Chapter 4
Diatomicsin Molecules- DIM

In this chapter it is shown how the Diatomic in molecules method is applied to
systems of dihalogens in a rare gas environment. First, the construction of the
Hamiltonian is shown and in the subsequent section each part is discussed in de-
tail, including derivation and application of the particular elements. The proper
choice of the basis for the Hamiltonian is discussed, which is chosen in this work
to consist of the Valence-Bond wave functions of the guest molecule. To this, all
the other interactions are added, the halogen-argon interaction and the spin-orbit
coupling. Here electron-hole dualism has to be taken into account, where the elec-
tron hole of the halogen’s p-orbital is treated like a single electron, which will lead
to a modification of the respective coupling elements.

4.1 Potentialsfor XY in Argon

The potentials for dihalogens in Argon were calculated using the Diatomics in
Molecules (DIM) approach [7, 8, 9, 11, 73, 23, 75, 29, 39, 6, 12, 13, 14]. Here the
total Hamiltonian of the system is built by taking into account all of the interac-
tions of the system. These are the following:

1. interaction between the closed shell rare gas atoms, which are described by
pair potentials

2. interaction between the atoms of the molecule, X and Y, including spin-orbit
interaction

3. interaction between the open shell halogen atoms of the molecule and the
argon atoms, respectively
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From this the total Hamiltonian of the system results:

s = 504 V34 3 S Um0 706000) + 3 Vi (6

XY k
XY \, -~ - A - ~ -

(X,)Y)—Ar Ar—Ar

To develop the Hamiltonian, one has to accomplish the following steps

1. choose a basis for the Hamiltonian

usually the molecular Hamiltonian in p_1, pg, p.1-representation for each
halogen atom is taken as basis. This has the advantage that the resulting
matrix is diagonal with the eigenvalues of the free molecule (without spin-
orbit coupling) as diagonal elements. The Hamiltonian becomes an n. x n
matrix where n equals the number of the wavefunctions. In the present case
the Hamiltonian will consist of 36 wavefunctions and thus built a 36x36
matrix (see 1.1.3).

2. to this matrix all the other interactions are added and then by diagonalizing
the eigenvalues of the system are achieved.

4.2 Wavefunctions

The strategy is to build first the wavefunctions of the free molecule without spin
orbit coupling and then to add the coupling separately.

In this chapter the interhalogen CIF is taken as example for systems XY to show
the general derivations of the method. The Valence Bond approach is used for cre-
ation of the wavefunctions. Here all the core electrons of the Cl and F atoms are
ignored and only the valence electrons are taken into account.The corresponding
configuration is 1s22s22p® for the F atom and 1s%22s22p%3s23p> for the CI atom.
The hole in the electronic configuration is equivalent, and therefore, treated like a
single electron. This corresponds to the particle-hole dualism and leads to equiv-
alent wave functions for the molecule. The only problem arises by treating the
spin-orbit coupling of an electron configuration like p° as one like p!, but this
problem will be discussed later in Section 4.4.2.
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4.2.1 Construction of the VB-wavefunctions
The electronic configuration of the F and Cl-atoms are, respectively:

F (1s%25%2p°)
Cl (1s?25%2p53523p°)

Each atom has an angular momentum of I=1 with m;=-1,0,1 and a spin of
j:%. This leads to six possible combinations for spin and angular momentum for
each atom.

For the CIF molecule we get the possible projections for the total angular
momentum:

mi(F)\ m(Cl) | -1 0 1
-1 2 -1 0
0 -1 0 1
1 0 1 2
my(F)\ m,(Cl) | § -}
1 1 0
-1 0 -1

To get a complete set of all possible combinations, we then will have 36
wavefunctions, thus a 36x36 matrix for the Hamiltonian. Construction of these
wavefunctions is performed using ladder-operators for angular momentum and
spin. First we have to determine good quantum numbers, which will only appear
for commuting operators:

H —E
[H, Sz] = 0 — MS
[Sz, Syl = —iS, and cyclic
[H, Lz] = 0 — ML
Ly, Ly = —iL, and cyclic
[H,S5?] = 0 - S(S+1)
[H,L?] = 0 — L(L+1)

