2) and this vertex via tree diagrams. Thus
we see that in this lowest approximation, we recover pre-
cisely the subset of all original Feynman diagrams with
a tree-like topology. These are all diagrams which do
not involve any loop integration. Since the limit & — 0
corresponds to the classical equations of motion with no
quantum fluctuations we conclude: Classical field theory
corresponds to quantum field theory in the tree approxi-
mation.

The use of the initial action as an approximation to the
effective action neglecting fluctuations is often referred to
as mean-field theory.

Let us now apply the effective action formalism to
the phenomenon of Bose-Einstein condensation (BEC).
There the number of O(IN) components is N = 2, and ®>
is identified with UIW/MkpT, and the interaction with
(9s/2) [ dP(VUTW)?2, the subscript S indicating that the
lowest-order equation of motion of the field & becomes
the nonlinear Schrodinger equation

h2
—ihd; — WVQ —u+gsUTU | W(z) =0, (24)

where M is the physical mass of the particles. The rela-
tion with the previous coupling constant is

gs/2=g/4l (25)

Here p is the chemical potential of the particles which is
fixed by ensuring a given particle number N.

After quantization, the nonlinear Schrédinger equation
(I43) has a phase transition at a temperature T, where
the chemical potential y vanishes. For a free gas, this is
determined by the equation

1
N = Z eBhwp—Bu _ 17 (26)
P

where 8 = 1/kgT, kg is the Boltzmann constant, and
wp = p?/2M the kinetic energy of the particles. In D
dimensions, (28] can be written as an energy integral

1 Vi oo cD/2-1

F(D/Q) 27T7:L26/M 0 e r—1
where Vp = volume. For p = 0, the integral yields Rie-
mann’s zeta function ((D/2) = o2 | n~P/2, and we find
the critical temperature from

1 Vb

I'(D/2) /27rh2ﬂC/MD

N =

¢(D/2), (28)



In the neighborhood of 7. and for D = 3, the chemical
potential behaves like
2

(%)M - 1] )

This is the critical regime of the Bose gas. Its statistical
properties are governed by the action

1
—u~ —kpT.C%(3/2
e —heT.C(3/2)

D n? * * 9S (%302
A—B/d x[ 2M8\If oV + p¥* 2(\11 \I/)](SO)
The coupling constant gg can be expressed in terms of
the s-wave scattering length as of the atoms as Mgg =
4rh2a, [5]. The connection with the action ([7) is estab-
lished by equating m? = —2Mpu and g = 4! 2na , MkgT
which has near 7T, is, in natural units with A = 1,
¢ = 1, the approximate size g ~ 4!2mas/¢? where
(. = [C(D/2)Vo /NT(D/2)]/P.

If the BEC takes place in an external trap potential
V(x) = Mw?x?/2, the action ([B0) contains, instead of
the chemical potential u, an x-dependent chemical po-
tential p(x) = p + Mw?x?/2, and the particle density
n(x) = U* U is obtained from the solution of the effective
field equation

meQ + 1+ Mw?x?/2 4 gsn(x)| ¥(x) =0. (31)
In the Thomas-Fermi approximation, we neglect the gra-
dient term and find the density profile
Muw?
gs
where Mw?R? = —p.

The interaction shifts the critical temperature of the
BEC in D = 3 dimensions from the free-particle value
determined by ([28) to a higher value T, + AT, with
AT, /T, ~ as(N/V3)'/3 [21].

The reason for the good agreement with observations
is the smallness of the coupling constant gg which, as we
discussed before, is ensured in experimental BEC by the
diluteness of the atomic gases that can be brought to the
low critical temperatures in the laboratory. If the cou-
pling gets larger, the interaction changes the properties
of the gas, and the extremization of the action (30) will
no longer be sufficient to explain the physical properties
of the gas. Instead, one has to extremize the effective
action I'[®], to which [BQ) is merely the mean-field ap-
proximation.

An important experimental method to investigate the
strong-coupling properties of the gas is based on placing
the sample in a magnetic field B and raising this up to a
critical value B., where the two-particle scattering length
diverges at a so-called Feshbach resonance. At that point
one reaches the strong-coupling limit of the the field the-
ory ([B0). The purpose of this note is to calculate the full
effective action I'[®] of the theory for all couplings, from
weak to strong.

n(x) = (R? -~ R?), R?=x% (32)

QUADRATIC FLUCTUATIONS

Let us calculate the higher A-correction to the mean-
field approximation (IH]). For this we expand the action
in (@) in powers of the fluctuations of the field around
the classical solution

