Chapter 7

Applications

7.1 Introduction

Theorem 5.4.1 gives a definition of relative rational LS-category depending only on the
relative Sullivan model of the considered map. It is nevertheless difficult to compute it
generally, owing to the difficulty to determine Ker (h) precisely. Still, there are a few cases
where it is possible to simplify the problem, for example if the map is the inclusion of a
fibre. We deal with it in section 7.3.

On the other hand it was shown by D. Stanley in [Sta00] that for a spherical fibration
with fibre an odd sphere the rational sectional category of the fibration depends only on
the order of its Euler class. We show in section 7.4 that the analogous assertion for rational
relative category is not true.

First of all however we consider two simple examples that show that the R-category
can take up any value, including infinity.

7.2 'Two elementary examples
7.2.1 Example 1

The first example that interests us is an odd spherical fibration S™ — E LB , such that
the Sullivan model for B is generated by a single element with even degree: x. A Sullivan
model for f is therefore given by

A(z) — A(x) ® A(a) with|z| = k, even; |a| = n, odd; dr = 0, and da = z*

(if da = 0, there exists a retraction in dimension 0: the morphism which is the identity
on A(z) and which sends a to 0). We construct the standard surjective model h : A(z) ®
A(a,a) — A(z) ® A(a) and compute its kernel: it is the ideal generated by a — x'. By
computing the homology of §,, it is possible to find a Sullivan model for A(z) — -

Az) — A(z) @ AMwy,), with  dw, = 2™,

Let us suppose that there exists a retraction r : A(z) ® A(w,,) — A(z), then we must
have that r(w,,) = 0 for degree reasons. But r(dw,,) = r(x!™™) = 2™ because r is
a retraction. We therefore obtain a contradiction, which means that there cannot be a
homotopy retraction for any dimension m, or that the R-category, and therefore also the
relative category, is infinite.
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7.2.2 Example 2

As in the first example, we consider an odd spherical fibration S™ — E LB , but this
time the Sullivan model for B is given by A(x,y), with |z| = k even, dz =0, dy = 2™. A
relative model for f is

A(z,y) — Az,y) @ Ala)

with da = 2. As in the first example, we exclude da = 0 because then a retraction exists
trivially in dimension zero.

Lemma 7.2.1 For this fibration we have
e ift >m, Reat,(f) =0;

e ift <m, Reat,(f) =m —t.

PROOF. Let us begin with the case ¢ > m. We can then define r : A(x,y) ® Ala) —
A(z,y) as being r(z) = z,7(y) = y,r(a) = 27™y. If m > t we proceed by induction on
s =m —t. The case s = 0 has just been considered. In case s > 0, there is no homotopy
retraction possible for the morphism A(z,y) — A(z,y) @ A(a).

We suppose that for s < ¢ — 1, Reat,(f) = s and that for s > ¢ — 1, Reat,(f) > ¢ — 1.
We show: if s = ¢, Reat,(f) = s and if s > ¢, Reat,(f) > ¢. Using theorem 5.4.1, we
look for a homotopy retraction for A(z,y) — §,. The standard surjective model for f

is h: A(z,y) ® A(a,a) — A(z,y) ® A(a), which has kernel < 2! —a >. For s > ¢, the
A(z,y)®A(a,a)

o1 (r) <at s A€ the homology classes of

elements of the homology of §, =
(], [£%], ..., [T [y — 2%a), [z(y — 2%a)], ..., [2' 7972 (y — 2%a)];

and of all elements of type [#P*tly — 2lyaP] such that p,l € Z, I+ pt > q+t—1,p > 1 and
0 <1 < g —2, all other products being equal to zero. To build a model for A(z,y) — §,
we use a method given in section 2.4. We construct a graded vector space V degree by
degree in order to obtain a quasi-isomorphism ® : A(z,y) @ AV = §, such that ®(z) = []
and ®(y) = [y]. We define @, = [y, ygav<n-

e We call ®; the morphism of cdgas A(z,y) — &4, with ®o(z) = [z], Poly) = [y].
We check that for 0 < n < (¢t + q)k — 2, H"(®g) : H"(A(z,y)) — H"(§,) is an
isomorphism. Moreover Ker H#T0F=1(p() = 0.