The good quantum numbers without spin-orbit coupling are then L, Mg, S
and Mg
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With [L,, L,| = —iL, and cyclic, the ladder operators are defined as [1]:

L, (L +iLy)

1
V2

1 .
L_= E(LI —iL,)

these operators can be used to construct new wavefunctions:

L Yo, = VL(L+1) — My(My, + 1)AY;, a1y 41

LfYL,ML - \/L(L -+ ].) — MZ(ML — ]-)hYL,MLfl

and the same for the spin:

S+9(S, Ms) = \/S(S + 1) + S.(S. — 1)hg(S, Ms1)

ng(sa MS) = \/S(S + 1) - Sz(Sz - 1)hg(S’ MSfl)
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(4.2)

(4.3)

(4.4)

(4.5)

(4.6)

4.7)

Before applying these ladder operators, it is helpful to build a matrix consisting
of the possible values of M, and Mg and there tabulate all existing configurations:
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Mg
-1 0 1
2 | 1110 111,17 1111

1| o)1y  0f1},0411t Of1t
1,0,  110J,1,0t 1t0f

o -141) -1}t -141) 111t
0,0/,  0L01,0t0, OOt
M, 1)-1)  1)-11, 11-1  11-11

1| 0}-1y  0f-14,04-11 Of-1t
1,0} -1104,-1}01+ -1 01

2| —14-1) 141y, -1 -1 -1t -1t

where e.g. 1 1 1 1 denotes the Slater-determinant with quantum numbers L=2,
M. =2, S=1, Mg=1. Then one unique configuration is taken (like L=2, S=1, M =2,
Mg=1) and the ladder-operators are applied. For example, to get the configuration
L=2, S=1, M =1, Ms=1 the lowering operator L _ is applied. Next, operating with
the lowering operator on the configuration |[L=2, M=1, S=1, S,=1) will lead to the
next configuration |L=2, M=0, S=1, S,=1). By applying the raising and lowering
ladder-operators for the spin the other columns are created.To make sure that the
resulting wavefunctions are orthogonal to each other, the Schmidt algorithm for
orthogonalization is taken into account. Finally these procedure is worked out
until all configurations are determined.
For many-electron diatomic molecules, H commutes with the operator for the
axial component of L, which has the possible values M A with My, = 3. my;.
Thus for characterization of the appropriate states A = |My|is used. E.g. A =
¥, I0, A for | M, |=0, 1, 2, respectively [1].
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4.2.2 Example

We start with a unique configuration:

1111) = Yr—om,=25=1,8,=1
= 3A
L Uy = L(L41) = My(Mp —1)Tyy,
= V2(2+1) —2(2— 1)Uy,
= 2WUsn
= 2°II

L. = lLi_+1s
(h-+bL)1t11) = V1-2-1-00111)
+v1-2—-1-0/1101)
= V2(0111)+[1101)

Using the Slater determinants this can be written as shown below, where in our
case index a belongs to the fluorine atom and index b belongs to the chlorine atom:

Paot(1) pp, (1)

orin = Pao@(2) po,(2)

1
= E(paopb_‘_ - pb+pa0)aa

Sl -

_L pa+a(1) pboa(l) _L .
|1T0T>—\/§ Peo(?) pral?) —\/E(paﬂob0 PboPay )Y

V2

(lh+l)1t11) = ﬁ[((paopmr - pb+pao) + (pa+pbo - pbopa+))aa]

L*‘IIQQII = 2‘1]2111
= 2 Usi11 = [((PagPby — PbiPas) + (PayPro — PhoPay )]

