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u�A�K)oIZ=Q&A�8�ed��yP�GH§BCBC;&D:8:9t_^8:K)?!Q�@=A�9rw�A�Z=9 ] _!otZ&D:8:9IA�;=;=Q=RMA�KCQ&A�9Y_^;&D:B4_^; ] A�Q&@=A�Q�F�Z&?!8I?"A�B)A�<08:9I?!Q&A�Q0�GA�BCB)A�_^Q�@=A�Q
Fv?!8IA�Q08:K4_^B)A�Q�@=A�9��%_!otZ|ys_^9t_^8I?!>�A � _^;&D�a��YA�Z=9r;=Q&@�~�BCy-A�9ID�f�g�i�i�i k��le

;&J>;�mj0?L?P85/7i=K7R0iSkHFl�;�=�68;�68;&l�;&5�S/4^L?*-,

k =

√
2m

~
(E − E0)

n©®8Yv®Zt
cu4^L?*-,�S/=>;[5/P8LR\�=K;�LR0?;�5�¨k;&=>5/7:03L?4^m}0?4/L:C©�s7?2�=KJ>J>H103=KP85/;�5

χ(E)
l/2&9�Y

χ(k)
JÏ.F7R7R0�7R=>*-,�SkH15/5�S/=>;~a<;$C2&=>;�,}4/5^6�2&4�7:03L?4^m}0?4/L?;&J>JK;�5	M�HFL?HF\];&03;&L?5	,/;�LR7R0?;�J>JK;�5�Y

χ(k)
9i=>L?S�S/;$�k5/=K;�LR0eHFJK7

χ(k) =
µ(k) − µ0(k)

µ0(k)
,

n©®8Y @8t
9QP8L?=K5

µ0

;�=>5�JÏHF5^6873HF\|CÅ�F;�L?.F5/S/;&L?J>=K*-,/;�L¤�A=>5j03;&L?68LR4/5/Sz=K7R0°W}S/;&L<S/;&\¾,j�yV�PF03,/;$03=K7?*-,/;&5z£�;�L?J>HF4^��S^;�Lrel/7?P8LRV^03=KP85�=>5�rulj9Q;�7R;�5/,/;&=K0el�;&5kHF*-,}lkHFL:03;&Ler 0?P8\�;�;&5j037?V^L?=>*-,j0�Ycu=K;[;&L?7R0?;�0?,/;�PFL?;&0?=>7R*-,/;Ua<;&7?*-,/LR;�=Kl/4/5/6zS^;�7s�(purs¨O)}C�MO,k.F5/P8\];�5^7uHFJK7e)y03LR;�4/4/5^6zS/;�LeMO,/PF0?P1C
;&J>;�mj0?L?P85/;&5j9<;&J>J>;]HF5�V/4/5/mj0R��h8L?\]=>68;&5�)y03LR;�4/;&L?5ª;&LR��P8JK6F03;�®�� �+®gS/4/L?*-,�)^H°�8;�LR7�W�)y03;&L?5�4/5/S�Á��}0?J>;¿§)^H°�8;&L?7�;&0�HFJ�YKW�®!� �+®�Ãu4/5/S¦;�=>5^;o9i=>*-,j03=K68;�¥�;�=K0?;�LR;�5j0�9i=>*-m}J>4^5/6¯S^4/L?*-,¦S/=>;�£�;�LR9Q;�5^S/4/5/6¯S/;�7
½°T	4^Ò]5+CÅ0?=>5d½­C��eP85^2�;�V+03;�7U���^L|S/=>;�MNPF03;&5}0?=ÏHFJK;zS/;&L]r 0?P8\];�®�� �8E�S/4^L?*-,¯Ád;&;�4/5/S¯M!;�5^S/LR�²¿ÀÁ�;�;4/5^SÙM!;&5/S/LR�FW�®�� �8EDÃ�YQ�O=K5/;�4/\g�³HF7R7?;�5^S/;�csHFLR7R0?;�J>JK4/5/6�S/;�L�68;�7R*-,/=>*-,j03JK=>*-,/;&5²�O5}0�9i=K*-m}J>4/5/6�S^;�L�(psru¨O)}CÅÐ_,/;�P8LR=>;]=>7:0~4�Y§H^YN=>5¬¿Àre6jHFLR9<HFJ�WÉ®�� �"�^±ÙÐN;�P^WÑ®���� �1Ã�4/5/S�¿§fi;�,/L[4/5/SwreJ>l�;�LR7�W�@FB8B8BDÃ
68;&68;�l�;�5�Ycu=K;xrul/7RP8L?V^0?=>P85�;&=>5/;&7gfAhF5}0?68;�5^V/,/PF0?P85/7gS/4/LR*-,¯;&=>5�r 03PF\ =>7:0|;�=K5 �y4/HF5j03;�5^\�;&*-,kHF5/=K7?*-,/;&7
MO,k.F5^P8\�;&5�W�SkHF7R7�=>\ fAHF,/\];�5¯2�;&=K0-H1l/,k.F5/6F=>68;&L])y03h8LR4/5/687:03,/;&P8L?=K;�=K5¯V/,j�y7?=KmDHFJ>=K7?*-,/;&5ÙÁ�;�,/LRl/�+C*-,/;&L?5wl�;�,/HF5/S/;&JK0�9i=>L?S�Ydcu=>;g¥wH1,/L?7R*-,/;�=K5/J>=K*-,/mF;&=K0����/L[S^=>;]rul/7RP8L?V^0?=>P85b;�=K5/;�7[fih85j0368;&5/V/,/PF0?P85/79i=KL?S]S/4/L?*-,�¨k;�L?\]=>7¤��P8JKS/;�5/;ifi;�6F;�J�l�;&7?*-,/LR=>;&l�;&5�W}5kHF*-,�S^;�L����/L�S/=>;AÌel�;�LR6jHF5/6F7R9<HF,/L?7R*-,/;�=K5/J>=K*-,+C
m1;�=K0UV/L?P�¡�;&=K0?;�=>5^,/;�=v0