e We extend ®g to @,y g)p—1 : A, Y)@AV SO & by setting VIOl =< 5 >
dz = 279, Oy yp—1(2) = [29a], because

Ker HH R (dg) = Q - [279),
H(t+q)k—1(gq) — Im H(t+q)k—1(q)0).

e We now proceed by induction, exactly like in section 2.4: supposing that &, is
constructed, that H!(®,) is an isomorphism for 0 < [ < n, and that H"*1(®,)
is injective, we extend to ®,1 by the following procedure. We choose cocycles
€a € SZ‘H, a € Aand g € (Alz,y) ® AVE")"T2) 3 € B so that

H™(F,) = ImH" ™ (,,) @ EB Q- [t

a€cA
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Ker H"(@,) = @ Q- [vs).

BeB

Note that this means that for every 3 € B there exists a Ag € §4 such that ®,,(¢3) =
dAg.

We extend ®,, by choosing the degree n + 1 of V' to be the vector space

V' =< w05 >acapen.
with
dvg, =0  Dp11(va) = &a
dig =Yg Pny1(08) = Ag

Since d?> = 0 in A(z,y) ® AVS" and in V"FL then it is zero for any product in
Az, y) ® AVE"FL Similarly we can show d®, 1 = ®,,,1d.

A model for A(z,y) — §4 is then given by A(z,y) — A(z,y) ® A(z,vo,v1,...) with
dz = 219 dvg = 291 (y — 25792). The generators are listed in increasing degree order
with |v;| > (¢+t+m — 1)k — 1.

If s > ¢, since a homotopy retraction r must have r(z) # 0, and by degree reasons
r(z) = 0, we obtain a contradiction 0 = dr(z) = r(dz) = r(z'9) # 0, therefore Reat(f) >
q.

If s = g, we know by hypothesis that Rcat(f) > ¢q. Then a homotopy retraction r can
be defined if for all ¢ the differential dv; is either equal to zero or is a sum of products of
generators containing always at least an element y — z, yz or v;, j < ¢. Indeed we could
then take 7 to be the identity on A(z,y), r(z) = y, and zero on A(vg, vy, ...).

Let us show the last assumption by induction. It works for vy, and we suppose it
working for n <1 — 1.

Without loss of generality we suppose dv; # 0. For reasons of degree, the differential
of v; can be only one of two types:

dv; = pa? +¢
C | Bty +yabat g

where (3, v € Q, b is an integer > 0, and £ denotes all terms containing at least a yz or
a v;. Since we have constructed our model following the method in [FHTO01], we notice
that dv; does not contain any term of type Sz°. Indeed if dv; = fa® + €, then v; would
have been introduced to “kill” Sz’ + £ because its differential is zero but it does not
correspond to an element of the cohomology of §,. But d(Bx® + €) = d¢ and it would
suffice to set dv; = £. Indeed we would then have Bx® + & = d(B2P"™y +v;), where b > m
because |v;| > (m + t)k — 1. In case dv; = Baby 4+ yalz + €, since d?v; = 0, we deduce
(B+~)x™+b 4 d¢ = 0. But we have just shown that d¢ does not contain any term of type
Bzb, so we must have 3 = —v and d¢ = 0. O

7.3 Inclusion of a fibre

Let us suppose in this section that the map we are considering is the inclusion of a fibre

F 4 E for a fibration E & B. In this case it is possible to give a sufficient condition
for cat,(f) < m that is fairly simpler than the definition. Although this condition is not
necessary, it can be successfully used to compute relative categories in a few examples.
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Proposition 7.3.1 Let F 4, E be the inclusion of the fibre for a fibration E 2 B,
(AW, d) — (AW AV, d) be a relative Sullivan model for p and f: (AW RAV,d) — (AV,d)
a representative for f. We define

AW © AV
m,d) = ,d
(Rim, ) (Azm(w DV) AW >

and denote by 7' : (AW @ AV,d) — (AX,d) a representative of the projection 7' : (AW &
AV,d) — (Rm,d). We also denote by k' : (AX,d) — (AV,d) a representative of the
morphism k' : (R, d) — (AV,d), induced by f. Then k' o ' is homotopic to f.

e If there exists a homotopy retraction r of 7' then Reato(f) < m;

o If moreover fo r~ k' then cato(f) < m.

