
Attraction between neutral dielectrics mediated by multivalent ions in an asymmetric
ionic fluid
Matej Kanduč, Ali Naji, Jan Forsman, and Rudolf Podgornik 
 
Citation: The Journal of Chemical Physics 137, 174704 (2012); doi: 10.1063/1.4763472 
View online: http://dx.doi.org/10.1063/1.4763472 
View Table of Contents: http://scitation.aip.org/content/aip/journal/jcp/137/17?ver=pdfcov 
Published by the AIP Publishing 
 
Articles you may be interested in 
Static dielectric properties of dense ionic fluids 
J. Chem. Phys. 142, 184502 (2015); 10.1063/1.4920976 
 
Dissecting ion-specific dielectric spectra of sodium-halide solutions into solvation water and ionic contributions 
J. Chem. Phys. 141, 214502 (2014); 10.1063/1.4901927 
 
Simulations of high-dielectric Stockmayer fluids in hyperspherical geometry 
J. Chem. Phys. 133, 174105 (2010); 10.1063/1.3495975 
 
Two-center potential correlations and its use to determine effective ion-ion interactions and dielectric
permittivities in dipolar solvents 
J. Chem. Phys. 132, 084508 (2010); 10.1063/1.3319501 
 
Potential of mean force between charged colloids: Effect of dielectric discontinuities 
J. Chem. Phys. 129, 114505 (2008); 10.1063/1.2971038 
 
 

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

87.77.118.212 On: Thu, 10 Sep 2015 09:00:32

http://scitation.aip.org/content/aip/journal/jcp?ver=pdfcov
http://oasc12039.247realmedia.com/RealMedia/ads/click_lx.ads/www.aip.org/pt/adcenter/pdfcover_test/L-37/1775931736/x01/AIP-PT/JCP_ArticleDL_081915/AIP-APL_Photonics_Launch_1640x440_general_PDF_ad.jpg/6c527a6a713149424c326b414477302f?x
http://scitation.aip.org/search?value1=Matej+Kandu&option1=author
http://scitation.aip.org/search?value1=Ali+Naji&option1=author
http://scitation.aip.org/search?value1=Jan+Forsman&option1=author
http://scitation.aip.org/search?value1=Rudolf+Podgornik&option1=author
http://scitation.aip.org/content/aip/journal/jcp?ver=pdfcov
http://dx.doi.org/10.1063/1.4763472
http://scitation.aip.org/content/aip/journal/jcp/137/17?ver=pdfcov
http://scitation.aip.org/content/aip?ver=pdfcov
http://scitation.aip.org/content/aip/journal/jcp/142/18/10.1063/1.4920976?ver=pdfcov
http://scitation.aip.org/content/aip/journal/jcp/141/21/10.1063/1.4901927?ver=pdfcov
http://scitation.aip.org/content/aip/journal/jcp/133/17/10.1063/1.3495975?ver=pdfcov
http://scitation.aip.org/content/aip/journal/jcp/132/8/10.1063/1.3319501?ver=pdfcov
http://scitation.aip.org/content/aip/journal/jcp/132/8/10.1063/1.3319501?ver=pdfcov
http://scitation.aip.org/content/aip/journal/jcp/129/11/10.1063/1.2971038?ver=pdfcov


THE JOURNAL OF CHEMICAL PHYSICS 137, 174704 (2012)

Attraction between neutral dielectrics mediated by multivalent ions
in an asymmetric ionic fluid
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We study the interaction between two neutral plane-parallel dielectric bodies in the presence of a
highly asymmetric ionic fluid, containing multivalent as well as monovalent (salt) ions. Image charge
interactions, due to dielectric discontinuities at the boundaries, as well as effects from ion confine-
ment in the slit region between the surfaces are taken fully into account, leading to image-generated
depletion attraction, ion correlation attraction, and steric-like repulsive interactions. We investigate
these effects by employing a combination of Monte Carlo simulation methods, including explicit-ion
simulations (where all electrostatic interactions are simulated explicitly) and implicit-ion simulations
(where monovalent ions are replaced by an effective screened electrostatic potential between mul-
tivalent ions), as well as an approximate analytical theory. The latter incorporates strong ion-image
charge correlations, which develop in the presence of high valency ions in the mixture. We show that
the implicit-ion simulations and the proposed analytical theory can describe the explicit simulation
results on a qualitative level, while excellent quantitative agreement can be obtained for sufficiently
large monovalent salt concentrations. The resultant attractive interaction between the neutral sur-
faces is shown to be significant, as compared with the usual van der Waals interactions between
semi-infinite dielectrics, and can thus play an important role at the nano scale. © 2012 American
Institute of Physics. [http://dx.doi.org/10.1063/1.4763472]

I. INTRODUCTION

Apart from van der Waals (vdW) interactions, no univer-
sal, and certainly no electrostatic interactions are commonly
assumed to exist between uncharged (neutral) objects.1–3

