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6 Interior estimates for the flow

Before we can start with the proof of the interior estimates, we have to introduce auxiliary
functions and prove some of their properties. In addition, we get an estimate for changing
distances under the flow from these considerations.

6.1 Preparations

The first auxiliary function we need is a time dependent scaling function.

Lemma 6.1 Let R > 0 be a fized radius and T > 0 be a fized time. We define a scaling function

0T =R, plt)= e 6.1)
: — = ) .
¥ 1Y, ) ¥ R 1t
It satisfies for all k >0 and all t € [0,T]:
™ = (k+1)p" (6.2)
p < R? .
Furthermore ¢ is invertible for t > 0, and the inverse is given by
1 1
-1
== +- vt >0 . 6.4
o= (m+i) (6.4
Proof:
These are short calculations.
L]

We want to prove local estimates on the following union of metric balls at different times:

Definition 6.2 Let g(t) be a time dependent Riemannian metric on a complete manifold ¥ with
distance function di(x,y). Let xo € ¥ and a radius R > 0 be given. Then we define

B(r,20,R) := | J Bi(xg) C[0,7] x &
tel0,7]

as the union of the geodesic balls By (xo) := {(t,z) € {t} X X|d¢(wo, z) < R} of radius R around

a point xg € ¥ at times t € [0, 7).

We need to estimate the time dependent distance function to show that these sets are compact.
To this end we use the squared distance:
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Lemma 6.3 Let B(T, g, R) be given as above. Then the squared distance function
r:B(T,z0,R) - Rt C %, r(t,x) == %dt(xo,:v)2

satisfies
[Vr(t,z)| <R V(t,x) € B(T,x0,R) . (6.5)
If |Re| < (n — 1)k2 holds on B(T, o, R), then there are the estimates
Ar(t,z) <n+ (n—1)k - di(zo, x) (6.6)
—Oyr(t,x) < (n—1)k? - dy(zo, z1)?

Before we prove this lemma, we first need an estimate for the derivative of the maximum of a
smooth function.

Lemma 6.4 Let F(t) := sup,cy{f(t,y)} for a smooth function f where Y is a compact set.
Then F' is Lipschitz continuous in t, and we can estimate the derivative in the sense of difference
quotients as follows:

1nf{0tf t Y |y € Y } < N < Sup{atf(tay)|y € Y@)}

where Y (¢ —{yEY‘F f(t,y)}.

Proof:

The upper bound for the derivative of F' is proven in [Ham86, §3] where also the notion of the
derivative of a Lipschitz function is defined. We want to prove the lower bound and proceed
along the lines of the proof of [Ham86, Lemma 3.5]:

Choose a sequence t; “\, t such that

lim 7}7(%) _ F(t) = lim inf F(t + h) _ F(t> .
j—o0 tj —t A\.0 h

Since Y is compact, the supremum of f at each ¢; is attained, and there is a sequence (y;) C Y
with F(t;) = f(tj,y;). After passing to a subsequence, we may assume that y; — y*. Since F
and f are continuous, we have

F(t;) = F(t) and f(tj,y5) — f(t,y") for j — oo
which gives F(t) = f(t,y*) and therefore y* € Y (¢). Furthermore
Fty.y") < f(tj,y5) = F(ty) = sup{f(t;,9)|y € Y}
holds, meaning that

F(ty) — F(t) = f(tj,y5) — f(t,y°) = f(t;,97) — f(t,y7)
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We can apply the Mean Value Theorem to f at y* and find
F(tyy") = f(ty") = 8 (Ty,y7) - (t; — 1)
for some Tj € (t,t;). Since t; \, t implies T} \, t, there is the estimate

Ety) —F@) o, Iy = fy")

— 1t [0/ (T3.")] = @) (t.0")
for some y* € Y (¢) from the continuity of d;f. This implies

d
2> g
P> yelrylf(t){f)tf(t,y)}

as required.

[

By choosing F' appropriately, the lemma allows us to control the time derivative of the metric
distance:

Corollary 6.5 Let (g,u)(t) be a solution to (2.5) on [0,T] x ¥ where ¥ is complete. Let xg,x1
be two fized points in X and di(xg, 1) the time dependent distance between xg and x1. Then
there is the following bound on its time derivative:

d
—Ad(xo,21) < adt(anxl) < Qdy(xo, 1)

whenever supyy )y [Re| < A and supy 715 |Sy| < Q. The result is still true, if the bounds only
hold along all minimizing geodesics between xg and x1 at all times 0 <t <T.

Proof:
We first compute the evolution of the length of a fixed curve under the flow. Let v : [0, L] — X
be a smooth curve parametrized by arc length. Then its time dependent length is defined to be

L'(y) = / \/gij(t,’y(s))"yi(s)ﬁj(s)ds )

We compute the time derivative:

1 i ..
L' (y) = / o - (0rgij )Y ds = —/Sy(%v)ds :
107 ,Y|t Y

Consider the compact set I' of smooth curves v parametrized by arc length and having at most
a finite but large length L:

L= {y]v:[0,L%()] = £,7(0) = 20,7 (L°(7)) = w1, L%(7) < L} .