6p(x) = d(z) = da(x), (33)

and perform a perturbation expansion. The quadratic
term in d¢(x) is considered as a “free-field action”, the
higher powers in d¢(x) as “interactions”. Up to second
order in the fluctuations d¢(z), the action is expanded as
follows:

AWHWM+/fW@WM@+M@ﬂ
=Awm+/¢mwwaw

+ /d4x {j(m) + %L_%} S (x)

\ 52A
*E/J%dyaﬂx%¢WW¢@>Lﬁ%5¢@)

O ((59)°) - (34)

The curly bracket term that is linear in the variation d¢
vanishes due to the extremality property of the classical
field ¢ expressed by the field equation (). Inserting
this expansion into (@), we obtain the approximate ex-
pression

Z[j] o Aeli/M{ Al f atasba) / Do (35)

2A
X exp { = /d4ggd4y do(x )7¢(z)5¢(y) L_d)d

We now observe that the fluctuations in d¢ will be of
average size VI due to the A-denominator in the Fresnel
integrals over d¢ in (B5)). Thus the fluctuations (d¢)™ are
on the average of relative order i™/2. If we ignore correc-
tions of order 7%/2, the fluctuations remain quadratic in
d¢ and we may calculate the right-hand side of (BH) as

5¢(y)}

. i A
Ne(z/h){A[¢cl]+fd zj(2)ber(z) } [d t— 7 ]
6(2)00(y) | y—p.,

= (det iG0)1/2 e(i/h){A[d)cl]Jrf d*wj(@)pe(z)}
s QU/W{i(h/2)Tr 108[52 A/66(@)00 () ooy } (36)
Comparing this with the left-hand side of (@), we find

that to first order in £, the effective action may be recov-
ered by equating

v} + [ disja)e() -
52A
@66(0)

Alba] + /&m%

+hﬂbgw (6a1) (37)



In the limit 7 — 0, the trace log term disappears and
BT) reduces to the classical action as in (I3).
To include the hi-correction into T'[®], we expand W{j]

Wj] = Wolj] + rWi[j] + O(h?). (38)

Correspondingly, the field ® differs from ®.; by a correc-
tion of order hZ.

® = do1 + h1 + O(B?). (39)
Inserting this into ([37), we find

I'[®] +/ d'zj® = A[® — hip) +/d4zj<1> — h/d4xj¢1
2
52A
+ —hTr log ——— 5003,

Expanding the action up to the same order in & gives

o] = A[@]Jrh{%?j}qsﬁ/d‘*zj@

52 A
6¢a6¢b
But because of (), the curly-bracket term is only of

order O(h?), so that we find the one-loop form of the
effective action

+0(h?).
¢=P—he

+ % RTrlog

+0(r*).  (40)
b=

P[®] = Do[0] + 'y [0]

— 4 1 2 2
/dz[§(8¢)a) 7—@ E(q)):|
+ 5hTrlog |07 —m? = £ (5,02 +20,9,) . (41)

In the special case of a one-component real field, this
becomes

I[®] = /d4z [%(8@)2 - m;qﬂ - %@4]

9 &2
2o } (42)
What is the graphical content of the set of all Green
functions at this level? For j = 0, we find that the min-
imum lies at ® = ®° = &; = 0, as in the mean-field
approximation. Around this minimum, we may expand
the trace log in powers of ®, and obtain for I''[®] the
series:

+ %hTrlog [—82 —m? —

i 2 2 Yo
2hTrlog( 8% —m 2@) (43)

7 - P2
+—82 —m299 )

The second term can be expanded in powers of ®2 as

follows:
) 9 "
<W ¢)'

53 ()

= %hTrlog (7827m2)+%hTrlog <1

If we insert

GO = mv (44)

then I''[®] can be written as

ziTrlog (—62—m2)—z—2(—z§) ;Tr (Go®?)". (45)

More explicitly, the terms with n = 1 and n = 2 read:
h
=59 [ d'ad's3 (@ y)Go(a, )20 (16)
2
+z‘hf—6 / d*xd yd* 26" (x—2)Go (2, y) % (y) Go (y, 2) @ (2).

The expansion terms of ([@5) for n > 1 correspond
obviously to the Feynman diagrams

5 Gt

Thus the series ([@H) is a sum of all diagrams formed from
one loop and any number of fundamental ®*-vertices.

This type of loop expansion has been used for many
years in the quantum field theory of many-particle sys-
tems where it is known as Belyaev expansion [20)].