1
L = WUgypy = 5[((paopb+ — Db, Pag) + (Pay Dby — ProPay )]
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Spatial part of wf My, Mg
13 (first) L(aobo + boay) 0 0 (singlet)
'Y (second) | 2((ayb- +b_ay) + (aby +bya_)) | O 0 (singlet)
13- ((asb- +b_ay) — (a~by +bra)) | O 0 (singlet)
I(first) s ((agb— +b_ag) — (a_bg+boa_)) | -1 0 (singlet)
5((aoby + biao) — (ayby + boay)) | 1 0 (singlet)
I (second) | 2((aob— + b_ag) + (a—by +boa_)) | -1 0 (singlet)
L((aoby + brao) + (ayby + boay)) | 1 0 (singlet)
A %(a,b, +b.a) -2 0 (singlet)
%(aj&+ +biay) 2 0 (singlet)
3% (first) %(aobo — boag) 0 -1,0,1 (triplet)
3% (second) | 2((atb- —b_ay) + (a_by —bira_)) | O  -1,0,1 (triplet)
3% (third) | 1((a+b- —b_ay) — (a—by —bra_)) | O  -1,0,1 (triplet)
STI(first) +((agb— — b_ag) + (a—by — boa_)) | -1 -1,0,1 (triplet)
= ((aoby — byag) + (ayby — boay)) 1 -1,0,1 (triplet)
311 (second) | 3((aob— — b_ag) — (a—bo — boa—)) | -1 -1,0,1 (triplet)
2((agbs — brag) — (atby — boay)) 1 -1,0,1 (triplet)
SA %(a_b_ —b_a_) -2 -1,0,1 (triplet)
%(aerJr —bia,) 2 -1,0,1 (triplet)

Table 4.1: Valence-bond wavefunctions of dihalogens

These wavefunctions have the general form

Ui(1,2) = ) cm®i(1)®i(2) (4.8)

kl

The application of the general form in eg. 4.8 on the wavefunctions is shown in
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two examples:

I5(1,2) = %wombo(z)+bo<1)ao(2>>%<a< 18(2) - B(1)a(2)
- %wo(l)a(l)bo@w@) T bo(Da(1)as(2)B(2) — ao(1)B(1)be(2)a(2)
“ho(1)B(Dao(2)a(2)
TI,2) = ((aoby — brao) — (arbo — boa))(5)
1

= 5(a0(1)B(1)b+(2)8(2) - b+ (1)5(1)ao(2)8(2) — a+(1)5(1)bo(2)5(2)
+bo(1)5(1)a1(2)5(2))

4.3 Interaction with Argon

s 39

@ electron ™ @

Figure 4.1: Halogen-argon interaction

To describe the interaction of the closed shell atoms and the open shell
atoms first order perturbation theory is used [2], introducing the perturbation of
the atomic energy levels of by rare-gas neighbours. All core electrons of the
halogens are assumed to be unaffected by the rare gas atoms. The interaction is
calculated regarding the hole in the electron configuration of the halogen atom.
The resulting Hamiltonian for this system is:

H=H,(r +Zv7~Rk (4.9)

With r being the position vector of the electron hole and V(r,R;) the interac-
tion potential between halogen atom and a rare gas atom with position vector Ry,
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where the sum over all argon atoms is built.
The basis of the DIM-Hamiltonian consists of wavefunctions of the type |pqips; >
which are arranged in blocks with same spin.

< PaiD;| Z Vi + Z Vii|PakPor >=
i i

< Pail Z VailPak >< pojlpu >
i
+ < Pui|Pak >< Poj| Z Vai | Dot >
i

< paz" Z Vai ‘pak >= Z < pai|‘/ai |pak > (410)

with a= F, b=Cl and i=Ar;. Further, the interaction potential Vx_g, is expanded
in Legendre polynomials:

Vx_pg(V1, .0k, Ry, Ri) = > Y Vi(Ri) Pr(cosdy) (4.11)
k L=0

where 9, denotes the angle between atom k and the electron(hole) centered
at r (see Fig. 4.1).This orientation angle is thus, within the DIM-model, the
only electronic degree of freedom [79]. For a system like a halogen atom I=1.
So for the spherical harmonics all odd terms will vanish by integration and all
terms higher L=2 won’t appear due to I1=1, see below. The present basis for the
electron(hole) will be [pam; >= |Pa,(m=—1,01) >= |[Pa,m, >

VX—Rg(Tgla 19k, Rl, Rk) = %(Rk) + %(Rk)PQ(COS’&k) (412)
le,m; =< Pa,my |‘/E)(Rk) + ‘/Z(Rk)PQ(COSﬁk)‘pa,m; >
= Vo(Bk) < Pajm|Pasm > +Va(Br) < Paym,|P2(cosOk) [Pam; > (4.13)