Recalling that by definition d;(zg, x1) = inf,er L'(7y), we see that —dy (2o, z1) = SUD,er (—Lt(’y)).
Applying Lemma 6.4 with F(t) := —di(xo, 1), f(t,7y) :== —L!(y), and T as above, we thus
conclude that

inf{—@tLt(v){’y eT(t)} < —%(dt(xo,xl)) < Sup{—atLt(v){’y eT(t)}
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which is equivalent to
o d . .
—supq | Sy(y,9)ds|y € T(t) p < —(di(w0,21)) < —inf ¢ [ Sy(%,9)ds|y €T () ¢ .
2l gl
Here I'(t) is the set of minimizing geodesics between x¢ and x; at time ¢. Now the estimates

= [ Sutids == [ Resqyds +2 [ ldut)Pds = - sup |Re|- L'(3)
v Y ¥ [0,T]x%

= — sup |Rc|-di(xo,z1) > —A - di(zo, 1)
[0,T)x%

and

—/Sy("%"Y)dS =< sup |Sy|-di(wo,x1) < A-di(zo, )
vy [0,T]x%

for all v € T'(¢) imply the desired result.
L]

Proof: (of Lemma (6.3))
From the definition r(t, ) := 3d;(z¢, )? we get Vr(t,z) = dy(zo, ¥)- Vdi(z0, 2) where V denotes
the spatial gradient at time ¢. This implies (6.5):

[Vr(t,x)| = |di(zo, x)| - |Vdi(zo, )| < R-1.

To estimate Ar, we use the Laplacian Comparison Theorem: At each time ¢ € [0, 7] the Lapla-
cian of the distance function can be estimated away from the cut locus as follows:

(n—1)(1+4 & - di(z0, x))

A(dt(l'Oax)) < dt(QTOax)

whenever sup g () |Re| < (n—1)k? holds. This is proven in [SY94, Corollary 1.2]. We compute

A(3di(z0,2)%) = Vi(di(wo, 7) - Vidi(z0, 7)) = |Vdi(z0,2)|* + di(w0, %) - A(dy(0, 7))
<1+ (n- 1)(1 + K- dt(xo7x)) <n+n-—1k-d(xo,z1) ,
proving (6.6). Finally, to prove (6.7), we use Corollary 6.5 and show
—or(t,x) = —8t(%dt(x0,x)2) = di(zg, ) - (—0di(z0,x)) < (n — 1)/¢2 - dy(xg, x)?

This finishes the proof of Lemma 6.3.

Corollary 6.5 allows us to compare the distance of points at two different times:

Corollary 6.6 Assume (g,u)(t) is a solution to (2.5) on [0,T] x ¥ where ¥ is complete. Let
xo,1 € X be two fized points and 0 < ty,ty < T be two arbitrary times. If |Rc| < A and
[Sy| < Q hold along all minimizing geodesics vy connecting xo and x1 at times 0 <t < T, then
the distances at time t1 and ty satisfy:

e_A(t2_t1)dt1 (zo,71) < dp,(x0,21) < emtz—tl)dt1 (zo,x1) -
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Proof:
Given these conditions, we can apply Corollary 6.5 to get

-A < (lndt(xo,ml)) <Q.

&=

Integrating on [t1, 2], we can estimate
—A(tQ — tl) S In dt2 (.’Eo, .Tl) —In dt1 (.770,331) S Q(tz — tl) .
After exponentiation this is the desired result:

exp(—A(tz — t1) + Indy, (zo, 21)) < dyy (20, 1) < exp(Qte — t1) + Indy, (zo, x1)) -

The corollary implies that the sets B(7, zg, R) are compact.

Corollary 6.7 Let xy € ¥ and R > 0 be fized, and suppose (g,u)(t) is a solution to (2.5) on
[0,T] x % satisfying the bound suppr o gy |SY1* < A < co. Then the set B(T,xo, R) is compact
with respect to the manifold topology of [0,T] x 3.

L]
Since we want to prove local estimates, we need a cut-off function.
Lemma 6.8 Let n be the cut-off function on B(T,xo, R) defined by
n:B(T,z9,R) — R*, n(t,z) = (R? —r(t,x))? . (6.8)
For all 6 € [0,1), n has the properties:
n<R! (6.9)
nt<(1-60)"2R* on B(T,0R,x) (6.10)
|Vn|? <4R? .1 . (6.11)
Whenever supp(r 4 g | 1| - R? < C holds, there is the additional estimate
(8; — A)n < C(n)C - R? (6.12)

for a scaling invariant constant C and C(n) depending only on n.



76 6 INTERIOR ESTIMATES FOR THE FLOW

Proof:
(6.9) and (6.10) are immediate. To prove (6.11), we use (6.5):

0 Vnl? = (R —r) 72 - 4(R* — r)?|Vr[* = 4|Vr|* < 4R* .
The Laplacian of 7 is given by
An = Vi(=2(R? — 7)Vyr) = 2|Vr|> = 2(R* — r)Ar

and the time derivative by

o = —2(1’%2 — 7)o .
Using (6.6) and (6.7), we therefore calculate
(0 — A)np = —2(R%* — )0y — 2|Vr|? + 2(R? — r)Ar < 2(R* — 1) - (A —0y)r
Ve ., ¢ RQ))
Jn—1R = (n—1)RZ
<2R?. (C(n)+C) < C(n)CR?

<2R2.(n+(n1)<

where the suprema are on B(T, o, R), and we assumed without loss of generality that C > 1.
This proves (6.12) as required.

[

6.2 Estimates for the Lapse function

The evolution equations for u and |du|? give us good control on the behavior of the logarithm
of the Lapse function. We prove several a priori estimates.