Pif

�8P8\ ru4/7R6jHF5/687R2�4/7:0-HF5^S |i〉 =K5wS/;�5¢�O5/S^2�4/7:0-HF5/S |f〉 ,/;&LR�8PFL?68;&L?4^��;&5S/4^L?*-,	;�=>5^;�,/HFL?\]P85/=K7?*-,/;�)y0?h8L?4^5/6
V (t) = V e−iωt

68=KJK0�¿§T�;&7?7?=>HF,�W�®�� � �DÃ :

Pif =
2π

~

∣∣〈f
∣∣V
∣∣ i
〉∣∣2 ρf (E)

n:®8Y§Îjt



� »kØ>Í�Ø�����Ô�¸X×�¹+Ôdµ � ��� �Z¶N¸Z· � Ô � �ª¹ � � �NÔN×�¹yÔ�µkÔ �!· � º � ×�· � � Ö ¹yÔ � � � �O¹+Ô

ρf (E)
=>7:0AS/=>;�cu=K*-,}0?;~S/;&Ls¡�4^7R0-.15/S/;�=>\ �O5/S/2&4/7R03HF5/S�S/;&7s)}�+7:03;&\�7&Y�)y0?h8L?4^5/687?LR;�*-,/5}4/5^6x=>5�cu=vC

V�P8JK5k.F,/;&L?4/5^6����^L�;�=>5^;|;�l�;�5/;gJ>=K5/;°H1LuV�P8JÏHFLR=>7R=>;�L:03;[;�J>;&mj03L?PF\�HF6F5/;&0?=>7?*-,^;U¥ª;&J>J>;1W�S/;&L?;&5ªMNP8JÏHFLR=>7?HDC
03=>PF5/7?LR=>*-,j034/5^6o=>5ªfA=K*-,}0?4/5/6oS^;�7|�O=>5^,/;�=v037R�F;�mj03PFL?7

~ε
9Q;�=K7R0�WN���/,^LR0U=K5¢�sLR0?7?SkHFLR7R0?;�J>JK4/5/6�HF4^�_S/;&5

ru4/7RS/L?4/*-mb¿ ru6jH1LR9<HFJ�W�®�� �0�^±o)}03h8,/L&W�®!� �j@+±	fi;�,/Li4/5/S	ruJKl�;&L?7&Wo@FBFB8B1Ã

µ(~ε) ∼ |〈ψi |~ε · ~r|ψf 〉|2 δ(Ef − Ei − ~ω).
n:®FY§Â}t

�e=>;&L~=K7R0
~r
S/;�L|��L:037:�8;�mj0?P8L�Y |ψi〉

4/5/S |ψf 〉
7?=K5/Sw; 
�;�mj0?=K�8;��O=K5+C©�OJ>;&mj03L?PF5+C©�O=>6F;�5/7R2�4/7:0-.F5/S^;zS/;�7

)y�y7R03;&\�7�\]=K0uS/;�L��O5/;&L?68=K;
Ei

l^2&9�Y
Ef

�FP8L�4/5/S�5kH1*-,bS^;�L�rul^7?P8LRV^03=KP85�S/;�7�MO,/PF0?P85/7�\]=K0uS/;�L
��5^;�L?6F=>;

~ω
Yj��\¾¨�HFJKJkS/;�L¤rul^7?P8LRV^03=KP85�S/4^L?*-,z;&=>5z�OJK;�mj03LRP85zS/;&L<�uC:)y*-,kHFJ>;A=>7:0<S^=>;Aru4/7R6jHF5/687:9<;&JvC

J>;�5+��4/5/mj03=KP85 |ψi〉
S/=>;¤S/;&7

1s
C���JK;�mj03LRP85/7&Y |ψf 〉

=K7R0!S/=>;QÌel�;�LRJÏHF6F;�L?4^5/6eS^;�L(H14/7?68;&,/;�5^S/;�5U¥�;�JKJ>;�\�=v0
a<;�=v03L3.168;�5xH14^��68L?4^5/S��8PF5�fA�/*-m}7:03L?;&4/4/5/6�HF5zS^;�5�M!P103;�5j0?=ÏHFJK;�5zS/;&L �eHF*-,}lkHFL3HD03P8\];FY^cu=>;e;�5j037:03;$C
,/;�5/S^;�5¯�s7?2�=KJ>J>H103=KP85/;�5b7R0?;�JKJ>;�5ªHFJ>7RPo;�=K5/;�5 �y4/HF5j03;�5^\�;&*-,kHF5/=K7?*-,/;&5¯��5j03;&LR��;&L?;�5^2�; 
�;�mj0]2&9i=K7?*-,/;&5
S/;�LAHF4/7RJÏHF4+��;�5/S/;&5�MO,/P103Py;�J>;&mj03L?PF5/;�5j9Q;�J>JK;�4/5/S	S/;�5�fA�^*-my7:03LR;�4j9<;&J>JK;�5oSkH1L�Y