PrROOF.  The long fibration sequence

.—0B—-FLE2B

becomes the following sequence in rational homotopy:

(AW, d) — (AW @ AV,d) L (AV,d) — (AW, d) — ...,

where (AW, d) — (AW ® AW, d) is a model of the augmentation (AW,d) — (Q,0). We
begin by constructing a relative Sullivan model f of f, and then the standard surjective
model h of it

AV

AW e V) e AW e W)
The diagram commutes exactly. Notice that with these notations

(AW eV)AWeW)
@m®—<AmmV@W*%Nm’0

There exists moreover a morphism j which is a lift in the following commuting diagram:

AW @ AV AW @ AV

I e |

~

~

AW @ AV @ A(W @ W) —= AW @ AV @ AW AV.



7.3. INCLUSION OF A FIBRE 83

Therefore j(Ker (h)) C Ker (f) = AtW @ AV and j(AZ™(W & V) - Ker (h)) € AZ™(W &
V) (AW @ AV) = AZ™(W @ V) - ATW. The morphism j therefore induces a morphism
U : (§m,d) — (Rm,d). From the previous diagram it is easy to see that

AW @ AV
Fm - o
k 14
AW @ AV @ AW z AV

commutes, where k and &’ are induced respectively by k and f. Choosing now Sullivan

models for §,, and &,, and representatives for the various morphisms of the last diagram,
we obtain

AW @ AV

AW @ AV @ AW Z AV

where everything commutes at least up to homotopy. As usual there exists a morphism
U : (AM,d) — (AX,d) such that N oW ~ Wo \. Since NoWo7 ~ Wolos =~ X o7/, then
Uo7 ~ 7. Let us now suppose the existence of a homotopy retraction ' : (AX,d) —
(AW @ AV, d) for 7. We show that r := 1’/ o ¥ is a homotopy retraction for 7:

rof=roWor ~7r o ~idyweay.
Moreover if for’ ~ k', then
pokomor oW~k oVoror oWk or or ol =
for'oU koW oNoW~koWol=¢pokol~pok.

Moreover we notice that % is a lifting for the diagram

AW @ AV @ AW

~|¢
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and is then unique up to homotopy. Therefore k~komor' oW =komor as wished and
cato(f) < m. O

REMARK. Let us consider a spherical fibre sequence F — E 2, B with fibre an
odd-dimensional sphere S?"*!. Since F is an Eilenberg-MacLane space K(Q,2n + 1), p
is a principal fibration, and therefore it is the inclusion of the fibre of a fibration B —
K(Q,2n + 2). This means that the previous proposition can be applied to a large class of
morphisms.

To compute the R-category or the rational LS-category of an example we need a few
properties of classical relative LS-category.

Lemma 7.3.2 Let f : E — X be a map, then
1. Reat(f) < cat(X);
2. cat(f) > cat(X Uy CE).

Proor.  Without loss of generality we can suppose that f is a cofibration.

1. Let us suppose that cat(X) < m. This means that it is possible to cover X with
n + 1 open sets U; which are contractible in X. Since the base point is contained in
E, any one of the U; is contractible into E as requested by the definition of Rcat.

