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Abstract

A system of O(N)-matrix difference equations is solved by means of the off-
shell version of the nested algebraic Bethe Ansatz. In the nesting process a new
object, the II-matrix, is introduced to overcome the complexities of the O(N) group
structure. The highest weight property of the solutions is proved and some explicit
examples are discussed.

1 Introduction

O(N) Gross-Neveu and O(N) o—models are asymptotically free quantum field theories
which attract high interest, since they share some common features with QCD. Since
perturbation theory fails for these models, exact results, such as exact generalized form
factors are desirable and welcome. The concept of a generalized form factor was intro-
duced in [I} 2], where several consistency equations were formulated. Subsequently this
approach was developed further and investigated in different models by Smirnov [3]. Gen-
eralized form factors are matrix elements of fields with many particle states. To construct
these objects explicitly one has to solve generalized Watson’s equations which are ma-
trix difference equations. To solve these equations the so called “off-shell Bethe Ansatz”
is applied [4], B, 6]. The conventional Bethe Ansatz introduced by Bethe [7] is used to
solve eigenvalue problems and its algebraic formulation was developed by Faddeev and
coworkers (see e.g. [§]). The off-shell Bethe Ansatz has been introduced in [9] to solve
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the Knizhnik-Zamolodchikov equations which are differential equations. In [I0] a variant
of this technique has been formulated to solve matrix difference equations of the form

Kuy, ..o ui+ Ry oo oyun) = K(ug ooty oo un)Qug, ooy up, 1), (i=1,...,n),

where K(u) is a co-vector valued function, Q(u,7) are matrix valued functions and x is
a constant to be specified. We use here a co-vector formulation because this is more
convenient for the application to the form factor program. For higher rank internal
symmetry groups the nested version of this Bethe Ansatz has to be applied. The nested
Bethe Ansatz as a method to solve eigenvalue problems was introduced by Yang [11] and
further developed by Sutherland [12, [13].

In this article we will solve the O(N) difference equations combining the nested Bethe
Ansatz with the off-shell Bethe Ansatz. This procedure is similar to the SU (V) [14] case,
where also a nesting procedure is used. However, the algebraic formulation for O(N)
is much more intricate because the R-matrix exhibits an extra new term. In addition,
for SU(N) we can use the same R-matrix at every level, while for the group O(N) the
R-matrix changes after each level. Therefore in our construction a new object, called II-
matrix, is introduced in order to overcome these difficulties. This provides a systematic
formulation of techniques introduced by Tarasov [I5] and also used in [16]. In [I7] a
different procedure was used to solve the O(N) on-shell Bethe Ansatz for even N.

The results of this article will be applied in [I8] to calculate exact form factors of the
O(N) o— and Gross-Neveu models. We should mention that the first computation of form
factors for O(3) o—model is due to [3] (see also [19]20]). There are also new developments
concerning the connection between 2d Conformal Field Theory (CEFT) and integrable
models with N = 2 Super Yang Mills (SYM) theories in different higher dimensions. First,
there is a surprising relation between 2d-conformal blocks and the instanton partition
function in N = 2, 4d-SYM theory [21] (Alday, Gaiotto, Tachikawa - AGT relation) and
this is a particular version of the AdS/CFT correspondence which is a more general part
of the gauge/string duality. There is also a g-deformation of the AGT relation which
connects the N = 2 5d-SYM theory and the g-deformed conformal blocks [22]. This last
relation offers new insights and gives the intriguing hope that the form factor program can
be used to obtain a deeper understanding of this connection. The solution of the difference
equations is the first step to obtain the exact form factors and therefore important physical
relations and correlation functions for integrable models. In fact, difference equations play
a significant role in various contexts of mathematical physics (see e.g. [23] and references
therein).

The article is organized as follows. In Section [2] we recall some results and fix the
notation concerning the O(/N) R-matrix, the monodromy matrix and some commutation
rules. We also introduce a new object, which we call the II-matrix and which is a central
element in our construction of the nested off-shell Bethe vector. In Section 3l we introduce
the nested generalized Bethe Ansatz to solve a system of O(N) difference equations and
present the solutions in terms of “Jackson-type Integrals”. We introduce a new type of
monodromy matrix fulfilling a new type of Yang-Baxter relation and which is adapted
to the difference problem. In particular this yields a relatively simple proof of our main
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result, which is Theorem [3.4] In Section [4] we prove the highest weight property of the
solutions and calculate the weights. Section [5| contains some examples of solutions of
the O(N) difference equations. The appendices provide the more complicated proofs of
additional results we have obtained. In particular, in Appendix [B| we prove that all 7
types of “unwanted terms” in the Bethe ansatz cancel.

2 General setting and notion of the [I-matrix

2.1 The O(N) - R-matrix
Let V1" be the tensor product space

where the vector spaces V; &2 CV, (i = 1,...,n) are copies of the fundamental vector
representation space of O(N) with the (real) basis vectors

la), eV, (a=1,...,N).

It is straightforward to generalize the results of this paper to the case where the V; are
vector spaces for other representations. We denote the canonical basis vectors of V1" by

lay, ..., a,) €V (a;=1,...,N). (2)

A vector v+ € V1" is given in terms of its components by

V=, ) 0O (3)
2%

A matrix acting in V" is denoted by
Apy 2 VB Vb (4)

We will also use the dual space Vi, = (Vl"'”)T.

The O(N) spectral parameter dependent R-matrix was found by Zamolodchikov-
Zamolodchikov [24][] Tt acts on the tensor product of two (fundamental) representation
spaces of O(N). It may be written as

R12(U12) = (112 + C(ulg) P12 + d(ulg) Klg) : V12 — V21 3 (5)

where P15 is the permutation operator, K5 the annihilation-creation operator and s =
u; — uy. Here and in the following we associate to each space V; a variable (spectral
parameter) u; € C. The components of the R-matrix are

R%mg:@%+&@mmmw%MwM) (6)

IWe use here the normalization R = S /o2 and the parameterization u = 6/imv which is more conve-
nient for our purpose.
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from which P2 and K, can be read off. The functions

() == dw) = 7 =g @
are obtained as the rational solution of the Yang-Baxter equation
Riz(u12) Ri3(u13) Ros(uas) = Ras(uas) Riz(uis) Ria(ui2), (8)
where we have employed the usual notation [I1]. We will also use
R(u) = R(u)/a(u)
with w1
a(u) =1+c(u) = —
The “unitarity” of the R-matrix reads as
R21(U21) RIQ(UIQ) =1
and the three eigenvalues of the R-matrix are
Ri(u)zlic(u):ujzl, Ro = 1+ c(u) + Nd(u). ()
The crossing relation may be written as
Ris(u12) = c® Ra:(t12) Cay = ct Ro1(t2) c! ) (10)

where @ = 1/v — u. Here C' and Cyj are the charge conjugation matrices. Their matrix
elements are C*% = C,3 = dap Where S denotes the anti-particle of 8. In the real basis
used up to now the particles are chargeless which means that 3 = 3 and C is diagonal.