��\ ¨�H1J>J�S/;�L_�O=K5^�³HF*-,/7:03L?;&4/4/5/6�n?½�)+=>5/6FJ>;u7R*°H10R03;&L?=>5^6�½°t�9i=KL?Sx5}4/L_S/=K;�Ìel�;�LRJÏHF6F;�L?4^5/6|S/;�LiH14/7:C
JÏHF4^��;&5/S/;&5]¥�;�JKJ>; \]=K0�S/;�5�HF5 �R;&9Q;�=KJ>7O;�=K5/;�\ÈHF5/S/;&L?;�5�M!P103;�5j0?=ÏHFJ/6F;�7R0?L?;&4^03;&5]¥�;�JKJ>;�5gl�;&0?L3HF*-,j03;$0°Y
��\ fAHF,/\];�5zS^;�L Ð_,/;&P8L?=K;sS/;&L_T�;&,/LR�³HF*-,^7R03LR;�4/4^5/6onR½°T�4/Jv03=KV/J>;i7?*�H10?0?;�LR=>5/6�½�t�9i=>LRSzSkHFLR�/l�;�L ,/=K5+C
HF4/7 l�;�LR�/*-m}7?=>*-,j0?=>6F0�W+SkH17?7 SkH17 MO,/PF0?P+;&J>;�mj0?L?P85�;�=>5^;e£s=K;�JK2°HF,/J�7R4/m}2�;�7R7?=v�8;�LA)}03L?;&4/V/LRP82�;&7?7?;�S^4/L?*-,+C
JÏHF4^��;&5�mDHF5/5�W�9i=K;[;&7u=K5�rul^l�Yd®8Y§Â�=>JKJ>4/7:03L?=K;�L:0_=>7:0°Y�cu=>;[M(��;�=KJ>L?=K*-,j034/5/6]l�;�7?*-,^L?;�=Kl^0sS^=>;�S/4/L?*-,�rul+C
7?P8LRV^03=KP85ª;&5}0?7R03HF5/S/;&5/;xHF4/7RJÏHF4+��;�5/S/;�MO,/PF03Py;�JK;�mj03LRP85/;&5}9Q;�JKJ>;1WNS^=>;]2�4/5k.1*-,/7R0|=K\�J>=K5/mF;&5ª4/5j03;&L?;&5M!PF0?;�5j03=>HFJ}68;�7:03L?;&4^0�9i=KL?S�YDcu=K;�7?Pu;&5j037R03HF5/S/;&5/;i)y0?L?;&4}9Q;�JKJ>;¤9i=>L?S[HF5[;�=>5^;�\É2&9Q;�=v03;&5Ur 03P8\Æn�4/5j03;&5
L?;�*-,j0?7-t�6F;�7R0?L?;&4^0°W�l�;&�FP8L[7R=>;|7R=>*-,�HFJ>7�a<;&=K0?L3HF6x�8PF5w¡�9Q;�=v�³HF*-,/7R0?L?;&4/4/5/6�HF\��sLR0�S/;&7[rel/7?PFL?l�;�L?7\�=v0_S/;�Lire4/7?6jH15/687R9Q;�JKJ>;��/l�;�LRJÏHF68;&LR0�YcsH17~�eHF4/V^0?V/L?P8l^J>;�\�l�;�=¤S/;&L�0?,/;�P8LR;&0?=>7?*-,^;�5¢a<;&7?*-,/LR;�=>l^4/5/6oS/;&L~�(purs¨O)}C©�s7?2�=KJ>J>H103=KP85/;�5�=K7R0
S/=>;AmFP8LRL?;&m}0?;sa<;&7?*-,/LR;�=Kl/4/5/6|S/;&7 �O5/S/2&4/7R03HF5/S/;&7 |ψf 〉

Y+cu=>;AÁ�h87?4^5/6US/;&7 MOL?P8l^J>;�\]7�68;�J>HF5/6�S/4/LR*-,S/=>;e4/L?7RV/L?�/5^68J>=K*-,��8P85o¿ )^H°�F;�L?7_;$0_HFJ�YKW�®�� �+®�Ã�,/;�LR68;�JK;�=v03;&0?;sa<;&2�=K;�,}4/5/6U���/LQ�O=>5^�³H1*-,/7R0?L?;�4^4/5/6/W+S/=>;
�Opurs¨O)�HFJK7_my4^L?2�LR;�=K*-,}9Q;�=v03=K68;�7u)y03LR;�4/V^,k.F5/P8\];�5	l�;�7?*-,^L?;�=Kl^0°Y

χ(k) =
∑

i

Ni

kR2
i

S2
0e

−2σ2
i k2

e−
2Ri
λ(k)fi(k)sin(2kRi + Φi(k) + 2δ(c)(k))

n:®FY E8t

cu=>;&7?;�LNru4^7?S/LR4/*-m�=>7R0NS/;&LN��;&L?5�S/;�LN�(psru¨O)}CÅru4/7:9<;&LR034^5/6/WD4/5/S~;&Ldl�;&=>5/,kH1JK03;$0�=>5�7?;&,/LN�/l�;&L?7R=>*-,j0RC
J>=>*-,^;�Li¨kP8L?\¾HFJKJ>;���L?hF�8;�5�W+S/=>;�2&4/Lia<;&7?*-,/LR;�=>l^4/5/6]S/;�LA�(psru¨O)}C:�s7R2�=>JKJÏH10?=>P85^;�5�=K5xrul/,/.F5/68=K68mF;&=K0�8P85�S/;�L_¥�;�J>JK;�5/2�HF,/J�S/;&7AM�,^PF03Py;�JK;�mj03LRP85/7i5/PF0�9Q;�5/S^=>6�7R=>5/S�Yk�e=K;�Lil�;&S/;�4+03;�5

