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Kondo effect in graphene with Rashba spin-orbit coupling
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We study the Kondo screening of a magnetic impurity adsorbed in graphene in the presence of Rashba
spin-orbit interaction. The system is described by an effective single-channel Anderson impurity model, which
we analyze using the numerical renormalization group. The nontrivial energy dependence of the host density
of states gives rise to interesting behaviors under variation of the chemical potential or the spin-orbit coupling.
Varying the Rashba coupling produces strong changes in the Kondo temperature characterizing the many-body
screening of the impurity spin, and at half filling allows an approach to a quantum phase transition separating the
strong-coupling Kondo phase from a free-moment phase. Tuning the chemical potential close to sharp features
of the hybridization function results in striking features in the temperature dependencies of thermodynamic
quantities and in the frequency dependence of the impurity spectral function.
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I. INTRODUCTION

Two-dimensional “single-layer” materials have generated
great attention over the past decade [1,2]. Understanding the
physics of these low-dimensional systems is highly desirable
for the design of a new generation of electronic devices
with on-demand characteristics. Single- or few-layer structures
facilitate control by chemical and/or electrical means, as well
as direct access to electronic features using local probes such
as scanning tunneling microscopy [3].

Coupling between orbital and spin degrees of freedom
has noticeable effects on the properties of many single-layer
materials. Spin-orbit interaction (SOI) can come into play
either in its intrinsic form arising from the presence of
constituent atoms with high atomic number, for instance in
transition-metal dichalcogenides, or in extrinsic form due
to the breaking of the electron spin degeneracy through
spatial-inversion asymmetry arising from a substrate or an
external electric field. The control and manipulation of SOI is
also important for spintronics applications [4].

One fascinating direction relates to the physics of localized
magnetic moments on single-layer structures and their collec-
tive screening through the Kondo effect [5]. This topic is of
particular interest in the context of graphene, the prototypical
single-layer material and perhaps the most basic condensed-
matter system to feature low-energy Dirac fermions. Many
analytical and a few experimental studies have recently
reported controversial and sometimes conflicting results [6,7]
concerning the existence and nature of the Kondo effect.
Among other suggestions has been the exciting possibility of
accessing a regime of non-Fermi-liquid multichannel Kondo
physics [8–10].

The goal of this paper is to advance understanding of
the Kondo physics of a magnetic impurity adsorbed on
graphene, properly taking into account Rashba SOI. Each of
the important ingredients of this problem has been considered
previously, but hitherto they have not all been treated within a
single setting.

The effect of Rashba SOI on Kondo screening in conven-
tional two-dimensional electron gases has been analyzed via
a number of methods in the recent literature [11–15]. It has

been shown, in particular, that the Kondo temperature can be
exponentially enhanced when the chemical potential is tuned
to lie close to a van Hove singularity that arises in the density
of states (DOS) due to SOI [16]. This is an illustration of
how nontrivial structure in the single-particle DOS can greatly
impact the Kondo many-body effect.

In the absence of SOI, it is expected that magnetic-impurity
physics in pristine graphene will reflect a linear vanishing of
the DOS around the energy of the Dirac points, corresponding
to the case r = 1 of a pseudogap DOS in which ρ(E) ∝
|E − EF |r for energies E close to the Fermi energy EF .
The pseudogap Kondo and Anderson models (first studied
in the context of unconventional superconductivity, narrow-
gap semiconductors, and flux phases) have interesting phase
diagrams that depend on the strength of coupling between the
impurity and the conduction band, as well as the presence or
absence of particle-hole (p-h) symmetry [17–20].

Even though SOI is weak for graphene deposited on
conventional substrates, it has been recently shown [21] that
Au intercalation at the interface between graphene and an
Ni substrate can give rise to a spin-orbit splitting as large as
100 meV. A large SOI has also been achieved in hydrogenated
graphene at low concentrations, with Rashba coupling in the
meV range [22]. The effect of Rashba SOI is to transform the
linear band dispersion around each Dirac point into a four-band
hyperbolic dispersion, generating discontinuities in the DOS
at energies depending on the Rashba coupling parameter. SOI
also converts to a nonzero DOS what in the absence of SOI
would be a vanishing value at the charge-neutrality point, while
still preserving a strong energy dependence.

Isolated magnetic moments can be generated in graphene
either by decorating the sample with adatoms or molecules,
or with vacancies produced by irradiation [23]. Most density
functional (DFT) studies suggest that transition-metal adatoms
tend to prefer adsorption at hollow sites in the center of
hexagons [24–33]. However, it has been shown that the
adsorption site is strongly influenced by the value of the local
Coulomb interaction as reported by GGA+U calculations
[34]. Additionally, recent experimental works show that the
adsorption site for Co and Ni atoms depends strongly on the
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substrate: Co always adsorbs onto SiC on top of a carbon atom,
while for freestanding graphene one finds top and hollow sites
for both Co and Ni [35]. While adsorbed Ni always seems to
be nonmagnetic, Co carries a magnetic moment that depends
on the adsorption site.

In this paper we study an Anderson impurity model describ-
ing a configuration in which a spin- 1

2 adatom with axial orbital
symmetry is adsorbed on top of a graphene carbon atom, the
most probable adsorption site for Co [35]. The hybridization
between the magnetic impurity and graphene bulk states
inherits nontrivial energy dependence from the DOS. Using
the numerical renormalization-group (NRG) technique, we
calculate thermodynamic and spectral quantities that enable
us to characterize the Kondo physics under variation of the
chemical potential and the Rashba coupling. If the system is
held at half filling, increasing the Rashba parameter from zero
gives rise to a quantum phase transition. When the system is
doped such that the Fermi level lies close to a discontinuity in
the impurity-band hybridization function, the proximity of a
new screening channel produces a suppression in the Kondo
peak near the Fermi energy, as can be seen in the impurity
spectral function. The Kondo temperature, which exhibits a
strong dependence on band filling, undergoes a sudden change
as the chemical potential crosses a jump in the hybridization
function. Additionally, the impurity is found to make a negative
low-temperature contribution to thermodynamic quantities
such as the magnetic susceptibility and the entropy. This rich
behavior is in principle accessible in experiments.

The remainder of the paper is organized as follows.
Section II describes the model and its transformation into
a form that can be solved using the NRG method. Results
are presented in Sec. III, followed by discussion and our
conclusions in Sec. IV.

II. MODEL AND IDENTIFICATION OF RELEVANT
SCREENING CHANNEL

Our analysis is based on an Anderson Hamiltonian for a
system in which massless Dirac fermions of the host graphene
experience Rashba SOI and are coupled to a nondegenerate
impurity level exhibiting axial symmetry about a direction
perpendicular to the plane of the graphene. We show in
this section how the resulting multichannel model can be
reduced to a single-channel Hamiltonian via a sequence
of canonical transformations on the fermionic degrees of
freedom. These transformations allow the energy-dependent
impurity hybridization function to be identified.