In the following we will use instead of the real basis |a),, (o =1,2,..., N)the complex
basis given by

@) = —= (1200 = 1) + [200))

H<||H
(\V)

a) = —(2a — 1), —1|20),

@) 7 (I )r —i[20))
for a = 1,2,...,[N/2]. If N is odd there is in addition |0) = |[0) = |N),. The weight
vector w = (wl, e ,w[N/g]) and the charges of the one-particle states are given by

for o) @ wp=0ra , Q=1
for |a) @ wp=—0ka , Q=—1
for 10) : wp=0 , @=0.
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Remark 2.1 For even N this means that we consider O(N) as a subgroup of U(N/2)
and the charge Q is its U(1) charge. For N = 3 we may identify the particles 1,1,0 with
the pions w4, .

The highest weight eigenvalue of the R-matrix is
Ri(u) = R (u) = a(u).

We order the states as: 1,2,...,(0),...,2,1 (0 only for N odd). Then the charge
conjugation matrix in the complex basis is of the form

C§'Y — 657)/7 Caﬁ = 50&5 (11)
0 -«- 0 --- 1
C=] 0 - 1 0
1 0 - 0
The annihilation-creation matrix in may be written as
5
K, =C"Cqs.

2.2 The monodromy matrix

We consider a state with n particles and as is usual in the context of the algebraic Bethe
Ansatz we define [25] 8] the monodromy matrix by

1.0, ug) = Rig(uro) - - - Rno(tno) (12)

with u = uq,...,u,. It is a matrix acting in the tensor product of the “quantum space”
Vi =V, ®---®V, and the “auxiliary space” V;. All vector spaces V; are isomorphic
to a space V whose basis vectors label all kinds of particles. Here V =2 C¥ is the space of
the vector representation of O(N).
Suppressing the indices 1...n we write the monodromy matrix as (following the no-
tation of Tarasov [15])
Ay (Bl)é By

!

T = ()Y (A (By)" (13)

«

Cy (C3)y As
where ,a’ assume the values 1,2,...,(0),...,2,1 corresponding to the basis vectors of
the auxiliary space V = CV and &, & assume the values 2, ..., (0),...,2 corresponding to
the basis vectors of V = CN=2. We will also use the notation A = A, B= B;, C = C,

and D = Ay which is an (N — 2) x (N — 2) matrix in the auxiliary space. The Yang-Baxter
algebra relation for the R-matrix yields

Tl...n,a(ﬂ; ua) Tl,..n,b(ﬂa Ub) Rab(uab) = Rab(”ab) Tl,..n,b(ﬂa Ub) Tl...n,a(g7 ua) . (14>
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2.3 A lemma

In our approach of the algebraic Bethe Ansatz the following lemma replaces commutation
rules of the entries of the monodromy matrix. In the conventional approach one derives
them from the Yang-Baxter algebra relations and uses them for the algebraic Bethe
Ansatz.

Lemma 2.2 For the monodromy matrix the following identity holds
Thoma(,0) = 11 Lda + Y e(ui = v)Rig(ui) . Pig .. Ryg (tng)

+ ) " d(u; = v)Rig(1) .. Kia . .. Rualilin)  (15)

j=1
witht =1/v —u .

Proof. The R-matrix R(u) (see () and (7)) is meromorphic and has simple poles at
u =0 and u = 1/v due to the form of ¢(u) and d(u) such that

Res Tl._,n’a(g, U) = RGS C(UZ’ — U)Rla(uli) Ce Pia Ce Rna(um-)

Res/ T na(u,v) = Res/ d(u; — v)Ria(ti1) ... Kig . .. Rina(Qin)
v=u;—1/v v=u;—1/v

holds. The claim follows by Liouville’s theorem because lim, o 17, po(w,v) = 1; ... 1,1,.
[
Similarly we have for the crossed monodromy matrix

Ta,l...n(vyﬂ) = Ran<7j - Un> R Ral (U — ul)

the relation
Ta,l...n<vuﬂ) =1,1,...1, + Z C(U - uz)Ran(um> ce Pai ce Ral(uil)
=1
+ Z d('U — 'u/l)Ram(amz) Ce Kai R Ral (ZALM) . (16)
=1

Note that the crossing relation implies
Ta,l...n(vavu) = CbaTl.‘.n,b(ﬂa /Ub)cab (17)

with v, = v, — 1/v.
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2.4 The Matrix II

The nested Bethe Ansatz relies on the principle that after each level the rank of the
group (or quantum group) is reduced by one. For SU(N) the rank is N — 1 and for
O(N) it is [N/2]. This means that the dimension of the vector representation (where the
R-matrix usually acts) is reduced by 1 for the case of SU(NN) and by 2 for case of O(N). A
more essential difference is that for SU(N) one can use in every level the same R-matrix,
because (with a suitable normalization and parameterization) the SU(N) R-matrix does
not depend on N. In contrast for O(N) the R-matrix changes after each level, because it
depends on N. Therefore we need a new object called matrix II, which maps the O(N)
R-matrix to the O(/N — 2) one. We use the notation

R(u) = R(u, N —2) = 1 + Pc(u) + Kd(u) (18)

d(u) = u —11/13

with 7 = 2/(N — 4). The components of the R-matrix R(u) will be denoted by
i%i%(u), &, B,4,0=2.3,....(0),...,3,2.

In addition to V" =V, @ ---®@ V,, we introduce

where the vector spaces V; 2 CN=2, (i = 1,...,m) are considered as fundamental (vector)

representation spaces ofOO(N —2). The space V; is spanned by the complex basis vectors
1),12),....., [2), 1) and V; by [2),...,|2) .

Definition 2.3 We define the map
m, . : ylem Vlm
recursively by 11y = m and
I (w) = (mla ) €aTh. ma (U, ug)E® (20)

with the projector m : V. — VC V', the monodromy matriz and u, = uy — 1. The
vector €* € V, (acting in the auziliary space of T\ ma) and the co-vector e, € (VQ)Jr
correspond to the state 1 and have the components e = 0, €q = 5.