Ni

S/=>;�re5/2°H1,/JdS/;�LfA�/*-m}7:03L?;&4/;�LA;�=K5/;�7_Ð��yV/7il�;&=�;�=K5/;�L cu=>7:0-HF5/2
Ri

\]=K0 ;&=>5/;&L_cu=K7R0-H15/2�=K5/,/P8\]P868;&5/=>5j0-.D0
σi

n�ce;�lj�8;­C
¥wHFJKJ>;&L:C©¨�HFmj0?P8L-t­±

fi
=>7R0uS/;�Lsa<;&0?L3HF6zS^;�L�fi�/*-m}7R0?L?;�4/HF\�V^J>=K0?4/S/;1W

Φi

=>7:0sS/=K;UMO,kHF7R;�5j�8;&L?7R*-,/=>;&l/4/5/6;�5j03J>HF5/6~S^;�7¤=vCÅ0?;�5�)y03LR;�4/V+�³HFS/;�7&W
δ(c)

=K7R0¤S/=K;uMO,kHF7R;�5j�8;&L?7R*-,/=>;&l/4/5/6g=>\ÈM!PF0?;�5j03=>HFJkS/;�7Qrul/7RP8L?l�;�LR7�W
λ
S/=>;�\]=K0?0?J>;&L?;e��LR;�=K;�¥�;�6FJÏ.F5/6F;�S/;�7eMO,/PF03Py;�JK;�mj03LRP85/7i4/5/S

S2
0

=>7:0eS^;�Li7?P86F;�5kHF5^5}0?;[re\�V^J>=K0?4/S/;&5+C
L?;�S^4/mj03=>PF5/7R�³HFmj0?P8L�WkS/;&LiS/;�5��O=>5 �k4^7?7i�8P85�T�;�,^L?;�JK;�mj03LRP85/;&5kHF5/LR;�684/5^68;�5ol�;�LR�/*-m}7?=K*-,}0?=>6F0�Y�eHF*-,�S/;�L ;&L?7:03;�5	ru4+��7R03;&J>JK4/5/6~�FP85���J�Y�®8Y E[9i4/LRS/;�5	;&0?J>=>*-,^;��OLR9Q;�=K0?;�LR4/5/68;&5	;&=>5/6F;&���/,/L:0°W+S/=>;
7?=>*-,zHFJ>7QT�PyS/=K�/m1HD03=>PF5]l�;�=�S/;&L<aQ;�L?;&*-,/5}4/5/6|;&=>5/2&;�J>5^;�L¤Ð!;&L?\];el�;&0?L3HF*-,j03;&5zJÏH17?7?;&5�Y^)+P�9i4^L?S/;eS/=>;mFP8\]V/J>;­�+;Ufi�/*-m}7R03LR;�4kH1\�V/JK=K0?4/S/;�4/L?7RV/L?�^5/68J>=K*-,�=K5�S/;&Lu7RP868;�5/HF5/5j03;&5¢½°)+\�HFJ>J`C©H10?P8\|C©HFV/V^L?P°�+=>\�HZC03=>PF5d½Ql�;�7?*-,^L?=>;&l�;&5�Yjcu=K;�7R; l�;&=>5/,/HFJK0?;&0°WZSkH17?7(S/=K;_HF4/7RJÏHF4+��;�5/S/;¤¥ª;&J>JK; HFJK7�7?V^,k.FL?=K7?*-,gHF5^68;�5/PF\�\];�5
9i=>L?S�W�9<.F,/LR;�5/S�S/=>;�S/4/LR*-,�)y03LR;�4/4^5/6xHF5	S/;�5o�uHF*-,}lkHFL?H103PF\�;&5�;�5j0?7R03;&,/;�5^S/;�5�¥�;�J>JK;�5�HFJ>7i;&l�;&5HF5/68;&5/P8\]\�;&5�9Q;�LRS/;�5�YQ¿Àfi;�,/L�;&0[HFJ�YKW²®��"�^®�ÃO,kH1l�;&5�S/=K;�7R;]Ð_,^;�P8LR=>;gHF4/7R68;�l/HF4^0°W�=K5/S/;&\�7?=K;|S/=>;
mFP8\]V/J>;­�+;ofi�/*-m}7R03LR;�4kH1\�V/JK=K0?4/S/;

f̂i

W�S/=K;�7R=>*-,ÙHF4^7�S/;&\ aQ;&03L?HF6
fi
4/5/S¬S/;�5ÙMO,kH17?;�5j�F;�L?7R*-,/=>;­Cl/4/5/68;&5�=>5�S/;�5�MNPF03;&5}0?=ÏHFJK;�5��FP85orel/7?P8LRl�;&Lgn

δ(c)
tA4^5/Sb)y03LR;�4/;&L?5«n

Φi

tA2&4/73H1\�\];�5/7R;&0?2&0°W�S/4/LR*-,;�=>5^;_; 
�;�mj03=v�8;efA�/*-m}7:03L?;&4kHF\]V/J>=v034/S^;_;�5j03J>HF5/6�;�=K5/;�7�l�;�7:03=>\]\~0?;�5])y0?L?;�4^V^�³HFS/;&7¤;&L?7R;&032$03;&5�Yycu=>;&7?;�7
7?P868;&5kHF5/5j0?;

f
(eff)
i

l�;�L?�^*-my7R=>*-,j03=K6F0�S/=K;[7RV/,k.FLR=>7R*-,/;|ru4/7Rl/L?;&=K0?4/5/6zS/;&Ls68;&7R03LR;�4^0?;�5o¥�;�JKJ>;�5�Y�cuHFL:C�/l�;&L?,/=K5kHF4/7¤9i=>LRSzS/=>;A\]=K0?0?J>;&L?;_��L?;&=>;i¥ª;&68JÏ.F5^68;
λi