A. Model Hamiltonian

We start with a real-space tight-binding Hamiltonian for
graphene:

Hg = −t
∑
R,j,s

a†
s (R) bs (R + δj ) + H.c., (1)

where as(R) [bs(R)] destroys an electron with spin z projection
± 1

2 for s = ±1 (alternatively s = ↑/↓) on the sublattice-A
[sublattice-B] carbon atom in the unit cell centered at R. Also,
t � 3 eV is the nearest-neighbor hopping, and δj (j = 1,
2, 3) are nearest-neighbor translation vectors of length a �

1.42 Å lying in the x-y plane. After an expansion around the
two nonequivalent Dirac points, located in two-dimensional
reciprocal space at wave vectors K± = ( ± 4π/(3

√
3a), 0),

we arrive at the low-energy effective Hamiltonian

H eff
g =

∑
q

ψ†(q) hg(q) ψ(q), (2)

with (setting � = 1)

hg(q) = τ0 ⊗ s0 ⊗ (vF q · σ − μσ0), (3)

where q = k − Kτ is the wave vector measured from the center
of valley τ = ±, vF = 3at/2 is the Fermi velocity, μ is the
chemical potential, σ = (σx,σy) is a vector of Pauli matrices
acting on a sublattice pseudospin degree of freedom σ = ±1,
and τ0, s0, and σ0 are the two-dimensional identity matrices
in the valley, spin, and pseudospin spaces, respectively.
The Hamiltonian matrix (3), written in a valley-isotropic
representation [36] that allows one to treat both valleys on the
same footing, was obtained by arranging the eight-component
spinor ψ(q) as

ψ(q) = (ψ+,↑(q)T , ψ+,↓(q)T , ψ−,↑(q)T , ψ−,↓(q)T )T , (4)

with ψ+,s = (a+,s , b+,s)T and ψ−,s = (b−,s , − a−,s)T being
indexed by σ = 1 or −1. Here, aτ,s(q) [bτ,s(q)] is the
annihilation operator in sublattice A [B], valley τ , spin z

projection s/2, and relative wave vector q.
The Rashba term, arising from asymmetry of the potential

along the z axis, is written in the tight-binding representation
as [37]

HR = i
λR

a

∑
R,j,s,s ′

a†
s (R) [sss ′ × δj ]z bs ′ (R + δj ) + H.c., (5)

where sx and sy are Pauli matrices in the spin space. A low-
energy reciprocal-space representation can be deduced through
expansion of Eq. (5) about each Dirac point, or it can be
introduced by symmetry arguments [37]. To zeroth order in
qxa and qya,

H eff
R =

∑
q

ψ†(q) hR ψ(q), (6)

with

hR = λ τ0(s × σ ) · ẑ = λ τ0(sxσy − syσx), (7)

where the sign and magnitude of the Rashba parameter λ =
3λR/2 can be tuned in experiments via an electric field applied
parallel or antiparallel to the z axis. For convenience, we take
λ � 0.

We consider a magnetic impurity level that adsorbs to
the sublattice-A carbon atom in the unit cell at R = 0. The
nondegenerate level of the isolated impurity atom can be
described by

Himp = εd

∑
s

nds + Und↑nd↓, (8)

where εd is the impurity level energy relative to the chemical
potential, U is the on-site Coulomb repulsion, and nds = d

†
s ds

with ds destroying an electron of spin s in the impurity level.
Assuming that electron tunneling to/from the impurity level
takes place only through the nearest carbon pz orbital, mixing
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between the impurity and the host is captured in a hybridization
Hamiltonian term

Hmix = V
∑

s

d†
s as (0) + H.c., (9)

which, after the Fourier transformation and expansion in
reciprocal space about the Dirac points yields

Hmix = V√
Nc

∑
τ,s,q

d†
s aτ,s(q) + H.c., (10)

where Nc is the number of unit cells in the graphene layer.
Our goal is to understand the low-energy physics of

the Hamiltonian H = H eff
g + H eff

R + Himp + Hmix defined in
Eqs. (2)–(4), (6)–(8), and (10). In order to accomplish this, it
is helpful to perform several simplifications described in the
next subsection.

B. Transformation of the model

Taking advantage of the axial symmetry of the impurity
about the z axis perpendicular to the graphene plane, it is
convenient to expand in an angular momentum basis [11]

aτ,s(q) = 1√
2πq

∞∑
m=−∞

eimθ am
τ,s(q), (11)

where q = |q|, θ = arctan(qy/qx), m is the azimuthal quan-
tum number, and the prefactor of the summation ensures
the anticommutation of the new operators. With a similar
expression for the operator bτ,s , it is convenient to define new
eight-component spinors

ψj (q) = (ψj

+,↑(q)T , ψ
j

+,↓(q)T , ψ
j

−,↑(q)T , ψ
j

−,↓(q)T )T (12)

with ψ
j
+,s = (aj−s−1/2

+,s , b
j−s+1/2
+,s )T and ψ

j
−,s = (bj−s−1/2

−,s ,

−a
j−s+1/2
−,s )T . Since each operator entering ψj satisfies m +

1
2 (τσ + s) = j , this spinor acts to decrease by j the total
angular momentum defined as Jz = Lz + 1

2 (τzσz + sz).
With integration over θ , the angular component of q, the

bulk Hamiltonian H eff
0 ≡ H eff

g + H eff
R can be rewritten

H eff
0 =

∞∑
j=−∞

∫
dq ψ

†
j (q) [τ0s0(vF q σx − μσ0) + hR] ψj (q),

(13)

with hR still given by Eq. (7). This Hamiltonian can be put
into the diagonal form

H eff
0 =

∑
α,β,τ,j

∫
dq [Eα,β(q) − μ]

[
f

j

α,β,τ (q)
]†

f
j

α,β,τ (q), (14)

where α and β run independently over ±, and

Eα,β(q) = αλ + β
√

(vF q)2 + λ2. (15)

The dispersions Eα,β(q) are shown schematically in Fig. 1(a),
along with the corresponding dispersions for λ = 0. Interest-
ingly, the λ �= 0 band structure is similar to that in Bernal-
stacked bilayer graphene [38] with λ → t⊥/2 (where t⊥ is the
interlayer hopping), although in the present case the presence

FIG. 1. (Color online) (a) Graphene band structure near either
Dirac point, plotted schematically as a function of qx for fixed qy = 0,
where q = k − K±. Solid (dotted) lines represent the dispersion with
(without) Rashba SOI. Each solid line is labeled with its α, β values.
(b) The corresponding densities of states ρ(E). For an impurity
adsorbed directly on top of a carbon atom, the hybridization function
�(E) is simply proportional to ρ(E).

of SOI also generates a nontrivial spin structure [39]. The DOS
for each (j,τ ) sector is

ρ(E) = 0

πv2
F

[|E| + λ + (|E| − λ) �(|E| − 2λ)], (16)

where �(x) is the Heaviside step function. This DOS has a
linear energy dependence with discontinuities at E = ±2λ, as
shown schematically in Fig. 1(b).

We note that terms of higher order in qxa and qya than those
contained in Eqs. (2) and (6) modify Eqs. (15) and (16), both
at energies |E| � t/10 too high to play any essential part in
the Kondo physics and below an energy scale proportional to
λ4/t3 (see Ref. [40]). The effect of the low-energy departures
from Eqs. (15) and (16) will be discussed in Sec. IV.