Lemma 6.9 Let (g,u)(t) be a solution on [0,T) x M for closed M with initial data (g, w). Then,
for allt € (0,T], there are the following a priori estimates:

sup |dul*(t, z) < max |di|?(z) (6.13)
zeEM reM

sup |dul?(t,z) < it_l . (6.14)
zeM

Proof:
The first estimate follows straight from the maximum principle for subsolutions applied to the

evolution equation (2.11)
(8,5 — A)|du|2 S 0.

A closer look at (2.11) reveals
O (t - |dul?) < 1-|dul® +t(Au — 2|V2ul? — 4|dul*) < A(t-|dul®) + t 7 (tdul|® — 4¢2|dul*)

such that we get at the first point (¢1,21) € [0,7] x M, with 7 < T arbitrary, where f := t - |du/|?
attains its maximum:

0<t'(f—4r) .
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This implies for £ > 0

f(1—4f%) >0
which forces f < + on (0,7) x M, implying |du|> < 1¢~! independent of the initial data. In
addition this yields a uniform bound on [Z,T') and therefore the claim for t = T

L]
Since we can estimate |Rm/|? + |V2u|? for solutions of (2.5) on complete ¥, it is possible to
prove a priori bounds for the logarithm of the Lapse function u(¢) also on complete, noncompact
manifolds. To this end we need a maximum principle for complete noncompact manifolds:

Theorem 6.10 Let ¥ be a complete Riemannian manifold and (g,u)(t) be the solution of (2.5)
on [0, T] x X constructed in Theorem 3.22 with T' < co. Let f be a smooth function on [0,T]x X.
Assume furthermore that there is a vector field a € X ([0, T] xX), and a function b € C*([0,T] x
%) satisfying supp ryxx (lal + [b]) < a, and

(O —A)f<a-Vf+bf
f0)<0 onX
IVIP<B on[0,T)xY

hold for some numbers o, 3 < oo. Then f <0 holds on [0,T] x X.

Proof:

This is a specialization of the quite general maximum principle [EH91, Theorem 4.3]. Using
the knowledge on solutions of (2.5), we can settle some of the assumptions there. At first we
show two properties of the metric g(t): Since we know that |Rm|? + |du|? < ¢(n, ko, c, s0) on
[0,7] x ¥ from Theorem 3.22, we get

sup |0hgij| < sup (2n|Rm|+ 4|dul®) <c< oo
(0,T]x% 0,T]x%

Furthermore the curvature bound implies that Re > —(n — 1)k? for some xk > 0. We get the

desired volume growth estimate ,
| B (20)] < ecHH#7) (6.15)

for an arbitrary xg € % and all p > 0 from the Bishop volume comparison theorem for some
constant ¢ = ¢(n, k). A bound |V f|?> < 3 implies the integral bound (4ii) in [EH91, Theorem
4.3]. In particular we have for every fixed ¢

~(e2)d2 (w0,2) |7 2 ; (DB 0 v — 3 1 [ —(c+2)r?
e [V f]7dVdr < lim e dV = [ lim e dAdr
> 0 Sﬁ(m‘o)

pP—00 BZ(Z'O) pP—00
P 2 p 2
< B lim e~ (et2)r |SE (z0)|dr < 3 lim / ectrle=e=2) gy
=X Jo P—X Jo
< C(n,k)B lim [*2672'02 +2] =2C(n, k)
p—00

where we used the volume estimate (6.15). Integrating in time, we therefore get

T
/ / e (et2)di (20.2) 17 £12qV dt < C'(n, k)BT < oo
0 b))
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as required. Now the maximum principle of Ecker and Huisken can be applied to f.

As an application we show that u is controlled completely by its initial value.

Lemma 6.11 Let (g,u)(t) be a solution on [0,T) x ¥ where ¥ is closed or complete and non-
compact. Assume in the second case that (g,u)(t) is the solution from Theorem 3.22. Then we
have the following bounds

inf a(x) < u(t,x) < supa(r)

for allt > 0 as long as the solution exists.

Proof:
The statement for closed ¥ follows directly from the parabolic maximum principle applied to

Ou = Ay .

In the complete case we want to apply the maximum principle Theorem 6.10 to the two functions
ui(t, z) == u(t, z) — sup,ex U(z) and ua(t, x) := infyex @(x) — u(t,x). For i =1,2

&gui = &gu = Agu = Agui

holds. At time ¢ = 0 on X, we have u; < 0 by definition. In addition there is the bound
|du|?> < C = C(n, ko, co, 50) from Theorem 3.22. Thus all the assumptions in Theorem 6.10 are
satisfied, and the claim follows.

[

A second application of the maximum principle leads to the following time decay estimate for
du which is similar to the estimate (6.14) in the closed case.

Lemma 6.12 Let X be a complete Riemannian manifold, and (g,u)(t) the solution to (2.5) on
[0,T] x X constructed in Theorem 3.22 with initial data (g, @). Then the derivative of u satisfies:

sup |du|*(t,z) < B -t}
reX

for B := sup,¢x, || ().

Proof:
We define a test function f := t|du|? + |u|?> — B. From (2.11) we find

(0 — A)f < |dul® — 24| V?ul? — dt|dul* - 2|duf* <0,
and the initial data satisfies
F(0)=0-|dul>+|u>(0)—B=|a>-B<0.

Considering the bound |u|? + |du|? + |V?u|? < C(n, ko, co, S0) from Theorem 3.22, we can apply
Theorem 6.10 to conclude for all ¢ > 0

0> ft)=tldu® +|u>*-—B = tldu>?<B-|u?<B,
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proving the lemma.