Nevertheless, some interactions are every so often observed
between neutral surfaces in the presence of bathing ionic (salt)
solutions4 and Wernersson and Kjellander studied theoreti-
cally the case of a salt solution with mono- and/or divalent
ions confined in a slit between neutral dielectrics by employ-
ing the anisotropic hypernetted chain method.5, 6 Electrostatic
interactions, mediated by mobile monovalent ionic solutions,
are known to be described very well in terms of mean-field
theories such as the Poisson-Boltzmann (PB) equation.7 For
the particular case of symmetric uncharged plane-parallel di-
electric bodies, which will be considered in this paper, the
standard PB treatment cannot account for inter-surface forces
as it yields only a trivial uniform ion distribution in the slit
between the inner surfaces of the slabs, and thus a nil result
for the inter-surface force. However, in the absence of surface
charges, other electrostatic effects involving mobile ions, not
included in the PB approach, increase in importance, espe-
cially when multivalent ions are present in the slit. These in-

clude fluctuation/correlation and, in particular, dielectric im-
age effects, which are missing within the standard PB de-
scription in planar geometry.8 In fact, correlation effects are
expected to be significant at uncharged interfaces, since for
each individual multivalent ion, the screening cloud and its di-
electric images are pinned to the mobile ion itself rather than
any fixed external surface charges. Such “ion-image” corre-
lations constitute the core insight of our subsequent analysis
for neutral surfaces, suggesting that a proper theoretical un-
derstanding of interactions between neutral surfaces may thus
follow from the fact that ions and their dielectric images are
strongly correlated.

Such correlation effects are expected to be important, es-
pecially in the presence of highly asymmetric salt mixtures
containing a (usually) low concentration of an ionic species
with a high valency. This latter situation is in fact quite rel-
evant experimentally.9, 10 We thus focus on such asymmetric
salt mixtures confined between two uncharged plane-parallel
dielectric half-spaces, and extend the existing analysis5 to
the case where the asymmetric ionic mixture contains at
least one multivalent ion component of high valency. The
case of symmetric ionic fluids and/or weakly charged ionic
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mixtures at neutral interfaces, differing from the focus of
the present work, has been approached on various levels of
approximations3, 6, 11–14 starting from the seminal theoretical
work of Onsager and Samaras.15

We base our approach on a combination of Monte
Carlo simulation methods, including explicit-ion simulations
(where all ions are simulated explicitly) and implicit-ion sim-
ulations (where monovalent ions are replaced by an effective
interaction potential between multivalent ions) as well as an
effective “dressed multivalent ion” theory, which accounts for
the salt screening effects as well as the dielectric polarizability
of the neutral dielectrics. We show that this latter theoretical
approach provides a simple and useful analytical framework
for the present and previous5 results. It is similar to a “dressed
counterion” model discussed in the context of charged sur-
faces in contact with a bathing salt solution containing mul-
tivalent “counterions.”16, 17 There it was shown that for high-
valency counterions, the degrees of freedom associated with
the monovalent ions can be integrated out and an effective
single-particle theory can be obtained based on a virial ex-
pansion in terms of the counterions fugacity, which agrees
very well with MC simulations within its regime of appli-
cability. This analysis is therefore also akin to the limiting
single-particle description, known as the strong coupling (SC)
theory, which was introduced originally for counterion-only
systems.18–25 The SC theory incorporates, to the leading or-
der, strong electrostatic correlations, which develop between
counterions and the surface charges in the limit of large coun-
terion valency. For uncharged surfaces, such surface charge-
counterion correlations are absent but, nevertheless, the pres-
ence of multivalent ions can make the mean-field description
to break down, provided that the surface polarization effects
(“image charges”) are properly accounted for. As we will
show, the single-particle SC framework can be reformulated
and generalized in order to capture the ion-image correlation
effects and thereby, the interaction mediated by an asymmet-
ric salt mixture between two uncharged dielectric bodies, even
on a quantitative level.

These interactions are shown to be quite short-range (up
to separation distances of just a few nano-meters) and are of
electrostatic nature even for neutral bodies. They combine de-
pletion as well as dielectric image effects in a novel kind of
interaction that can play a significant role in shaping the be-
havior of neutral soft matter systems—most prominently at
the nano scale. These interactions should be therefore consid-
ered in parallel with the hydrophobic interactions26 as well
as vdW interactions2 deemed to play an important role in the
interaction of neutral surfaces.

We base our analysis on explicit-ion MC simulations of
non-specific ion interactions and while we take dielectric im-
age interactions properly into account, we disregard the vdW
(dispersion) interactions of the ions with the dielectric in-
terfaces, an approximation that is justified for high-valency
ions.5 The purpose and emphasis of our endeavor is thus
twofold: to show that, for highly asymmetric ionic mixtures,
a coarse-grained MC approach with implicit monovalent ions
can be properly applied to describe interactions between neu-
tral surfaces, and second, to provide a simple analytical the-
ory, which could explain the main features of these simula-
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FIG. 1. Schematic depiction of two neutral dielectric half-spaces at separa-
tion 2a. The slit region is in equilibrium with a bulk reservoir containing a
monovalent 1:1 salt as well as an asymmetric multivalent q:1 salt. Explicit-
ion, implicit-ion, and Yukawa levels of description are indicated schemati-
cally (top to bottom); see the text for details.

tions on a qualitative level that becomes quantitative at suffi-
ciently high monovalent salt concentration.