Lemma 2.4 In particular for m = 2 the matriz T15(uy, us) may be written as

Hu(g) = M1 T + f(ulg>éuél€2 (21)
with eg = Coue® and f(u) = —d(1 — u). It satisfies the fundamental relation
10%12(“12)1_[12(“17 ug) = Mgy (ug, ur) Riz(u12) (22)

where Ry is the O(N — 2) R-matriz.
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Proof. Equation can be easily derived

Hl?(ﬂ) = 7T17T2éaT12,a (Qa ua)éa
= M2 R14 (U1 — ug) Rog (U2 — ug)e”
= 7T17T2€a (]-1]-a + C(l)Pla) (121a + d('LL21 =+ 1)K2a) éa
= Ty + C(l)d(u21 + 1)(0:125162 .
Use has been made of ¢(1) = —1 and mymee,P1,Ko,6% = C'2¢,e5. Equation is derived

for all components. Obviously
R ()&% = Fo(u) &5
holds, where the scalar R-matrix eigenvalue is (see (9])
Ro(u) = a(u) + (N — 2) d(u).
Therefore the relations

,30,006/
ap

(éu(Uu)Hu) = }?Zlﬁc&/ (ulg)ﬂ'gﬂ'g —+ f(ulg)éo (Uu)é,@’&'&i(s}g

and
(H21R12(U12))§,3 = 7ng /R (U12) + f(u21)CB & Rag(um)

are valid. The claim of the lemma is then equlvalent to

(i) : d(w) = d(w) + f(~u)d(w) for aorA11
(i1) : 0 = d(u) + f(—u) (1 + d(u)) for a=1, A=1
(idd) : f(u)Ro(u) = d(u) + f(—u) (c(w) + d(w)) for a=1, B=1.

These equations may be easily checked with the amplitudes @ ]
These results can be extended to general m, as presented below.

Lemma 2.5 The matriz 1y, (u) satisfies
(a) in addition to (20) the recursion relation
Iy (w) = (I me17m) €610 p (1, Ub)éb (23)
with uy = u,, — 1/v+1, and
(b) the fundamental relation
Rij(ui)IL .. (w) = ILji.. (w) Rij (u) - (24)
(¢c) The matriz g1y mo(u, uo)e® acts on Iy, (u) as the unit matriz for arbitrary ug

I (w)eoTh. mo(u, up)e’ = I m(u). (25)
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(d) Special components of 11 satisfy

H‘ng a&”m(ul, ey Upy) =0 (26)
G, (s oy um) = TG0 (g, i) (27)
Hzi o glur e um) =0 (28)
Hgl am la(uh cee 7um) = Hzi gzii (ulv 7um—1)5gm (29)
with & # 1, 1.
The proof of this Lemma is presented in appendix [A]
The definitions and can be rewritten as (see also lemma [2.4] for m = 2)
Hl.‘.m(ﬂ) = mlly pm + Z f(ulj)éjjfl e RJQC JH2...g...m€163ij T Rjj+1 (30)
m—1
=1L mamm + Z f(Wjm) Ry -+ Rm 1JC " Gom—1€j Ry R,
j=1
(31)
3 The O(N) - difference equation
Let K1, ,(u) € Vi, be a co-vector valued function of u = uy, ..., u, with valuesin V;_,, .

The components of this vector are denoted by
Kayoo, (W), (a;=1,2,...,(0),...,2,1).

The following symmetry and periodicity properties of this function are supposed to be
valid:

Conditions 3.1

(1) The symmetry property under the exchange of two neighboring spaces V; and V; and
the variables w; and uj;, at the same time, is given by

where R(u) = R(u)/a(u) and R(u) is the O(N) R-matriz.

(ii) The system of matrix difference equations holds

Ky o(ooou,. ) =Ko oo uy. . )Qrn(wi), (i=1,...,n) (33)

with u; = u; + 2/v. The matriz Q1._,(u;i) € End(V1+") is defined as the trace
Qun(w31) = 010 1. 0(u 1) (34)

of a modified monodromy matriz

TQ,L..n,o(% Z) = Rlo(m - U;) Py Rno(un - Uz) .



3 THE O(N) - DIFFERENCE EQUATION 10

The Yang-Baxter equations for the R-matrix guarantee that these properties are com-
patible. The shift of 2/v in eq. could be replaced by an arbitrary x. For the appli-
cation to the form factor problem, however, it is fixed to be equal to 2/v in order to be
compatible with crossing symmetry. Instead of the Yang-Baxter relation the modi-
fied monodromy matrix TQ satisfies the Zapletal rules [14], [4]. We have for i = 1,...,n

To(u; i) To(w', v) Rig(u; — v) = Rio(uf; — v) To(u, v) To(w; ) (35)

with o' = uy,...,ul, ..., u, and v}, = u; + 2/v. The Q. ,(u;i) satisfy the commutation

rules

= Qun( i uj. ) Qun(ug .l i) . (36)

The following Proposition is obvious

Proposition 3.2 Let the vector valued function K, ,(u) € V1., satisfy (i). Then for
alli =1,...,n the relations (3.2) are equivalent to each other and also equivalent to the
following periodicity property under cyclic permutation of the spaces and the variables

Kalaz...an (U/l, U,y ... 7un) - Kag...anoq (u27 ceey Up, U1> . (37)
Remark 3.3 The equations imply Watson’s equations for the form factors [20].
Because of proposition we mainly consider Q. ,(u,i) for i =1

1

a(vk;

Q1..n(u) = trg TQ,l...n,o(Q) = H ) tr0 70.1...n,0(1) (38)
k=2

with T 1. no(w) = Toi.no(y,1). In analogy to eq. we introduce (suppressing the
indices 1...n)

Ag(u)  Bo(u) Bgal(u)
Tou) = | Cqu) Do(u) Beas(u) |- (39)
Coa2(u) Cos(u) Ags(u)

3.1 The off-shell Bethe Ansatz

We will express the co-vector valued function K, (u) in terms of the co-vectors

Wy (u,0) = Ly(v) Pa(u, v) = (L(2)B(w,v))

Y))a

(40)

where summation over S1, ..., Bm, 3 = 2,...,0,...,2is assumed and L(v) is a co-vector

valued function with values in V;_,, ~ C¥"2®...® CN=2. We assume that for L (v) the
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higher level conditions of hold with R and @) replaced by R and Q (which means N
is replaced by N — 2)

(1)(1) . Lmij___(...,vz-,vj,...) = L._.ji“_(...,’Uj,l)iw..)}ozij(?}ij) (41)
()Y Lyl o) =Lyn(e o vi, e ) Q1m(v,4) . (42)

The Bethe Ansatz states ard4

Dol v) = T5(0) (TP () T (w01) (13)

o

The reference state Q (“pseudo-vacuum”) is the highest weight co-vector (with weights

w = (n,0,...,0))