To systematize the entire expansion (@hl), the trace log
term may be pictured by a trivial single-loop diagram
without an extra vertex:

igTrlog (=0* —m?) = Q . (48)

The first two diagrams in 7)) contribute corrections
to the vertices I'? and T') of (@), @2). The remaining
ones produce higher vertex functions and lead to more in-
volved tree diagrams. Note that only the first two correc-
tions are formally divergent, all following loop integrals
converge. In momentum space we find from (@7

dk* i
I@(g) = ¢ —m? - hZ / 49
(@) = ¢"—m" = h3 T (49)

r0(g) =g i x (50)

/ d*k i i Lo
- perm | .

(2m)* k2—m?2+ie (q1+q2—kz)2—m2 +in
The convergence of all higher diagrams in the expansion
D) is ensured by the renormalizability of the theory
since only up to n = 4 does one have the possibility
to add counter terms of the same form as the original
Lagrangian. We may write (49) in euclidean form as

(2 +m? + 1S D1), (51)

r®(g) =
2

r®(g) = g-h%

5 [I(g1+ q2)+ 2 perm]. (52)



where Dy and I(q) are the Feynman integrals

1
D= | &*kp—— 53
o= [ e (53)

and

. 1 1
Ia) = / e e ) [t 0% -l

The integrals can be calculated in D dimensions by sep-
arating them into a directional and a size integral as

D
Jar= [ = o [
us

S2D/dk2(k’2)D/2 1 (55)

We further simplify all calculations by performing a Wick

rotation of all energy integrals [ dko into [°_dks. Then

(54)

the integrals [ d*k become what are called euclidean in-
tegrals i [ d*kp where kly = (k,k4), and k* = k3 — k?
becomes —k%, = —(k? + k3).

By the same token we introduce the euclidean version
Tg[®] = —il'[®] of the effective action ([@2) whose func-
tional derivatives are vertex functions I'™ by formulas
like (19) and [22).

We further introduce renormalized fields
or(z) = Z, P o(x) (56)

where Z(;/ ? is a field renormalization constant. It serves
to absorb infinities arising in the momentum integrals.
The renormalized vertex functions are obtained by cal-
culating all vertex functions in D = 4 — ¢ dimensions
and fixing the renormalization constants order by order
in perturbation theory. Alternatively, we can add to the
bare action suitable counter terms. In either way, we
arrive at finite expressions, such as

2

2\ —€/2
x [%F(Q—e/Q)F(—l—i—e/Q) (%) 1

2
r'Yg) = g- ﬁ% [Ir (q1 + q2) + 2 perm]. (58)

h
I (g) = {q2 +m® + Sgu~Spm®

where

In(a) = 5o~ [14+ 17(0) + 1o 5] + 0(0), (59)

with
1 m2
Lm(q):/ dzx log [x(lz)+q—2] (60)
0
VG +4 2 \/ 4m? + \/q
—2+1og—+ Ctdm s

Ve m\f

In any regularization scheme, we can also perform sub-
tractions of counter terms which all have the same form
as the terms in the original action to remove the divergent
parts of the Feynman integrals. In this way we obtain for
the the euclidean version I'g[®] = —i['[®] of the effective
action ([@2) in D = 4 — ¢ dimensions the finite subtracted
expression

Ip[® = /deE{%(a@) +—<I)2+4|<I>4}

— gTrlog (—52 +m? 4 3@2)

hg [ dP 1
" 15 S IEr— /dD:c 2 (z)
4 ) 2m)* ¢ +m?

hg? [ dP 1
e e 2/d%<1>4. (61)
16) B (g +m?)

In this formulation, the divergent integrals in the last two
terms modify the mass term and the coupling constant.
They may be evaluated with any regularization method.
A direct evaluation in 4 — € dimensions yields

Lp[®] = /deE{%(Z?(I)) +—<1>2+4|<1>4}

— I—:LTrlog (—62 +m? + g@2)
2 2
m2

2
- Ot - 9@%@4, (62)

where the third line may be written as

h hg?
*—g(m2)176/201@2+1—96(m2

. )"/ 2y ®?, (63)

with the constants

1
e—2 D
= d 5 5 64
ci=m / PE pQE + m2 ( )
1
=m" | d°pp—5—7 65
C2 m / PE (p% + m2)2 ( )

We evaluate these integrals using the formulas ﬂﬂ]

1 _ T(D/Ar(1-D/2) 1
/deE k% +m? =5p 21°(1) (mz)l—D/2’ (66)
and

1 T(D/2T(2-D/2) 1
/deE Gkl P

Further, by integrating (68]) over m?, we find

I'(D/2)T(1-D/2)
DI'(1)

/deElog(kgE—i—mQ):S’D (m )D/2 (68)

In the so-called minimal subtraction scheme in 4 — € di-
mensions, only the singular 1/e pole parts of the two



integrals are selected for the subtraction in (GII). In the
neighborhood of € = 0, ([64]) and (63 become

o = —SD§+0(6), (69)
o = SD% (1-5) + 0. (70)

Hence we can choose the singular terms in (63)

€ €

1 hg?p~ 1
25p (== ) @2, L —sp=0* (71
m*Sp | —= , TRl (71)

~ hgp~
4

as counter terms. These make the effective action (G2))
finite for any mass m.