In the angular-momentum basis, the impurity-host hy-
bridization Hamiltonian becomes

Hmix = V

√
0

2π

∑
s

d†
s

∫
dq

√
q a0

τ,s(q) + H.c., (17)

where 0 is the graphene unit-cell area. It is evident that
this term involves only orbital angular momentum m = 0,
but that when expressed in terms of total angular momentum
eigenstates, the impurity couples to j = 0, ±1. Moreover, we
need to express the operators a0

τ,s in terms of the operators

f
j

α,β,τ that diagonalize H eff
0 .

It is straightforward to show that

am
+,↑(q) = −i

∑
α,β

α

Nα,β (q)
f m+1

α,β,+(q),

bm
+,↑(q) = −i

∑
α,β

αEα,β (q)

vF q Nα,β (q)
f m

α,β,+(q),

am
+,↓(q) =

∑
α,β

Eα,β(q)

vF q Nα,β (q)
f m

α,β,+(q),

bm
+,↓(q) =

∑
α,β

1

Nα,β(q)
f m−1

α,β,+(q),
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bm
−,↑(q) = −i

∑
α,β

α

Nα,β (q)
f m+1

α,β,−(q),

am
−,↑(q) = i

∑
α,β

αEα,β (q)

vF q Nα,β (q)
f m

α,β,−(q),

bm
−,↓(q) =

∑
α,β

Eα,β (q)

vF q Nα,β (q)
f m

α,β,−(q),

am
−,↓(q) = −

∑
α,β

1

Nα,β (q)
f m−1

α,β,−(q), (18)

where

Nα,β (q) =
√

2

[
1 +

(
Eα,β (q)

vF q

)2
]1/2

(19)

ensures that the f operators obey the canonical anticommuta-
tion relations {

f
j

α,β,τ (q),f j ′
α′,β ′,τ ′(q ′)†

}
= δα,α′ δβ,β ′ δτ,τ ′ δj,j ′ δ(q − q ′). (20)

Inserting Eqs. (18) into Eq. (17), we get

Hmix = V

√
0

2π

∑
α,β,τ,s

τ (−iα)(1+s)/2 d†
s

∫
dq

√
q

Nα,β (q)

×
(

Eα,β(q)

q

)(1−τs)/2

f
(τ+s)/2
α,β,τ (q) + H.c. (21)

At this point, it is convenient to change from integration
over wave vector q to integration over energy E. We introduce
a function �α,β (E) = �(βE − 2λδα,β), which takes the value
1 for any value of E for which there is a value of q such that
Eα,β (q) = E, and which is zero otherwise. Then we can define
new annihilation operators

f
j

α,β,τ (E) = |dq/dE| f
j

α,β,τ (q)

=
√

�α,β (E) |E − αλ|
vF

√
E(E − 2αλ)

f
j

α,β,τ (q), (22)

such that {
f

j

α,β,τ (E),f j ′
α′,β ′,τ ′(E′)†

}
= δα,α′ δβ,β ′ δτ,τ ′ δj,j ′ δ(E − E′). (23)

In the new basis,

H eff
0 =

∑
α,β,τ,j

∫
dE (E − μ) f

j

α,β,τ (E)†f j

α,β,τ (E), (24)

and

Hmix = V

2vF

√
0

2π

∑
α,β,τ,s

τ (−iα)(1+s)/2 d†
s

∫
dE

√
�α,β (E)

× |E|(1−τs)/4 |E − 2αλ|(1+τs)/4 f
(τ+s)/2
α,β,τ (E) + H.c.

= V

2

∑
s

d†
s

∫
dE

√
ρ(E) gs(E) + H.c., (25)

where ρ(E) is the density of states defined in Eq. (16) and

gs(E) =
√

0

2πv2
F ρ(E)

∑
α,β,τ

τ (−iα)(1+s)/2
√

�α,β (E)

× |E|(1−τs)/4 |E − 2αλ|(1+τs)/4 f
(τ+s)/2
α,β,τ (E) (26)

satisfying

{gs (E),g†
s ′(E′)} = δs,s ′ δ(E − E′) (27)

is the annihilation operator for the single effective band or
channel of host electrons that couples to the magnetic impurity.
The Hamiltonian for the host can be rewritten

H eff
0 =

∑
s

∫
dE (E − μ) g†

s (E) gs (E) + . . . , (28)

where “· · · ” describes degrees of freedom that do not couple
to the impurity and which will henceforth be discarded.

Equations (8), (25), and (28) represent the reduction of the
original four-channel Anderson model defined in Sec. II A to
an effective one-channel Anderson impurity model having an
impurity hybridization function

�(E) = πV 2

4
ρ(E) (29)

that is directly proportional to the DOS ρ(E) shown in
Fig. 1(b).1It should be noted that even though spin is not a
good quantum number in the presence of SOI, the DOS and the
hybridization function entering the effective Anderson model
are spin independent.

The nontrivial energy dependence of the hybridization
function, with linear regions separated by jumps, suggests
that the Kondo physics will exhibit interesting modulations
under variation of the chemical potential μ and/or the Rashba
parameter λ. As noted in Sec. I, the DOS of graphene without
SOI has the pseudogap form ρ(E) ∝ |E|r with r = 1. It is well
established that for μ = 0 and r � 1

2 , and in the presence of
p-h symmetry, no Kondo screening is possible for any value
V of the hybridization [6,20]; instead, the system lies in a
free-moment phase in which the ground state contains a free
impurity spin entirely decoupled from the host. As soon as the
Rashba SOI is turned on, however, the DOS at E = 0 acquires
a finite value 0λ/πv2

F [Eq. (16) and Fig. 1]. At fixed μ = 0,
therefore, we expect the free-moment phase present for λ = 0
to be replaced for λ > 0 by a Kondo-screened phase with a
Kondo temperature scale that varies exponentially with −1/λ.
On the other hand, for fixed Rashba coupling, we expect a rapid
change in the Kondo temperature as μ crosses the discontinuity
in the hybridization function at E = ±2λ. As will be shown in
the next section, these expectations are borne out by numerical
calculations that also reveal other striking behaviors under
variation of λ and μ.

1Similar reductions of multichannel Anderson models to effective
one-channel models have been performed previously in connection
with Kondo physics in topological insulators [12] and in a two-
dimensional electron gas with Rashba coupling [41].
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III. NUMERICAL RESULTS

We have performed numerical renormalization-group
(NRG) calculations in order to rigorously test and quantify
the qualitative expectations outlined at the end of Sec. II.
The NRG is a nonperturbative method that allows the
iterative diagonalization of the Hamiltonian for a quantum
impurity model and yields reliable low-energy many-body
states [42,43]. These states can be used to calculate dynamical
properties such as the impurity spectral function, as well as the
impurity contribution to a thermodynamic property,2 defined
to be Ximp = X − X0 where X is the value of the property in
the full system consisting of the impurity coupled to the host,
and X0 is the corresponding value for the host alone.

We adopt units where � = kB = gμB = D = 1. All results
shown are for the case of a p-h-symmetric impurity (i.e.,
U = −2εd ) with U = 0.02, and for a hybridization-function
prefactor �0 ≡ 0DV 2/(4v2

F ) = 0.04 or 0.08. The data were
calculated using an NRG discretization parameter � = 2.5,
retaining 2000 many-body states after each iteration.