Py (costy) = 4/ 2L 1 ZYLM (9, ©)YL m (P, 0k) (4.14)

Generally, as shown e.g. by Apkarian and Schwentner [19] the matrix elements
are:

L
Vim = 32 32 5 < Vil 3 YaulYigm, > ViR Vi (91 0) (4.19)
M=—L

k L=0,2
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where I=1 for the p-orbitals. The quantum numbers for the matrix element

[ L 1
=< Yy [Ving Vi, > 4.16
(mz M m;> L | Y | Yim, (4.16)

(Clebsch-Gordan coefficients) satisfy the triangle relation

Lhi+l>L>|L -1 (4.18)

For I,=1,=1, therefore, only the terms L=0 and L=2 contribute to the sum »~7°
V, and V5, describe the isotropic and anisotropic part of the potential,respectively,
and can be represented by the pair potentials Vs, and Vf [3, 5].

Vo(Re) = 5 (Vo(Re) +2Va(Re) .19)

ValRe) = 5 (Va(Re) — Via(R) 4.20)

4.4 Spin-Orbit Coupling

Spin-Orbit coupling is an important factor for diatomic molecules, both for
the energetics and for the dynamics of the system. For dihalogens in general
there will appear the problem of the particle-hole dualism, where the hole in
the electronic configuration will lead to the same spin-orbit coupling term as a
single electron but with opposite sign for the values of the spin-orbit coupling, as
referred to in section 4.4.2. To give a consistent presentation, first the principles
of spin-orbit coupling will be discussed. The given results will then be used for
the system CIF.

A long, straight conductor generates a magnetic field whose flux lines lie
perpendicular to the flow of charge and build a right hand oriented system. This
is described by Faraday’s rule:

— ]_ —
B = _QﬁZe X EZe (421)
C

with velocity 4. The interaction of the dipole moment associated with the spin of
the electron with this magnetic field is given by

Vso = —ji,B with fi, = —g.—35 (4.22)
2m,
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A
v
E
e
=
B
Ze

Figure 4.2: Magnetic field generated by a straight conductor

with g, being the gyromagnetic constant derived by Dirac’s relativistic treatment
of the electron and has a value of 22, and § means the electronic spin angular
momentum.

Likewise, for a nuclear spin the spin-orbit coupling is given by:

- . - Ze -
Vso = —/LIB with M1 = +g[ml (423)

There are several interactions that have to be discussed:
e electron spin - nuclear motion
e electron spin - other electron motion
e nuclear spin - electron motion
e nuclear spin - nuclear motion

First we derive the expression for the first interaction. From these, the expressions
for the other interactions follow by analogy:

e electron spin - nuclear motion

First we have to regard that the velocity and angular momentum of the nu-
cleus corresponds to the negative velocity and angular momentum of the
electron, taking the nucleus or the electron as point of view, respectively.
For slow motion Coulomb’s law can be applied:

Ze
dregr

choulomb = (4 24)
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Figure 4.3: Welocity and angular momentum, taking the nucleus or electron as a

point of view

with

Eype=Vd=

Ze T
Areor?r

So the magnetic field can be derived as:

with

=

Ze
T
deqrd
Ze Me

—

c4megrs r me
Ze

c4megr3me
Ze l—»

c24megrim,

FXp

(4.25)

(4.26)
(4.27)

(4.28)

(4.29)
(4.30)

The dipole of the electron due to the spin has potential energy of orientation
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in this magnetic field given by:

Voo = —4isB
e Ze
B (_g62me§)(+47r6002m67“3
e Z 2 -
= -9 “°4 (4.31)

By analogy, the other interactions are given as follows:

e electron spin - other electron motion

2

Veo=——J= S g (4.32)
8meoc®m, 13
——_——

A

e nuclear spin - electron motion

gr Z€2 ——

Ve = —2 " J] 4.33
50 8meogc? M 73 (4.33)

This term can be neglected because of the dependence on .

e nuclear spin - nuclear motion

ar Z2 62 —

Vso = Il (4.34)