Qu =104, 0y - (44)
It satisfies
ai(u,v) 0 0
QT (u,v) = Q * as(u, v) 0 , (45)
* * as(u,v)
al(u,v):H (up —v), as(u,v) =1, CL3UU:H (14 d(u, — v))
k=1 k=1
We also have for Ty (u) = Tg(u, 1)
n 1 00
OTo(w) = Q[ Jalu) | = 0 0 |. (46)
k=2 * 0 0

The system of difference equations can be solved by means of a nested “off-shell”
Bethe Ansatz. The first level is given by the

BETHE ANSATZ 1

= 9(uv) Va(u,v) (47)

where U is given by ([40) and

gw o) =[[[Jv(w —v) J[ 7(wi-v). (48)

i=1 j=1 1<i<j<m

2The @% are generalizations of the states introduced by Tarasov in [15].
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The functions ¥ (u) and 7(v) satisfy the functional equations
(') = a(u)p(u), T(v)a(v’) = a(—v)7(v). (49)
with v = u+ 2/v The summation over v is specified by
v=(v1,...,0m) = (01 — 24 /v, ..., Oy — 2l /V), l; €Z, (50)
where the v; are arbitrary constants.

The sums are also called “Jackson-type Integrals” (see e.g. [10] and references
therein). Solutions of are

[(—1v+ %v)
I(z)
; I(3v+ 2v)
N(1-1iv+ty)’

(u) = (51)

T(v) =

(52)

We are now in a position to formulate the main result of this paper.

Theorem 3.4 Let the co-vector valued function K. ,(u) € Vi, be given by the Bethe
Ansatz and let g(x,u) be of the form @ If in addition the co-vector valued function
Li.m(v) € Vim satisfies the properties (i)Y and (i3)", i.e. equations and for
O(N —2), then Ky ,(u) satisfies the equations (@ and for O(N), i.e. Ky _,(u) is
a solution of the set of difference equations.

The proof of this theorem can be found in appendix [B]
Iterating , and theorem we obtain the nested off-shell Bethe Ansatz with
levels k =1,... [(N — 1) /2]. The Ansatz for level k reads

K (@) =37 g0 0@t o) o) (gt 8) (53)
u(®)
k—1 _ _ _
WD (D ) = (KO )00 WDy, (54)

where ®*) is the Bethe Ansatz state and g the function for O(N — 2k). The
start of the iteration is given by a 1 < k0 < [(N + 1) /2] with

Wikmer = ghmaer . ghmes and g = 0 for k > Kinag (55)

a1...Qny_

which is the reference state of level k., — 1 and trivially fulfills the Conditions 3.1} The
start of the iteration for k.. = [(N 4 1) /2] is given by the solution for O(3) for N odd
and O(4) for N even. These two case are investigated below.

Corollary 3.5 The system of O(N) matriz difference equations s solved by the
nested Bethe Ansatz with and K1, ,(u) = KO, (u).
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3.1.1 The off-shell Bethe Ansatz for O(3)
The R-matrix is given by and @ for v =2

R(u)=1+c(u) P+d(u) K, c(u)= -1 1

u’ d(u):u—l/Q'

13

The solution of the difference equations is given by the off-shell Bethe Ansatz with

V() = —— | 7(0) = 2.

Cu—1"

The Bethe vector ¥ is expressed in terms of the co-vectors
\I]Q<g7 Q) = L(g) (I)g(uv y) 3

where the scalar function L(v) has to satisfy

L(...,’Ui,vj,...):L<...,’l}j,1}i,...)R(U1’j)

L(v, v, ..., 0m) = L(vg, ..., Up,v1)

with R(v) = &2 404 o/ = v + 1. The the minimal solution of these equations is

(v—1)(v+1/2)

1<i<j<m
m(v—1/2)
L(v) = t
(v) To@w=1) an mv
The O(3) weight of the state is
w=n-—m.
3.1.2 The off-shell Bethe Ansatz for O(4)
The R-matrix is given by and @ forv=1
—1 1
Ru)=1+c(u) P+du) K, clu)=—, du)= T
u u—

(56)

We could apply theorem [3.4] and write the off-shell Bethe Ansatz for O(4) in terms of an
O(2) problem. However, the latter cannot be solved by the Bethe Ansatz because the
R-matrix is diagonal (note that Rj; = 0). But there is another way to solve the O(4)
problem. The group isomorphism O(4) ~ SU(2) ® SU(2) reflects itselfs in terms of the
corresponding R-matrices. Indeed, the O(4) R-matrix can be written as a tensor product

of two SU(2) R-matrices, or more precisely

7 " e 55U\ S [ psu@\ PP
(RO<4>)05 PSsTlp = TopThp (RY®) (R®)

AC BD
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The SU(2) R-matrices RIV® (u) = R7® (u)/a(u) correspond to the spinor representa-
tions of O(4) with positive (negative) chirality

RP® =14 ()P,

where the amplitude c(u) is given by . The relative R-matrix for states of different
chirality is trivial R = 1. The intertwiners are

s = (47°C) 45

with the O(4) gamma matrices ¥*, 7. = 3 (14 7°) and the charge conjugation matrix
C'. For more details see [28, 29]. In the complex basis of the O(4) and the fundamental
representations of the SU(2) the states have the O(4) weights

vector states O(4) weights spinor states O(4) weights
1 (]-7 0) T-&- (%a %)1
2 (0,1) bt (=3:—3) (57)
2 (O,—l) T, (%7_%)

Because of weight conservation the intertwiner matrix is diagonal in this basis and is
calculated to be

N 2O 0 0 -1 0 0 0
0 T 0 0 0 100
a T+d- _ _
Vs 0 0 an_ 0 0 010 (58)
0 0 0 I‘L " 0 001
We also use the dual intertwiner 4% with
> orarat =62, > THPT s = 6405 (59)
A,B «
We write the co-vector valued function K,(u) as
Ka(u) = K7 (K (w32, (60)

where TAZ = T[?" T8, The transfer matrix tr 70 (u, v) can also be decomposed such
that

Ka(w) (T0) (w.0) = Ko@)y (TfU(Q))j (w.0) (szm))j ()T
— (Kiﬁ)(u) (TEU(2)>2 (w, v)) (KJ(B)(Q) <T_SU(2))§ (,l_“))) 4B

where has been used. Therefore K, (u) satisfies the O(4) symmetry relation and

the difference equation 1) if the K(Ai) (u) satisfy the corresponding SU(2) relations.
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The SU(2) on-shell Bethe Ansatz is well known and the off-shell case has been solved
in [14] (6], 30]

Kaw) =Y g(u,v) Ua(u, v) (61)

v

U(u,v) = Qic(g, Um) - .. C(u,v1), (62)

where g(u,v) is given by and

F(=5+3)
(u) = =52, T(v) =v
I'(3)
The summation over v is specified by
v = (’Ul,...,Um) = (@1—2l1,...,’(~]m—2lm), lZ € Z, (63)

where the ¥; are arbitrary constants. The SU(2) weights of the state are w =
(n —m,m) and due to the O(4) weights are

W (n—m,—m)  for positive chirality spinors
| (n—m,m) for negative chirality spinors.