II. MODEL AND METHODS

Let us consider two neutral plane-parallel dielectric half-
spaces of dielectric constant ε′ at a separation distance of
2a, as shown schematically in Fig. 1. The intervening slit is
assumed to be filled with an aqueous solution of dielectric
constant ε, containing an ionic mixture comprised of a 1:1
monovalent salt solution of bulk concentration n0 and an
asymmetric q:1 multivalent salt solution of bulk concentra-
tion c0, where q stands for the charge valency of multivalent
ions. The interfacial dielectric contrast can be quantified by a
dielectric mismatch, � = (ε − ε′)/(ε + ε′).

In order to investigate the inter-surface forces induced be-
tween neutral dielectrics within the model described above,
we employed MC simulations on two different levels of de-
scription as well as an analytical theory. All MC simulations
were performed using a multi-component grand-canonical en-
semble, ensuring equilibrium with a bulk solution of the pre-
scribed composition. Specifically, we first use explicit-ion
simulations (referred to as “explicit” simulations) where all
ions in the ionic mixture, including those of the 1:1 and q:1
salt, are simulated explicitly (see Fig. 1, top). In this case,
the closest-approach distances between the ions are taken as
d+1, −1 = 0.35 nm between monovalent cations and anions,
and dq, ±1 = 0.45 nm between multivalent ions and monova-
lent ions. These values are small enough so that the excluded-
volume effects are negligible, yet large enough to prevent
Bjerrum pairing of ions in the solution. The presence of di-
electric discontinuities with a finite dielectric mismatch leads
to surface polarization effects that modify the free space elec-
trostatic Green’s function. These effects are obtained from an
explicit solution of the Laplace equation with the appropriate
boundary conditions. For planar surfaces, however, one can
use the standard dielectric image summation27 that allows for
a much faster evaluation of the dielectric inhomogeneity ef-
fects. Nevertheless, even the image summation still has to be
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truncated for computational reasons, and we found an excel-
lent accuracy with only three explicit reflections across each
surface (comparing, e.g., the simulated inter-surface pressure
using two and three reflections at 5 mM 4:1 salt and no added
1:1 salt leads to no detectable difference up to surfaces sepa-
rations around 6 nm—this is obviously a worst case scenario,
since the addition of 1:1 salt substantially improves the con-
vergence of the image reflection process).

In the second simulation approach, we use implicit-
ion simulations (referred to as “implicit” simulations) in
which only multivalent ions (q > 1) are explicitly simu-
lated, whereas the effects of monovalent ions are included
implicitly via a Debye-Hückel-like ionic cloud. In the im-
plicit model, apart from the dielectric polarization of the half-
spaces, we account for the fact that the screening ionic cloud
around multivalent ions is not spherically symmetric, but dis-
torted near the (hard) boundaries (see Fig. 1, middle). This
is accomplished by using the modified non-homogeneous
Debye-Hückel (DH) interaction kernel (Green’s function)
uDH(r, r′) in order to compute the electrostatic interaction en-
ergy between each two (explicit) multivalent ions of elec-
tric charge qe0 located at positions r and r′ in the slit,
i.e., (qe0)2uDH(r, r′). In the Fourier-Bessel representation,
uDH(r, r′) can be written as

uDH(Q; z, z′) = u0
DH(Q; z, z′) + uim

DH(Q; z, z′), (1)

where Q is the absolute value of the Fourier wave-vector
corresponding to a two-dimensional Fourier-Bessel transform
with respect to the lateral directions ρ = (x, y) perpendicular
to z-axis. The first term above is the isotropic (bulk) “Yukawa”
potential and the second term, usually ascribed to “image”
charges, accounts for the presence of solid planar dielectric
walls. It consistently incorporates the dielectric polarization
of the half-spaces as well as the effects due to confinement of
the salt ions to the slit only, preventing the spillage of their DH
cloud into the bounding dielectric half-spaces. This last effect
is in fact an essential component of the interaction between
the surfaces. Neglecting this kind of DH cloud distortions can
lead to qualitatively wrong predictions, as we shall demon-
strate. By using the methods described in Refs. 12–14, and
28, the explicit form of the Fourier-Bessel transforms of the
Green’s functions can be derived as29

u0
DH(Q; z, z′)= 1

2εε0k
e−k|z−z′ |, (2)

uim
DH(Q; z, z′)= �(Q) cosh k(z − z′) + cosh k(z + z′)

εε0k [�−1(Q) − �(Q)]
, (3)

where

�(Q) = (1 + �)k − (1 − �)Q

(1 + �)k + (1 − �)Q
e−2ka, (4)

and k =
√

κ2 + Q2 with κ being the Debye screening param-
eter defined via κ2 = 4π�Bnb. Here, �B = e2

0/(4πεε0kBT ) is
the Bjerrum length at ambient temperature T and

nb = 2n0 + qc0 (5)

is the total density of all monovalent ions in the bulk. Note
that when multivalent q:1 salt is introduced in the system, ad-

ditional monovalent ions with concentration qc0 are simulta-
neously released into the bulk and thus they also contribute to
the screening parameter.17, 30