- 8meg2M 3
Likewise this term can be neglected because of the dependence on ﬁ

So the total interaction can be written as

2 2
Vso = A-[- 3. %s_}li— ¥ %s;-zi
ij

ia  ja b jb LY
—— SN——
located at a located at b
ia  jb Y b ja Y
Zb€2 - Za€2 -
+ Y TSl Y Sl
re re
j jb i ia
S~~~ ~
onb ona
A Z.e% _ -
ib b ja ja

on a onb
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with
Ge
A=—"" 4.36
8menc2me ( )
As a consequence, the Spin-Orbit coupling is split into three parts:
Vso =Vso,a+ Vsop+ Vsoup (4.37)

Figure 4.4: Distances between atom a and atom b with electron i,j, respectively.

where Vg0, and Vo, are the spin-orbit interactions within atoms a and b,
whereas Vo 4, depends on the distance between atoms a and b. Asymptotically,

Tij R Tabs Taj & Tabs Thi = Taps tUS Vo ap o< é The asymptotic behaviour of
Vo is illustrated in Fig. 4.5.

Vo (1)

Figure 4.5: Asymptotic behaviour of the spin-orbit coupling Vso.

Neglecting the interaction between electrons and nuclei located at different
atoms, the spin-orbit coupling reduces to
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(4.38)

This is an approximation, since for values of r,, < oo there must be a correction

term proportional —-. Neglecting this dependence, the Spin-Orbit coupling
b

depends on just the contrlbutlons from the individual atoms [6]:

Vso = Vso,u + Vsop (4.39)

Voo ~ Aglasy + Mslyss (4.40)
with

A, =

62
87Tm25 c2 ZZ Z Zi ) (4.41)

These so called spin-orbit coupling constant A,, A, are atom-specific con-
stants which can be measured spectroscopically. The SO-constants for F (0.0501
eV) and CI (0.109 eV) are taken from [22, 6]

4.4.1 Representation of Spin-orbit coupling in the basis of the
model Hamiltonian

To add spin-orbit interactions to the Hamiltonian, 1s = s, + l,s, + [,s, has to
be presented in the basis p_1, po, p; located at halogen atoms a (F) or b (CI).

The matrix elements for the atomic wavefunctions are derived as follows, start-
ing with the matrix representing /,, :

(p-1llzlp-1) (p-1llzlpo) (p-1ll|p1)
1, = <p0|lz |p,1) (po\lz\po) <p0‘lz‘p1> (4.42)
(p2|lzlp—1)  (p1llzlpo)  (p1ll:|p1)
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Using
lz‘\pl,ml) = ml\Ifl,ml (443)

the matrix elements can be worked out:

(p-1|lzlp—1) = (p-1| = p-1) = -1 (4.44)
{poll2po) = (Po|0 - po) =0 (4.45)
(p1|l:|p1) = (p1lp1) =1 (4.46)

All the mixed terms vanish because of orthogonality, for example:
(poll:|p-1) = (Po| —p-1) =0
and so we get for the presentation of /, in the basis p_1, po, p::

-1
(4.47)

o O O
= o O

0
0
For the terms I,s, and I, s,, I, and [, and similarly s, and s, for the spinfunction
w are worked out by ladder-operators ([1, 15] , see chapter 4.2):

L = —%(zﬂ—u) (4.48)
I, = %(zﬂﬂ_l) (4.49)
5 = —\%(sﬂ—sn (4.50)
s, = %(sﬂﬂ_l) (4.51)

452)

and therefore:

lex + lySy = —l_|_18_1 - l_18_|_1 (453)
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Using the relations:

1
l+1|\Ijl,ml> = —\/5 [l(l -+ 1) — ml(ml + 1)]|\I’l7ml+1 (454)

L[ W) = +\/%[1(z+1)—ml(ml—n]ml,m,1 (4.55)

for ladder operators, the matrix elements of 1, and 1, e.g., are evaluated as fol-
lows:

(pollzlpo) = —% ((polL Ipo) — (poli_[po))
L) = —/500+1) 00+ 1))
<P0|l+|Po> = —<p0|P1)
=0
Lipd = /5004 1) - 00 - Dlip-)
(po\l,|p0) = (po\p,1>
= 0
= (pollzlpo) = 0