2. If cat(f) < n, there exists a covering of X by n + 1 open sets U;, 0 < i < n, such
that Uy contains £ and can be continuously deformed into F relatively to E. The
other open sets are contractible in X. We can now choose an open covering {V;}"
for X Uy CE as follows: V; = U; for 1 <i < n and Vo = Uy Uy CE. To contract Vp
it suffices to first deform Uy into E. Since the deformation occurs relatively to E it
can be extended to all of Uy Uy CE by keeping it constant on CE. At the end of
this deformation we are left with C'E, which is a cone, and therefore contractible in
itself.

O

EXAMPLE.

e Let us consider the Hopf fibration S° — CP(2) — CP(00). We are going to deter-
mine the rational relative LS-category of the inclusion of the fibre f : 8% — CP(2).
It is well-known that cat(CP(2)) = 2 and therefore Rcat,(f) < Recat(f) < 2 thanks
to lemma 7.3.2. It is now a matter to decide whether the rational R-category is
equal to 0,1 or 2. A model for the fibration is

f
with |z| =2, dz =0, |y| = 5 and dy = 23 in (A(x,y),d). Unfortunately if in this
case we try to use the simplified model described in proposition 7.3.1 (A(z,y),d) —
(R1,d), we find no possible retraction, which gives us no supplementary information.
It is therefore necessary to work on a model for (A(z,y),d) — (F1,d).

e We consider the Sullivan model for f: (A(z,y),d) — (A(z,y,2),d), where dz = =,
and ¢ : (A(x,y,2),d) — (A(y),d) is a weak equivalence such that ¢(z) = ¢(z) =0
and ¢(y) = y. We are here in the case considered in lemma 7.2.1 and therefore
Rcat,(f) = 2, which implies that Recat(f) = 2.
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e Let us now determine cat,(f). It is obviously equal to or greater than the rational
R-category. We show that it is equal to 3. We begin by showing that it is smaller
or equal to 3 by using proposition 7.3.1. Let us point out that we cannot use
this proposition to show cat,(f) = 2 since there is no convenient retraction for
(A(z,y),d) — (R2,d). In the case we are considering, we have

Az, y)
50 = (537 g7 4)

As a vector space, a basis for the homology is given by the homology classes of
the elements [z], [v2], [zy], [v%y]. Since H!(83) = 0, we can use the same method
as described in section 2.4 and in lemma 7.2.1 and we find that a Sullivan model
for m : (A(x,y),d) — (Rs,d) is (A(z,y),d) — (A(z,y) @ Aw,v1,v2,...),d), with
dw = x*. A set of generators for the homology of (A(w,v1,vs,...),d) is given by
{x, 22, 2y—w, 2%y —2w}. The elements v; are there only to eliminate any superfluous
element and have increasing degree, with |v1| = 10. The quasi-isomorphism ¢ :
(Alz,y) @ Aw,v1,v9,...),d) — (Rs,d) is therefore given by

o(z) = [z], o(y) = [y], ¢(w) =0, ¢(v;) =0 Vi.

A representative for 83 — A(y) is given by

K (A, y) @ AMw,v1,v9,...),d) — (A(y),d),

with &'(y) = y and &’ = 0 for all other elements. Since the derivative of any v; is
a sum of products which always contain either xy — w or a v; with j < 7, we can
define a retraction r : (A(w,v1,v9,...),d) — (A(x,y),d) as being

r(x) =z, r(y) =y, r(w) =zy, r(v;)) =0 Vi.
It is easy to check that for =k’ and therefore cat,(f) < 3.

e To show that cat,(f) # 2 we use the standard surjective model for (A(z,y),d) —
(A(z,y) ® A(2),d) which s (A(z,),d) — (A(z,9, 2, 5),d), with |2] = 1 dz = 3
dz = 0. First of all we derive the homology algebra of

(3o d) = ( Alz,y) ® Az, zl) d>,

A2 (z,y) <x—2Z >

where < & — Z > is the ideal generated by x — Z. We find that the homology is
generated as a vector space by the homology classes of

[z], [2°], [#%2 — o], [2°2 — 2], [wy — 7], [0z — y3].

