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5 Nonexistence of periodic solutions

We want to exclude the possibility of periodic geometries on closed manifolds M and follow the
ideas in [Per02, §2,83]. The technical description of such a solution is given by:

Definition 5.1 A solution of (2.5) is called a breather, if there exists t1,t2 € [0,T), t; < ta such
that g(t2) = a- (¢*g)(t1) and u(ty) = (p*u)(t1) hold for a constant o € R and a diffeomorphism
@. The cases o =1, > 1, < 1 correspond to steady, expanding, and shrinking breathers.

We use the monotonicity of E given by Lemma 2.13 and the monotonicity of W from Theorem
4.4 to prove that the only existing breathers are soliton solutions. Defining

Mg, u) == inf {E(g,u, f)’/M e fdv = 1}

fec=(M)
for (g,u) € M(M) x C®(M), we get that X is attained by a smooth function f. To see this, we
replace f by ¢ := e /2 and get a new functional:

E(g,u,¢) := /M (4]dg|* + S¢*)av .

This provides us with an equivalent definition for \:

Mg,u) = inf {E(g,u,¢)'/M¢2dvz 1} .

deC>= (M)

Thus A is the first eigenvalue of the operator O(¢) := —4A¢ + S¢ which has a smooth positive
minimizer ¢. Since we will prove a similar_statement for W in Proposition 5.8, we do not go
into details here. Going back to f := —21n ¢, we calculate that a minimizer f for A satisfies:

2Af —|df)? +S=X\. (5.1)

Moreover A is invariant under diffeomorphisms since E is. We also prove that A(¢) is monotone
when evaluated on a solution to (2.4):

Lemma 5.2 Let (g,u)(t) be a solution to (2.5) on [0,T) x M. Then A(t) := A(g(t),u(t)) is
nondecreasing in t. If %)\(to) = 0, the solution at time tg is a gradient soliton satisfying

Sy+V2f=0 and Au—du(Vf)=0

where f is a minimizer for A at time t.

Proof:
Fix to and let f be a minimizer for A at time #. Solving 0;f = —Af — S backwards in time
with initial data f at tg, we conclude from Lemma 2.13 for all ¢ < ¢y that

A(t) < E(g,u, f)(t) < E(g(to), u(to), f) = Alto) -
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Therefore A(t) is nondecreasing in time. The equality case follows directly from the equality
case for F.

L]

In the following, we identify a soliton solution g(t) on [0,7") x M with its representative g at
a fixed time, for example at time ¢ = 0, and work with the corresponding elliptic equation as
described after Definition 2.2. We get from the above considerations:

Proposition 5.3 Let (g,u)(t) be a steady breather on a closed manifold M. Then it necessarily
is a steady soliton and, moreover, (M, g) is Ricci-flat and w is constant.

Proof:

The monotonicity of E (see Lemma 2.13) shows that A(g(t),u(t)) is nondecreasing in time.
On a steady breather we have A(t1) = A(t2) for two times ¢1,%2 since A is invariant under
diffeomorphisms. Therefore we can conclude from Lemma 5.2 that on [t1, t2]

Sy+V2f=0 (5.2)

Au—du(Vf)=0 (5.3)

holds where f(t) is a minimizer for A(t). Thus the breather is a steady soliton solution. Taking
the trace in equation (5.2), we have

0=S+Af,

and by (5.1) f satisfies
A=2Af —|df*+ S =Af —|df|*. (5.4)

Integrating, we get
)\-1:/ /\e_de:/ (AF = |df?)eTav =0
M M
by (4.3) such that we conclude from (5.4)
Af=Idff*.

Another integration shows that f must be a constant. But then Au = 0 from (5.3), showing

that u is constant, too. Together this implies that Rc = 0.
L]

To deal with expanding breathers, we define a scaling invariant quantity

A(t) = Mg, u)(t) = Ag, u)(t) - V(g(1))

3o

where V' denotes the volume of M with respect to g(t).

Lemma 5.4 \(t) is scaling invariant with respect to the scaling § := a - g and f =f+5ha
for all constants o > 0.
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Proof:
Observe that we also have to scale f since it still has to satisfy the normalization constraint

/e_fdf/:/ e_feln(a%)ang:/ eldv =1
M M M

with respect to the new volume element dVj. Then we can calculate

R(j) = o 'R(g)
\df|2 = §"0:f0;f = a ™ g 900, f = o t|df 2

dVy = /det(g)dx = \/det(a - g)dz = \/a™ det(g)dx = a2 /det(g)dz = a2dV,

giving us

Delav;

3.0 =V Ao = | [ ] : nf { [ (aitz+ r@ - 2lau

/ e~ Tdv; = 1}
M

2

= {/ ang] " inf {/ a71(|df|3 +R- 2|du|3)agefang‘/ o 2efazdv = 1}
M Ff UM M
n.2 2 2 5

=azmV(g)n - a  Ag,u) = V(g)n - Mg, u) = A(g,w)

as required. Note that there is no difference taking the infimum over f or f.