A second example gives a value for the matrix element:

@olLdp-) = =5 (@ullelp-s) = (oll=lp-)
b} =~y 30+ 1) = (D=1 + 1))
= —Ipo)
(polls|p—1) = —{polpo)
= -1
Llp ) = (/5004 1) = (1) (1= 1)]p )"

0
1
= (po|lalp—1) = 73
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so we finally arrive at the representation of I, and |, in p_y, po, p: basis:

[0
L = — | 101 (4.56)
2
V2101 0
/(0 1 0
(3
, = —| -1 0 1 (4.57)
P
V2L o 1

The same procedure applied to the spin yields s, and s, in terms of ladder-
operators s, and s_:

Sx = —'\% (s4 —s-) (4.58)
Sy = % (s +s-) (4.59)

For these ladder-operators the same relations as for the spatial part are valid:

8+|\I]5,3z> = _\/%[8(5+1)_Sz(82+1)”\115,3z+1> (460)
) = Sl ) s D ) @6
, thus
wlB) = MG+ D~ (D)1 1)
= —EW)
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sdo) = ARG+ -GG+ 1+
=0
1(1 1 1
-l = \/ s[3(2+1) - (2) (3 +1)]®
1
= E\ﬁ)
So for s, |3) we get:
B 1
Sz = _E(S-F_S*)
1
sz|B) = —E(MB)—S—W)
1
= —ﬁ(8+|5>)
1 1
- -7 (-7)
= o)
Likewise, we get the following relations:
slB) = —3lo)
1
sala) = 519
sla) = —218)

and thus we get the spin matrices in the basis «, £:

alszla) (a]s.|B) )
5|Sz|a> <5|5x|/3>

(4.62)

(4.63)
(4.64)

(4.65)

(4.66)

(4.67)
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For s,, we use

5:|Wss,) = 5:V,s) (4.68)

Therefore,

1{1 0
s, = 5((} _1> (4.69)

Using these results, we proceed to the representation of SOC in the basis {®,}
= {p_1v, Poc, Prc, P—1B3.pof, P1B }. For the matrix elements of I.s,, for
example:

and

yield



(p_ra|lys,p_1a) (p_1all,s,|pocdp_1all,s,|pra)
<p0a'\lzsz|p,1a§p0a|lzsz\p0a> <p0a|lzsz |p10’>
<]ﬂa| 252‘p71a§p1a|l252|p0a> <p1a‘lzsz|p1a>

(p-10l;8.[p_1B{p_1|l.s.|po BYp—10x|l. 5. |p1
<p0a|lzsz |p71ﬂ§p0a‘l25z ‘p0ﬂ§p0a|lzsz ‘plﬂ)
<p1a|lz52 |p71ﬂ§p1auz5z ‘p0ﬂ§p1a|lzsz ‘plﬂ)

Lss: <p—1ﬁ|lz8z\p—1a§p—1ﬁ|lz8z\p0a§P—1ﬁ|lez|plOé> <p—15|lz8z|P—15§p—1a|lz5z|170ﬂ> <p—15\lz8z|]615>
<P05\l28z|P—1Oé§p05\lz8z\Poa§p05|lz8z\p104> <p05‘lzsz‘p—16§p0a|lzsz‘p0ﬁ§p0/3|lzsz|plﬁ>

(p1BINS. P 1041 Bl [pocttps BlL.5. 1) (p1B|L:5.1p 1Bipralls. [poBipi BlLus.|piB) )

(p_1c|ls|p_1afp_1a|l.|pocr) (p_1c|l.|p1cv) (-1l |p_1Bp_10|L.|poBip—1c|l:|p18) |
(p0a|lz\p_1a§p0a|lz|p0a§p0a|l \p16@1|5z|a> < 0 |lz|p—15> <p004\lz|p0ﬂ> <p004\lz|p1ﬂ> <a|3z|5>

IP\1odpr el [pocdpr L. pr ) (piklllp-18)  (pralllpoB)  (pralllpiB) )