A. Kondo temperature

We determine the Kondo temperature using the standard
operational definition TKχimp(TK ) = 0.0701 based on the
universal scaling of the impurity contribution to the static
magnetic susceptibility of the Kondo model [42].

Figure 2 plots the Kondo temperature TK as a function of
the Rashba parameter for the case μ = 0 where �(E) takes its
minimum value at E = μ. The figure also shows the prediction

TK =
√

U�(μ)/2 exp[−πU/8�(μ)] (30)

obtained from Haldane’s formula [44] for the Kondo temper-
ature of an Anderson model with a flat hybridization function
�(E) = �(μ) �(D − |E|). The inset to Fig. 2 establishes
the exponential dependence of TK on 1/λ. The exponential
vanishing TK as λ → 0 is a signature of a quantum phase
transition of Kosterlitz-Thouless type [45–47] at λ = 0. That
the NRG yields a larger TK than given by the Haldane formula,
especially at low λ, is the result of the true hybridization
function [Eq. (29)] satisfying �(E) > �(μ) for all E �= 0.

Figure 3 shows examples of the variation of TK with λ

away from the charge-neutrality point. Data are presented
for three different combinations of �0 and μ. In each case,
the Kondo temperature is almost constant as the Rashba
parameter increases from zero until there is a rapid drop in TK

centered close to λ = |μ|/2. Further increase of λ causes TK

to rise and eventually surpass its value for λ = 0. As shown
for the case �0 = 0.04, μ = 0.018, the main trends in the
NRG results (solid lines) are captured quite well (dashed line)
by Eq. (30) based on �(μ) = 2�0|μ|/D for λ < |μ|/2 and
�(μ) = �0(|μ| + λ)/D for λ > |μ|/2.

Figure 3 does show some deviations from the approxima-
tion in Eq. (30). First, just as in the case μ = 0 considered in
Fig. 2, the formula systematically underestimates the Kondo

2More recent NRG advances [57,58] allow superior calculation of
spectral properties and thermodynamics in magnetic fields. However,
for the present work the standard method is satisfactory.

ln
 T

K

−30

−25

−20

1/λ
100 120 140 160

T K

10−14

10−12

10−10

10−8

10−6

λ
0.005 0.01 0.015

NRG
Haldane

μ= 0

FIG. 2. (Color online) Kondo temperature TK vs Rashba param-
eter λ for chemical potential μ = 0 and hybridization prefactor
�0 = 0.08, comparing NRG calculations (solid line) with Haldane’s
formula Eq. (30) (dashed line). The inset makes clear the exponential
dependence of TK on 1/λ, characteristic of a Kosterlitz-Thouless
quantum phase transition.

temperature due to its neglect of regions of larger �(E) far from
the chemical potential. Second, the qualitative shape of the
TK (λ) curve evolves with the degree of electronic correlation,
which can be measured by the ratio U/π�(μ) = 2.0 (top case
in Fig. 3), 4.4, and 8.0 (bottom case). In the most strongly
correlated case, the NRG data show a downward rounding of
TK (λ) for λ just below |μ|/2, whereas the other two cases
exhibit a noticeable rise in TK as λ approaches |μ|/2 from
below. These features, as well as a shift of the minimum
in TK to a location λ > |μ|/2, must arise from a subtle
balance between increases and decreases in �(E) over different
decades of |E − μ|. There is also a progressive smearing of
sharp features in TK vs λ as U/π�(μ) decreases, signaling a

FIG. 3. (Color online) Kondo temperature TK vs Rashba param-
eter λ for three different combinations of the hybridization prefactor
�0 and the chemical potential μ that, for λ = 0, take the system from
its mixed-valence regime [largest value of �(μ), top case] to deep in
its Kondo regime [smallest �(μ), bottom case]. Solid lines plot NRG
results, while the dashed line shows the prediction of Eq. (30) for the
middle value of �(μ).
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FIG. 4. (Color online) Kondo temperature TK vs chemical poten-
tial μ near the jump in �(μ) at μ = 2λ, calculated for �0 = 0.04 and
two values of the Rashba parameter: λ = 0.006 (circles, lower axis)
and λ = 0.015 (squares, upper axis). There is a rapid rise in TK as μ

crosses the discontinuity in the hybridization function, with a sharper
variation for the smaller λ.

shift from pure-Kondo behavior (for which use of Haldane’s
formula is justified) toward mixed valence (where the formula
is inapplicable).

Now we consider variation of the chemical potential at fixed
Rashba parameter. There is a sharp jump ��(μ) = �(0) ∝ λ

as μ rises through 2λ. This jump manifests itself in a rapid
increase in TK vs μ, as shown in Fig. 4. For λ = 0.006,
the Kondo temperature rises by an order of magnitude as λ

increases by about 1%. For λ = 0.015, the absolute values
of TK and the size of the jump in �(μ) are larger than
for λ = 0.006, but the relative increase in TK on passing
through μ = 2λ is only half an order of magnitude. This
can be understood from the fact that ln TK ∼ −1/�, so
∂ ln TK/∂ ln � ∼ 1/� ∼ 1/λ, meaning that the change in TK

due to the sharp variation of � around μ = 2λ is softened for
increasing λ.

B. Thermodynamic and spectral quantities

We now turn to the variation with temperature T of static
impurity thermodynamic properties and to the frequency vari-
ation of T = 0 dynamical quantities, considering situations
where the chemical potential is close to a point where �(μ)
jumps in value from 3�(0) to 4�(0). We focus on μ = 2λ,
although the results would be identical for μ = −2λ due to the
p-h symmetry in the host and (for U = −2εd ) in the impurity.

Figure 5 shows the magnetic susceptibility at μ = 2λ,
plotted as T χimp vs T for different values of the Rashba
parameter ranging from 0.004 to 0.014. The curves exhibit
features typical of Kondo screening, with T χimp increasing
from near 1/8 (the high-temperature susceptibility of the
impurity level when decoupled from the host graphene)
for T � U, |εd | toward its local-moment value 1/4 in an
intermediate temperature range before falling toward zero
over four decades of temperature around TK . However, it

FIG. 5. (Color online) Impurity contribution to the magnetic
susceptibility at chemical potential μ = 2λ, calculated for �0 = 0.04
and different values of the Rashba parameter λ. At low temperatures,
χimp(T ) changes sign, showing a residual negative susceptibility
contribution as T → 0.

should be noted that limT →0 T χimp(T ) is not zero, but rather
negative. This distinctive property is associated with the
sharp jump in �(E), similar to behavior found in other
systems where the hybridization function has a strong energy
dependence [48–51]. As χimp is the impurity contribution to the
susceptibility, the negative values mean that the introduction
of the magnetic adatom lowers the susceptibility compared to
that of an impurity-free graphene layer.

The impurity spectral function for μ = 2λ plotted in Fig. 6
exhibits an asymmetric peak straddling the Fermi level (ω =
0), compatible with a Kondo resonance spanning the window
|ω| � TK , but with a sharp dip superimposed that splits the
peak into two parts. As we will see below, a similar feature
appears even in the noninteracting case U = 0, where it can be
traced to the discontinuity in �(E) at the chemical potential. As
λ increases, the combined “peak-dip” feature becomes wider,
tracking the increase in TK .