n�;�5/S^J>=>*-,^;sÁ�;�l�;�5/7RSkHF4/;&L S/;&7_MO,/PF03Py;�JK;�mj03LRP85/7



´	µ/¶�·q¸X¹yºA»�Ø���·�ÔNº�¹+·q¸��NÔN× �

4/5^S�S/;&7<Á�Py*-,/2�4^7R0-H15/S/;�7QS/;�L�=K5/5/;�LR;�5�)+*-,kHFJK;Xt(S/4/LR*-,�;&=>5/;&5���\�HF68=K5k.FLR0?;�=KJ/HF\ËMNPF03;&5j03=ÏH1J/;�L:�³HF7?7:0°Y
¥�;�=v03;�LR;O£�;�L?l�;�7R7?;&L?4/5/6F;�5|l�;&03L?H1��;�5�S/=K;QaQ;�L?;&*-,/5}4/5/6�S/;&L!)y03LR;�4/V�PF03;&5j03=ÏH1J>;FW°9QPuS^=>;�2�4/5/.F*-,/7R0!�8;&L:C
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1√
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i
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1

3
(χc(k) + 2χs(k)) +

1

2

(
3cos2ΘE − 1

)
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(
3cos2ΘR − 1
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�+Y�$U¹ � ¸Z· � ���!Ôd× �N¹��o´	µkÔ�¸X¹yÔd¶ ��� ·�¸X· � Ô��!re4/7�S/;�\ 5/P8LR\�=K;�LR0?;�5�fih85j0368;&5kHFl/7RP8L?V+03=>PF5/7?7R=vC
685kHFJ¤mFhF5/5/;�5¢M!HFL3H1\�;$03;�L�9i=>;�S/=>;���HF5j03;&5/;�5/;&L?68=K;FW!S/=>;]L?;&V/L3.F7R;�5j0-HD03=K�����/L[S/;�5��u�+=KSkH103=`CP85/7R2�4/7:0-HF5/S�S/;&7srul^7?P8LRl�;&L?7�=>7:0°W�l�;�L?;&*-,/5/;$0�9<;&L?S/;&5�Y�csHFLR�/l�;�Ls,/=K5kHF4/7e68;&9<.F,/LRJ>;&=>7R0?;&0uS/=>;



´	µ/¶�·q¸X¹yºA»�Ø���·�ÔNº�¹+·q¸��NÔN× » �
aQ;�7R0?=>\]\U4/5/6]S/;&Ls��HF5j03;&5/V�PF7?=K0?=>P85����/L �R;�S/;&7s�O=>5/2&;�JK7?V�;�mj03LR4/\�W�SkHF7R7uSkH17uru4+�q03L?;$03;&5��8P85
MO,/P103P8LR;�S/4/mj0?=>P85�S/;&L[MOLRP8l�;gm1P85j03L?PFJ>J>=K;�L:0s9<;&L?S/;&5wmDHF5/5�Yd�e.F4^�k6x9i=KL?SbSkHF2�4bS/=K;]T�;&0?,/P1C
S^;|S/;�L�,kH1J>l�;�5���HF5j03;&5/,/h8,/;|�F;�LR9Q;�5^S/;&0�W!S/=K;US/;&5ª�O5/;&L?68=K;&9Q;�LR0�l�;�7:03=K\�\~0�W�l�;�=(S^;�\�S/=K;
5^P8L?\]=>;&LR03;_rel/7?PFL?V^0?=>P85]68;�5/HF4�B+Y E�l�;$03L?.F6F0°Y}ce=>;�7R;�7�£�;�L:�³HF,/L?;&5�=K7R0¤=>5j03LR=>5/7R=>7R*-,�HF5+�³.FJ>JK=>6s68;­C
6F;�5~7:0-HFLRm�7R0?L?4/mj034^L?=>;&LR0?; ��HF5j03;&5}�F;�LRJÏ.F4^��;Q4/5/SU)+V�;&mj03L?;&5�WDS/=>;¤5/=>*-,j0N�8P8JKJ>7:0-.F5/S^=>6iL3HF4^7?*-,^��LR;�=
7R=>5/S�Y �u,^5/J>=K*-,U�8;�LR,k.FJv0O;�7O7R=>*-,g\�=v0�S^;�LO7?PF68;�5kH15/5j03;�5g¥�;�5/S/;&V/4/5/mj0?\�;$03,/PyS/;[n?½&��5 �k;�*$03=>PF5+C
V�P8=K5}0(\�;$03,/PySd½°t­W8=>5|9Q;�J>*-,^;�L�S/;�L�;&L?7R0?;u�A4/J>JKS/4/LR*-,/6jHF5/6�S/;&L�2&9Q;�=K0?;�5]rul/JK;�=v034/5/6�S^;�7Q��H15+C
0?;�5j�8;&L?J>HF4^��7�HFJK7(��HF5j03;&5/V�PF7?=K0?=>P85~S/;&�k5^=>;�L:0O9i=>LRS�Y1¥²=K; =>5x¿ÀcsHF4g;$0¤HFJ�YvW�@FBFB8Î1Ã/6F;�2�;&=>6F0!9i=>LRS�W
,/.F5/6F0_S/HF7i�OL?68;&l/5/=>7_7:0-HFLRm��8PF\ T�HF�gS/;&LicsH10?;�5+C©��J>.10?0?4/5/6/WyS/=>;s�FP8L_S/;&Licu=�
�;�LR;�5j03=>H103=KP85
�FP8L?6F;�5/P8\]\];�5�9i=KL?S�W+HFl�Y+ru4/�F;�L?S^;�\Æ=>7R0<S/=>;&7?;sT�;&0?,/P+S^;sV/L?=K5/2�=KV/=>;&J>Jk4/5^68;�;&=>685/;$0<���/L_)y�y7:C
0?;�\];FW�=>5oS^;�5/;&5b\];�,^L?;�LR;U5/=K*-,}0:C�=KS/;�5j03=K7?*-,/;~rul/7RP8L?l�;�L:0��+V�;�5��FP8L?JK=>;�6F;�5�W�9i=>;[;�7�l�;�=>7RV/=>;&J>7©C
9Q;�=K7?;s=K5�68;&\�=K7?*-,j0?�1HFJK;�5j03;&5�)y�y7R0?;�\];�5xS/;&L_¨�HFJ>Jk=K7R0�Y+��5�¿Àcu=v0?03\];�L¤;&0_HFJ�YvW�®�� � �1Ã�9i4/LRS/;�HFJK7
reJK0?;�L?5/H103=v�8;�S/=K;�7RP868;&5kHF5/5j03;[��5j03;�6FL3HFJK\�;$03,/PyS/;s�8PFL?68;&7?*-,/J>HF68;�5�W�S^=>;�HF4^��S/;�Lea<;�LR;�*-,/5}4/5^6
S^;�LA)+*-,j9Q;�L?V^4/5/mj03;&7�S/;�7e��HF5j03;�5j�F;�L?J>HF4^��7il�;�L?4^,}0�Yk¥ª;&5/5�S^=>;���HF5j03;&5/;�5/;&L?68=K;�HFJ>7