L]

The quantity A(¢) is not monotone in general, but we only need to establish the following
monotonicity property:

Lemma 5.5 Let (g,u)(t) be a solution to (2.5). Then A(t) is nondecreasing at times t where it
18 nonpositive. If %)\(to) =0 at a time ty, then the solution satisfies

IV2f + Sy+ L(S+Af)gl*=0
AT - du(VF)E =0
Af 4+ S = const

where f is a minimizer for \ at time t = tg.

Proof:
Since A is Lipschitz continuous, the time derivative exists in the sense of forward difference
quotients. At a fixed time ¢, we assume A\(¢) < 0 and compute

AN =4ye A4 Va-dr=2ya. .yl dy Lyidy (5.5)

Using Lemma 1.4, further calculations show

jtV(t)zat/ dV:/ tratgdvz/ (—Af—R—|—2|du|2)dV:—/ Sdv .
M M2 M M
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Setting f(t) := InV(t), we obtain

E(g,u,InV) = /

2\ _ —InV _
[ (s+1amv)R)e dV_/

(S+0)vtav =v! / Sdv
M M

since f(t) is independent of x € M. Furthermore, f is properly normalized

/e—ln"dvzv—l/ av=v=".v=1
M M

and therefore an admissible function. From the definition of A we conclude that

-1 AV =FE InV)> inf E =\. .
vt [ sav—Bgunv)z it B f) (5:6)

Whenever A\ < 0, using (4.3) and (5.6), we compute

—Avl/ SdV = |)\V1/ SdV > [AA = —|\]?
M M

— </M(5+ df?) ede>2 = (/M(S+Af) ede>2

where f is a minimizer for E at time ¢. This gives an estimate for the first term in (5.5):

dy(t) - A> —2Va (/M(S+Af) e—fdv>2. (5.7)
The second term in (5.5) comes down to
V%%,\(t) — V. 2/M IV2f + Sy|* + 2|Au — du(V f)|? e fav
e / V27 4 Syt L(S + AP +2/AF — du(VH) + L(S + AP e dv
" (5.8)
where f is the same minimizer as above. We also used the equation for 9,F in Lemma 2.13 and
IV2F+ Sy+ 2 (S + AfNgl = [V + Syf” = 2(S+ Af)?.

The combination of (5.7) and (5.8) proves

jt/_\(t)>2vi/M|v2f+ Sy+ LS+ Af)gl> +2|Au — du(V )P e Tav

+ ivi{/M(Aer S)?eldv — </M(Af+ S) e‘fdv)g} >0

where the non-negativity of the second line is due to Hélder’s inequality. Therefore X is nonde-
creasing at time ¢. If %)\(t) = 0, all individual terms have to vanish. Note that the second line
can only be zero if Af + S = const. This proves the lemma.

(5.9)

[
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Proposition 5.6 Let (g,u)(t) be an expanding breather on a closed manifold M. Then it nec-
essarily is an expanding gradient soliton and, moreover, (M, g) is an FEinstein manifold and u
15 constant.

Proof:

Assume there are times ¢1,%3 and @ > 1 such that g(t2) = a - (¢*g)(t1). We have A(t2) = A(ty)
since A is invariant under scaling and diffeomorphisms. Since @ > 1, we know in addition that
V(t2) > V(t1), implying that there is a time ¢y € [t1, t2] such that

LV (tg) = —/MSdV(to) >0.

Therefore we can conclude at time tg:
A< VE / SdV <0
M

where we used (5.6) in the first step. Consider two cases: If A(t;) > 0, A can never decrease
below 0 again, in particular not at time ¢y. On the other hand, if A(t;) < 0, then it has to
increase up to time tg where it is still negative. Therefore it cannot decrease back to its old
value at time t» as required. Lemma 5.5 then shows that \(t) = const for t € [ti,ts]. This
implies 2 = 0 on [t1,t,], and we get for a constant ¢ € R

Sy+Vif—L1(S+Afg=0
Au—du(Vf)=0 (5.10)
S+Af=c

because we have equality in (5.9). Since the minimizer f satisfies (5.1), we get
2Af —|df* +S =)= / (S + |df|?) e Tav :/ (S+Af)efav = c-/ e v =c
M M M
where we used (4.3). This implies
Af—ldf?+ec=c = Af=[df|.
Integrating as before, we know that f is constant. Inserting this into (5.10) yields

Re—2du®du— ;9=0
Au =0,

and we conclude that u has to be constant, too. This leaves
Re—£g9=0,

and g has to be an Einstein metric on M.

