Chapter 8

Sectional category

8.1 Introduction

All of the topological spaces which we consider in this chapter are simply connected with
homology of finite type over Q.

Another LS-category-type invariant is the sectional category of a fibration. Since it
can also be defined in terms of the existence of a homotopy section for a kind of Ganea
space, its rationalization is likely to have a simple characterization in terms of the Sullivan
model of the fibration, just as the relative LS-category had. We show that this is true
in this chapter, and even more: that it is possible to define an invariant generalizing the
sectional category as well as the R-category and still find a satisfactory characterization
of its rational counterpart. Our main result in this section is therefore a generalization of
part of theorem 5.4.1.

We begin section 8.2 by giving a definition in terms of coverings of the sectional category
of a fibration and of the new invariant: the sectional category of a sequence of maps. Then
we introduce the fat wedges and the Ganea maps associated to a sequence of maps and
show that the classical definition of the new sectional category is equivalent to a definition
in terms of the existence of homotopy sections for the Ganea maps and to a definition
using the generalized fat wedges. We define the rational sectional category of a sequence
of morphisms in section 8.3 and we state a theorem giving an equivalent definition using the
Sullivan models of each of the morphisms involved. We prove the theorem in section 8.4:
first of all we model the generalized fat wedge and the diagonal map in order to build
a model I',, for the generalized m-th Ganea space. It is then possible to construct a
morphism I';;, — §,,, where the target is described in terms of Sullivan models. To build
a morphism in the opposite direction we must construct inductively another model $,,
for the Ganea space G,.

8.2 Classical sectional category

Originally sectional category is defined for a fibration p : E — B in [Sch66]. We introduce
the sectional category of &, where € is a sequence of maps & = (fo, f1,...), with f; :
E; — B, that reduces to secat(p) when € = (p,p,p,...) and to Reat(f : E — B) when
¢=(f,x— B,x— B,...).

Definitions.

e Let p: E — B be a fibration, then the sectional category of p, noted secat(p), is
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m, where (m + 1) is the minimum number of open subsets of B over which p has a
section, which are needed to cover B.

e Let € be a sequence of maps (fo, f1,...) with f; : E; — B for 0 < i, then the
sectional category of € is the integer m, where m + 1 is the minimum number of
open subsets U; C B, 0 <4 < m, such that B = U], U; and for each 0 <i <m, f;
has a homotopy section over U;.

e Let € be a sequence of maps € = (fo, f1,...). Then we denote by &; ;, with i < j the
sequence (f;, fiy1,-.., f,0,0,...).

e Let & be a sequence of cofibrations &€ = (fo, f1,...), fi : Ei — X. The m-
th fat wedge of €;;, with i,j,m € N, i < jis T5,(&;;) = {(zi, zit1,....275) €
XJ=*Lguch that |{s|zs € Es}| > m}.

e In the following standard homotopy pull-back

Gij(€) —— Ti(&;;
9i,5(€)

X

Xi—itl
the space G; j(€) is the (i, j)-th Ganea space associated to € and the map g; ;(€)
is the (i,7)-th Ganea map associated to €.
e The n-th Ganea map associated to €: g,(€), is the n + 1 fold join
foX fiX . X f,:G,(€) = FEyNXNp Fy Xp ... Xp E,, — B.
G (€) is called the n-th Ganea space associated to €.
o If €= (p,p,...), we often write g,(p) : Gn(p) — B instead of g,(€) : G,(¢) — B.

We use Ganea spaces and maps to give a second definition of the sectional category.

Proposition 8.2.1 1. Let p: E — B be a fibration. Then secat(p) < m if and only if
the mth Ganea map gnm,(p) admits a homotopy section.

2. Let € = (fo, f1,-..) be a sequence of maps f; : E; — B, i > 0, then secat(€) < m if
and only if the mth Ganea map gm (&) admits a homotopy section.

ProoOF. A proof of the particular case 1 is given in [Jam78]. The second part of the
proposition can be proved in an analogous way. O

REMARK. It is now clear why Rcat(f : E — B) = secat(f,* — B,* — B,...).