Figures 7 and 8 show properties at fixed λ = 0.006 for a set
of chemical potentials μ = 2λ ± 10−m with different integer
values of m. When the chemical potential is sufficiently far
from the discontinuity (m � 6), both T χimp and Simp show
temperature dependencies characteristic of Kondo screening
and approach zero monotonically over the temperature range

ω
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p(ω
)
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600

-ω
100 10−3 10−6 10−9
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0.006
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0.014

μ= 2 λλ

FIG. 6. (Color online) Impurity spectral function Aimp(ω) vs fre-
quency ω at T = 0 for μ = 2λ, �0 = 0.04, and different values of the
Rashba parameter λ. The Kondo peak spanning |ω| � TK is strongly
asymmetric and features a sharp drop around the Fermi level due to
the presence of the jump in �(E) at E = μ.
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FIG. 7. (Color online) Low-temperature variation of temperature
times the impurity magnetic susceptibility T χimp (upper panels) and
impurity entropy Simp (lower panels) for �0 = 0.04, λ = 0.006, and
different values of the chemical potential μ = 2λ ± 10−m close to a
jump in �(μ).

shown. As μ gets closer to the jump in �(μ), the low-
temperature behavior changes in a way that depends on the sign
of μ − 2λ. For μ < 2λ, T χimp and Simp both cross to negative
values and then back to positive values before approaching
zero from above as T → 0. For μ > 2λ, by contrast, T χimp

and Simp each change sign once and approach zero from
below. The properties deviate from their counterparts for
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FIG. 8. (Color online) Impurity spectral function Aimp(ω) vs fre-
quency ω at T = 0, calculated for �0 = 0.04, λ = 0.006, and different
values of the chemical potential μ = 2λ ± 10−m close to a jump in
�(μ). For T ∗ � |μ − 2λ| � TK , the Kondo peak shows a dip near the
location ω = 2λ − μ of the discontinuity.

μ = 2λ (i.e., m → ∞) below a characteristic temperature
scale T ∗ � |μ − 2λ|. The range of μ in which unconventional
behavior is found is essentially the one in which T ∗ � TK .

The impurity spectral function for λ = 0.006 and μ = 2λ ±
10−m is shown in Fig. 8. For values of μ far enough from the
discontinuity (as in the case m = 6), there is a conventional, if
slightly asymmetric, Kondo peak at the Fermi level. Once μ

approaches the jump close enough that T χimp and Simp undergo
sign changes (i.e., T ∗ � |μ − 2λ| � TK ), the shape of Aimp(ω)
is modified around the Fermi level. The peak loses spectral
weight, particularly on the side satisfying ω (2λ − μ) > 0. The
value of Aimp(0) drops, while Aimp(TK ) and Aimp(−TK ) change
more slowly, resulting in splitting of the Kondo peak into
two asymmetric parts around a minimum at ω � (2λ − μ) �
T ∗ sgn(2λ − μ).

In order to gain insight into the nature of the unusual
behavior reported above for μ near a discontinuity in the
hybridization function, it is useful to consider the case U = 0,
for which the impurity spectral function may be expressed
as [5]

Aimp(ω) = 1

π

�(ω)

[ω − εd − �′
d (ω)]2 + �(ω)2

, (31)

with �(ω) given by Eq. (29) and

�′
d (ω) = 1

π
P

∫
dω′ �(ω′)

ω − ω′

= V 20

4πv2
F

{
(ω + μ)

[
2ln

∣∣∣∣ (ω + μ)2 − 4λ2

(ω + μ)2 − 1

∣∣∣∣
− ln

∣∣∣∣1 − 4λ2

(ω + μ)2

∣∣∣∣
]

− ln

∣∣∣∣ω + μ − 2λ

ω + μ + 2λ

∣∣∣∣
}
. (32)

Figure 9 shows the noninteracting spectral function Aimp(ω)
for λ = 0.015 and μ = 2λ ± 10−m. The impurity level energy
is set to εd = 0.007 in order to have a resonance in the
spectral function located near the Fermi level, playing the role
analogous to a Kondo peak in the interacting case. Comparing
this figure with the interacting one in Fig. 8, one observes
many qualitative similarities. However, the dip in Aimp(ω)
near the position ω = 2λ − μ of the hybridization function
discontinuity appears much sharper for U = 0 than in the
interacting case, due to rescaling introduced by the interactions
and NRG discretization effects.

One feature that is quantitatively similar between Figs. 8
and 9 is the asymmetry in the value of Aimp(0) under reversal
in the sign of μ − 2λ. For μ fairly far from the discontinuity
in �(μ) (e.g., m = 6 in the figures), the value of Aimp(0)
is one-third higher for μ < 2λ than for μ > 2λ. Both for
U = 0 and for U > 0, this can be understood in terms of
approach to the flat-band limit in which the Friedel sum rule
gives Aimp(0) = 1/[π�(μ)]. For smaller values of |μ − 2λ|,
the nontrivial variation of �(E) near E = μ modifies the form
of the Friedel sum rule [52] and leads to Aimp(0) < 1/[π�(μ)].

We conclude from this comparison with the case U = 0 that
the principal features of the impurity spectral functions shown
in Fig. 8 stem from the jump in the hybridization function.
The dip or antiresonance in Aimp at the location of the hy-
bridization step is reminiscent of behavior found previously in
systems with a gapped DOS [51,53–56], where resonances of
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FIG. 9. (Color online) Impurity spectral function Aimp vs fre-
quency ω at T = 0 for the noninteracting case U = 0 with εd =
0.007, �0 = 0.04, λ = 0.015, and different values of the chemical
potential μ = 2λ ± 10−m close to a jump in �(μ). A sharp, asym-
metric dip structure is centered near the location ω = 2λ − μ of the
discontinuity in the hybridization function.

single-particle character can appear inside the gap due to the
jump onset in the hybridization function at the the gap edge.

IV. DISCUSSION

We have presented a study of the Kondo screening of a
nondegenerate magnetic impurity adatom on graphene in the
presence of Rashba spin-orbit interaction. The impurity has
been assumed to sit on top of a carbon atom, shown by recent
experiments to be the most likely position for Co impurities.
This configuration can be described by an Anderson impurity
model in which a localized level mixes with a single effective
band via an energy-dependent hybridization function �(E)
that is directly proportional to the graphene density of states
and contains a pair of jumps whose magnitude is proportional
to the Rashba strength λ, located at energies E = ±2λ.

We have analyzed different regimes that can be accessed
by tuning the chemical potential μ and the Rashba strength
λ. At μ = λ = 0 (only), �(μ) = 0 and hence for �0 < �0,c

the system lies in a free-moment phase where the ground state
contains a decoupled impurity spin. �0,c = ∞ for the case U =
−2εd considered in our calculations, but away from strict p-h
symmetry (U �= −2εd , not shown) the critical hybridization
prefactor �0,c would be finite (Ref. [20]). For �0 > �0,c or
for any nonzero value of μ and/or λ, the system instead lies
in a strong-coupling (Kondo) phase in which the impurity
degree of freedom is quenched at temperatures much below
TK . This Kondo scale is exponential in −1/�(μ), indicating
that the singular point μ = λ = 0 is the location of a Kosterlitz-
Thouless type of quantum phase transition.