L]

The remaining case are shrinking breathers which we want to handle with help of the functional
(4.1) and its monotonicity proven in Theorem 4.4. We first give a definition:
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Definition 5.7 Let (g,u,7) € M(M) x C®(M) x R" be a configuration. Then we define:

= ,u,T):= inf Wig,u, f, 7 :/ dir _Ze_de—l}.
pi= (g, u,T) fGCW(M){ (9 u, f,7) M( )

Proposition 5.8 Let M be closed and connected. Then p is attained by a smooth function
f € C°(M) satisfying the normalization constraint.

Proof:
We adapt the method from [Rot81]. Replacing ¢ := e~ //2 as before, we equivalently can
minimize the integral

W(g,u.¢,7) = /M [47]dg[* + 7S¢* — ¢* In g — ng?] (4mr) 2 dV

for functions ¢ € WH2(M). In the following, all L” and WkP spaces are be with respect to the
measure dm = (477)”2dV. Analogously to Definition 5.7 we set for fixed (g, u,7):

pmplg.nr)i= _nt (Wi s [ o tav -1

PEWL2(M)

and show that W is bounded below for ¢ € W12(M). Choose p := % Using Jensen’s
inequality for the logarithm with respect to the measure ¢2dm, we get

/M ¢2 In ¢2dm = /M ¢2 In |:(¢2p)1/17] dm = HT*Q /M [ln |¢|2p] ¢2dm < HT,Q In |:/Jw |¢|2p+2dm:|
="3%1n [”925”;213} =nln ||¢||% )

The Sobolev embedding VVO1 2(M) c L%(M ) for n > 2 is proven for example in [Aub82,
Theorem 2.20]. By the choice of ¢ we can estimate:

[6] 20 < c(n)| P2,
such that together with the monotonicity of the logarithm we have

/M ¢* In¢*dm < 252 In[c(n)||wr.2] -

Using the fact that S is smooth and the normalization [, $*dm = 1, we get altogether:
/ (47|d¢|* — ¢* In¢* + ¢*(7S — n))dm
M
= 47/ |d¢>|2dm+47-/ |¢>|2dm—47'/ |¢>|2dm—/ $* 1n¢2dm+/ #*(1S — n)dm
M M M M M

> 476l 1 — 47 = 252 In[e(n)|9lw12] + 7 min S(2) /M 6[2dm —n -1

> 4T||¢||%,V1,2 — ”7*2 In @iz — ”T*Q Ine(n) — 47 + Tgrclélj\l} S(z) —n

> 47| 9|32 — F2|Glwre + C(n, T, Simin)
Z C(na T, szn)



68 5 NONEXISTENCE OF PERIODIC SOLUTIONS

independent of ¢. Here we set Sy, := mingeps S(x) and used that f(z) = Az? — Bx > —% on
R*. Therefore W is bounded below for ¢ € W2(M).

In view of the Sobolev embedding, Holder’s inequality, and the mean value theorem the func-
tional F: WH2(M) — R given by

F(¢) := /M((TS —n)¢® — ¢* In¢*)dm (5.11)

is continuous in LP for all p > 2. Let us assume that ¢; C WhH2(M) is a minimizing sequence
for W such that W(g,u, ¢;,7) < 1 + % holds for all 4 > 0. We calculate

[ aridP = w6t + (55— mygtdm
M
- / 27|des|* — ¢7 In ¢ + (35 — n)pidm +/ 27|do;|*dm + ;/ Sp2dm
M M M
- T
> i(g,,0.7/2) + 3 Smin +27 [ (1461 +16)dm 27
M
where Sy, is defined as above. This implies that
%Smm 4+ 27 + W(g, u, j, 7')}
1 - T N 1
{—/L(g,u, Qb’ 7/2) - §Smm + 27 + M(ga u, ¢i»7—) + Z}

< —
- 27
<C

1
I8l < 5 {~filg. u, 6, 7/2) -

holds for a constant C independent of i. Therefore the sequence (¢;) is uniformly bounded
in W12(M) and converges weakly to a function ¢ € W12(M). By the compactness of the
embedding W12(M) < LP(M) for all 1 < p < %, n > 3, we know that ¢; — ¢ strongly in L?
for p in this range. Since % > 2, the functional F' defined in (5.11) is continuous in LP(M),

and we get
/1 = inf W(97 u, ¢7 7—) = hm W(gv u, ¢7l7 7—)
o) 1—00
= {lim / 4T|d¢i|2dm} - / ¢*In p*dm +/ (1S — n)dm .
i—oo Sy M M
The weak convergence in W12(M) gives

lim 4T|d¢i|2dm>/ 47|do|*dm
M M

implying
iz [ 4rlddP - # i+ (rS - m)Pdm
M

and the infimum is indeed attained at ¢. The strong convergence also implies that the limit
¢ satisfies the normalization condition. We can assume in addition that ¢ > 0. If (¢;) is a
minimizing sequence, then also (|¢;]) because we have |d@s| 2 = |d|¢i||z2 and [¢s] 2 = || ¢s|] 2-