L]

In the next lemma, we proof a local bound on |du|?. The technique is adapted from [EH91,
§3] and goes back to [Shi89]. We will use the same ideas for the more complicated estimates to
follow.

Lemma 6.13 Let (g,u)(t) be a solution to (2.5) on [0,T) x ¥ where ¥ is complete. Fix xy € X
and a radius R > 0. If there is an estimate

sup R?|Re| < C,
B(T,x0,R)

then for all 8 € [0,1) and all t € (0,T) there exists a constant C(n), depending only on n, such
that:

sup  |duf®(t,z) < C(n)(1 — 9)—2é<12 N 1) .
z€BGp(x0) R t

Proof:
Using the scaling function ¢ from (6.1), we define f := ¢ - |du|?>. A calculation from (2.11) and
(6.2) shows that

(0= ) f <7 (f = 4f7) .
We multiply by the cut-off function 7 defined in (6.8) and calculate on B(T, zo, R):
(00 = A)(fn) < ¢™H(F = 4f%) -n=2VnVf + f- C(n)CR?
from (6.12), using the curvature bound. Rewriting the second term and applying (6.11)
—2VnVf = =25 'VV (nf) + 207 [V’ f < =207 V0V (nf) + 8RS
we find
(@ = A)(fn) < e~ P+~ =207 'V (fn) + C(n)CR? - f +8R* - f .

Fix 7 € [0,T). Since ¢(0) = 0, njppt (2 = 0 for all £ € [0,7] and fn > 0, the first maximum
point (t*,z*) of fn in the compact set B(7,xg, R) (compare Corollary 6.7) must be an interior
point. Consequently, we have at this point

O (fn) =0,  Alfn) <0,  V(fn) =0,
and obtain at (¢*,z*), assuming C > 1:
4o~ P < @ i+ C)CR - f .
Using (6.9) on the right hand side and multiplying the equation by ¢n, we find

422 < fn-R*+ C(n)CR*p - fn < 3f%n> + C(n)C*R® (6.16)
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where the second estimate is due to Young’s inequality and (6.3). Since (t*,z*) was a maximum
point, we get
sup  fn < C(n)CR*.
B(7,z0,R)

The estimate (6.10) for 7! together with (6.16) implies that for any 6 € [0,1)

sup  |dul*(t,2) < C(n)(1 - 6)2C™!
x€B}(x0)

holds, proving the lemma for all 0 < ¢t < T'. Since the estimate is uniform on [T'/2,T), it also

holds for t = T completing the proof of Lemma 6.13.
L]

We can localize Proposition 2.17 to find that local control on the Riemann tensor implies local
control on the Hessian of u.

Proposition 6.14 Let 3 be complete and (g,u)(t) be a solution on [0,T) x X. Suppose that for
fized xo € X and a fixed radius R > 0 there is a bound:

sup RYRm|?> <C?. (6.17)
B(T,zo,R)

Then for all t € (0,T] and 0 € [0,1) there is a constant C(n), depending only on n, such that
we have the estimate

/1 1\?
sup  [V2ul(t, ) < C(n)(1 — ) >C” <+) |
z€Bf (o) R t

Proof:

We prove the theorem by using a trick of [Shi89, §7]. We combine the evolution inequalities
(2.12) and (2.11) for |V2u|? and |du|? in a clever way. To this end, define the test function
[ = ©*|V2ul*(X + ¢|dul?) where the constant A will be chosen later. In the following, C' will
denote a constant only depending on n that can change from line to line. Using (6.17), we get
from Lemma 6.13 for all # € [0, 1) the estimate

sup  |dul® < C(n)(1—0)72C . (6.18)
B(T,z0,0R)

The evolution of f is given by

(0r = A) f = (0 = A) (@I V2ul?) - (A + pldul?) — 20°V|V?ul* - ¢V |dul®

(6.19)
+ @Vl - (0 — A) (A + pldul®)

and we compute for the first term on B(T, zg, 0 R)

(0 — A) (9| V2ul?) < =202 VPul* + Cop ™' - | V2ul* (1 + | Rm| + ¢|dul®)

<
< =20%|VPul? + Cp~' C - ?|VPul?
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from (6.17) and (6.18). Note that we can estimate

t

<C-1. )
R2+t_01 (6.20)

R*t 5
¢|Rm| = W|Rm| = R°|Rm| -
Multiplying by (A + p|du|?), we get
(0 = A) (@ IVPul’) - (A + ldul?) < =202 V3ul? - (A + ¢ldul®) + Co™'C - f .
For the last term in (6.19) we compute
(0 — A) (X + pl|dul?) < —20|V?u? + Cldul® < —2¢|V*ul> + Co™ - (A + ¢|dul?) ,
such that multiplication by ©?|V2u|? gives
(0 = A) A+ gldul?) - ?|V?ul* < —20°|V2ul' + Cp7t - f
The cross term in (6.19) can be estimated using Kato’s inequality |V|()|‘ < V()| as follows:
22V[V2ul - oV |duf? < 82 Vul[ TPl - oldul[ V24l
< 20| VPul (A4 pldul®)2 -4\ + pldul’) "2 02 dul2 | VPul?

8¢p|dul?
< 202 V3ul? - (A + gldul®) + —————*|V?ul* .
<2V - Ok ) +
We choose A := 7C' > To|du|? and compute
2 2
A+ ¢|dul? 8p|du|?