When the chemical potential lies close to one of the jumps
in �(E), the impurity contributions to the static magnetic
susceptibility and the entropy show unusual behavior with
decreasing temperature, including a sign change (or even two)
before Kondo screening ultimately sets in. Similar features
have been predicted before in other situations where the
hybridization function exhibits rapid or discontinuous energy
dependence [48–52]. In the same range of μ, the impurity
spectral function shows anomalies connected to those seen in
the thermodynamic quantities. The Kondo peak is asymmetric
about ω = 0 and for |μ − 2λ| � TK has a sharp diplike
structure, which can be traced back to a similar feature found
in the noninteracting limit of the model.

Our results have been derived based on an effective descrip-
tion H eff

0 = H eff
g + H eff

R [Eqs. (2) and (6)] of the host graphene,
obtained via a low-order expansion of H0 = Hg + HR

[Eqs. (1) and (5)] in powers of qxa and qya, where q = k − Kτ

is the deviation in reciprocal space from one or other of the two
Dirac points τ = ± found for λ = 0. The effective description
yields the hyperbolic band dispersions given in Eq. (15) and
the density of states in Eq. (16) having a minimum value
ρ(0) = 0λ/πv2

F > 0. However, it has been shown [40] that
a complete analysis of H0 = Hg + HR yields a band structure
that for λR > 0 has six Dirac points, three in each valley τ = ±
at reciprocal space locations satisfying |q|a � 2(λR/t)2. As
a result, ρ(E) deviates from the form given in Eq. (16) for
|E| < E1 ∝ λ4

R/t3, dropping linearly to zero at E = 0 rather
than approaching a nonzero limit.

As a consequence of the behavior ρ(E) ∝ |E| for |E| � E1,
when the system is tuned to half filling (μ = 0), the pseudogap
condition �(μ) = 0 holds for all values of λ = 3λR/2 (not
just for λ = 0 as found using H eff

0 ). This means that for a
p-h-symmetric impurity (U = −2εd ), the system always has
a free-moment ground state, while in other cases the free-
moment ground state holds for sufficiently weak impurity-
host hybridization. It is important to note, though, that Kondo
physics of an Anderson impurity in a host described by H0

will differ from that reported in Sec. III for a system described
by H eff

0 only on temperature scales T � E1. The impurity
moment will in many cases appear to be quenched for E1 �
T � TK , where TK is the effective Kondo scale deduced using
the low-order description H eff

0 , and only for T � E1 will the
many-body screening unwind to reveal an asymptotically free
local impurity moment. For all physically plausible values of
λR (smaller than 10 meV, say), E1 will be orders of magnitude
below the base temperature Tmin of any experiment, and there
will be no detectable difference between results for H0 and
those for H eff

0 .
The physics we have described should be accessible

through scanning tunneling microscopy on a graphene sample
decorated with a few magnetic adatoms. To approach the
quantum phase transition between the Kondo and free-moment
phases, one could vary λ at half filling by manipulating the
substrate and/or the hydrogenation level, or by applying an
electric field while keeping the graphene charge-neutral. Even
though the free-moment phase is confined to μ = λ = 0 (at
least within the effective description of the host provided
by H eff

0 ), in a real experiment the system would appear to
display free-moment behavior once λ becomes small enough
that TK < Tmin. Another interesting regime of the system

035426-8



KONDO EFFECT IN GRAPHENE WITH RASHBA SPIN- . . . PHYSICAL REVIEW B 90, 035426 (2014)

should be accessible via gate tuning of the chemical potential
close to a jump in the host density of states. In systems
with strong Rashba coupling (such as graphene on a Ni
substrate with Au intercalation [21] or hydrogenated samples
[22]), scanning tunneling spectroscopy should allow one to
observe the characteristic dip structure in the spectral function.
Although intercalation or decoration could induce disorder and
modify the DOS, it has been observed that Au intercalation
tends to decouple graphene from the Ni substrate, leading to a
quasipristine graphene structure [21].

In systems with more moderate Rashba coupling, it may
be possible to observe a rapid change in TK as the chemical
potential is varied by a few percent around 2λ.

In conclusion, we find that Kondo screening in graphene is
robust against the presence of Rashba spin-orbit interaction,
even though this coupling breaks the spin symmetry of the
Hamiltonian. Electrons with different projections 0, ±1 of

the total angular momentum about an axis perpendicular
to the graphene layer recombine to form a single effective
band of screening fermions. The density of states of this
band has a strong energy dependence that leads to nontrivial
phenomena. Our results suggest experimental signatures that
may also characterize the Kondo physics in the new generation
of layered two-dimensional compounds where spin-orbit
interactions plays an even stronger role.
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[41] R. Žitko, Phys. Rev. B 81, 241414(R) (2010).
[42] K. G. Wilson, Rev. Mod. Phys. 47, 773 (1975).
[43] R. Bulla, T. A. Costi, and T. Pruschke, Rev. Mod. Phys. 80, 395

(2008).