Eedge =
1

µ2 − µ1

∫ µ2

µ2

E(µ) dµ
n:®8Y �jt

S^;&�k5/=K;�L:0!9i=KL?S�WD7?PsmDHF5^5U4/5j03;&L�S/;&L(ru5/5/HF,/\];Q;&=>5/;&7(\�PF5/PF03PF5/;�5~��H15}0?;�5j�8;&L?J>HF4^��7(S/;&L?7R;�J>l�;
¥�;�L:0AHF4/7iS/;&LA=K5j�8;�LR7?;&5o¨k4/5/mj03=KP85

µ(E)
l�;�LR;�*-,/5/;$0e9Q;�LRS/;�5

Eedge = E(µ1) +
1

µ2 − µ1

∫ E(µ2)

E(µ1)

(µ2 − µ(E)) dE
n:®FY �jt

¨!�/L!;­�+V�;&L?=>\];�5j0?;�J>JK;FWZHF4+��68L?4/5^S[�8PF5|feH14/7?*-,}l�;�=K0?L3.F6F;�5U5/=K*-,j0(=>\]\];�L�\]P85/PF0?P85/;<)+V�;&mj03L?;&5�W���^L S/=>;eS/=>;u��5}0?;�68L?H103=KP85/7R68L?;&5/2�;&5	S^;�L_=>5j�F;�L?7R;�5�¨k4/5/mj03=KP85z5/=K*-,}0i;&=>5/S^;�4^0?=>6US/;$�k5/=K;�LR0 7?=>5^S�W
9i=KL?Sx���/L_S/=K;�5}4/\�;&L?=K7?*-,/;���5j03;�6FL3H10?=>P85�;�=K5/;��e=KJK��7:��4/5/mj03=KP85

µ̃(E)
S/;$�k5/=K;�LR0AH1J>7

µ̃(E) =





µ1 wenn µ(E) < µ1

µ2 wenn µ(E) > µ2

µ(E) sonst

n©®8YK®°Bjt

ce=>;sLR;�7?4^JK03=K;�LR;�5/S/;s��H15}0?;�5/;&5/;�LR68=>;
Eedge

,k.F5/6F0 =>\¾HFJ>JK68;�\];�=K5/;�5]5/=>*-,j0_�FP85�S/;�5	�O5/;�LR68=>;­C��5j0?;�LR�1HFJKJ>68LR;�5/2&;�5�H1l�W�9QP8,/J(HFl�;&Le�FP85�S/;�Le¥wHF,^J�S/;&L�M�HFL?HF\];&03;&L
µ1

4/5/S
µ2

W����/LsS/=K;~S/=K;¥�;�L:03;
µ1 = 0.15

4/5^S
µ2 = 1

6F4^03;A�OL?68;&l/5/=K7?7?;AJ>=K;&��;&L?5	¿§cuHF4�;$0 HFJ�YKW~@FB8BFÎ1Ã�Yjrel/l�Yk®8Y ��n�a_t
�F;�L?HF5/7?*-,/HF4/J>=K*-,j0eS^=>;�7R;[T�;&0?,/P+S^;~HF5�;&=>5/;&\ a<;�=K7?V/=K;�J�Y

�+Y¤����¸ �Zµ 	�¸Z· � Ô �d¹�� � ��Ó �-��Õ�� ��� ·�º³º�µ^¸Z· � Ôd¹yÔ': cu=K; ���y03L3H1m}0?=>P85 S^;�L �(psru¨O)}C
�s7R2�=>JKJÏH10?=>P85^;�5

χ(E)
n³rel/l�Y|®8Y �Ñn�{_t?t�;�L:��P8J>610��/l/J>=K*-,/;�L:9<;&=>7R;¯S/4^L?*-,Êre5/VkHF7R7?4/5^6Ä;�=K5/;�7

)yV/J>=K5/;�7�2&4/L¬aQ;�7?*-,^L?;�=Kl/4/5/6ÑS/;�7¯H10?P8\�H1L?;�5¾�e=K5j03;�LR68L?4^5/S/;�7
µ