Since H'((F2,d)) = 0, we use again the method of lemma 7.2.1 to derive a Sullivan
model for (A(z,y),d) — (F2,d). We find the following relative cdga:

(A(z,y),d) — (Mz,y) @ Aw,v1, 02, ...),d))

with dw = 0, |w| = 5, dv; = 2w, dvy = xv; — yw. The quasi-isomorphism
P (A(z,y) @ Aw,v1,02,...),d) — (§2,d)

is given by

O(z) = [z], ®(y) = [y], ®(w) = [y — 2”2], ®(v1) = [~zy2], B(v2) = 0.
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If there exists a homotopy retract r : (A(z,y) ® A(w, vy, ve,...),d) — (A(z,y),d), for
reasons of degree or of compatibility with the differential we must have

r(z) =z, r(y) =y, r(w) =r(v1) =r(vz) =0.

Let us now check if f o7 can be homotopic to a representative k : (A(z,y) ®
A(w,v1,v9,...),d) — (Alz,y) ® A(z),d) for the morphism (F2,d) — (Az,y) ®
A(z),d). We choose k to be

k(z) ==z, k(y) =y, k(w) =y — 2z, k(v1) = —zyz, k(vy) = 0.

On the other hand we have (f o 7)(w) = 0. If for ~ k there exists a morphism of
degree -1,
h:(A(z,y) @ Aw, vy, v2,...),d) — (A(z,y) @ A(z),d)

such that
y — 2%z = dh(w) — h(dw) = dh(w).

2

Since by inspection y — x*z is not a boundary, such a morphism h does not exist and

therefore cat,(f) > 2.

7.4 Euler class

Don Stanley showed in [Sta00] that the rational sectional category of an odd spherical
fibration depends only on the order of its Euler class. We prove in this section that this
is not the case for R-category.

Definition. Let E % B be a fibration with fibre an odd sphere 21 whose Sullivan
model is of type A(a), with |a| = 2n+ 1. If (AX,d) — (Apr(B),d) is a Sullivan model for
B, there exists a Sullivan model for p which looks as follows: (AX,d) — (AX ® A(a),d),
with w = da € AT X.

We consider the cofibration f : (A(a),d) — (A(a) ® AX ® A(a),d), with |a| = 2n + 2,
da=w—a€ Aa) ® AX ® A(a) in order to obtain the following diagram

A(@) v AX i

AX ® A(a)

12
A

A@) ® AX ® A(a).

Here ¢(a) = 0, ¢(a) = w and ¢ acts as the identity on AX. The morphism g is defined
as the identity on (AX ® A(a),d) and g(a) =, while ¢(a) = w. If we define a morphism
h:(Ala) @ AX ® Ala),d) — (AX ® A(a),d) of degree -1 in the following way:

h(a) =a, h(a) =0, h(z) =0 Ve AX,

then we check that
10® — g = hd+ dh.

We verify therefore that the diagram commutes up to homotopy.
Moreover ¢ is a weak equivalence: let v : AX — A(a)@AX ®A(a) denote the inclusion.
Since ¢ oy = idpx it is enough to show that v is a weak equivalence. This is the case
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because 7 is a model for a fibration whose fibre is modeled by A(a) ® A(a), which is a
contractible algebra.

Hence g is a representative for p and f represents a map B — K(Q,2n + 2) which
corresponds to a cohomology class a € H?"*2(B). From our construction we deduce that
w is a representative for a. We call o = [w] the Fuler class of the fibration p.

To compute the category of a spherical fibration p we can slightly simplify theo-
rem 5.4.1.