(p-1Bll:lp10)  (p1BlLlpoc)  (P\1BllIpicr) (p-1BlL:Ip-18%p-10lL.poBip-1B1L:|p15)
<p05|lz|p71a§p0ﬁ|lz|p0a§p0ﬁ‘lz‘p1a> <ﬂ|5z\a> <0 |lz|P715> (pgoz\lz|p0ﬁ> <p05|lz|p15> <5|5z|ﬂ>

(p1B]lzs\|p-104p1 B|l:5:|poc)  (p1Bl.s:|pr1cv) (PiR|L:p—18)  (prallelpeB)  (p1BIL:[p15) )

(4.70)

0L
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/—100000
0 0 0/0 0 0
11 0o 0o 1/00 0
L,s, = =
21 0 0 0|1 0 0
0 0 0/0 0 0
\ 0o 00|00 —1)
Likewise, from
010
1—L 101
WG
\f010
1(0 1
Sx = =
2\ 10
we obtain
1
(000(1)%(1)
0 0 0% 0
1
lxsleo?ooﬁo
21 0 &5 0]0 0 0
1 1
5 0 S50 0 0
1
\ 0 L 0|0 0 o)
Similarly,

. 0 1 0
L=—1 -1 0 1
)=

2

V2 0 -1 0

1{0 —i
S, = —
Y2\ 0

71

(4.71)

(4.72)

(4.73)

(4.74)

(4.75)

(4.76)

(4.77)
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yield
1
[0 0 0 [0 5 0)
1 1
0 0 0 |-% 0 %
1 0 0 0 0 —L 0
lysy =5 : V2 (4.78)
0 —% 0 0 0 0
1 1
5 0 -] o0 0 0
1
\o0o L o0 o o)
Finally, from
Is = ly55 + lysy + 1,5, (4.79)

we obtain the complete matrix for spin-orbit coupling in the basis p_i«, poc, p1a,

P_153.poB, P15 :

(-1 0 0|0 v2 0
0 0 0/0 0 V2
0 0 1/0 0 0
s=| - - —|—- — = (4.80)
0 0 0|1 0 0
vV2 0 00 0
\ 0 V2 0|0 0 -1

4.4.1.1 Application tothe Molecular VB-Wavefunctions

Because the basis for the model Hamiltonian consists of the 36 molecular VB-
wavefunctions (egn. 4.1, table 4.1, section 4.2), we have to apply the matrices for
the atomic wavefunctions to the molecular wavefunctions to get a representation
that can be added to the system’s Hamiltonian. For this purpose we use the relation
derived in section 4.4:

Vso = Aglasa + Aplysy

with a denoting the F atom and b the CI atom.

<‘I’Z‘|Aa Z liSi +Ab Z liSi |\I/J> = Aa<\I/i|11S1+12S2|\Ifj>a+Ab<\I/i|11$1+1282|\D]‘>b

—— ——
a b

(4.81)
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and
Aa<\11i‘l]_s]_ + 12S2|\1Jj>a = Aa(\Ili|lls1|\Ilj)a + Aa<‘11i|12s2‘\yj>a (482)

As can be seen from equation 4.8 and table 4.1, the molecular VB-wavefunctions
U,(1,2) are expressed in terms of atomic wavefunctions @, (1), ®,(2) as follows:

Ui(L,2) = D ) cn®i(1)®(2) (4.83)
i(1,2) = DD cimn®m(1)@n(2) (4.84)

The resulting spin-orbit matrix elements for a specific electron (“1”) is, for
example:

(Wallisal ) = 3237503t (Be(1) (2151|104 (2)
= ZZZZ%W D4(2)[ 8, (2)) (P4(1) Lisa |20 (1))

Jzn apply

-

integrate

As a consequence, the total spin-orbit matrix element is, in general,

(;(1,2)|A, Z Lisi +4, Z Lis; [U;(1,2)) =

—~—— i\b,_/
DD D0 cinmCimn(Da[(Pi(2)| @ (2)) (P (1) lisi| @ (1)) (@ (1) @1 (1))(P1(2) [1282] P (2)) ]
+8[(D1(2)| P (2)) (P (1) [1isi | P (1)) + (P (1) [P (1)) (P (2) [1282|Pn (2))1])

(4.85)

4.4.1.2 Example

As an explicit example the matrix element

1%(1,2)] ;Aa Iis; + ;Ab Lis; PTI(1,2))

b
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with
Iy = L a a L o - Q
2 = a2 + b)) (@) - f1a(2)
= %(ao(l)a(l)bo@)ﬁ(?) + bo(1)e(1)ao(2) B(2) — ao(1)B(1)bo(2)c(2) — bo(1)B(1)ao(2)cx(2))
M = %((ao(l)m(?) —b1(1)ao(2)) — (a+(1)bo(2) — bo(1)a+(2)))(B(1)5(2))
1

is evaluated as follows, First 1;s; is only operating on the part of each expression
which belongs to electron (1).