(bg)
0

4/5/S HF5/7R*-,/J>=K;��8;&5/S/;ce=K�y=>7R=>P85x68;&\�.1�
µ = µ0(1 + χ)

n:®8Yv®8®Zt
l^2&9�Y

χ =
µ

µ
(bg)
0

− 1
n©®8Yv®Z@8t

cuHFl�;&=�;�LR��PFJ>6F0�S/=K;� A\�LR;�*-,/5}4/5^6oS/;�L[�O5/;�LR68=>;]S/;&7UHFl/7RP8L?l^=>;�L:03;&5wfih85j0368;&5/V/,/PF0?P85/7
E
=>5S^;�5�a<;$03L3H16zS/;�7e¥ª;&J>J>;&5/2°H1,/JK�F;�mj03P8LR7sm	S/;�7�MO,/P103Py;�J>;&mj03L?PF5/7s68;&\�.F�x��J�YN®FYK®8Y� e\ S/=K;~=>\

ce;�lj�8;­CÅ¥ªHFJ>JK;�L:C�¨�HFmj03P8L!l�;&7?*-,/LR=>;�l�;�5^;ecu.F\�V+��4/5/6�S/;&L¤��7R2�=KJ>JÏHD03=>PF5/;�5
χ(k)

l�;�=+,/P8,/;&5|¥ª;&JvCJK;�5/2�HF,/JK;�5	HF4/7R2�4/68JK;�=K*-,/;�5�W�=K7R0i;�7A�/l/JK=>*-,�WkS^=>;��(psru¨O)}C:)yV�;&m}0?L?;&5o2�4	68;&9i=K*-,j03;�5�Y��O=>5^;[H15+C
5/.F,/;�LR5/S�68J>;&=>*-,/;�ru\]V/JK=K034^S/;OS/;�LN�(psru¨O)}C©��7R2�=KJ>JÏHD03=>PF5/;�5�l�;�=jm}J>;&=>5/;&5[4^5/S~68LRP8�8;&5�¥�;�JKJ>;�5yC2�HF,/JK;�5g9i=>L?S]S/4/LR*-,zS/=K;s��;&9i=K*-,}0?4/5/6

χw(k) = χ(k) × k3
;�L?LR;�=K*-,}0�Y+re5�S/=K;�7R;�L<)y03;&J>J>;_9i=KL?S



» � »kØ>Í�Ø�����Ô�¸X×�¹+Ôdµ � ��� �Z¶N¸Z· � Ô � �ª¹ � � �NÔN×�¹yÔ�µkÔ �!· � º � ×�· � � Ö ¹yÔ � � � �O¹+Ô
P�
�;�5/7R=>*-,j03JK=>*-,�W/9Q;�7R,kHFJ>l�;�=K5�7R;�,/LA684^0?;�7e)+=>6F5kHFJvCÅ2�4+C�feH14/7?*-,+C�£�;�LR,k.FJK0?5/=>7<=>\ ,^P+*-,/;&5/;�LR68;&0?=vC
7?*-,/;&5�Ð!;&=>J�S/;�7_)+V�;&mj03L?4^\�7 ;&LR��P8LRS/;�LRJ>=K*-,�=>7:0 :}l�;�=�S/;�L ��;$9i=>*-,j034/5^6|S/;�LQ7R0-H1L?mg68;�S/.F\�V+�q03;�5
�s7?2�=KJ>J>H103=KP85/;�5�9<;&L?S/;&5�m}J>;&=>5/;�fAHF4/7R*-,yl�;�=v03L?.F68;�l�;&=�,/P8,/;&5�m8C�¥ª;&LR03;&5�=K\�\];�5^7 �8;�LR7R03.FL?mj0°Y

�^Y � � ���D·³¹��°Õ�� �ZµkÔ ��� � � ��µ^¸Z· � Ô��sce4/L?*-,I¨�PF4/L?=K;�L:CÅÐ!L?HF5/7:��P8L?\�H103=KP85¬S^;�7��Opurs¨O)jC:)+V�;�mj03LR4/\
χ(k)

JÏ.F7R7R0i7R=>*-,	S/=>;�)y0?L?4/mj0?4/LiS/;�LA�(psru¨O)}C:�s7R2�=>JKJÏH10?=>P85^;�5��y=>7R4kHFJK=>7?=K;�LR;�5�Wy9<;&7?,kHFJKl��OLR68;�l+C
5/=>7R7?;�PF�q0i5/=K*-,j0e5}4/LAHF5^,kHF5/S�S/;&LAÐ!HFl�;�JKJ>;�5�\]=K0<S/;�5�¨�=K0:C©M�H1L3HF\];&0?;�L?5�S/=>7Rmy4+03=>;&LR0_9Q;�LRS/;�5�W
7?P85^S/;�LR5�HF4^*-,�H15/,kHF5/S|S^;�LOru\]V/JK=K034^S/;<S/;&L�¨kP84/L?=K;�L©C�ÐNL3HF5/7:��P8L?\]=>;&LR0?;�5�YZrul^l�Y/®8Y �s2�;&=>6F0�S/=>;
¨kP84/L?=K;�L©C�ÐNL3HF5/7:��P8L?\]=>;&LR0?;~;�=K5/;�7�l�;�=OfAHF4/\[03;�\]V�;�L3HD034/Ls6F;�\];�7?7R;�5/;&5wM¤)+�R��C:)+V�;�mj03LR4/\]7�Wd=>5
S/;�\¾\�;&,/L?;&L?;�MN;°HFm}7_S/;&4^03JK=>*-,z2&4x;�LRmF;�5^5/;�5	7?=K5/S�Y/aQ;�L?�^*-my7R=>*-,j03=K6F0_\�HF5�WySkHF7R7 S/=>;e9<;&J>J>;&5+C
2°HF,^JÏHFl/,/.F5/68=K68;AM�,/HF7?;&5}�F;�LR7?*-,/=K;�l/4/5^6�5/=K*-,}0<=>5]S/=>;u¨kP84/L?=K;�L©C�ÐNL3HF5/7:��P8L?\�H10?=>P85|;&=>5/68;&,j0<4/5^S
2&9i=K7?*-,/;&5¦S^;�L�9i=KL?m}J>=K*-,/;�5�cu=>7:0-HF5/2