Note, however, that an auxiliary mass parameter p
must be introduced to define these expressions. If the
physical mass m is nonzero, 1 can be chosen to be equal
to m. But for m = 0, we must use an arbitrary nonzero
auxiliary mass p as the renormalization scale.

Observe that up to the order A, there is no diver-
gence that needs to be absorbed in the gradient term
[ dPz (0®)? of the effective action ([GZ). These come in
as soon as we carry the same analysis to one more loop
order.

Let us calculate the effective potential in the critical
regime for a constant field ¢ at the one-loop level. It is
defined by v(®) = —T'g[®]/VT. The argument in the
trace log term is now diagonal in momentum space and
the calculation reduces to a simple momentum integral.
It follows directly from (62]) and reads

2 D P2
U(@):m—@Q—l—g@‘l—i—]—i/Mbg (1 + Qi)

2 4! 2) (2m)P 2 ¢%+m?
h - hg® 5 e
— )P ® £ S () Pedt. (72)

The expansions in powers of € has an important prop-
erty which has the direct applications in the description
of the strong-coupling limit, i.e., in critical phenomena.
For small ¢, Eq. (B7) can be rewritten as

FL 2
ry = (fﬁz +m?+ 74 “9Splog %) (73)

which is, to the same order in g, equal to
o\ 1+4pgSp
m
% + (?) MQ] : (74)

This means that the vertex function at ¢ = 0 has a mass
term that depends on the mass m of the ¢-field via a
power law:

r%(q) =

o= () (75)

112
The power v depends in the coupling strength g like

h
v=1+ 71" gSp. (76)

The important point is that this power v is measurable
as an experimental quantity called the susceptibility. It
is called the critical exponent of the susceptibility.

If the effective action is calculated to order h?, then
the gradient term in the effective action is modified and
becomes

r(e) = / 2 @ (2)0 R (8) D (o), (77)

where ®p(z) = Z;l/Zfb(x), and Z, is the field renor-
malization constant introduced on ([BO). It is divergent
for ¢ - 0 in D = 4 — ¢ dimensions. In the crit-
ical limit m? — 0, the renormalization is power-like

Or(z) = (u/po)~"?®(z), and Eq. ([7d) becomes

==+ () W) @

The power 7 is called the anomalous dimension of the
field ®.

From (78) we extract that the coherence length of the
system & behaves like

E=p"t(m*)7". (79)
where

v=7/(2-n) (80)
is the critical exponent of the coherence length.
Another power behavior is found for Fg)(O):

3. . m?

m2>higues‘p
s . 81
(u2 (B1)

Also this power behavior is measurable and defines the
critical index 3 via the so-called scaling relation

3
7= 28= JhopSp, (82)
so that
11
=~ — ~hgu °Sp. 83
B=5—zhan"Sp (83)

The higher powers of ® are accompanied by terms which
are more and more singular in the limit m — 0. We see
from the Feynman integrals in ([45]) that the diagrams
in [@T) behave like m*=<=" for m — 0, and so do the
associated effective action terms ®”.

The coefficients of the dimensionless quantities

(D2 /%)= ((i)Q) or (g®2%/p?)" = (@2) have the gen-
eral form (m?/u?)7=2"8, so that the effective potential
can be written as

o) =t () 2 pw), (34)



with
where we have abbreviated
t= 7;1_22 (86)

For small ®, the function f(x) has a Taylor expansion
in even powers of ®, corresponding to the diagrams in

Eq. [1):

fa) =143 fa" =14 fa (t—%ﬂ&ﬂ)n . (87)
n=1 n=1

If we start the sum at n = —1, we also get the general
form of the vacuum energy
2\ 7+26
o =i (M) )
I

The exponent v + 273 is equal to Dv, where v is the
exponent defined in (80).

By differentiating this energy twice with respect to m?2,
we obtain the temperature behavior of the specific heat

N

which yields the important critical exponent o« = 2 —
Dv that governs the singularity of the famous A-peak in
superfluid helium at T, ~ 2.7 Kelvin, the most accurately
determined critical exponent in many-body systems by a
measurement in a satellite [19].