Therefore the O(4) weights of are
w:(n_n—_n+’n—_n+>7 (64>

where ny are the numbers of positive (negative) chirality C-operators.

4 Weights of off-shell O(N) Bethe vectors

In this section we analyze some group theoretical properties of off-shell Bethe states. We
show that they are highest weight states and we calculate the weights. The first result is
not only true for the conventional Bethe Ansatz, which solves an eigenvalue problem and
which is well known, but it is also true, as we will show, for the off-shell one which solves
a difference equation (or a differential equation).

By the asymptotic expansion of the R-matrix and the monodromy matrix ((12)) we
get for u — oo

1
Rab(u) = lab — EMab + O(U_Q) (65)
Map =Pap — Kap . (66)
More explicitly eq. gives

1
Tl,..n,a(ga U) = ]-1,..n,a + a Ml...n,a _I' O(u_g) (67>
Ml...n,a = (Pla - Kla) + -+ (Pna - Kna) . (68)
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The matrix elements of M ,,, as a matrix in the auxiliary space, are the O(N) Lie
algebra generators. In the following we will consider only operators acting in the fixed
tensor product space V = V1" of . Therefore we will omit the indices 1...n. In terms
of the matrix elements in the auxiliary space V, the generators act on the basis states as

n
<a1,...,ai,...,an|M3/:Z(éaai<a1,...,a’,...,czn\—(5alo—li<a1,...,07,...,04n]).

i=1
(69)
The diagonal elements of M are the the weight operators W, with

(g, oy (W = walag, . oy, o |

Wo = N — Na

where n, is the number of particles o in the state. It is sufficient to consider only the
weights
w = (wl,...,w[N/g]) (70)

because of W, = —Wgand {(a|Wy =0 for N odd.
The Yang-Baxter relations yield for u, — oo

(M + Map, Ty(up)] = 0 (71)
and if additionally u, — 0o, we get
(Mo + My, My] = 0, (72)
or for the matrix elements (in the real basis)
(Mg TS () = =00 Tg' (w) + 6% T (w) + T (u)d5 — T (u)ap (73)
(M2 M ] = =60 Mg + 6% Mg + MZ'8§ — M2 5,s. (74)

Equation represents the structure relations of the O(N) Lie algebra and the
O(N)-covariance of T'. In particular the transfer matrix is invariant

(M tr T'(u)] = 0. (75)

Theorem 4.1 1. If the co-vector valued function

Ka(w) = 3 glu,0) Ly(w) 02w, v)

v

is given by the nested off-shell Bethe Ansatz the weights (@ are w =

_ (n—nl,...,n[N/g]_l —n[N/g}) for N odd
(W, winy2) { (n—nl,...,n[N/g],z—n_—n+,n_—n+) for N even.
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2. If K,(u) satisfies the conditions of theorem and if Ls(v) is a highest weight
state, then K,(u) is a highest weight state: N
K(u)M =0 ford <a.

(Recall that o/ < « is to be understood corresponding to the ordering

1,2,...,[N/2],(0),[N/2],...,2,1.)
3. The weights satisfy the highest weight condition

wy > wy > - > winyg >0 for N odd
wy > wy > -+ > |winy| for N even.

The proof of this theorem can be found in appendix [C| We mention that for N even
the highest weight property was already discussed in appendix B of [I7].

5 Examples

In this section we present some explicit examples of the solutions of the O(N) - difference
equations.

Example 5.1 The simplest example is obtained for k.. = 1 which means the trivial
solution of the difference equations

Ko=Qa=164 ...0,

[0 77

The weights of K, are w = (n,0,...,0). In the language of spin chains this case corre-
sponds to the ferromagnetic ground state.

Example 5.2 For N # 4, kpae = 2 and nV) =1 the solution reads

Ko(w) = Y 9w v) Ly(v) (207 (w.v))

v

67

withv =10 —2l/v (Il € Z, ¥ an arbitrary constant) and

g9(u,v) = Htﬁ(ui — ), Y(u) = w
L-

_ 5 _ 50 _
5(@)—5Bf0rN>4 and = b5 for N =3.

The weights of this co-vector K,(u) arew = (n—1,1,0,...,0). The action of the operator
CP(u,v) on the reference state is easily calculated with the help of eqgs. (@) and .

As a particular case of this example we determine explicitly the solution for the fol-
lowing
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Example 5.3 The action of the C-operator on the reference state for the case of n = 2
and N > 4 of Ezample[5.9 yields

(QC*(u,v)) =62 b4 c(ur — v)a(us — v) + 65,67 c(us — v).

o Ca1iog a1”ag

Therefore we obtain (with the help of Dougall’s formula)

K,(u) = Z Y(ur — v) p(up —v) (62,05, c(ur — v)a(ug — v) + 85,02, c(us — v))

7T (v) / (T (3v))? 80 oL — 8L 8°

2 a1 a2 a1 Yoz

~ sin st (1 —up 4+ 0)singmv (1 —ug+0) T (14 3v (usr + 1)) T (=2v (us — 1))

The weights are w = (1,1,0,...,0).

Example 5.4 The special case N = 3 gives

Ko (u) = —7 AT (g0 51 5160 )

a\= sin 7 (—u1 + 1~)) sin 7 (—u2 —+ f)) U1 (Um _ 1) al o a1 a2

and weight w = (1).

Example 5.5 To obtain the results in examples and [5.3 for N = 4 we have to use
the corresponding SU(2) formulas with ¢(u) =T'(—5 + %)/I'(%)

KW =" glu,v) (2C(u,v)), -

Forn =2
K (u) = > (ur —v)(uz — v) (&15220(%1 —v)a(uz — v) + &} &4, c(us — U))
_ 1;&) (w) (531512 . 51116}42> ,
1
K9(w) = " sin (1= +0®))sin i (1 — up + 0)
1
% F(l + % (U2 + 1)) I (_% (u21 — 1)) '

There are three possibilities: using the intertwiners (@ we find
Ka(u) = K57 ()0l T2 = KO () (64, 0%, — o1, 0%,) (5,05, ) T4 ®

— K9(u) (02,03, + 04,02, )

a1 Qa2 Q] "
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with weights w = (1,—1), and

Kolu) = 0w K§ ()r42 = (51,51,) (55,65, — 05,65,) KO @
- K(_)(g) (_(52 PRI Py )

a1 Qa2 a1 Q2

NS
o]

with weights w = (1,1), and

Ka(u) = K\ (w) K}, 'T48

= (+)Cg)l<(_)(ﬂ) (5i16£2-_-6215j2> (521522-_-5;1522>]?§li

= K () KO (w) (_51 S 5287 _52 52 _gl 4t )

[T e ) a1 a2 a1 Qa2 a1 oo

with weights w = (0,0).