The back-transform of the interaction kernel to real space
follows from13

uDH(r, r′) = 1

2π

∫ ∞

0
Q dQJ0(Q|ρ − ρ ′|) uDH(Q; z, z′),

(6)
where J0(x) is the zeroth-order Bessel function of the first
kind. In the limit of high dielectric mismatch, � → 1, the
interaction kernel can be simplified significantly, yielding an
analytical form in real space as

uDH(r, r′) = 1

4πεε0

[ ∑
n even

e−κ|r′−r−2na ez|

|r′ − r − 2na ez|

+
∑
n odd

e−κ|r′−r−2(na−z′)ez|

|r′ − r − 2(na − z′)ez|
]
, (7)

where ez = (0, 0, 1) is the unit vector in the +z direction and
the integer index n runs through both positive and negative
values. The term with n = 0 stands for the direct DH potential,
u0

DH(r, r′), of a test charge without any dielectric effects. The
above expression thus reflects a simple picture within which
the total potential between two parallel dielectric half-spaces
can be represented as a sum of an infinite number of screened
Coulomb image charges. This form of image summation sig-
nificantly reduces also the computational costs, since sum-
ming up to, e.g., n = 5, already gives a very well-converged
result for the cases we consider in this work. We have thus
used the above summation series in the implicit MC simu-
lations, and focus on the dielectric jump value � = 0.95,
corresponding to the water-hydrocarbon interface (assuming
ε = 80 and ε′ = 2). The overall Hamiltonian in the implicit
MC approach then reads

H =
∑
i>j

(qe0)2uDH(ri , rj ) + 1

2

∑
i

(qe0)2uim
DH(ri , ri), (8)

combining the screened interaction with distorted DH cloud
between all multivalent ion pairs and their images (first term)
as well as their self-image interaction energy (second term).

The implicit MC simulations were performed in the
grand-canonical ensemble. The simulated lateral system size
was chosen such that the slit contained between around 50 to
200 multivalent ions.

In a third simulation approach (referred to as “Yukawa”
simulations), we use the same implicit model as above but
neglect the distortion of the ionic clouds near the half-spaces
as well as their polarizability (see Fig. 1, bottom). We thus use
the fully symmetric screened Coulomb or Yukawa kernel (2),
which in real space reads

u0
DH(r, r′) = e−κ|r−r′ |

4πεε0|r − r′| , (9)

in order to compute the electrostatic interactions between
multivalent ions.
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FIG. 2. Rescaled density profiles of multivalent ions (q = 4) in the slit between two neutral half-spaces at separation 2a = 8 nm. The bulk concentration of
multivalent 4:1 salt is taken as c0 = 5 mM and the bulk concentration of the additional monovalent salt is n0 = 30 mM in pane (a) and n0 = 60 mM in panes (b)
and (c). We show the results from our explicit MC simulations (orange open squares), implicit MC simulations (blue filled circles), and the proposed analytical
theory (solid curves). In (a) and (b), the dielectric mismatch at the boundaries is � = 0.95, whereas in (c), there are no dielectric discontinuities, � = 0. The
dielectric surfaces are assumed to be impermeable to all ions.

III. RESULTS

A. Density profile

In Fig. 2, we show the density profiles of multivalent ions
with valency q = 4 within the slit, as obtained from our MC
simulations for the case of a 4:1 and 1:1 salt mixture. In all
cases, the multivalent salt is assumed to have a bulk concen-
tration of c0 = 5 mM. In Fig. 2(a), we have an additional
1:1 salt of bulk concentration n0 = 30 mM as well as a di-
electric jump parameter of � = 0.95. As seen, both explicit
and implicit MC simulations show a pronounced depletion of
multivalent ions from the proximity of the two neutral walls,
where the density tends to zero. The explicit and implicit data
nearly agree, particularly near the walls, with somewhat larger
deviations in the middle of the slit. A similar surface deple-
tion effect can be seen when the additional monovalent salt is
increased but the agreement becomes progressively better; in
Fig. 2(b), we show the results for n0 = 60 mM, which exhibits
a very good agreement between the explicit and implicit MC
simulations. This confirms the idea that the degrees of free-
dom associated with monovalent ions enter only in an effec-
tive Debye-Hückel way as formulated in Eqs. (1)–(4). There-
fore, the depletion of multivalent ions can indeed be ascribed
both to dielectric images due to dielectric polarization of the
half-spaces as well as to the fact that the exclusion of salt ions
from the impenetrable surfaces leads to a non-trivial distortion
of ionic clouds in the vicinity of the half-spaces (Fig. 1, mid-
dle), effectively engendering “salt-induced image charges,”
which repel the ions from the walls. Alternatively, one could
say that ions in the vicinity of the interfaces have fewer neigh-
bors and thus all the ions, i.e., both monovalent (not shown)31

and multivalent ions, are depleted from the proximity of the
surfaces. Such “salt-image effects” are present even if there is
no dielectric discontinuity at the boundaries (� = 0) as seen
in Fig. 2(c), and lead to a significant depletion near the sur-
faces, albeit less pronounced than in the presence of standard
dielectric image effects (� > 0, Figs. 2(a) and 2(b)). Other re-
markable differences with the latter case are that multivalent
ions can have a finite contact density at the boundaries when
� = 0 and also exhibit an even better agreement between ex-
plicit and implicit MC data (Fig. 2(c)).