We can also rewrite (84)) in the form

v =52 () g o)
where
fly) =1+ if_ny” =1+ ifn (tw <%2>)n (91)
and

)\ 2 -2p (I)2 R

p p

In the limit m? — 0, the expansion (87) and (@)
are divergent since the the coefficients grow like n!l. A
sum can nevertheless be calculated with the technique of
Variational Perturbation Theory (VPT) developed in the
textbook [14].

MASSLESS THEORY AND WIDOM SCALING

Let us evaluate the zero-mass limit of v(®). Since m?

always accompanies the coupling strength in the denomi-
nator, the limit m? — 0 is equivalent to the limit g — oo,
i.e., the strong-coupling limit.

The strong-coupling limit deserves special attention.
The theory in this limit is referred to the critical theory.
This name reflects the relevance of this limit for the be-
havior of physical systems at a critical temperature where
fluctuations are of infinite range.

We shall see immediately that for large y, f(y) behaves
like a pure power of y: f(y) — y®~1/2 so that

4—51 SD <gq)2)(5+1)/2

0(®) — (93)

VTR
Since without fluctuation corrections, § = 3, this reduces
properly to the mean-field potential g®*/4!.

With this leading large ®-behavior, we can rewrite
the general form (@0) of the potential also as a so-
called Widom scaling expression depending on y~ /28
m2/®Y/8 [11]:

v(®) o< BT w(m?/dP). (94)

From this effective potential we may derive the general
Widom form of the equation of state. After adding a
source term H® and going to the extremum, we obtain
H(®) = 0v(®)/0P with the general behavior

H(®) o< ®°h(m?/®/P). (95)

Recalling ([@4]), we expect the general form of the po-
tential (&4) to be

g
1-c1 5p <g@2>< e

v(®) = 3\

Ty (), (90)

where 7 = (m?/p?) J(®/pl=e/2)V/B = ¢/(D2)1/B,
For small m?, w(7) has a series expansion in powers of

wv.

T

w(r)=14c1 7" FeaTV 4L ), (97)

or since t = p&~1/":

W(T) =146 YD/ P pae 2o~ 2v/B 1) (98)

Here w is the Wegner exponent ﬂﬂ] that governs the ap-
proach to scaling. Its numerical value is close to 0.8 [22].

Differentiating ([@0) with respect to ® yields the follow-
ing leading contribution to H:

511, [ gb2\ V2
s o= ()

LN (0=1)/2
0+1 AD?

4! Sp



where § — 1 =~/p.
Note that the effective potential remains finite for m =
0. Then, v(®) becomes

R dP O\ hg?uc S
(@) gq>4+—/ 9 Jog (1+€—2)+ IL 2D gi100)
€

“a T2 @nDp 22 16

It displays an important feature: When expanding the
logarithm in powers of @, the expansion terms correspond
to increasingly divergent Feynman integrals

dPq 1
[ aor
Contrary to the previously regularized divergencies com-
ing from the large-¢? regime, these divergencies are due
to the ¢ = 0 -singularity of the massless propagators
Go(q) = i/q®. This means that they are IR-singularities.
Let us verify that the effective potential remains indeed
finite for m = 0. Performing the momentum integral in
(I00) the potential becomes

g il 1 (g 2)2‘% P
D)=+ — — (= — -0
v(®) o +4SD<6>2 +——Spu c

(101)
With the goal of expanding this for small e-expansion, we
divide the coupling constant and field by a scale parame-
ter involving . Then gu~—¢ and ®/u'~¢/? are dimension-
less quantities, in terms of which

4
e |G (O heg (-1
[ ) e
2— £ 4
gu—e H2 2 h92 'u—2e P
— Sp| ——= | (102
X( 2 uze) ‘|+ 16 ¢ D lee/z ( )

If we use the dimensionless coupling constant

v(P)=

A= Sphgu™¢ (103)
and the reduced field & = ®/p'~¢/? as new variables,
then

pre A, 1 1 [ AP? ’
o) = —o% + — (— —_
v =75 | +4<e> >

(104)

To zeroth order in ¢, the prefactor is equal to p* 872,
Thus the massless limit of the effective potential is well
defined in D = 4 dimensions. There is, however, a spe-
cial feature: The finiteness is achieved at the expense of
introducing the extra parameter p.

The most important property of the critical potential
is that it cannot be expanded in integer powers of ®2.