6 Conclusion

In this article we solved the O(N) -matrix difference equations by means of the off-shell
algebraic nested Bethe Ansatz. We introduced a new object called II-matrix to overcome
the difficulties connected to the special peculiarities of the O(N) symmetric R-matrix
structure. The highest weights properties of the solutions were analyzed. We believe
that our construction can also be applied to the cases with similar group theoretical
complexities, such as B,,, C,,, D, Lie algebras and superalgebra Osp(n|2m) (see [10]).
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Appendix
A Proof of Lemma 2.5

Proof.
(a) We prove by induction: It is true for m = 2, because similar to (21])

mimaeyTiop(u, up)e’ = mimy + Flurg) G2 e, .
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We assume for m — 1 and replace in the definition I1, ., as given by

Hl...m = 7TlH2...méaT1...m,aéa
=1 (a1 T Lo mpE") €T m,al®
= (7T1H2...m—17rm) éle...m,bébéaTl...m,aéa
= (7T1H2...m7177m) éaTl...m,aéaéle...m,béb
- (7T1H2...m—17rm) éaTl...m—l,aéaébTI...m,béb
- (Hl...m—lﬂ-m) éle...m,béb .
In equality 3 we have T5_,,; replaced by T 5, because
éleb(ulb)éaRla(ula) = ébéaRla(l) + C(ulb)éléaRla(l) = ébéaRla(l)

holds, where é,€,R1,(1) = €;€,a(1) = 0 has been used. Similarly, equality 5 holds.
Equality 4 holds because the Yang Baxter equation for R implies that €,7} ;6"
and éle_”m’béb commute.

(b) Again we prove by induction. For m = 2 the claim was proved in section ,
for m > 2 it follows for 1 < i < j from (20) and for i < j < m from .

(c¢) The proof of equation (25 is similar to that of a). We commute T'(u,) and 7T'(uy),
use oy Rig(u10) R14(1) = éym; and apply induction:

Hl...méOTl...m,O(UO)éO - (7T1H2...m> éaTl...m,aéaéOTl...m,O(UO)éO
= (mlly ) éOTl..Am,O(UO)éOéaTI...m,aéa
=m Iy ) éoTz...m,o(Uo)éoéaTL..m,aéa

= (7T1H2...m> éaTl...m,aéa = Hlm .

(d) Equations and (27) follow from (20) and RI%1(1) = 0, R (1) = %161 and
analogously and .

B Proof of the main theorem 3.4

In the following we use the convention that « etc. take the values 1,2,...,(0),...,2,1
and & etc. take the values 2,...,(0),...,2.

Ka(w) = 3 g(u,0) L) T5(0) (917 (,0) - T () )

s

a
v



B PROOF OF THE MAIN THEOREM 21

(i) Proof. Property (i) in the form of follows directly from the Yang-Baxter equa-
tions and the action of the R-matrix on the pseudo-ground state €2

Q_ij. Rij(uig) = aluig)Q ;...

(ii) Proof. We prove
where v’ = (u; +2/v,us ..., uy). T~he matrix Q(g) = Q(g, 1) is given by (38). Note that
we assign to the auxiliary space of Ty (u) the spectral parameter u; on the right hand side

and u} = u; + 2/v on the left hand side. In the following we will suppress the indices
1...n. We are now going to prove (B.1]) in the form

K (u) (Aqlu) + Doj(u) + Asq(u)) = Hawl (B.2)

where K (u) is a co-vector valued function as given by eq. and the Bethe Ansatz state
. To analyze the left hand side of eq. (B.2) we proceed as usual in the algebraic Bethe

Ansatz and push Ag(u), DQg(g) and Az (u) through all the T/ -operators. As usual

we obtain wanted terms and unwanted terms. We first find that the wanted contribution
from Ag(u) already gives the result we are looking for. Secondly the wanted contributions

from DQg(g) and Ajs g(u) applied to Q give zero because of 1) Thirdly the unwanted

contributions from Ag(u), DQ'g(g) and Ajs o(u) can be written as differences which cancel

after summation over the v;. All these three facts can be seen as follows.
The “wanted terms” from Ag are obtained if one writes the Zapletal commutations

rule (35) as
TP (, 1) Aglu) = Ag(u) T{ (', uy) a(uy — uy) +

Therefore we obtain

(L) (1, 0)) 5 QT (w, 0) - - T{ (, 01) Ag(w) = w + ww

m

u,v) = (L(v)TT (u, y))gQAQ(g) TP (o) - TP (W, 0 Ha Uy — Ug) (B.3)

= H a(ukl) H G(Ul - Uk)LB(y)q)é(g/,g)
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and similarly w? = w4 = 0, because of (46} . Inserted into (47)) this yields

because

where has been used. Therefore it remains to prove that the unwanted terms cancel.
This will follow from the lemma below. m
We apply Q1.,(u) to the state Uy, (u,v) (suppressing the quantum space indices)

U(u,v) (AQ (u) + DQg(g) + Ag,,Q(y)> = wanted + unwanted .

The wanted contribution has been calculated above and the unwanted terms may be
written as (see subsection |B.1)

unwanted = uw® + ww? + uw??
ww? = Z (uwé’)o CW + ZZUU)C2]CQQ
=1 =1 j=1
J#i
o =3 <“U’g> Cg + Zzuwc TChq + Z (“wc ) (Cs.0);, €
=1 =1 1
T
ws = ij Asi
=3 w0 + D (md), (Ca), 67

i=1 j=1 =1
J#i

Lemma B.1 The unwanted terms satisfy the relations

(“wg ) (0 0)g(u,0) = <uwé~ ) (w09, v) (B.4)
(), (0 0)g(u,0) = ~ (wwd)) (o9l v?) (B.5)
uwgy (u, v9)g(w, v9) = —uwg (u, o) g(u, ) — uwEE (u, v)g(u, v) (B.6)

with the notation

v =", » Um,
i) /
Q() = 1, y Uss y Um
ij) _ / ’
Q( ) = Uy, » Uy 7Uj7 » Um
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Equations - imply that all unwanted terms cancel after summation over the v
in the Jackson-type Integral .