This simplifies (6.19) to
(0 —A)f < =7 A+ oldul’) 2 2+ COpT! -
assuming C' > 1 without loss of generality. We estimate further
~(A+plduf’)? < —C
and find using Young’s inequality:
(8,5 — A)f < —%4,0_1(7_2 . f2 + CC’4¢_1 .
The product of f and the cut-off function 7 from (6.8) satisfies
(0= D)(fn) < =57 'C2 P+ CClo Iy — 207 VN (f) + CCR? - f

At the first maximum point of fn on B(7, g, R), one has similarly to Lemma 6.13

21202 < CCO2 + CCPR?p - f < f2n + CCOR®
again using (6.3), (6.9) and Young’s inequality. As before, this leads to

sup  @*[V2ul* < C(1—0)2CP (A + pldul’)
B(1,xz0,0R)

and we can estimate C'(\ + ¢|dul?)™' < C/\ = 1. The remainder of the proof is analogous to
the proof of Lemma 6.13.

[
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6.3 Interior a priori estimates

Having done all necessary preparations, we finally prove local a priori estimates for solutions
with bounded curvature. To this end, we estimate the derivatives of ® where ® is defined
as in (2.20), giving an explicit dependence of the result on the initial curvature bound. This
constitutes a regularity theory for the solutions of (2.5) in the sense that solutions with bounded
curvature are always smooth.

Theorem 6.15 Let (X,§) be a complete Riemannian manifold. Suppose that (g,u)(t) is a
solution on [0,T) X ¥ satisfying

sup  RYRm|* < C? (6.21)
B(T,xo,R)

for some radius R > 0 and some point xg € . Then the derivatives of ® satisfy for all m >0
and for all t € (0,T] the estimates

sup  |[V™®X(t,x) < C(n,m)C™+? (2 + >
2E€BY, 5 (0) R t

where C' = C(n,m) is a constant depending only on n, and m.

Proof:

The proof is an induction argument, using similar techniques as in the proof of Proposition 6.14.
The curvature bound (6.21) together with Lemma 6.13 provides the estimate

sup  pldu? < CC

B(T,z0,0-1R)
for _y := 2. From Proposition 6.14 we know, using (6.21) in combination with (6.20), and
setting 0y := %, that
sup  @*|®% = sup <,02(|Rm|2 + |V2u|2) < CN’Q(I +C(1- 90)_2) < CC?
B(T\x0,00R) B(T,x0,00R)

holds where C depends only on n. This proves the theorem in the case where m = 0.

In the following C denotes a constant depending only on n and m which can change its value
from line to line. In the induction step we assume that

sup @ T2 VER (1, z) < O(1 — 0,)2C5 2 < C 2 (6.22)

zEBéSR(zo)

holds for all ¢ € (0, 7] and all 0 < s < m. The choice of 8, := %+?14 guarantees that % <bs<1

is true for all s and 6; > 6, for all i < j. We assume without loss of generality that C>1in
the following.

To prove the estimate for s = m + 1, we define a test function

f(t,2) = " E@VTTOP(E 2) (A + o)V (¢, 7))
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where ) is a constant that will be chosen later. The evolution of f is given by

(at _ A)f — (at _ A) (¢m+3|vm+1q)|2) X ()\ + (pm+2|vmq)|2)
+ M VTHE2 (9 — A) (@A VR?) — 20 PV VTG 2 Y|V
(6.23)

We want to estimate the individual terms on Bgm+1 r(20), using the estimate for the derivatives
of ® from Lemma 2.23 and the evolution equation (6.2) for powers of . We start with

(at _ A)((pm+3‘vm+1‘1>|2)
< (m+ 3)S0m+2 . |Vm+1(1)|2 o 2¢m+3|vm+2¢)|2
+c¢m+3{ S vee Ve vrtel + Y [dul|VeR|| ViR v ol
a+pfB=m+1 a+pB=m
+ Y |va<1>|v/3<1>|v%1>||vm+1c1>|+|du|2|vm+1q>|2}
a+pf+y=m—1
S *2(pm+3‘vm+2¢|2+0@71' m+3‘vm+1q)|2( +<p\<b|+ap|du|2)
+0pTT Y TV VR - 2 VOd| T [V |

at+f=m+1
a>0,6>0

LS ot VR VI - 2 |dulp ™ [V

a+pB=m

Y ot Ve i VIRl VB - of [V a " [V )
a+ﬂ+fy m—1

Having paired the correct powers of the scaling function with the derivatives of ®, we can apply
the induction hypotheses (6.22) and find

(at _ A)(wm+3|vm+1q>|2)
< 2"V 4 Oph - VIR (1 4 )
+C<p—1{ Z cotlop+2 4 Z Cot2eh+2 | Z C’a“éﬁﬂévﬂ}
a+B=m+1 atpB=m at+fry=m—1
a>0,4>0

< _2¢m+3‘vm+2¢|2 + Cé(pil . S0m+3|vm+1¢)|2 + Cém+48071
where we used Young’s inequality and C' > 1. Multiplication by (A + ¢ 2|V"®|?) gives

(0 — A) VD2 - (A + " THVTD[) < 2 P3|V 2 (N + o TEVTD) + CCp f
+ CO™ M (N + " 2|V O?) .
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The second term in (6.23) can be estimated as follows:

(at _ A)()\—F (pm+2|vmq)|2)
< (m+ 2)" VPP — 202V 9

R D S s R S e

a+0B=m
a B m
+ Y PV T VO] pE|dulp”E [V
a+pB=m—1
Y TV VIR (VIR 03 [VOd|FE e V)
at+pB+y=m—2