(p_la poc pix | p_1fB pofS p1f \

-1 0 0] 0 V2 0 |p.a
0 0 0] 0 0 V2| po

Is = 0 0 1 0 0 0 | pa
0 0 0 1 0 0 |p_f
V2 0 0 0 0 0 | pf

\ 0 v2 0| 0 o0 —1|pp )

From this we can see that /;s; operating for example on ao(1)3(1) =
po(1)B(1) will give v2a_(1)a(1) = v/2p_(1)e(1). Similarly, I,s, operating on
a.(1)B(1) gives v2po(1)a(1) — p1(1)5(1)

Similar operations on all atomic basis functions which sontribute to 3I1(1, 2)
yield

L PIL2)e = 5[V (Da(L)b, ((2) b (5(1)a02)5(2) — VEao(D)a(1)n(2)5(2)
Far (LB1)(2)B(2) + bo(1)B(L)as (2)B(2)
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N e —— N~ ~— — ~— =

o~ N

L T N N

('S(1,2)151 PTI(1,2)), =

N N N N N~~~

(=] (=] (=] =]

+
+
+

Finally, the /;s; matrix element of 'Y (1, 2) on 3II(1, 2) is evaluated as
—V2a0(1)a(1)b0(2)5(2) + a4 (1)8(1)bo(2)5(2) + bo(1)B(1)a(2)5(2)))
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Similar to this procedure we get for los,

('2(1,2)[1252PII(1,2))0 = i[—\/ﬂbo (1)8(1)1bo(1)5(1))(ao(2)cx(2)[a0(2)x(2))]

- _i\/ﬁ
So for the total matrix element:
(5(1,2)| Ay (Lisy + 1ps2)PTI(1,2))s = 2- (—%\/ﬁ)Aa
1
_ _EAG
('5(1,2) Ay (s + Lss)PTI(L, 2))y = —%Ab
= (5(L2)Vsol'M(L.2) = ——=(8,+ )

All 36x36 matrix elements are calculated by means of the same technique and the
resulting values are added as off-diagonal elements to the system Hamiltonian.

4.4.2 Electron-Hole Dualism

To show that this approach is valid, one has to prove that a shell occupied by
n electrons, leads to the same (L,S)-terms like a shell occupied with (g-n) holes
with g corresponding to the degeneracy. So the configuration with n electrons is
equivalent to a configuration with (g-n) occupied holes.

Microstates Microstates

n — electrons = (g) = ( g ) = (g —n)— holes
n g—n

For each (Mg, My)-microstate for n electrons there is one (—Msg, —M;p)-
microstate with (g-n) holes. For example, by comparing the p! and p® configu-
ration of an atom, in the former there is one microstate with A/}, equals to +1 and
My equals to +% for the one hole. Let us denote this state as 11 with the digit
corresponding to the value of M;, and the index corresponding to spin +%. If we
would have p® configuration, there will be one configuration where the hole will
be located at M, equals to +1 and Mg equals to +% and the five electrons inhab-
iting the microstates 1—,0%,0~, —1* and —1—, which leads to the corresponding
microstate with M, equals -1 and Mg —%. This will be the case for all of the
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microstates of the p! configuration.
A 251 [ -term consists of (M, Mg)-states with

M,=LL—-1,L-2.—1L

Ms=S,S—-1,8S—2. -8

so for each (M7, Mg)-electronstate one (— My, —Ms)-holestate will be included.
So we can conclude that a state with n electrons leads to the same (L,S)-terms as
a state with (g-n)- electrons, only with a change in sign for the coupling elements.