The above results clearly go beyond the standard PB
description, which is expected to give only a trivial uniform
ion distribution between neutral surfaces in the planar
geometry. In order to gain any insight into the behavior
of this system, one needs to conceptualize beyond the PB
framework. We thus proceed by proposing a simple analytical
theory, akin to the concept of “dressed counterions,” which
was developed previously in the context of a multivalent salt
solution confined between two charged surfaces without a
dielectric jump16 or next to one charged dielectric interface,17

where it was exhaustively and successfully tested against
MC simulations. In the present context with neutral surfaces,
where one cannot speak of “counter ions” properly, we refer
to this approximation as the “dressed multivalent ion” ap-
proach. It follows from the same principles as our implicit MC
simulations, i.e., by integrating out the degrees of freedom as-
sociated with all monovalent ions treated on a linear DH level,
and hence by obtaining an effective theory where multivalent
ions are still described explicitly but the role of monovalent
ions enters only implicitly.16 This effective theory can be
justified only for highly asymmetric ionic mixtures with large
q, as is of primary interest here, and can be obtained system-
atically from a field-theoretical formalism, which we shall
not discuss further in this paper (see, e.g., Ref. 16 for details).
Note that the system of dressed multivalent ions still presents
a full many-body problem and as such can be treated exactly
only via simulations (which, in the present context, would
correspond precisely to our implicit MC simulations that in-
corporate the proper implicit interaction kernels). An approx-
imate analytical theory then follows from a virial expansion,
which for neutral systems is expected to work at sufficiently
small concentration of multivalent ions, as is often the case in
experimental systems.9, 10 For charged surfaces, such a virial
expansion can be shown to be related to a strong-coupling
expansion of multivalent counterions,18 where electrostatic
correlations between counterions and the opposite surface
charges become dominant on the leading order. In the present
case, such a strong-coupling theory for multivalent ions can-
not be developed as the surfaces are neutral and the electro-
static coupling parameter á la Netz is non-existent. Neverthe-
less, the virial expansion can capture the salient features of the
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problem as it incorporates the ion-image correlation, which
in this context becomes the dominant mechanism at work for
multivalent ions at low concentrations.

On the leading order of the virial expansion, the density
profile of multivalent ions in the slit |z| < a turns out to follow
simply in the Boltzmann form as16, 17

c(z) = c0 e−q2w(a,z), (10)

where q2w(a, z) is the self-energy of multivalent ions (per
unit kBT = β−1). This latter quantity is obtained directly from
the image part of the Green’s function, i.e., using Eqs. (3) and
(6), as

w(a, z) ≡ 1

2
βe2

0u
im
DH(r, r) = �B

∫ ∞

0

�(Q) + cosh 2kz

�−1(Q) − �(Q)

Q dQ

k
,

(11)
and is thus the only driving force for the redistribution of mul-
tivalent ions in the slit region.

The above analytical result is shown in Fig. 2 (solid
curves) and appears to capture the main trends of the MC data.
A close agreement between this theory and the simulations is
obtained only for large enough monovalent salt concentration
(Fig. 2(b)) or when the dielectric jump is small (Fig. 2(c)). In
the case � → 1, the above self-energy expression simplifies
into

w(a, z) = − �B

4a
ln(1 − e−4κa)

+ 1

2
�B

∑
m odd

ma cosh 2κz + z sinh 2κz

m2a2 − z2
e−2mκa,

(12)

where m = 1, 3, 5, . . . , being thus given by a summation over
the successive mirror “image charges.” Thus, in this particu-
lar case of � → 1, the effects of the general surface polar-
ization charge can be approximated by a succession of point
image charges and can therefore be reduced to the powerful
“image charge method” similar to the one formulated by W.
Thomson (Lord Kelvin) for solving boundary-value problems
in electrostatics.32 Note that in general, the boundary polar-
ization charge (or, in particular, also the self-energy, Eq. (11))
cannot be reduced to a series of point image charges and the
above results represent an additional case where the Kelvin
method of image charges works in the presence of both di-
electric and salt distribution inhomogeneities in the system.

It should be noted that the above analytical theory pre-
dicts multivalent ion densities in the slit that are slightly
smaller than the bulk value c0 (see Fig. 2). In contrast, the
simulations do reveal an additional buildup of the concentra-
tion of multivalent ions in the slit that are forced in due to
their mutual repulsive interactions in the bulk, an effect which
is absent in the theory.