035426-9

http://dx.doi.org/10.1073/pnas.0502848102
http://dx.doi.org/10.1073/pnas.0502848102
http://dx.doi.org/10.1073/pnas.0502848102
http://dx.doi.org/10.1073/pnas.0502848102
http://dx.doi.org/10.1103/RevModPhys.81.109
http://dx.doi.org/10.1103/RevModPhys.81.109
http://dx.doi.org/10.1103/RevModPhys.81.109
http://dx.doi.org/10.1103/RevModPhys.81.109
http://dx.doi.org/10.1088/0034-4885/73/5/056501
http://dx.doi.org/10.1088/0034-4885/73/5/056501
http://dx.doi.org/10.1088/0034-4885/73/5/056501
http://dx.doi.org/10.1088/0034-4885/73/5/056501
http://dx.doi.org/10.1088/0034-4885/76/3/032501
http://dx.doi.org/10.1088/0034-4885/76/3/032501
http://dx.doi.org/10.1088/0034-4885/76/3/032501
http://dx.doi.org/10.1088/0034-4885/76/3/032501
http://dx.doi.org/10.1103/PhysRevB.88.155412
http://dx.doi.org/10.1103/PhysRevB.88.155412
http://dx.doi.org/10.1103/PhysRevB.88.155412
http://dx.doi.org/10.1103/PhysRevB.88.155412
http://dx.doi.org/10.1103/PhysRevB.77.045417
http://dx.doi.org/10.1103/PhysRevB.77.045417
http://dx.doi.org/10.1103/PhysRevB.77.045417
http://dx.doi.org/10.1103/PhysRevB.77.045417
http://dx.doi.org/10.1103/PhysRevB.88.201103
http://dx.doi.org/10.1103/PhysRevB.88.201103
http://dx.doi.org/10.1103/PhysRevB.88.201103
http://dx.doi.org/10.1103/PhysRevB.88.201103
http://dx.doi.org/10.1007/s10955-007-9414-x
http://dx.doi.org/10.1007/s10955-007-9414-x
http://dx.doi.org/10.1007/s10955-007-9414-x
http://dx.doi.org/10.1007/s10955-007-9414-x
http://dx.doi.org/10.1103/PhysRevB.84.193411
http://dx.doi.org/10.1103/PhysRevB.84.193411
http://dx.doi.org/10.1103/PhysRevB.84.193411
http://dx.doi.org/10.1103/PhysRevB.84.193411
http://dx.doi.org/10.1088/0953-8984/23/10/105602
http://dx.doi.org/10.1088/0953-8984/23/10/105602
http://dx.doi.org/10.1088/0953-8984/23/10/105602
http://dx.doi.org/10.1088/0953-8984/23/10/105602
http://dx.doi.org/10.1103/PhysRevLett.108.046601
http://dx.doi.org/10.1103/PhysRevLett.108.046601
http://dx.doi.org/10.1103/PhysRevLett.108.046601
http://dx.doi.org/10.1103/PhysRevLett.108.046601
http://dx.doi.org/10.1103/PhysRevB.85.081107
http://dx.doi.org/10.1103/PhysRevB.85.081107
http://dx.doi.org/10.1103/PhysRevB.85.081107
http://dx.doi.org/10.1103/PhysRevB.85.081107
http://dx.doi.org/10.1103/PhysRevLett.64.1835
http://dx.doi.org/10.1103/PhysRevLett.64.1835
http://dx.doi.org/10.1103/PhysRevLett.64.1835
http://dx.doi.org/10.1103/PhysRevLett.64.1835
http://dx.doi.org/10.1103/PhysRevB.54.11936
http://dx.doi.org/10.1103/PhysRevB.54.11936
http://dx.doi.org/10.1103/PhysRevB.54.11936
http://dx.doi.org/10.1103/PhysRevB.54.11936
http://dx.doi.org/10.1088/0953-8984/9/47/014
http://dx.doi.org/10.1088/0953-8984/9/47/014
http://dx.doi.org/10.1088/0953-8984/9/47/014
http://dx.doi.org/10.1088/0953-8984/9/47/014
http://dx.doi.org/10.1103/PhysRevB.57.14254
http://dx.doi.org/10.1103/PhysRevB.57.14254
http://dx.doi.org/10.1103/PhysRevB.57.14254
http://dx.doi.org/10.1103/PhysRevB.57.14254
http://dx.doi.org/10.1038/ncomms2227
http://dx.doi.org/10.1038/ncomms2227
http://dx.doi.org/10.1038/ncomms2227
http://dx.doi.org/10.1038/ncomms2227
http://dx.doi.org/10.1038/nphys2576
http://dx.doi.org/10.1038/nphys2576
http://dx.doi.org/10.1038/nphys2576
http://dx.doi.org/10.1038/nphys2576
http://dx.doi.org/10.1103/PhysRevLett.104.096804
http://dx.doi.org/10.1103/PhysRevLett.104.096804
http://dx.doi.org/10.1103/PhysRevLett.104.096804
http://dx.doi.org/10.1103/PhysRevLett.104.096804
http://dx.doi.org/10.1088/0953-8984/20/11/115209
http://dx.doi.org/10.1088/0953-8984/20/11/115209
http://dx.doi.org/10.1088/0953-8984/20/11/115209
http://dx.doi.org/10.1088/0953-8984/20/11/115209
http://dx.doi.org/10.1103/PhysRevB.77.195434
http://dx.doi.org/10.1103/PhysRevB.77.195434
http://dx.doi.org/10.1103/PhysRevB.77.195434
http://dx.doi.org/10.1103/PhysRevB.77.195434
http://dx.doi.org/10.1021/jp711691r
http://dx.doi.org/10.1021/jp711691r
http://dx.doi.org/10.1021/jp711691r
http://dx.doi.org/10.1021/jp711691r
http://dx.doi.org/10.1103/PhysRevB.79.245416
http://dx.doi.org/10.1103/PhysRevB.79.245416
http://dx.doi.org/10.1103/PhysRevB.79.245416
http://dx.doi.org/10.1103/PhysRevB.79.245416
http://dx.doi.org/10.1103/PhysRevLett.102.126807
http://dx.doi.org/10.1103/PhysRevLett.102.126807
http://dx.doi.org/10.1103/PhysRevLett.102.126807
http://dx.doi.org/10.1103/PhysRevLett.102.126807
http://dx.doi.org/10.1103/PhysRevB.81.205424
http://dx.doi.org/10.1103/PhysRevB.81.205424
http://dx.doi.org/10.1103/PhysRevB.81.205424
http://dx.doi.org/10.1103/PhysRevB.81.205424
http://dx.doi.org/10.1021/jp103445v
http://dx.doi.org/10.1021/jp103445v
http://dx.doi.org/10.1021/jp103445v
http://dx.doi.org/10.1021/jp103445v
http://dx.doi.org/10.1063/1.3636112
http://dx.doi.org/10.1063/1.3636112
http://dx.doi.org/10.1063/1.3636112
http://dx.doi.org/10.1063/1.3636112
http://dx.doi.org/10.1103/PhysRevB.84.195444
http://dx.doi.org/10.1103/PhysRevB.84.195444
http://dx.doi.org/10.1103/PhysRevB.84.195444
http://dx.doi.org/10.1103/PhysRevB.84.195444
http://dx.doi.org/10.1002/cphc.201300563
http://dx.doi.org/10.1002/cphc.201300563
http://dx.doi.org/10.1002/cphc.201300563
http://dx.doi.org/10.1002/cphc.201300563
http://dx.doi.org/10.1103/PhysRevB.84.235110
http://dx.doi.org/10.1103/PhysRevB.84.235110
http://dx.doi.org/10.1103/PhysRevB.84.235110
http://dx.doi.org/10.1103/PhysRevB.84.235110
http://dx.doi.org/10.1103/PhysRevLett.110.136804
http://dx.doi.org/10.1103/PhysRevLett.110.136804
http://dx.doi.org/10.1103/PhysRevLett.110.136804
http://dx.doi.org/10.1103/PhysRevLett.110.136804
http://dx.doi.org/10.1103/PhysRevB.87.205443
http://dx.doi.org/10.1103/PhysRevB.87.205443
http://dx.doi.org/10.1103/PhysRevB.87.205443
http://dx.doi.org/10.1103/PhysRevB.87.205443
http://dx.doi.org/10.1103/RevModPhys.80.1337
http://dx.doi.org/10.1103/RevModPhys.80.1337
http://dx.doi.org/10.1103/RevModPhys.80.1337
http://dx.doi.org/10.1103/RevModPhys.80.1337
http://dx.doi.org/10.1103/PhysRevLett.95.226801
http://dx.doi.org/10.1103/PhysRevLett.95.226801
http://dx.doi.org/10.1103/PhysRevLett.95.226801
http://dx.doi.org/10.1103/PhysRevLett.95.226801
http://dx.doi.org/10.1088/0953-8984/22/17/175503
http://dx.doi.org/10.1088/0953-8984/22/17/175503
http://dx.doi.org/10.1088/0953-8984/22/17/175503
http://dx.doi.org/10.1088/0953-8984/22/17/175503
http://dx.doi.org/10.1103/PhysRevB.79.161409
http://dx.doi.org/10.1103/PhysRevB.79.161409
http://dx.doi.org/10.1103/PhysRevB.79.161409
http://dx.doi.org/10.1103/PhysRevB.79.161409
http://dx.doi.org/10.1103/PhysRevB.79.165442
http://dx.doi.org/10.1103/PhysRevB.79.165442
http://dx.doi.org/10.1103/PhysRevB.79.165442
http://dx.doi.org/10.1103/PhysRevB.79.165442
http://dx.doi.org/10.1103/PhysRevB.81.241414
http://dx.doi.org/10.1103/PhysRevB.81.241414
http://dx.doi.org/10.1103/PhysRevB.81.241414
http://dx.doi.org/10.1103/PhysRevB.81.241414
http://dx.doi.org/10.1103/RevModPhys.47.773
http://dx.doi.org/10.1103/RevModPhys.47.773
http://dx.doi.org/10.1103/RevModPhys.47.773
http://dx.doi.org/10.1103/RevModPhys.47.773
http://dx.doi.org/10.1103/RevModPhys.80.395
http://dx.doi.org/10.1103/RevModPhys.80.395
http://dx.doi.org/10.1103/RevModPhys.80.395
http://dx.doi.org/10.1103/RevModPhys.80.395