Notice however that our n-th Ganea spaces are defined only up to homotopy. We
would like to choose them without ambiguity, and we show therefore that G, (€) is weakly
equivalent to G, (€). We then take this last space as standard Ganea space. This
allows us to give a third definition of secat in terms of fat wedges. We can moreover take
advantage of the construction of Ganea spaces in terms of fat wedges to rationalize the
concept of sectional category.
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Lemma 8.2.2 Let € = {fo, f1,...}, fi : E;i — X be a sequence of cofibrations. Then the
join of the inclusions X*t1 x Ty (€1 pay) — XML and Ty(&op) x X! — XFHAFL 4s
weakly equivalent to Ti (&g g41).

Proor. We follow [Cuv98] by first constructing the standard homotopy pull-back of
the inclusions:

‘B = {(wo’wla ---»wk-i-l) € (Xl)k+l+1|(w0(0)a ,’wk(O)) € TI(QEO,]C) y
(Wi1(1), -y wir1(1)) € T1(€hpr 1) }-
We then define a map ¢ : P — T1(€p ) X T1(Epq1,441) aS
<p(w0, Wiy eeny wqul) = (’wo(O), ceny wk(O), wk+1(1), ceey 'warl(l)).

It is actually an homotopy equivalence, since it is possible to contract each path w; to its
beginning or its endpoint. We therefore use the space 17 (&g 1) X T1 (€1 k+1) to complete
the construction of the join. We must construct a homotopy push-out of the inclusion of
T1(€0%) X T1 (Cpt1 k1) in T1(Ep g ) X X' and in Xk x T1(€k41 k+1)- Since these inclusions
are cofibrations we obtain

(Th(€ok) X X) Uy (eo 1) xTi(@rsapne) (XX T(Ep1npt)) = T1(Co pp)-

The previous lemma allows us to prove a property of Ganea spaces.
Proposition 8.2.3 Let € = {fo, f1,...}, fi : E; — X be a sequence of cofibrations. Then
Gok(€) Xx Gri1k+1(€) = Gog41(€).

PrROOF.  We again follow [Cuv98]. We apply the join theorem I [Doe98] to the following
two homotopy pull-backs:

Gox(€) Ti(Eo ) x X

gO,k(é)

X

Xk+l+1
Gri1hri(€) —= XF 5 Ty (B jt)
k+1,k+1(€)

X kAL

We obtain another homotopy pull-back:
Gok(€) Mx Grp1p1(€) — (T1(Eog) X X1 Mxrsrnr (XET 5 Ty (Ejgr41))

Grt1,k+1(€)

X kA1
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Using lemma 8.2.2 we conclude. ad

Corollary 8.2.4 Let € = {fo, f1,...}, fi : Ei — X be a sequence of cofibrations. Then

Gk(g) ~ G07k(@)

PROOF. It is clear from the definition of Gi(€) that Gi(€) ~ Grp_1 Xx FEj and
9k (€) ~ gip—1(&) X fi. Using proposition 8.2.3 we have also G 1(€) ~ Go -1 Nx G x(€)
and go k(&) ~ go k-1 ™ gk x(&). Since on the other hand we have Go(&) = Ey = Goo(€),
90(€) = fo = 90,0(€) and Gy, (&) = Ek, gik(€) = fi, we can use induction and conclude.
g

Since it can easily be verified that the n-th Ganea space of a sequence of maps € is
homotopy equivalent to the n-th Ganea space of the same sequence where any number of
maps have been replaced by their associated cofibration or fibration, we have:

Proposition 8.2.5 Let € be a sequence of maps. We construct a new sequence &, where
each map is replaced by its associated cofibration, then the sectional category of € is
smaller or equal to m if the (0,m)-Ganea map gom (&) associated to & admits a homotopy
section.

From now on we will restrict ourselves to sequences of cofibrations without loss of
generality. There is an equivalent definition in terms of the fat wedge:

Proposition 8.2.6 Let € be a sequence of cofibrations. Then secat(€) < m if and only
if there exists a map 0 : X — T1(&g ) such that the following diagram commutes up to
homotopy

Tl(eo,m)
X- = X,
Proor.  Simply follow the end of the proof of theorem 3.3.2. a

8.3 Rational sectional category

We define the rational sectional category of a sequence of maps & by rationalizing the
classical definition in terms of the fat wedge.