+ (p|du|2g0m+2|vmq>|2}

< _2@m+2lvm+1@|2 + Cap_l . (pm+2lvmq>|2(1 + é)

N 0901{ S Gengsn g Y Genesy Y C«a+1éﬁ+2€w+2}
a+pGB=m a+pB=m—1 a+pB+y=m—2
< _2@m+2|vm+1¢|2 + C(p_lé’(pm+2|vmq)|2 + C@_lém+3,
and we get for the product
(9 = B) A+ ™2V - gV D
S _2@2m+5|vm+1@‘4 + Csoflé«f + C¢flém+3¢m+3|vm+1q)|2
S _%¢2m+5|vm+1¢|4 + C(P_léf + C(p—léZ(m-i-B) )
Here we used Young’s inequality in the following way:
(pfl(cém+3 . (pm+3‘vm+1q>|2) < ()071 . %w2m+6‘vm+1q>|4 + ¢71002(m+3) )

The cross term in (6.23) is controlled in the same way as in Proposition 6.14:

_2(pm+3v|Vm+1q)|2<pm+2v|vmq)|2
8<’Om+2|vmq)|2

2m+5 ) gm+1g |4
A+ 2| VP2 B A

< 2¢m+3|vm+2¢)|2()\+S0m+2|vm(1)|2) +

Altogether (6.23) comes down to

8§0m+2|vmq)|2 3 o
Nt omrumep 2) FOCYTS

+CpT CH (N 4 MRV + Cp T G

(at _ A)f S S027’)14’5|v7fH’1(D|4 (

We choose A := 7C"+2 > 7o™+2|V™¥|2 > 1 and compute
8(pm+2‘vm+2q>|2

A+ cpm+2|Vm(I>|2

(/\+ (pm+2|vmq)|2) < 8@m+2 )

[\][9V]
I
—

I
[\][9]
I
|

g <semer (r0me  omi)
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This simplifies the above equation to
(at o A)f S 7%¢2m+5|vm+1¢|4 + Cég@ilf + 08071612(7)14»3) ) (624)

Estimating
m+2 meas|2\—2 ~Am—+2\—2 1 A—2(m+2
—(A+ " TVMR|2) 2 < —(8C™F2) 72 = — L O D)

we can complete the first term in (6.24) to f%
(8 — A) f <~k 1CT2mH f2 L P f + Cp~ 1 C2MTS)
Applying Young’s inequality
o 1CCF < Tée‘p_lé_Q(erQ)fz + CC2m+3) -1
to the second term in (6.24), we conclude that

(8 — A) f < — ke CmHD =1 g2 L cOmH3 =1

To localize this estimate, we multiply f by 1 defined in (6.8) and get on the ball Bgm+1 r(o):
(0= A)(fn) < —g2gC 227 2+ CCHM ) o~y — 2~V V (nf)+ C(1+C)R*- f (6.25)

where we used the evolution equation (6.12) for . From the definition of ¢ and 1 we conclude
that the function fn attains its maximum on the compact set B(7, zg, 0,,+1R) for an arbitrary
7 < T in an interior point (¢*,2*). At this point, we therefore have

V(i =0, (9—A)(fn)=0.
Putting this into (6.25), we get with C' > 1 that
0< —flﬁé_Q(mH)Sﬁ_lfQU + OO =y L COR?
Multiplying by 256C2(™+2)pp and using (6.3) and (6.9), we get
P20 < COYHI0RS L oG2m+S Rl pp
Estimating CC?™ R . fn < 1 f2n? + LCC4™+1OR®, we conclude
fn < CCPH5RY

By choice of 6,11, (6.10) implies n7' < (1 — 6,,41) 2R~ < CR™* on BémHR(mo), and we
therefore get

‘vm+1q)|2 < 002m+5()\+ (pm+2|vm¢)|2)—1(pf(m+3) < 002m+5(7c~«m+2)71(p7(m+3) )

Plugging in the expression for ¢! from (6.4), we finally arrive at

B 1 1 m+3
m+1g1(2 m-+3
|V + (I" (t,l’) < cc <fi2 + t)
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for all (¢,x) € B(T,xg,0m+1R) since (t*,2*) was maximal in B(7, zg, 0pmt+1R). Since 7 € [0,7)
is arbitrary, this provides a uniform estimate for all ¢ € [%, T):

B 1 1 m+3
sup V12t 2) < CC™ 3 (2 + ) ,
iZ?EBéerlR(IO) R T

and we can conclude that the same estimate is valid for ¢ = T'. This proves the induction step,
and since 6, > % for all m > 0, it also proves the theorem.

[

A version with scaling dependent bounds is given as follows:

Corollary 6.16 Let (X,g) be a complete Riemannian manifold. Suppose that (g,u)(t) is a
solution on [0,T) x X satisfying
sup [Rm|* < kg
B(T\x0,R)

for a radius R > 0 and some point xg € 3. Assume furthermore that there is a constant ¢ > 1
such that R < ¢v/T. Then the derivatives of ® satisfy for all m > 0 and for all t € (0,T) the
estimates
sup |V (t,x) < Ok
CCGBE/Q(w())

where C'= C(n,m,c) is a constant depending only on n,m, and c.