D. MASTROGIUSEPPE et al. PHYSICAL REVIEW B 90, 035426 (2014)

[44] F. D. M. Haldane, Phys. Rev. Lett. 40, 416 (1978).
[45] W. Hofstetter and H. Schoeller, Phys. Rev. Lett. 88, 016803

(2001).
[46] M. Vojta, R. Bulla, and W. Hofstetter, Phys. Rev. B 65, 140405

(2002).
[47] A. Wong, W. B. Lane, L. G. G. V. Dias da Silva, K. Ingersent,

N. Sandler, and S. E. Ulloa, Phys. Rev. B 85, 115316 (2012).
[48] W. Hofstetter and S. Kehrein, Phys. Rev. B 59, R12732

(1999).
[49] A. K. Zhuravlev, Phys. Met. Metallogr. 108, 107 (2009).
[50] A. K. Zhuravlev and V. Y. Irkhin, Phys. Rev. B 84, 245111

(2011).

[51] D. Mastrogiuseppe, A. Wong, K. Ingersent, S. E. Ulloa, and
N. Sandler, Phys. Rev. B 89, 081101(R) (2014).

[52] L. G. G. V. Dias da Silva, N. P. Sandler, K. Ingersent, and S. E.
Ulloa, Phys. Rev. Lett. 97, 096603 (2006).

[53] K. Chen and C. Jayaprakash, Phys. Rev. B 57, 5225 (1998).
[54] M. R. Galpin and D. E. Logan, Phys. Rev. B 77, 195108 (2008).
[55] C. P. Moca and A. Roman, Phys. Rev. B 81, 235106 (2010).
[56] V. V. Mkhitaryan and E. G. Mishchenko, Phys. Rev. Lett. 110,

086805 (2013).
[57] F. B. Anders and A. Schiller, Phys. Rev. Lett. 95, 196801 (2005).
[58] A. Weichselbaum and J. von Delft, Phys. Rev. Lett. 99, 076402

(2007).

035426-10

http://dx.doi.org/10.1103/PhysRevLett.40.416
http://dx.doi.org/10.1103/PhysRevLett.40.416
http://dx.doi.org/10.1103/PhysRevLett.40.416
http://dx.doi.org/10.1103/PhysRevLett.40.416
http://dx.doi.org/10.1103/PhysRevLett.88.016803
http://dx.doi.org/10.1103/PhysRevLett.88.016803
http://dx.doi.org/10.1103/PhysRevLett.88.016803
http://dx.doi.org/10.1103/PhysRevLett.88.016803
http://dx.doi.org/10.1103/PhysRevB.65.140405
http://dx.doi.org/10.1103/PhysRevB.65.140405
http://dx.doi.org/10.1103/PhysRevB.65.140405
http://dx.doi.org/10.1103/PhysRevB.65.140405
http://dx.doi.org/10.1103/PhysRevB.85.115316
http://dx.doi.org/10.1103/PhysRevB.85.115316
http://dx.doi.org/10.1103/PhysRevB.85.115316
http://dx.doi.org/10.1103/PhysRevB.85.115316
http://dx.doi.org/10.1103/PhysRevB.59.R12732
http://dx.doi.org/10.1103/PhysRevB.59.R12732
http://dx.doi.org/10.1103/PhysRevB.59.R12732
http://dx.doi.org/10.1103/PhysRevB.59.R12732
http://dx.doi.org/10.1134/S0031918X09080018
http://dx.doi.org/10.1134/S0031918X09080018
http://dx.doi.org/10.1134/S0031918X09080018
http://dx.doi.org/10.1134/S0031918X09080018
http://dx.doi.org/10.1103/PhysRevB.84.245111
http://dx.doi.org/10.1103/PhysRevB.84.245111
http://dx.doi.org/10.1103/PhysRevB.84.245111
http://dx.doi.org/10.1103/PhysRevB.84.245111
http://dx.doi.org/10.1103/PhysRevB.89.081101
http://dx.doi.org/10.1103/PhysRevB.89.081101
http://dx.doi.org/10.1103/PhysRevB.89.081101
http://dx.doi.org/10.1103/PhysRevB.89.081101
http://dx.doi.org/10.1103/PhysRevLett.97.096603
http://dx.doi.org/10.1103/PhysRevLett.97.096603
http://dx.doi.org/10.1103/PhysRevLett.97.096603
http://dx.doi.org/10.1103/PhysRevLett.97.096603
http://dx.doi.org/10.1103/PhysRevB.57.5225
http://dx.doi.org/10.1103/PhysRevB.57.5225
http://dx.doi.org/10.1103/PhysRevB.57.5225
http://dx.doi.org/10.1103/PhysRevB.57.5225
http://dx.doi.org/10.1103/PhysRevB.77.195108
http://dx.doi.org/10.1103/PhysRevB.77.195108
http://dx.doi.org/10.1103/PhysRevB.77.195108
http://dx.doi.org/10.1103/PhysRevB.77.195108
http://dx.doi.org/10.1103/PhysRevB.81.235106
http://dx.doi.org/10.1103/PhysRevB.81.235106
http://dx.doi.org/10.1103/PhysRevB.81.235106
http://dx.doi.org/10.1103/PhysRevB.81.235106
http://dx.doi.org/10.1103/PhysRevLett.110.086805
http://dx.doi.org/10.1103/PhysRevLett.110.086805
http://dx.doi.org/10.1103/PhysRevLett.110.086805
http://dx.doi.org/10.1103/PhysRevLett.110.086805
http://dx.doi.org/10.1103/PhysRevLett.95.196801
http://dx.doi.org/10.1103/PhysRevLett.95.196801
http://dx.doi.org/10.1103/PhysRevLett.95.196801
http://dx.doi.org/10.1103/PhysRevLett.95.196801
http://dx.doi.org/10.1103/PhysRevLett.99.076402
http://dx.doi.org/10.1103/PhysRevLett.99.076402
http://dx.doi.org/10.1103/PhysRevLett.99.076402
http://dx.doi.org/10.1103/PhysRevLett.99.076402