Definition. Let € = (fo, f1,...) be a sequence of cofibrations f; : E; — X. Let
moreover (AX,d) — (Apr(X),d) be a Sullivan model for X, (AY,d) — (Apr(T1(€o.m)), d)
a Sullivan model for T1(€g,,) and a : (AX)®™H d) — (AX,d), B : (AX)®™H1 d) —
(AY,d) be representatives for the diagonal and the inclusion of the fat wedge respectively.
We say that the rational sectional category of € is smaller or equal to m if there
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exists a morphism v : (AY,d) — (AX,d) such that the following diagram commutes up to
homotopy
AY

AX “ (AX)@m+1

We write secat, (&) < m.

Let us recall that it is always possible to find a surjective model associated to a relative
Sullivan model (AX,d) — (AX ® AY,d). It is called standard surjective model, and is
a morphism h : (AX ® AZ,d) — (AX ® AY,d), where Z =Y @Y, d:Y ~Y, dy = g,
hlaxeay = id, h(j) = dy for all § € Y. It makes the diagram

AX @ AY

<

AX®ANZ

commute, where g is the inclusion of the base. We can now state our main theorem

Theorem 8.3.1 Let & = (fo, f1,...) be a sequence of cofibrations f; : E; — X. If f; :
(AX,d) — (AX ®AY;,d) is a Sullivan model for f; and h; : (AXQAZ;,d) — (AX @AY, d)
is a standard surjective model for f;, then secat,(€) < m if and only if the morphism
AX ® Qg AZ;
IT:%o Ker ()

defined by the inclusion followed by the projection, admits a homotopy retract.

(AX,d) — ( ,d> = (Sm(€),d),

8.4 Proof of the Theorem

The first step to prove theorem 8.3.1 is to find a model for Ty(&g,,) — X™*! and use
it to construct a cca (I')y,(€),d) with the same rational homotopy type as Gon(€). To
do so we follow [FH83], where an algebra of the same rational homotopy type as G, (X)
is constructed. It is then possible to build a morphism (I';,,(€),d) — (Fm(€),d) which,
given a homotopy retract for (AX,d) — (Fmn(€),d), allows the construction of a homotopy
retract for (AX,d) — ('), (€),d).

NOTATION. We denote by S.(X) the singular chain complex over the space X, and
by Apr, the Sullivan functor. Let T{(€om) = {(z0, 21, ...2m) € X" such that z; € E;},
then by S.(T31(€g,m)) we mean the singular simplexes whose image is included in TH(&om)

for some i, and Apr(T1(€o.m)) = ApL(S«(T1(€o.m))) -

Model of the fat wedge

Proposition 8.4.1 Let € = (fo, f1,...) be a sequence of cofibrations f; : E; — X. Then
both morphisms

< APL(X)®m+1 d)
Ker (Apr(fo)) @ Ker (Apr(f1)) ® ... @ Ker (Apr(fm))’

" (Api(Ty (€o,m)), d)
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(ApL(T1(€om)), d) ~= (ApL(T1(Com)), d)

are quasi-isomorphisms, where res is the restriction to simplices in Si(Ti(€om)), and

Gm1 s induced by the morphism A1 = AT AL Here AT is the composition

A T m Apr (incl res , ¥
(App(X),d) “EE (App (XY d) PEED (Ap (T (€gm),d) 2 (App(Th (€om)), d)

with pr; the projection on the i-th component, incl the inclusion and res the restriction.

ProoOF.  We follow the corresponding proof in [FH83].

e We begin by showing that res is a quasi-isomorphism. It is enough to prove that the
inclusion S,(€p.n) — S«(€o.m) is a quasi-isomorphism. For simplicity we restrict
ourselves to the case m = 1. It is easy to generalize the proof for any m. Since we
are dealing with CW-complexes and cofibrations, there exist open subsets U; C X

such that F; ]é U; and there exists a map r; : U; — FE; such that r; o j; = idg, and
jior; ~ idy, rel E;, for i = 0,1. Hence Fy x X C Uy x X, X x F; C X x Uy and

(Ep x X)U(X x Ey) c (Up x X)U (X x Uy). therefore we can work with U; instead
of E; as far as homology is concerned.