Instead, the expression ([I04]) can be rewritten, correctly
up to order A2, as

41— 2 2
SRS FOTANNE 1O PR
v(P)= 55 6{<2®>+8 2<I> log2<I)

4—e 1 ~ 245
iy (Aqﬂ) +OM),

NS

— | = 105
Sp 6A\ 2 (10)
This is the typical power behavior of the critical inter-
action. The power of ® defines the critical exponent of
the interaction 1 4 0, so that up to the first order in the
coupling strength:

5=3+ gA. (106)

At the mean-field level, § is equal to 3

CRITICAL COUPLING STRENGTH

What is the coupling strength X in the critical regime?
The counter term proportional to ®* in Eq. (I00) implies
that the use of the renormalized coupling constant in the
subsequent subtracted expressions. This corresponds to
the use of a bare coupling constant gp instead of g in the
original action (7). The relation between the two to this
one-loop order is

3, .5

(107)
For a given bare interaction strength gp, the renormal-
ized coupling depends on the parameter p chosen for the
renormalization procedure. Equivalently we may imag-
ine having defined the field theory on a fine spatial lat-
tice with a specific small lattice spacing a o< 1/p, and the
renormalized coupling constant will depend on the choice
of a.

If we sum an infinite chain of such corrections, we ob-
tain a geometric sum that is an expansion of the equation

_ g

9B= "3 g (108)

1—Shgp™"—
2 €

which has (I07) as its first expansion term. Equivalently
we may write

1 1 3Sp
= - 4. 109
hgppu=—¢  hgu=¢ 2 € (109)

In this equation, we can go to the strong-coupling limit
gp — oo by taking p to the critical limit y — 0, where
we find that the renormalized coupling has a finite value

1 35
—22Db 4
hgu=¢ 2 €

(110)



For the dimensionless coupling constant ([I03), this
amounts to the strong-coupling limit

2
A=hgu Sp = —e+...

5 (111)

with the omitted terms being of higher order in €. The

approach to this limit starting from small coupling is ob-
tained from (I08) to be

+ R

hgppu=¢ 2 €

At small bare coupling constant, this starts out with
the renormalized expression that is determined by the s-
wave scattering length hgu=¢ = 6 x 4wh%as/M. In the
strong-coupling limit of gp or the critical limit © — 0,
the value ([I0) is reached.

For the critical exponents v, 8,9 in (70), &3), (I04),

the strong-coupling limits are

1 1 1
’7=1+66, ﬁ:§—ge, 0=3+e. (113)
They are approached for finite gp like
1 1 1
=14+ -hgu™° =———hgu™° 114
v=1+Jhgun™" B =5 = jhou™, (114)

with the just discussed gp-behavior of g.

If the omitted terms in (III]) are calculated for all N
and to higher loop orders one finds A\ = 2¢g*, where ¢*
is the strong-coupling limit g5 — oo of the series in Eq.
(15.18) in the textbook [14]]. The other critical expo-
nents may be obtained from the g — oo -limit of similar
expansions for v,n into « = 2 —vD, = v(D —2+n),
y=v(2-n),6=(D+2-n)/(D—2+mn). These can be
extracted from Chapter 15 in Ref. [14)].

All these series are divergent, but can be resummed for
€ =1 and gp — oo. The series for g yields for N = 2
the value § — ¢* ~ 0.503 (see Fig. 17.1 in [14]). The
typical dependence of g on gp is plotted in Fig. 20.8 of
Ref. [14]. For v and 7 the plots are shown in Figs. 20.9
and 20.10, and we leave it to the reader to compose from
these the dependence of «, 3,6 as functions of gp.

It should be pointed out that the potential in the first
line of (I08) has another minimum away from the origin
at

A

D A=y 1 A2 .
ZP3 4+ 93 (log=®? — = —o3=0. (11
ZTR (°g2 2>+16 0. (115)
This is solved by
A= 4
log =®2? = —— 11
Alog 3 3 (116)
or
72 2 —4
? = TeT13A (117)
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However such a solution found for small A cannot be
trusted. The higher loops to be discussed later and ne-
glected up to this point will produce more powers of
Aog(A®?/2), and the series cannot be expected to con-
verge at such a large A\. As a matter of fact, the approx-
imate exponentiation performed in ([I03) does not show
this minimum and will be seen, via the methods to be
described later, to be the correct analytic form of the
potential to all orders in A for small enough € and .

If we want to apply the formalism to a Bose-Einstein-
condensate we must discuss the case of a general O(N)-
symmetric version of the effective potential based on the
action ({IJ), and insert into it the number N = 2. The
equation for the bare coupling constant is then

N +38 _.S

g5 =g+ ——hg*u =2 + .
6 €

rather than (I07]), so that the strong-coupling limit (1))

becomes

(118)

A= Sphgu™ ¢ — €+ .