Proposition 7.4.1 Let (AX,d) 4 (AX ®A(a),d) be the relative Sullivan model of a map

p, where da = w € AT X. We construct a surjective model h : AX ® A(a,a) — AX @ A(a)

of p by setting da = w — a, da = 0, in (AX ® A(a,a),d), and defining h as being the

identity on AX @ A(a) and h(a) = 0. We have then Ker (h) =< a >= AX @A(a) @A™ (a).
The following composition

AX BAX @ AZ™X @ At(a) 8 AX @ Ala),

where Ny, and sy, are inclusions, is equal to f. Choosing a Sullivan model AM for AX &
AZ"X @ At (a) and representatives Ty, : (AX,d) — (AM,d) and &, : (AM,d) — (AX ®
A(a),d) for nm, and s,, respectively, we have S, 0 My, ~ f. Then

e Rcat(p) < m if and only if 7, admits a homotopy retraction;

e caty(p) < m if and only if B, admits a homotopy retraction r such that f or =~ §,,.

PrROOF.  We have already shown that (AX,d) — (AX®A(a,a), d) is a weak equivalence,
and therefore that h is a surjective model for p.

The kernel of h takes a particularly simple form: Ker (h) =< a >= AX®A(a)@A™(a).
Indeed, in case |a| is odd, if £ = v+ aa+ >_F_, Bia’ + i, d;aa’ is such that h(£) = 0,
we must have h(§) = v+ aa = 0 and therefore v = 0, a = 0. On the other hand, if |a| is
even and h(y+ >0 aua’ + Ba+ >, &iala) = v+ > i a;a’ = 0 then v = o; = 0 for all

AX®A(a,a)

A>T X oM a)oAT (@)
Let us now consider the following commutative diagram

1. In this situation §,, =

AZ™ X®A(a,d) AX®A(a,a) o m -
AT XoA(Q)0AT (@) A>T XOA(a)@AT (@) AX/AZ"X @ Aa,a)
B Jl=

AP X @ A(a) = Fm Xpax/azm xor(aa) AX/AT"X AX/AZ"X

AZmX @ Ala) : AX @ AZ™X @ AT (a)

AX/AZmX,

where all lines are short exact sequences, « is induced by the morphism proj ® idy(q,q) :
(AX ® A(a,a),d) — (AX/A=™X ® A(a,a),d), i and j are inclusions, ¢ is the restriction
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of proj ® idp(q) : (AX ® Aa) — AX/AZ"X ® A(a),d), and the upper right square is a
pull-back. Using the long exact sequences associated to the upper two lines, we deduce
that @ is a weak equivalence. We now construct a morphism

¥ (AX & AT"X @ AT (a),d) = (Fm X ax/azmxor(aa AX/AT"X, d) = (B, d)

by using the universal property of pull-backs. It therefore suffices to construct a morphism

¢:(AX ©AZ"X @ A (a),d) — < Azm?();iétgaédj\+ (@) d)

such that ao( = joq. We take ((v) = [y] for all ¥ € (AX ® A= X @ AT (a),d). We verify
that ¢ is compatible with the differential: let £ € AX, then

o ((d§) = [dE] = d[¢] = d(();
o if y € AZ™X, ((d(y-a™)) = ((dy-a™ £ny-wa™ 1) is equal to [dy-a™] £ [ny-wa™!]
while d¢(vy - a™) = d[y-a"] = [dy -a™] £ n[y- (w —a)a" ] = [dy - a™] £ n[y - wa™" 1.
Notice that ¢ is well-defined in both cases |a| odd and |a| even. Moreover for £ = >, v; ®
6 € AX &A= X ® At (a),d), where v; € AX, §; € A(a) then ao((€) = o[>, 1 ®4]) =
>l ® 6 = X ps,eq il and o q(§) = 5 (X pis.eq) %)) = 2oi5,eq 9ilil-

Again we deduce from the long exact sequences in homology that ¢ is a weak equiva-
lence. It is also easy to control that there exists a commutative diagram

/\
/

AX ®AZ"X @ A+

AX ® A(a).
The proposition is therefore proved. O

The existence of a homotopy retraction for (AX,d) — (AX @ A" X ® A*(a),d) has
some consequence for the Euler class’ behaviour.

Proposition 7.4.2 With notations from proposition 7.4.1, if there exists a homotopy
retraction v for (AX,d) — (AX ® A=™X ® At (a),d), then for all classes {a; }1<i<m with
a; € HM(AX,d) we have

Q- [w] =0

in H(AX,d).