Let S.((Up x X)U (X x Uy)) denote the singular simplices whose image is contained
cither in Uy x X or in X x Uy. Then S,((Up x X) U (X x U1)) = S(Up x X) +
S« (X xUy) C Se((Upx X)U(X xUy)). Finally this inclusion is a quasi-isomorphism
([Rot88], proof of thm 6.17, p.117).

e Let us turn to ¢p,11. We show that it is well-defined: Let us choose any simplex
0 € S«(T1(€p,m)), ie. such that there exists an i with o(A) C T} (€, ), which means
that prioincloo(A) C E;. If ¢; € Ker (Apr(f;)) for a certain 4, then for all elements
o € S.(E;) we have ¢;(f; o o) = 0. Now A" (¢);)(0) = i(f; o pri o incl o o). Since
prioincl oo € S.(E;), then \""!(¢;) = 0, and for ¢; € Ker (Apr(f;)), 0<j<m
it is obvious that A™(¢y @ 1 ® ... ® ¥y,) = 0.

It remains to show that ¢, 1 is a quasi-isomorphism. We proceed by induction. For
m =0,

Apr(X)
Ker (fo)

where the isomorphism is induced by Apr.(fy). We suppose the assumption is true for

all n < (m—1) and show it for n = m. We write [§,d) = <Keré};)L<§(§X§§; T ),d).

( ,d) — (ApL(Ep),d) = (ApL(Ti(€op)),d) = (ApL(Ti(€0p)), d),

Consider the following commutative diagram:

= Fo G1—Gax
Apr(T1(€o,m)) S App(Ty(€om-1) x X) & ApL(X™ X Ep) = Ap(T1(€om-1) X Ep)

Pm+1 Gm-idDY™ idR,, | ~ Sm-id |~

(G
Sm (K1,K2

— The morphisms I , Fy,G1, Go are restrictions;

; Sm_1 @ Apr(X) & Apr(X)®" @ APL(Em)Hl—_Eﬁmq ® Apr(En).
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— Ky is induced by idy,, (xyom @ Apr(fm); Hi = id§m_1 ® Apr(fm);
— K is the projection

Apr(X)®mtt Apr(X)®m
Ker (fo) ® ..Ker (fm_1) ® ApL(X)  Ker (fo) @ ..Ker (frm_1)
— Hy=proj® idAPL(Em);

gm—>

RApr(X);

Om - id(p ® 1) = (ApL(pr1) © dm(9)) - (res o Apr(pra)(¥));
= Y"1 ® ... ® o) = [[i21 Apr(pri)(¢:);
— " idg,, (p @) = Apr(pr1) oy (¢) - ApL(pr2)(¥);
— Om - idp, (¢ @ 1Y) = Apr(pr1) o ¢m(p) - ApL(pr2) ().

It is easy but somewhat long to check that the diagram commutes, that its lines are
exact and that the two rightmost vertical arrows are quasi-isomorphisms. Therefore
the leftmost arrow is also a quasi-isomorphism.

O

Our next step consists in replacing the algebras and ideals involved in the left hand
side of the formula appearing in proposition 8.4.1 by others that are weakly equivalent
and can be constructed starting directly with the f;’s Sullivan models.

Lemma 8.4.2 Let f : X — FE be a continuous cofibration, and Apr(f): (Apr(F),d) —
(Apr(X),d) its associated algebra morphism under the Sullivan functor. There ezists a
Sullivan model for Apr(f) and its associated standard surjective model as in the following
commutative diagram:

Apr(f
Apy(X) red) ApL(E)
AX AX ® AY
\ /
AX ® AZ.

~

Moreover there exists a quasi-isomorphism j : (AX®AZ,d) — (Apr(X),d) which restricts
to a quasi-isomorphism Ker (h) — Ker (Apr(f)).

ProOOF. Using the properties of closed model categories, we deduce the existence of a
lift AX @ AZ L App(X) which is a quasi-isomorphism. Since f is a cofibration, Apr(f)
is surjective and we have the following commutative diagram with exact lines:

Apr(f
0 — Ker (ApL(f)) Apr(X) cdth Apr(E) 0
Jlker(n) ~|j ~
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Considering the long exact sequence in homology we infer that the leftmost morphism is
a quasi-isomorphism. O

We can apply this lemma to all the cofibrations f; and we obtain a quasi-isomorphism

R (AX ® AZ;) = App(X)@m+l
@iz Ker (hi) QR Ker (Apr(£:)

NOTATION. To simplify the notation, in the next proposition we let

(A, d) = (é(AX ® AZ)), d)

1=0

and I

® Ker (h;).
1=0

The next proposition shows that from now on we can use the projection (A,d) —

(A/I,d) instead of the morphism (App(X™T1),d) Apwline) (Apr(T1(€g,m)),d) because

any representative of the first morphism induces a representative of the second one.