B. Interaction pressure

We now turn our attention to the interaction (disjoining)
pressure acting on each of the neutral surfaces due to the pres-
ence of the salt mixture in the slit. This pressure is composed
of two separate additive contributions: one stemming from the

monovalent ions as constituents of the 1:1 salt as well as of
the q:1 salt, and the other originating from multivalent ions.
The latter one can be calculated analytically from the single-
particle grand canonical potential within the “dressed multi-
valent ion” approximation. The former can be evaluated ap-
proximately either by incorporating it in the one-loop vdW in-
teraction free energy between the slabs,14 or by starting from
an exact pressure equation33 for a simple salt system and then
by remorphing it in a self-consistent way, using the same line
of thought as in the case of multivalent ions. This is reason-
able as the non-homogeneous interaction kernel, Eq. (1), ap-
plies equally to interaction between any two charges, as can
be clearly deduced from detailed MC simulations.31

In the case of implicit MC simulations as well as the
proposed analytical approach, the contribution of monovalent
ions to the slit pressure, p0, can be derived from an exact equa-
tion formulated by Lovett and Baus,33 which is closely related
to the so-called contact-value theorem in the plane-parallel
geometry,7, 8 and can be shown to have the following approx-
imate linearized (DH) form:

βp0(a) � n(0) −
(
βe2

0

)2

2π

∫ 0

−a

∫ a

0
dz1 dz2 n(z1)n(z2)

×
∫ ∞

0
Q dQuDH(Q; z1, z2)

∂

∂z1
uDH(Q; z1, z2)

∣∣
κ=0.

(13)

It is composed of a van’t Hoff term (first term) due to the ion
osmotic pressure and a correlation term (second term) due to
the interaction between the ions.

It should be noted that monovalent ions do also exhibit
depletion (even though much weaker than the multivalent
ions) from the vicinity of the walls, and thus a non-uniform
density profile in the slit, which has been verified within our
explicit MC simulations.31

The depletion effect due to monovalent ions is in fact
implicitly embedded in the modified DH interaction kernel.
This can be seen by employing this latter quantity within
a vdW-type formalism in order to calculate the interac-
tion free energy between the slabs to within the one-loop
approximation,14 which thus demonstrates the presence of
ion-depletion effects even when ions are described implicitly.
We find that the total density profile of monovalent ions can
be described very well by their corresponding self-energy as

n(z) = nb e−w(a,z), (14)

which is to be used in expression (13) for the depletion pres-
sure due to monovalent ions.

In order to evaluate the slit pressure due to multivalent
ions analytically, we now use the virial scheme, which to the
leading order is given by a single-particle grand canonical
potential β
(1) and can be calculated explicitly.16, 17 The slit
pressure can be deduced by differentiation with respect to the
volume of the slit, pm = −(∂
(1)/∂V )β,λ, where λ is the fu-
gacity of the multivalent ions. We thus find

βpm(a) = c0

2

∂

∂a

∫ a

−a

dz e−q2w(a,z). (15)
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FIG. 3. MC results for the interaction pressure mediated between two neu-
tral dielectric surfaces as a function of their separation in the presence of a
multivalent 4:1 salt mixture of bulk concentration c0 = 5 mM and with no
additional monovalent salt (n0 = 0) and no dielectric discontinuities (� = 0).
We compare the naive Yukawa approach with the implicit and explicit MC
simulations.

This contribution should be added to the one from the mono-
valent ions in order to obtain the total slit pressure. The inter-
action (disjoining) pressure acting on the bounding surfaces
follows by subtracting the bulk pressure, pbulk, as

p(a) = p0(a) + pm(a) − pbulk, (16)

where pbulk = p0(a → ∞) + pm(a → ∞).
In order to proceed with the simulation results, we first

consider the case with no dielectric mismatch across the
bounding surface, i.e., � = 0. In Fig. 3, we show our MC sim-
ulation results from the explicit, implicit, as well as Yukawa
approaches (see Sec. II) for the case where the slit contains
only a multivalent 4:1 salt mixture of bulk concentration c0

= 5 mM and no additional monovalent salt (n0 = 0). As seen,
the explicit and implicit simulations predict an attractive force
at small separations, which we shall elaborate on further be-
low. It is interesting to note however that the naive Yukawa
treatment of the multivalent salt without incorporating the im-
age kernel, Eq. (3), leads to qualitatively incorrect results as
it gives a repulsive interaction pressure. The repulsion in this
latter case appears to be purely osmotic in nature as surfaces

are uncharged. In the case of implicit or explicit simulations,
the interactions due to dielectric and “salt-induced” image
charges lead to the depletion of ions from the slit, which in
turn engenders a depletion attraction between the surfaces.
This depletion is thus generated by a confined ionic cloud in
contrast to standard depletion interactions, which are steric in
nature.34 Both types of depletion effects are rather similar ex-
cept that the image-depletion interaction leads to the softer
dependence of the interaction pressure on separation when
compared to the standard hard-sphere depletion.

In the case where there is a finite dielectric mismatch,
e.g., � = 0.95, as shown in Fig. 4(a), the depletion attrac-
tion appears to be more pronounced as more ions are depleted
from the slit region due both to “salt-induced” image as well
as dielectric image repulsions. The depletion attraction in-
creases with the multivalent salt concentration c0 (compare
Figs. 4(a) and 4(b)), but also with increasing the monovalent
salt concentration n0 (Fig. 4(a)), which agrees with the deple-
tion effect seen from the density profiles in Fig. 2. At very
close separation, all salt ions are expelled from the slit and
the attractive pressure corresponds to the bulk osmotic pres-
sure. In general, one can discern that the implicit simulations
follow nicely the explicit simulations, except at very small
inter-surface separations, where more explicit details on the
screening cloud is needed.