. 119
N+8 ’ (119)

with the other critical exponents (I13):

N+2 1 3

=14+ — - -
=i “ =5 3N+s)

9
=3+——€.(12
3INT8) €, 6=3+ €.(120)

N+8

For the coupling constant gs defined in (23] the strong-
coupling limit (II9) reads

1A (47)? (47)?
9L A e € = e (121
95 > 25 T DAL (121)

with ¢* =~ 0.503 for N = 2.

If we carry the loop expansion to higher order in A, we
find for the renormalized g = higppu™¢/25p as function
of the bare coupling gg = higgpu™¢/25p the perturbation
expansion [see BEq. (15.18) in Ref. [14]. See there also the
higher expansion terms|

g _ 1, - 8+N)?
g_le—gB%e 1+g%{(+9) %2"‘142’3]\[%}

R ()

[2960+922 N+33 N2+(2112+480 N)¢(3)] 1
648 et

Given this dependence of g on the bare coupling con-
stant gp, we find for v the expansion

v(@Gs)=L(N+2) — 5% (N+2) + £ (N+2) (5N + 37)
— 5 (N+2)[~N? + T578N + 31060 (123)

+48¢(3)(3BN2+10N +68) + 288¢(4) (BN +22)] +.. .,

where § is replaced by (I22).
The expression (m?/u?)” in the two-point function can
be replaced by an expansion of m?/m% in powers of gp



that can be taken from Eq. (15.15) in [14], again with

g replaced by ([I22). This expansion can be resummed

by Variational Perturbation Theory to obtain a curve of

the type in Fig. 20.8-20.10. This permits us to relate
=m?/u? directly to u=gp.

RESUMMING THE EFFECTIVE POTENTIAL

According to Eq. [@0), the effective action below in the
condensed phase with negative m? has the general form

(P P2 _
ui_f L S (124)
where
y=1t"2Pg®% /2 = 72092 (125)

From Eq. (@ we determine fo = f; = 1. For small ¢, y
becomes large, and we must convert the small-y expan-
sion into a large-y expansion.

Near the strong-coupling limit, the Widom function
([@4) has an expansion in powers of (m?)“/¥ oc €~ which
contains the Wegner critical exponent w =~ 0.8 governing
the approach to scaling ﬂﬁ] The general expansion for
strong couplings is

v(®P) P2 2842\(6—1)/2 b
4_€:t (t ¢ )( / b +Z 28H2\mwr /28]’
It 3 (t-2092)

(126)

We may derive this from the rules of VPT in [14]. First
we rewrite a variational ansatz for the right-hand side of
Eq. (I24) with the help of a dummy parameter k = 1 as

Y
N = 2 P2RP (fo il ) . (127)

Next we exchange xP by the identical expression
VE2+ gr', where r = (k* — K2)/K2. After this we
form w; by expanding wy up to order g, and setting
x = 1. This leads to

2762 1P | £ _ BL g Y

wr = 2 K2

= PO (y). (128)

The last term in the first line shows that for large y, K
has to grow like
K oy, (129)

We now extremize w; with respect to K and find that
the derivative dwy /dK has to vanish, i.e.,

D BKP 1p( P) [f0< %) fw%}o, (130)
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where

2 _
e 20=9) ooy

p(p—2)

In the free-particle limit y — 0, the solution is K(0) = 1,
and

(131)

wy = PPt fy. (132)

The last term in ([I30) shows once more that for large
y, K will be proportional to y'/9. Moreover, it allows to
sharpen relation (I29) to the large-y behavior

K — Ka(y) = (ey)V9 ~ 0.648 0381, (133)

Then the leading large-y behavior of (I08) is ®2(cy)P/9 o
((1)2)134-1'

The first correction to the large-y behavior comes from
the second term in the brackets of (I30]), which by (I25)
should behave like

K2 (ct72ﬁg(1)2/‘u2)wv/2ﬁ ~ (ct72ﬁg¢2/u2)0.76.(134)

Comparing this with (II0) and [I2Z9), we find p = 2(2 —
n)/w and ¢ = 48/wv. For the N = 2 universality class
these have the numerical values p ~ 4.92 and ¢ ~ 4 X
0.32/(0.8 x 0.66) ~ 2.63. Solving (I30), we see that for
small y, K(y) has the diverging expansion

K(y)=1+0.32y—0.165967 y*+0.155806 y*+. .. , (135)
so that W has the diverging expansion
Wi =1+y+0.154436y° + ... . (136)