Proposition 8.4.3 If (AW,d) — (A/I,d) is a Sullivan model and X : (A,d) — (AW, d) is
a representative for the projection (A,d) — (A/I,d) then there exists a quasi-isomorphism
(AW, d) 5 (Apr(T1(€o,m)),d) such that the following diagram commutes up to homotopy:

A incl
App(X™*) Are (i 1)4PL(T1((‘30,m))

A AW
PrOOF.  Let us consider the diagram
QizoArr(X)
= APL(Xm+1)
A
~ &, Ji Apr(X)®m+1 Pmt1 res
AW A1 Rer (ApL(fo)®..0Ker (ApL(fm)) = Apr(T1(€om)) <= ArL(T1(€om))

The j;’s are copies of the quasi-isomorphism j from lemma 8.4.2. It can easily be checked
that everything commutes at least up to homotopy, therefore, by the lifting property of
Sullivan models, there exists a morphism 7 : AW — Apr(T1(&p,y,)) which, when added
to the diagram, lets it commute up to homotopy. O



8.4. PROOF OF THE THEOREM 99

Model of the diagonal

The diagonal map A : X — X™+! can be represented by the multiplication
p: (AXE™ ) — (AX,d).

The associated relative Sullivan model is (AX®™H d) — (AX®™F! @ AX®™ d), where
XP = XPHL 7 2. Since the algebras AZ; in the standard surjective models for App(f;)
are acyclic, it is actually possible to replace AX®™+! by A and we obtain another model
for the diagonal:

A

A @ AX®™

where ¢ is the multiplication on AX®™*! and sends Z; to 0 for all i.

Generalized Ganea algebra

We have now all necessary ingredients to construct a commutative algebra whose rational
)

homotopy type is the same as G, (€)’s.
Proposition 8.4.4 With notations as in the previous paragraph, we let
(T (@), d) = (A/T © AX®™ d) = (A/T @5 (A & AX®™), d).
This algebra has the same rational homotopy type as Go m(€).
Proor. It suffices to use the definition of Gg ,,(€) as the standard homotopy pull-back

of the fat-wedge along the diagonal. In rational homotopy this translates into taking the
following push-out:

A ——= A AX®™

AT ——=T,,(@).

Corollary 8.4.5 With the same notations as in the previous paragraph, we have that if
AX ® Q" AZ;
[ 12 Ker (hi)

admits a homotopy retract, then secat,(€) < m.

(AX,d) — ( ,d> = (Sm(€),d)

ProoFr. We use the push-out from the preceding lemma to construct a morphism
a: (Tm(€),d) — (Fm(€),d). It is induced by the following two morphisms:

(A1, d) — (Fm(€),d),
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induced by the multiplication on the AX’s, and

(A @ AX®™ d) — (Fm(€),d),

—

equal to the morphism = from the diagram in the previous subsection, followed by the
inclusion of (AX,d) in (AX ® Q;~,AZ;,d) and the projection on (F,(€),d).

We can define a morphism (AX,d) — (I',,(€),d) as being the inclusion (AX,d) —
(AX®mF1 ) putting an element ¢ € AX in any factor AX of AX®" ! say factor number
i. It is then straightforward to verify that the following diagram is commutative

AX

I (€) < Sm(€).

Therefore any homotopy retract for the rightmost morphism induces an homotopy retract
for the leftmost one. O

Opposite direction

To prove the second half of theorem 8.3.1 we use proposition 8.2.3 which states that
Gom(€) = Gom—1(€) Xx Gmm(€).

We then proceed by induction, with the induction hypothesis that for each n there exists
a morphism ¢, and a commutative diagram

/ AX\
Fn(€) o D,

where §,, is an algebra of the same rational homotopy type as G, (€). This proves the
theorem.