69

As a critical point of I/T/, ¢ satisfies the Euler-Lagrange equation
—4TAG —2¢Inp+ (1S —n —)p =0 (5.12)

weakly in W12, To be able to go back to the original functional W, it remains to show that ¢
is smooth and positive. To this end we rewrite the equation:

Ap=—5 oo+ E(rS—n—f) - d=c-dlnp+w(x) ¢ =P

where w(z) = %(T - S(x) — n — p) is smooth. Since ¢ € Wol’Q(M) — L%(M) by the
Sobolev embedding, and since ¢ - In¢ € LP~9(M) for all § > 0 whenever ¢ € LP(M), we know
that P € Lnfigﬁ for all e > 0. Now the regularity result [GT98, Theorem 9.15] implies that
o e W2nare (M). Again by the Sobolev embedding we know that ¢ € == (M), proving that
P e L6e by the previous argument. After a finite number of iterations we get P € L? (M)
for some p > 2n. This implies that ¢ € C*(M) for some o > 0 by [GT98, Theorem 8.22].

Since ¢ therefore is continuous, we can prove that it is pointwise positive. We have the following
lemma from Rothaus which analogously holds in our situation:

Lemma 5.9 [Rot81, page 114] Assume ¢ € W'2(M) N C°(M) is a nonnegative minimizer for
i and ¢(p) = 0. Then there exists a neighborhood of p where ¢ vanishes identically.

This shows that ¢ is positive everywhere on M since defining

Q:={pe M|o(p) =0},

we see from the lemma that © is open. But it is also closed since ¢ is continuous. Because M is
connected, there are only two possibilities, either @ = () and ¢ > 0 on M, or Q = M and ¢ = 0
which is impossible since |¢[;2 = 1. Furthermore we know that ¢ is uniformly bounded below
away from 0 since M is compact.

Using this information, we see that P = ¢- ¢In¢ + w - ¢ is Holder continuous for ¢ € C*(M)
positive. This implies that ¢ is a classical solution of (5.12) in C%%(M) by [GT98, Theorem
9.19] and satisfies

Ap=c-dlno+w-¢

in the classical sense. Repeating this argument, we learn that ¢ € C*°(M ). Since ¢ is positive,
we can define f:= —2In¢ and f is a smooth minimizer for u as required.

L]

Now that we have understood the variational problem, we can investigate the remaining case of
shrinking breathers. For the proof we are going to need the following lemma:

Lemma 5.10 Suppose (g,u)(t) is a solution to (2.5) on [0,T) x M where M is closed. Fix a
7 €[0,T) and define 7(t) := 7 —t. Then pu(g,u,7)(t) is nondecreasing in t. If Su(t) = 0 the
solution is a gradient shrinking soliton.
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Proof:

Let f be a minimizer of p(to) for to < T arbitrary. We can solve the equation for f backwards
in time with initial value f at ¢ = to. The monotonicity (4.6) implies that W (g,u, f,7)(t) is
nondecreasing in time. We get for ¢ < ¢g:

/-’L(ga u, T) (t) < W(97 u, f7 7—) (t) < W(gv U, f7 T)(to) = W(g(to), U(to), fv T(to)) = M(gv U, T)(to) )

proving the lemma.

[

Proposition 5.11 Let (g,u)(t) be a shrinking breather on a closed manifold M. Then it nec-
essarily is a gradient shrinking soliton.

Proof:
The breather (g,u)(t) satisfies g(t2) = a - ¢*g(t1) and u(te) = ¢*u(t1) for two times t1,t2 and a
constant a < 1. Define the reference time

_ tQ — at1
Ti=—"
l—a ’
and set 7(t) :== 7 — t. It follows that
T —1
o = 7_- 2 = T(t2> .
T — tl T(tl)

Using Lemma 4.2 and Lemma 5.10, we conclude that

(g, u, T)(t2) = pla - p*g, p u,at(t1)) = p(e*g, ¢"u, 7(t1)) = p(g,u, 7)(t1) -

By the equality case of the monotonicity formula, (g, u)(t) must be a gradient shrinking soliton.

[

We cannot draw further conclusions as we did for steady and expanding breathers since we
cannot use the Euler-Lagrange equation satisfied by the minimizer f in the way we did for
minimizers of F.