Proof:
From a bound |Rm|? < k2 we get R*-|Rm|?> < R*Z =: C?. Applying Theorem 6.15, we
conclude for all ¢t € (0,77:

B 1 1 m+2
sup  |[V"®|* < C(n,m)C™ 2 <R2 + T)
B;%/Q(IO)

< C(n, m)kpT2RAM+D) . (26)mH2R=HMFD) — O(n, m, ¢) kT2

since we can estimate o~ < 2cR™2.

L]

A slightly modified version of Theorem 6.15 deduces a bound on |[V"*1®|? from bounds on all
derivatives of smaller order. Here the dependencies are not as explicit as above.

Theorem 6.17 Let (3,§) be a complete Riemannian manifold and m > 0 a fixzed number.
Suppose (g,u)(t) is a solution to (2.5) on [0,T) X ¥ which satisfies

)
sup  RYRm|* <Cy
B(T,J,‘(),R)

and fork=1...m: )
sup S0k—0—2|vk<1)|2 S C]?
B(T,zo,R)
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for a radius R > 0 around some point xo € . Then V™ 1® can be estimated as follows
Lo ) 1 1 m+3
sup V™% (tz) < C(1 —6)~ <R2 + t)
ZEB;R(QZQ)

forallt € (0,T] and all § € [0,1) where C is a constant depending only on n,m and Coy...,C.

Proof:
The proof is the same as for the induction step in the proof of Theorem 6.15.

6.4 Long time existence

As an application of the interior estimates we prove a characterization of long time existence for
solutions of (2.5). To this end, we first deduce some general properties for solutions on compact
manifolds.

Proposition 6.18 Let (g,u)(t) be a solution to (2.5) on [0,T) x M where M is compact. Define
K(t) := supgepr |[Rm|(t,z). Then there exists a constant ¢ = c(n) such that we get for all
0 <t <min{T,c/K(0)} that:

K(t) <2K(0) .

Proof:
From the evolution equation (2.17) we have:

dt|Rm|? < A|Rm|* + C|Rm|* + C|Rm||V?ul?® + C|dul*|Rm|* .

Since K (t) = sup,¢j | Rm|?(t, z) is Lipschitz continuous, we can define its derivative in the sense
of difference quotients as described in Lemma 6.4. A computation shows

%K(t)Q < CK(t)

since we can estimate |du|?(t) < C'sup,, |Rm|(t) = CK(t) from Lemma 6.13 and |V?ul|?(t) <
C'sup,, |Rm|?(t) = CK?(t) from Proposition 6.14. Simplifying, we get

d
%K(t) <CK(t)* K@) ' =LiCK ()
where C' depends only on n. Solving the associated ordinary differential equation, we find

for t < CKL(O)' Taking ¢ = 1/C yields the claim.
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Corollary 6.19 Let (g,u)(t) be a solution to (2.5) on [0,T) x M where M is compact and T is
the mazimal time of existence. Define ko := max,cps |Rm|?(0,x). Then there exists a constant
c = c(n), depending only on n, such that T > c/\/ko.

Proof:
From Proposition 6.18 we know that the solution has bounded curvature on [0, ¢/+/ko]. This

implies the smoothness of (g,u)(t) up to that time using Corollary 6.16.
L]

Corollary 6.20 Let (g,u)(t) be a solution to (2.5) on [0,T] x X with ko := supy, |[Rm|?(0) < oo
and cy := supy, |dul?(0) < oo where T is the mazimal time of evistence. Then we have T >
¢/(Vko + co) for a constant ¢ = c¢(n) depending only on the dimension.

Proof:
This was proven in Theorem 3.22 and Corollary 6.19.

For the proof of the long time existence result, we need a technical lemma.

Lemma 6.21 Let (g,u)(t) be a solution to (2.5) on [0,T) x M with initial data (g, u) where M
is closed. Suppose there is a uniform curvature bound |Rm| < ko on [0,T) x M. Then for any
fixed metric g with connection V on M, we have for all t € [0,T) and all m > 1:

sup ([V™W|3 + [V Rm[) (t,x) < C(n,m, ko, T, §, @)
zeM
where ¥ = (Vg,Vu) is defined in (3.23).

Proof:

We work in normal coordinates for g such that I' = 0 at the base point. In particular we assume
that I' = I' — T" is a tensor in this chart. From Lemma 2.8 we know that the metrics g(t) are
uniformly equivalent for (¢,z) € [0,T) x M, giving us

c~lg(w) < g(t, @) < cg(z) (6.26)

for some ¢ = ¢(kg, T, %) only depending on kg and T and an initial bound on da. In the following
C = C(n,m,ko, g,u,T) denotes a constant only depending on n,m, the curvature bound ko, the
initial data g, u, and the final time 7. Applying the interior estimates from Corollary 6.16, we
get uniform bounds for ¢ € [0,7") and all k& > 0:

sup (|VFRm|? + |V* ™ ul?) (t,z) < C(n, k, ko) .
zeM

Using (6.13), we get an estimate for |dul?:

sup |@u|§(t,m) < C sup |du*(t,z) < C (6.27)
zeM zeM
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for all ¢t € [0,7). In addition, the curvature bound and Proposition 2.17 imply the following
estimate for the Hessian:
|v2u|g < C|?2u| < C|V2u| + C|Vgl|du| < C + C|Vg]

since in these coordinates

?ﬁju = azaju = VZ'VJ'U + Pfjaku = V@'Vju + gkl (vigjl + ngil — ?lgij)aku . (6.28)
This allows us to estimate

|8t?g| = |?8tg| < C’(|?Rm| + \du|\?2u|) < C|VRm| + C|T||Rm| + C’|@2u| <C+ C|@g| .