Proof. We can calculate the following unwanted contributions explicitly (see subsec-

tion

(me?) | (0 = e )X w.0) (B.7)
(w0€). an:) = —efw; =) X1 (.0 )
(wes’), () = =l = v) X (w0)
<uwé§ Z)ﬁ (u,v) = f(us — Ui)Xéi) (w, 0 )xi(w, v)
with .
X (w0) = Lo, v)55 9w v,) [T alva)an () (B:8)
k=1
" (.0) 77 av)
-uvzaQ%Ui A\ Vg .
s =L Ll aey ()

where a; and ay are defined in (45). The remaining unwanted terms are

wwgy? (u,v) = —c(u) — v;) X9 (v) (B.10)
wwd (u, v) = (c(uy —v) + f(tdh = 7)) X (0D x(u, v)
uw 71‘@22— g — v) XD (0l v v ) v (w, v9) v (u, v
o3 (w,0) = — fur — v) XD (W05 0 v, v9) x5 (u, )
with
X(ij)(ﬂay):f(vij)a(vij)L(UiaUjayz‘j)éijq)(ﬂayij> H (a(vir)a(vjr)) a1(vi)as (vy) .
k=1,k#i,j

(B.11)
The claims - follow from the shift property of the function g(u,v) defined in
(#8) ,
Xi(w,v)g(u, v) = g(u, v™)

which is due to the shift properties of the functions ¢ (v) and 7(v). m

Note that for the on-shell Bethe Ansatz the equations for the unwanted terms are quite
similar (apart from the fact that there are no shifts) and their cancellation is equivalent
to the Bethe Ansatz equations

(. v) = CL2(% Ui) - G(Ulm') _
Xi(w, v) a1 (u, v;) kl_[ a(vig) L

ki

N
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B.1 The unwanted terms

The unwanted terms are derived using lemma [2.2] Here we only sketch the derivation of
uw? as an example (more details will be published elsewhere [31]). We start with (B.3)
use Yang-Baxter relations

w? = (L) 5 QAq TP (o) - - TP (W v1)a(uy — vp) - . alug — vy)
= (LI1) 5 2 (Rom (u; = v) . .- Ron (] - u)) 5 TP (w, v0) -+ - T (w, 11) (Tg)]

and lemma in the form of
A= (LD, QT (zn) - T{ (21) Ag + Z c(u) — ;)

X (LIT) 4  (Rom (vim) - - - P . Roy(vin))? y To (1w, va) -+ T1 (1w, 01) (To)]

= (LIT) , QT (0y) - - TY (v1) Ag — .
Note that the d(u} —v;) contributions vanish because they produce terms like II''; = 0 (see
(28)). We commute the R;;(v;;) (for j < ) with IT using and apply the RZ] (vi;) to L
using (#1). Using further Yang-Baxter relations to the R;;(v;;) (for j > 4) the unwanted

terms write as

m

Zc — ;) UZ,Qi)H(Uiayi))yﬁ_

—1
=1

x T atwaan(w,v)@ |77 (0n) - T ()] (To)]
k=1,k#1t

where we use the short notations v;, §, and [Tf’” (V) - - T (vl)] which means that
= i

v;, B; and Tlﬁ “(v;) are missing, respectively. For v = 1 this vanishes because of II;: = 0
(see ), for v = 4 # 1,1 this gives uwg and for v = 1 this gives uwg, in the form of

(B.7) and (B.10|) where and are used.
C Proof of Theorem [4.1]

Proof.
1. The weights of the reference state (2 are
w = (n =nep,0,...,0)
Inlevel k =1,...,[(IN — 3) /2] of the Bethe Ansatz the weights are changed as

Wg — W — Ny Wit —> W1 + N
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This means the states @g(g, v) of are eigenvectors of the weights. Using in
addition for O(3) and for O(4) we obtain w =

_ (TL — N1, ..., NN/2J-1 — T[N/2)5 n[N/Q}) for N odd
(ws, -, wpvyz) { (n — Ny, NN2—2 — e — Ny, N — n+) for N even.

2. The proof of the highest weight property
W(o) My = U(w)M] = V()M =0

uses similar techniques as the derivation of the unwanted terms.

i) We consider
0 = (L()TI(2)); 2B5(v) T (v) - T (1)
= (L()1I(v))
X (Ror(v1 = ) ... Ry (vm = 0))12, 4 + O(™?).

For v — oo applying lemma , equations and we obtain

Q (Rom (v — vp) . .. Ror(v — m% TP () -+ T (1) T ()

(k=)

0=0(w)M > XV () + > X (w,0?)yi(uv)

i=1 i=1

with Xéi) and y; defined in (B.8) and (B.9)). After multiplication with g(u,v) and
summation over the v the terms cancel each other because of x;(u,v)g(u,v) =
g(u, v®).
ii) We consider
(L@T())s (Rio(vr = 0) . Boo (v = 0)) 1 QT7 (0) T (ve) -+ T (1)
= (L)) 5 (Rio(vs = v) . .. Ryno (v, — U))gg, QTP (v,) -+ T (v1) + O(v2)
+ (L)1) QT (o) -+ Tt (01) (Rao(vn = 0) - B (0 — 0))17, ;-

It has been used that only v = 1 contributes because of 2B, = QB3 = 0.
For v — oo applying lemma , equations and we obtain

0=0(w)M] —C" Y XD (u,0) + €7 XD (w, ) xi(u, )

i=1 =1

Again after multiplication with g(u,v) and summation over the v the terms cancel
each other because of y;(u,v)g(u,v) = g(u,v™).
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iii) We consider
0=QM; ...
= (L()T(0); (R = vm) - R0 = 02)) 7 QT (0) -+ Tyh (00) T (0)
X (R(vy = v) .. R(vm — )] 7 -

For v — oo we apply lemma , equations and and obtain

m m

0=U()M —> XD () +> XD 0}, v,)x:(w, v)x;(u,v) .

i=1 =1

Again after multiplication with g(u,v) and summation over the v the terms cancel
each other because of x;(u, v)x;(u,v)g(u,v) = g(u,v®).

iv) Next we prove
V(w)My =0, 1<y <y<1.

We consider
Ly )L (0, w)QT{" (w,,) - TP (1)) T (0) + O(v™2)
= (L) (T0)] (@) , T QT @)L () -+ 17 (wy) + O(v™)

5

where Yang-Baxter rules and have been used. We have also used that by

and

2/ o g B
I (v,w) = 67 T15 (w) + O(v™")

(R(wy —v) ... R(wy, — v))l_._m0 =1, m1lg+O0>w™).

For v — oo the highest weight condition L(w) (M (1)) = 0 implies the claim.