PROOF. Let \; be a representative for the homology class a;. The element A; - Ag -
wAm-a € A2 X @ AT (a) has differential £X1- Ay -... A, -w because \; is a cycle. Therefore
€:= A1 X2 ..\ - wis a border in (AZ™X ® At (a),d).

On the other hand we can build a weak equivalence (AX ® AY,d) — (AX ®AZ"X ®
AT (a),d), a cofibration 7 : (AX,d) — (AX ® AY,d) such that ¢om = 1,,, and a retraction
r: (AX ®AY,d) — (AX,d). Since ¢ € (AX,d) we have £ = ¢(&), where £ = A\1- Ay -.. A\,
w € (AX®AY,d). But £ is a border, so £ must be one too: & = du, with € (AX ®AY, d).
On the other hand dr(u) = r(dp) = 7(€) =rom(A1 - Aa - o hm - W) = A1 - A2 - .. Ay - W, SO
A1+ A2 - Ay - w is a border in (AX, d). 0
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D. Stanley has shown in [Sta00] that if « is the Euler class of an odd spherical fibration
p, and r is the least integer such that a” = 0, then the rational sectional category of p is
equal to r. By analogy one would expect that if 7 is the minimal integer such that for all
{a; }1<i<y with a; € HT(AX,d) we have ag - ... - a; - [w] = 0, then Reat,(p) < r. This is
nevertheless false, as is shown by the following counter-example:

ExamMpPLE.  Let (AX,d) = (A(z1, 22, ..., s, y),d) be a Sullivan algebra such that dz; =0

for all i, dy = z1 - ... -y, n even, |z;| = 3, |y| = 3n — 1, odd. Let us consider a relative
Sullivan algebra (AX,d) — (AX ® A(a),d), with da = z129 = w, |a| = 5. It is clear that
W- X3 ...  Tp—1 is a cycle but not a border in (AX, d). Therefore the previous proposition

allows us to infer that Rcat,(p) > n — 2. On the other hand w - z;, - x4, - ...z;,_, is equal
to zero or is a border for iy € {1,2,...,n}. Indeed if an index is equal to 1 or 2, or if
any two indices are equal the product is zero, and w - x3 - ... - £, = dy. We show that
Rceat,(p) # n — 2 nevertheless.

By proposition 7.4.1 Recat,(p) = n — 2 is equivalent to the existence of a homotopy
retraction for (A(z1, ..., 7n,y),d) — (A(x1, ..., T, y) DAZ""2(21, ..., T, y) Ra, d) = (I, d).
We now examine a Sullivan model (AX,d) — (AX®AM,d) for this morphism, constructed
in the standard way (see [FHTO01]). We notice that before dimension 3(n—2)+5 = 3n—1,
(AX,d) is weakly equivalent to (901, d).

In dimension 3n — 1, among other things, d(a - z3 - ... - x,) = 21 + ... - 2, = dy and
dla-x9 -4 x5 ... - xy,) = 0 in (IM,d), therefore (AM,d) must contain basis elements
v, z, such that dv = x1 - ... - , and dz = 0. If ¢ denotes the weak equivalence between

(AX ® AM,d) and (9, d), then p(v) = azy...x, and @(2) = arersxs...x,. Moreover in
(AX ® AM, d)
d(vxy + zx3) =0

and

n—2 1

o(vry + zx3) = (=1)" “axs..zy + (=) azy..xy =0,

therefore there exists a £ € (AX ® AM,d) such that d§ = vxy + zz3.

Let us now suppose there exists a retraction r : (AX ® AM,d) — (AX,d). Then the
only possibility is 7(v) = y. By degree reasons the image of z by r can be either zero or y.
Since dz = 0 it must be zero. We then have r(vze + zx3) = yxe = r(d€) = dr(§) and thus
yzo must be a border in (AX,d), which is not the case. This means that there cannot be
a retraction at this point.
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