The analytical prediction for the total pressure, Eq. (16),
is shown in Fig. 4(a) (solid curves) along with the explicit
and implicit MC data, demonstrating very good agreement
with the implicit simulations, especially at sufficiently large
1:1 added salt concentration. This confirms the validity of
the single-particle approximation underlying the analytical
dressed multivalent ion approach for the regime of parameters
considered here (i.e., sufficiently large q, sufficiently small
multivalent ion concentration and sufficiently large monova-
lent salt concentration). In other words, the many-body ef-
fects due to interactions between different (dressed) multi-
valent ions are negligible and the main contribution results
from the self-image interactions, as included in the analyti-
cal theory above. The analytical curves show larger disagree-
ment with explicit MC data, especially at small separations,
but these deviations amount to less than about 20%.35
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FIG. 4. Pressure acting between the surfaces of two neutral dielectric half-spaces as a function of their separation distance for various amounts of salt con-
centrations. (a) We compare the results from the explicit MC simulations (open squares), implicit MC simulations (filled circles), and the proposed analytical
theory (solid curves) for a mixture of multivalent 4:1 salt with bulk concentration c0 = 5 mM and different additional 1:1 salt concentrations of n0 = 0 (black),
30 mM (orange) and 60 mM (red). In (b), we show the implicit MC results for c0 = 0.5 mM and various multivalent ion valency q as shown on the graph. In
(c), we compare the attractive pressures obtained from explicit (squares) and implicit (circles) MC simulations with the contribution from the zero-frequency
vdW (dashed curves) and full vdW (solid curves) interactions for the cases with c0 = 5 mM and n0 = 30 mM (black) and 60 mM (red). All our results are on
top of the underlying vdW interactions.
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Note that our MC data sometimes reveal a small hump
at intermediate separations in Fig. 4(a). This kind of behavior
is pronounced at larger valencies and smaller screenings, as
shown by our implicit MC simulations in Fig. 4(b). Compari-
son with standard steric depletion effects34 leads us to surmise
that a larger valency leads also to a stronger repulsive interac-
tion between dressed multivalent ions that in turn pushes them
out of the bulk and back into the slit, where they act osmoti-
cally, thus increasing the repulsive component of the interac-
tion pressure. Note that this “soft sphere packing” mechanism
is supported by the osmotic pressure measurements on free
standing films as well as surface force measurements,36–38

where an oscillatory behavior is observed between neutral (or
charged) flat surfaces in the presence of solutions contain-
ing highly charged species (colloidal particles or polyelec-
trolytes).

In the final part of this study, we compare the image de-
pletion interactions discussed above with the typical values of
the vdW contribution that also acts between uncharged sur-
faces in an additive manner, i.e., all the interactions calculated
and analyzed in this work are on top of the vdW interactions
acting across the slit between two dielectric interfaces. In fact,
the free energy per surface area S of the zero-frequency term
of the vdW interactions (which couples to the charge density
fluctuations in the salt solution and thus depends on the Debye
screening parameter) is obtained explicitly as29

βFvdW
0 (a)

S
=

∫ ∞

0

Q dQ

4π
ln

(
1 − �2(Q)

)
, (17)

where �(Q) is defined in Eq. (4). This term corresponds
to screened (zero-frequency) electromagnetic field fluctua-
tions, first addressed by Ninham and Parsegian as described
in Refs. 2 and 3, and later scrutinized at length in, e.g.,
Refs. 5, 6, 14, and 39. One should note here that in the above
free energy, we have already taken into account a cancellation
occurring between the standard zero-frequency vdW term and
a part of the free energy corresponding to an uncoupled, i.e.,
uncharged, system, the result of this cancellation being the
above formula.

At small separations, higher-order Matsubara frequencies
of the electromagnetic field-fluctuations are expected to be-
come important as well, whose contribution to the interaction
free energy of the dielectric half-spaces follows from2

βFvdW
n≥1 (a)

S
=

∞∑
n=1

∫ ∞

0

Q dQ

2π
ln

[
1 + �2

TM(ıξn) e−4k(ıξn)a
]

+ [TM → TE], (18)

with

k2(ıξn) = Q2 + ε(ıξn)μ(ıξn)ξ 2
n

c2
, (19)

where c is the speed of light in vacuo, and ε(ıξ n) and μ(ıξ n)
are the dielectric response function and the magnetic perme-
ability of the slit at imaginary Matsubara frequencies, respec-
tively. TM and TE correspond to transverse magnetic and
transverse electric modes and the n summation is over imag-
inary Matsubara frequencies ξ n = 2πnkBT/¯, where ¯ is the
Planck constant divided by 2π . For the sake of simplicity, we

assume that for all layers μ(ıξ n) = 1 and that the dielectric
function for the slit is that for water. �TM(ıξ n) and �TE(ıξ n)
are functions of the frequency-dependent response functions
of the semi-infinite dielectrics and the water slab whose ex-
plicit forms can be found in Ref. 2. The non-zero Matsubara
frequency vdW free energy can be written as

FvdW
n≥1 (a)

S
= − An≥1

48πa2
, (20)

where An ≥ 1 is the corresponding Hamaker coefficient. We
take An ≥ 1 = 3 zJ, which is on the upper bound for the
non-zero Matsubara frequency contribution for hydrocar-
bons interacting across an aqueous medium.40 The complete
Hamaker coefficient An = 0 + An ≥ 1 for, e.g., dimyristoyl
phosphatidylcholine (DMPC) and dipalmitoyl phosphatidyl-
choline (DPPC) multilayers has a typical value in the range
of 2.87–9.19 zJ.41