3. The highest weight properties of the weights are obtained as follows. In the complex
basis the relation reads as

|:]\4,2[/’ Mgl] _ _6g/Mg/ + Ca/ﬁ/ (CM)aﬂ + Maﬂ/(sg/ . (MC)B/O/ CalB .
In particular for § # o, @
[ME, M) = Mg — M = M + Mﬁ.
Because of (M ) = Mg

0< M (MP)' = MIMg = MgMP + M2 — M.
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For highest weight co-vectors
0=VMg fora < f
which implies for the weights (70))
0 <w, —wgs fora < f < NJ2.
In addition if NV is even

0<wy +wzfora<N/2<B#a

=W > Wp > o > Whja—1 2> Wy
and if NV is odd

0 < w, for & < N/2 because WM =0
= w; > wp == wnyp 2> 0.

References

1]

2]

M. Karowski and P. Weisz, Exact form factors in (141)-dimensional field theoretic
models with soliton behavior, Nucl. Phys. B139, 455-476 (1978).

B. Berg, M. Karowski, and P. Weisz, Construction of Green functions from an exact
S matrix, Phys. Rev. D19, 2477-2479 (1979).

F. Smirnov, Form Factors in Completely Integrable Models of Quantum Field Theory,
Adv. Series in Math. Phys. 14, World Scientific (1992).

H. Babujian, M. Karowski, and A. Zapletal, Matrix Difference Equations and a
Nested Bethe Ansatz, J. Phys. A30, 6425-6450 (1997).

H. M. Babujian, A. Fring, M. Karowski, and A. Zapletal, Exact form factors in
integrable quantum field theories: The sine-Gordon model, Nucl. Phys. B538, 535—
586 (1999).

H. M. Babujian, A. Foerster, and M. Karowski, The nested SU(N) off-shell Bethe
ansatz and exact form factors, J. Phys. A41, 275202 (2008).

H. Bethe, On the theory of metals. 1. Eigenvalues and eigenfunctions for the linear
atomic chain, Z. Phys. 71, 205-226 (1931).

L. A. Takhtajan and L. D. Faddeev, The Quantum method of the inverse problem
and the Heisenberg XYZ model, Russ. Math. Surveys 34, 11-68 (1979).



REFERENCES 28

[9]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

H. M. Babujian, Off-shell Bethe Ansatz equation and N point correlators in SU(2)
WZNW theory, J. Phys. A26, 6981-6990 (1993).

N. Y. Reshetikhin, Jackson-type integrals, Bethe vectors, and solutions to a difference
analog of the Knizhnik-Zamolodchikov system, Lett. Math. Phys. 26, 153-165 (1992).

C. N. Yang, Some exact results for the many body problems in one dimension with
repulsive delta function interaction, Phys. Rev. Lett. 19, 1312-1314 (1967).

B. Sutherland, Further Results for the Many-Body Problem in One Dimension,
Phys.Rev.Lett. 20, 98-100 (1968).

B. Sutherland, Model for a multicomponent quantum system, Phys. Rev. B 12(9),
3795-3805 (Nov 1975).

H. Babujian, M. Karowski, and A. Zapletal, SU(N) Matrix Difference Equations and
a Nested Bethe Ansatz, hep-th/9611005 (1996).

V. Tarasov, Algebraic Bethe Ansatz for the Izergin-Korepin R Matrix, Theor. Math.
Phys. 76, 793-803 (1988).

M. J. Martins and P. B. Ramos, The algebraic Bethe ansatz for rational braid-monoid
lattice models, Nucl. Phys. B500, 579-620 (1997).

H. J. de Vega and M. Karowski, Exact Bethe ansatz solution of O(2N) symmetric
theories, Nucl. Phys. B280, 225 (1987).

H. M. Babujian, A. Foerster, and M. Karowski, Exact form factors of the O(N)
Sigma and Gross-Neveu models and the 1/N expansion, to be published.

J. Balog, Form-factors and asymptotic freedom in the O(3) sigma model, Phys. Lett.
B300, 145151 (1993).

J. Balog and T. Hauer, Polynomial form-factors in the O(3) nonlinear sigma model,
Phys. Lett. B337, 115-121 (1994).

L. F. Alday, D. Gaiotto, and Y. Tachikawa, Liouville Correlation Functions from
Four-dimensional Gauge Theories, Lett. Math. Phys. 91, 167-197 (2010).

A. Mironov, A. Morozov, S. Shakirov, and A. Smirnov, Proving AGT conjecture as
HS duality: extension to five dimensions, (2011), arXiv:1105.0948 [hep-th].

I. B. Frenkel and N. Y. Reshetikhin, Quantum affine algebras and holonomic differ-
ence equations, Commun. Math. Phys. 146, 1-60 (1992).

A. B. Zamolodchikov and A. B. Zamolodchikov, Factorized S-matrices in two di-
mensions as the exact solutions of certain relativistic quantum field models, Annals
Phys. 120, 253-291 (1979).



REFERENCES 29

[25]

[26]

[27]

28]

[29]

[30]

[31]

L. D. Faddeev, E. K. Sklyanin, and L. A. Takhtajan, The quantum inverse problem
method. 1, Theor. Math. Phys. 40, 688-706 (1980).

H. Babujian, A. Foerster, and M. Karowski, Exact form factors in integrable quantum
field theories: The scaling Z(N)-Ising model, Nucl. Phys. B736, 169-198 (2006).

Y. Takeyama, Form factors of SU(N) invariant Thirring model, Publ. Res. Inst.
Math. Sci. Kyoto 39, 59-116 (2003).

R. Shankar and E. Witten, The S matrix of the kinks of the (psi-bar PSI)**2 model,
Nucl. Phys. B141, 349 (1978).

M. Karowski and H. J. Thun, Complete S matrix of the O(2N) Gross-Neveu model,
Nucl. Phys. B190, 61-92 (1981).

H. Babujian, A. Foerster, and M. Karowski, Exact form factors of the SU(N) Gross-
Neveu model and 1/N expansion, Nucl. Phys. B825, 396-425 (2010).

H. M. Babujian, A. Foerster, and M. Karowski, The Nested Off-shell Bethe Ansatz
and O(N) Matrix Difference Equations, to be published.



	Introduction
	General setting and notion of the -matrix
	The O(N) - R-matrix
	The monodromy matrix
	A lemma
	The Matrix 

	The O(N) - difference equation
	The off-shell Bethe Ansatz
	The off-shell Bethe Ansatz for O(3)
	The off-shell Bethe Ansatz for O(4)


	Weights of off-shell O(N) Bethe vectors
	Examples
	Conclusion
	Acknowledgments
	Appendix
	Proof of Lemma 2.5
	Proof of the main theorem 3.4
	The unwanted terms

	Proof of Theorem 4.1