In case n = 0, we have (Fo(€),d) = (i‘é?&ﬁ,d) and we can take
0

©o = ho : (§0(€),d) — (AX ® AY), d) = (90, d).

For the induction step we suppose that the hypothesis is valid for n = m — 1 and show
that this is still true for n = m. If we take Z = @;161 Zi, it is clear that by taking the
rational cojoin with the relative Sullivan model i : (AX ® AZ,d) — (AX ® AZ @ AY,,,d)
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we obtain a diagram

AX

AX ® AZ

Pm—1X1 AX®
X

~6m—1

St (€) Y AX @ AZ © AY, MAX @ AZ @AY,
where (AX,d) — (AX ® AZ,d) and (AX @ AY,,,d) — (AX ® AZ ® Y, d) are quasi-

AXQANZ
isomorphisms and, thanks to proposition 8.2.3, we notice that (£,,—; KYAX QANZ R

AY,,,d) has the same rational homotopy type as G, (€) and can therefore be chosen as

($m,d). It therefore now suffices to find a morphism & : (F,,(€),d) — (Fm-1(€) AXghE

AX ® AZ ® AY,,,d) that preserves the maps from (AX,d). To do so we need an explicit

construction of (F,—1(€) MV AX 9 AZ ® AY,,,d). Let us therefore consider the

following commutative diagram:

AXQAZ € AX @ AZ @ AY,,
proj Fmo1(€) M AX © AZ ® AY;, J
Fm-1(€) : Fm-1(€) @ AY,,

~_ |

Sm—1(€) @ AZ,

where f,, is a surjective morphism constructed in the standard way, j is the projection on
AX ® AZ and the identity on AY,,, proj is the projection and i is the inclusion. Notice
that (Fm—1(€) @AY, d) ~ (Fm-1(€) @axerz AX @ AZ @ AY,,,d) is the algebra resulting
from the first part of the process to build a rational cojoin, i.e. from the push-out. The
morphism ¢ is replaced by a surjective morphism f,, and the rational cojoin we are looking
for is of the same rational homotopy type as the pull-back of f,, and j. Moreover there
exists an obvious induced morphism a as in the diagram. Now to construct £ it is necessary
to find maps « and 8 making the next diagram commute:

T (€) = AX @ AZ @ AY,,

B J

m

Sm-1(€) ® AZ,, — Tm_1(€) ® AY,,.

They are defined in the following way:



102 CHAPTER 8. SECTIONAL CATEGORY

e The morphism « is induced by hy, ®id : (AX @ AZ, @AZ,d) — (AXQAY,,,QAZ,d)
followed by the isomorphism switching AY,, and AZ. It is well-defined because
(him @ id)(Ker (hy) @ Q15! Ker (h;)) = 0.

e We can consider # as a morphism into (® AX%Q?%IA)Z@”;\Z ,d) = (Fm-1(¢) ®

AZ,,,d). Then it is induced by the morphism equal to the identity on AX®AZ®AZ,,
because @!",! Ker (h;) @ Ker (hy) € Q5! Ker (hi) @ AZp,.

The diagram commutes:

o Fory e AX®AZ, joa(h]) =j(y) =) for 6 € AZp, joa[d]) = (j o hm)(0). If
hin(0) = ) xk ® yi with z, € AX and yy, € AY),, then jo o([0]) = D, [zk] ® yp-

e On the other hand, for y € AX ®AZ, f,oB([Y]) = fm([7]) = [v]; for § € AZ,,, with
him(0) = D> ok ® yg, with x, € AX andy, € AY;,, we have f,, o 5([8]) = fm(6) =
> klTk] @ Y.

There is therefore an induced morphism £ as wished. To verify that it preserves the

maps coming from (AX,d), we notice first of all that there exists a morphism (AX,d) —
(Fm-1(€) MM Ax ® AZ @ AY,,,d), which is the inclusion of (AX,d) in (AX ® AZ,d)

followed by the morphism a. It is then easy to verify that the morphisms

(AX,d) — (AX ®@ AZ,d) — (Fm_1(€) Y AX © AZ @ AV, d)

and
(AX,d) — (Fm(€),d) - Fmor (@) VK AX © AZ © AV, d)

are induced by the same maps, and therefore they must be equal.