As seen in Fig. 4(c), the pressure due to the image deple-
tion interactions is of the same order of magnitude as the total
vdW (but larger than the zero-frequency vdW contribution) at
intersurface separations about 1 nm and above, especially at
large monovalent salt concentrations. One should not forget,
however, that the vdW interactions and the effects discussed
in this work are additive, hence the total interaction pressure
is the sum of the vdW pressure and Eq. (16). Obviously, the
image-related interactions discussed here play as significant a
role at the nano scale as the vdW interactions and should thus
not be overlooked.

IV. CONCLUSION

We consider an asymmetric ionic fluid, consisting of
multi-species monovalent salt ions and a single species of
multivalent ions, confined between two uncharged (neutral)
dielectric half-spaces. Specifically, we studied the ion distri-
bution and the electrostatic interaction mediated by the ionic
fluid between two bounding dielectric interfaces.

Apart from vdW interactions, the standard Derjaguin,
Landau, Verwey and Overbeek (DLVO) theory of colloidal
interactions in an ionic solution2, 7, 8 predicts that electrostatic
interactions between neutral dielectrics are non-existent. Any
interaction found besides the vdW interactions would thus
present a serious challenge to accepted wisdom in the col-
loidal domain (such electrostatic forces are reported between
randomly charged dielectrics that are neutral on the average,
but carry a charge disorder component,29, 42–46 which we do
not consider here and focus only on strictly uncharged di-
electrics).

Our purpose was twofold: first, to investigate the na-
ture of the interactions engendered by the dielectric inhomo-
geneities and salt redistribution between the dielectric inter-
faces by means of both explicit- and implicit-ion simulations,
and to assess the validity of a simple analytical description
that allows us to couple in a consistent way both the “salt-
induced” image effects as well as the dielectric polarization
effects. We showed that the ionic mixture of a monovalent salt
and a salt with multivalent ions can be decomposed into two
parts, which can be treated in a single analytical framework.
We described the monovalent salt solution on a DH level,
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which—in other words—means that the monovalent ions are
integrated out, leading to a simplified but accurate description
for the multivalent ions in the solution. We refer to this pro-
cedure as “dressed multivalent ion” approximation. This ap-
proximation is valid for highly asymmetric salt mixtures, i.e.,
when multivalent ions have a large charge valency.16, 17 Even
with the monovalent ion degrees of freedom integrated out,
the remaining system containing only the dressed multivalent
ions still represents a full many-body problem and additional
approximations need to be introduced in order to calculate the
partition function of the system analytically. To this end, we
employed a virial expansion in order to obtain the distribution
of multivalent ions and the interaction pressure between the
surfaces mediated by them up to the leading order in multi-
valent counterion fugacity. This amounts to a simple single-
particle theory for dressed multivalent ions, which is expected
to work for sufficiently small multivalent ion concentration
and high enough monovalent ion concentration as we have
indeed confirmed by our explicit-ion simulations.

Although these approaches are based on different ratio-
nales, the final outcomes share some qualitative similarities.
All the ions are repelled from neutral surfaces due to “salt-
induced” image effects, which are always present for ion-
impermeable interfaces, as well as dielectric image effects
present only in the case of dielectric inhomogeneities. This
leads to ionic depletion in the slit, which results in an attrac-
tion between the slabs caused by the osmotic pressure of mul-
tivalent ions in the bulk. Our theoretical results are corrobo-
rated by explicit and implicit MC simulations, which show an
excellent agreement in the cases where a comparison makes
sense.

The magnitude of the effects described in this work is
comparable or surpasses the underlying vdW interactions be-
tween neutral dielectric interfaces, and should thus, perforce,
be included in colloidal interaction equilibria for uncharged
matter in complex multicomponent ionic solutions.
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6R. Kjellander and S. Marčelja, Chem. Phys. Lett. 142, 485 (1987).

7Electrostatic Effects in Soft Matter and Biophysics, edited by C. Holm, P.
Kekicheff, and R. Podgornik (Kluwer, Dordrecht, 2001).

8Soft Condensed Matter Physics in Molecular and Cell Biology, edited by
W. C. K. Poon and D. Andelman (Taylor & Francis, New York, London,
2006).

9D. C. Rau and V. A. Parsegian, Biophys. J. 61, 246 (1992).
10D. C. Rau and V. A. Parsegian, Biophys. J. 61, 260 (1992).
11S. Buyukdagli, C. Achim, and T. Ala-Nissila, J. Chem. Phys. 137, 104902

(2012); e-print arXiv:1206.5686; M. M. Hatlo and L. Lue, Soft Matter 4,
1582 (2008).

12R. R. Netz, Phys. Rev. E 60, 3174 (1999).
13R. R. Netz, Eur. Phys. J. E 3, 131 (2000).
14R. R. Netz, Eur. Phys. J. E 5, 189 (2001).
15L. Onsager and N. N. T. Samaras, J. Chem. Phys. 2, 528 (1934).
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