By an application of Gronwall’s lemma we get at most exponential growth for 9;Vg. This shows
that on finite time intervals:
|atv,g| S C(”a m, k07 g) ﬂa T) .

Using (6.26), an integration gives for arbitrary 7 € [0,T):
Vls(r) < CIVgl(r) < CIVG| + c/ 10,9g|(8)dt < C(n,m, ko, 3,0, T) . (6.20)
0

Therefore the claim for m = 1 follows from (6.27) and (6.29). We assume that the claim is
true for s = 1...m — 1. To do the induction step, we need the evolution equations for higher
derivatives. A calculation shows that we have for m > 2:

HV™g = Rex V™™g + dux V™" u 4 Rex P(V0g,..., V™ 1g)

m m—1
+ Z V'Re P(vog, L VTTg) + Z Vit « VITm—iy,
=1 i=1
B B m+1 ' - B ' ) i
OV u= Vi Vg4 Y Vs P(V0g, .. V) 4 Vs PV, V")
=2

(6.30)

To derive these equations, we used the equivalence Vg ~ V — V to replace derivatives with
respect to g by derivatives with respect to g in a similar way to (6.28). Furthermore P is a
polynomial in the components of the derivatives of g of the designated order as in (8.10). This
allows us to estimate

‘at(|vmg|§ + ’vm+1u|§)| < Hatvmgb + |8t?m+1u|g} < C(|8t?mg\ + |at@m+lu|)
< C(IV™glg + V" lulz) + C,

using the induction hypotheses and the equivalence (6.26) of g and the metrics g(t). Here C
depends only on n,m, kg, g, %, and T. This proves the desired result using Gronwall’s lemma.
In addition the curvature satisfies

m—1
V"™Rm =V"g + Z ViRm x P(V°g,...,.V™ 1) - V" Rm
i=0
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which can be proven by induction and the identity 7(@ — V) ~ Vg. Using the estimates for
|V Rm|? and |ng|§ for s =0,...,m, the bound for |VmRm|§ follows in the same way as above.

This finishes the proof of the proposition.
L]

The interior estimates provide a necessary and sufficient condition for the long time existence
of solutions on a closed manifold M.

Theorem 6.22 Let (g,u)(t) be a solution to (2.5) on [0,T) x M for closed M with initial data
(g,u). Assume that T < oo is mazimally chosen such that the solution cannot be extended
beyond T'. Then the curvature of g(t) has to become unbounded for t — T in the sense that

lim [ sup |Rm|2(t,x)] =00 .

t/T zeM
Proof:
We partly follow the proof of [CK04, Theorem 6.45] and show first that
limsup[ sup |Rm/|?(t,z)] = oo . (6.31)
t/T “weM

Suppose to the contrary that the curvature stays bounded on [0, 7], say |Rm|? < ko. We prove
that the solution can be extended smoothly beyond T, contradicting the choice of T

The inequality (6.13) implies a bound on du such that |Rm| + |du|?> < C holds on [0,T] x M.
For arbitrary X € X' (M) define a function ¢(7T)(X, X) := lim;_7 g(¢)(X, X) on M x X(M). By
integration we get for t /T

T T
9(T)(X, X) — g(t)(X, X)| < / 1Brg(r) (X, X)|dr < / (|Rel(r) + |duf*(r))dr

<cC(T —t) — 0

uniformly in @ € M. Therefore the limit g(7")(X,X) is well defined and continuous in z. By
polarization we can construct a continuous limit g(7') € Symy(M). This tensor is a Riemannian
metric because of the uniform equivalence of the metrics g(¢) from Lemma 2.8. Similarly we
find a continuous limit «(7T) := lim;_7u(t) on M. From Lemma 6.21 we get for ¢t € [0,7] the
bounds

su]pw(|?mg|§ + [Vl + [V Rm|2) (t,z) < C(n,m, ko, T, §, @)

TE

for an arbitrary background metric g in a coordinate chart. Therefore (g, u)(T) is smooth. In
addition (g,u)(t) — (g,u)(T) is a smooth limit since we can estimate for all m > 1:

T

T
™ g(T) — ™ g(r)] < / 0™ g (1) gt = / 7 (D (8)) gt

T m . — .
< C/ (WmRm(ng + Wl+’u(t)|g|vl+mzu(t)|g> dt
T =0
<C(T-1)—0
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for 7 /' T, using Lemma 6.21 again. Taking (g, u)(T") as initial data, the short time existence
result in Theorem 3.11 provides a solution on a small time interval [T',T + ¢). This solution
extends the original one smoothly beyond T since the bounds in Lemma 6.21 together with
(6.30) imply bounds for all time derivatives of g(T') at time ¢ = T'. This gives the contradiction.

We can replace the limes superior (6.31) with a proper limit. Define K (t) := sup,¢,s |Rm|(t, x).
Suppose

lim | sup Rm|?(t,z)] = o0

t/T [meM | i )]
does not hold. Then there exists B < oo and a sequence t; /' T such that K(t;) < B. From
Proposition 6.18 we get a constant ¢ = ¢(n) such that

K(t) < 2K (t;) < 2B

for all ¢t € [tg, Tx) where T} := min{T,t; + ¢/B}. Since t; /' T, there is an index ko such that
ti, + ¢/B > T. Therefore we get
sup K(t) < 2B,
by <L<T

contradicting (6.31). This completes the proof of the theorem.