From Eq. ([@3), we know that the power p + 1 must be
equal to (6 +1)/2, so that

yP/9 = 0=1)/2 — y (2=m)v /26 oy 187 (137)

If we insert (I29) into (I08), the extremal variational
energy is

2P PAKP (1 _b + i)

Ka
where K = K (y) is a function y which is plotted in Fig.[Il

wi(y) = p (138)

For large y, where K(y) has the limiting behavior
([133), W1 becomes

Wi(y) — Wasly) = K? <1§+%>

~ 0.197y"8". (139)
Near the limit, the corrections to (I33) are
K(y) - (1 + Z mwy/25>
m=1 Yy
0.381 hm
~ 0.648y HZW . (140)
m=1
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Figure 1: Solution of the variational equation (I30) for fi = 1.
The dotted curves show the pure large-y behavior.

with hi ~ 0.909, hy =~ —0.155, ...
([28), we find

Wily) = Was(y) (H > mbwim/26>

. Inserting this into

m=1 Yy
o9 bm
~ 0197y <1+ > W) (141)
m=1

with b; ~ 3.510, b ~ 4.65248, ... .

FRACTIONAL GROSS-PITAEVSKII EQUATION

We now extremize the effective action (62)) with the
two-loop corrected quadratic term (7). We consider the
case of N = 2 where ®> = U*WU. Then we take the
effective potential (I38) with the extremal K = K(y) as
a function y plotted in Fig. [l From this we form the
derivative Ow; (y)/O¥* and obtain the time-independent
fractional Gross-Pitaevskii equation:

(IA)2)1—77/2\IIJr dwy (y) —0.

BN (142)

If we use the weak-coupling limit of w1 (y) and the gradi-
ent term, this reduces to the ordinary time-independent
Gross-Pitaevskii equation

h?
meQ — A+ gsUT | U(z) = 0. (143)

In a harmonic trap p is replaced by p + Mw?x?/2.
Recalling the relation m? = —2Mpy one has m?
—2M Mw?R?(1— R?/R?). The oscillator energy Mw?R?
corresponds to a length scale f» by the relation
Mw?R?2 = h?/M/%, so that m? may be written as
m? = p?(R?*/R? — 1) with p = 1/00.

In the strong-coupling limit, however, we arrive at the
time-independent fractional Gross-Pitaevskii equation:

0+1
()12 + 2 g 1w ()P W () =0

I (144)

By using the full effective action for all coupling strengths
and masses m? we can calculate the properties of the
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condensate at an coupling strength. Before reaching the
strong-coupling limit, we may use Eq. (I42) to calcu-
late the field strength as a function of gs. Then the
critical exponents 7, a, 3,0 have not yet reached their
strong-coupling values by must be replaced by the gp-
dependent precritical values calculated from ([[22]) and
the corresponding equations for 0, a, 3, 6.

In a trap, the mass term becomes weakly space-
dependent. If the trap is rotationally symmetric, then
m? will depend on R = |x| and the time-independent
Gross-Pitaevskii equation has to be solved with m?(R) oc
1 — R?/R?%. More specifically, the bare coupling constant
on the right-hand side has to be determined in such a
way that m?/m% has the experimental size. If the ex-
periments are performed in an external magnetic field B
the s-wave scattering length as has an enhancement fac-
tor (B/B. — 1)~ and Eq. (IZ2) can again be used. We
can then calculate the density profile quite easily in the
Thomas-Fermi approximation as done in Ref. [23].

In a rotating BEC we can calculate the different forms
of the density profiles of vortices for various coupling
strengths which can be varied from weak to strong by
subjecting the BEC to different magnetic fields, raising
it from zero up to the Feshbach resonance. The profiles
are shown in Fig. ().

In addition, the central region is depleted (see Fig. ).
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Figure 2: Condensate density from Gross-Pitaevskii equation
24) (GP,dashed) and its fractional version (I44] (FGP), both
in Thomas-Fermi approximation where the gradients are ig-
nored. The FGP-curve shows a marked depletion of the con-
densate. On the right hand, a vortex is included. The zeros
at r ~ 1 will be smoothened by the gradient terms in (24)
and (I44)), as shown on the left-hand plots without a vortex.
The curves can be compared with those in Ref. Iﬂ@]

SUMMARY

We have shown that the expansion of the effective ac-
tion of a ¢*-theory in even powers of the field strength
® = (¢) can be be resummed to obtain an expression
that is valid for any field strength, even in the the strong-
coupling limit. It has the phenomenological scaling form
once proposed by Widom, and can be used to calculate
the shape of a BEC up to the Feshbach resonance, with
and without rotation.
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