Ri

;�=K5/;�LR7?;�=v037�7?PX9i=>;oS^;�L�LR;�S/4^2�=>;&LR0?;�5²cu=K7R0-H15/2
RFTHF5/S/;&L?;&L?7?;&=K0?7�;&=>5/;[£�;�L?7R*-,/=>;&l/4/5/6��8PF5 ∼ 0.5

	Ël�;&9i=KL?mj0°W�7?P�mDHF5/5�\�HF5�=>5orel/l�Y(®FY	�bn�cst
S/L?;&=¤)+*-,kHFJK;�5��8PF5�fi�/*-m}7R0?L?;&4/;�LR5ªl�;�=(*�H^Y

1.9
	~W

2.7
	Ë4/5/S

3.3
	È;�LRmF;�5^5/;�5�W�9i=K;|7?=>;[���/L

M¤)+�?��C©)+V�;&mj03L?;&5w0��yV/=>7R*-,w7?=K5/S�Y! e\�S/=K;�re4/7R9i=KL?m}4/5/68;&5�S/;�L�;�5^S/J>=K*-,/;�5ª¥�;�JKJ>;&5/2�4/6F7?JÏ.15/68;
=>5�S/;�L<¨�PF4/L?=K;�L:CÅÐ!L?HF5/7:��P8L?\�H103=KP85	n?½�)+=>S/;­C�JKP+P8V�½­C©��
�;�mj03;°tO2&4zL?;&S/4/2&=>;�LR;�5�Wy9i=>LRS�S/=K;u¨k4/5/mj0?=vC
P85

χ(k)
�8P8LsS^;�LsÐNL3HF5^7R��P8LR\�H10?=>P85	\]=K0e;�=>5^;�Ls¨k;&5/7R0?;�LR��4^5/mj03=>PF5o\U4/Jv03=>V^J>=>2&=>;&LR0°Y/��=K5/;[£u=>;&JvC

2°HF,^J�7RP8J>*-,/;&L ¨k4/5/mj0?=>P85/;&5�=K7R0QHF4/7QS/;�L )+=>685/HFJK0?,/;�P8LR=>;_l�;�mDHF5/5j0�W+,/=K;�L�9i=>LRS�;&=>5���L?HFmj03=KP85kHFJK;�7
cos2 C©¨k;�5^7R03;&L��8;�L:9<;&5/S/;$0°Y!csHF7�l�;�S/;&4^03;$0°WdSkHF7R7�S^=>;g�O5/S/l�;�LR;�=>*-,^;]S^;�L��(psrs¨()}C©¨k4/5/mj0?=>P85l�;&=�5/=K;�S/LR=>68;&5o4/5/S�l�;�=!,/P8,/;&5�m8CÅ¥�;�LR0?;�5¯n�0��yV/=K7?*-,�7R=>5/S�®XBzG S/;&7�m8C©a<;&L?;�=K*-,/;�73tA�8PFL�S/;�L¨kP84/L?=K;�L©C�ÐNL3HF5/7:��P8L?\�H10?=>P85�\�=v0_;�=K5/;�L

cos2
C�¨�4^5/mj03=>PF5	\~4/JK0?=>V/JK=>2�=K;�L:0¤9Q;�LRS/;�5�Y

®°B^Y�� ��Ó �-��Õ
��· ���Nº³µ+¸Z· � Ô���cu=>;�;&=>68;&5}0?J>=K*-,/;¢�(psrs¨()}C�re5kHFJK�y7R;«;&LR��P8JK6F0�S/4^L?*-,Ñ��4^LR�8;&5kHF5+CVkHF7R7?4/5/6�HF5^,kHF5/SË�8PF5Æ��J�Y�®8Y E+Y[��5ËS/;�Lw�FP8L?JK=>;�6F;�5/S/;&5ËruLRl�;&=K0ª9i4^L?S/;&5ÆS^=>;Ù�(psru¨O)}C
)+=>\~4/JÏH10?=>P85^;�5�\�=v0iS/;�\ MOL?PF68L3HF\]\ )+=K\]pÆ¿Àcu=v0?03\];�L&Ww®�� �"�1ÃNS/4/L?*-,^68;&���/,^LR0°W�SkHF7AS/=K;[5}4+C\�;&L?=K7?*-,	l�;&L?;�*-,^5/;&0?;�5�mFPF\�V/JK;$�+;�5�fi�/*-m}7R03LR;�4kH1\�V/JK=K0?4/S/;�5�S/;�7e¨(��¨(¨NC�MOL?P868L?HF\]\�7sn� e5^=vC�8;&L?7?=v0��¬P1�s¥wH17?,/=K5/6F03PF5�WQ)+;°H10R03JK;FWe¿ T�4^7R03LR;�S/;�Á�;�P85�;$0xHFJ�YKW ®!� �^®�ÃÏt|�F;�L:9<;&5/S/;&0�Y_cu=K;�7?;
fA�^*-my7:03LR;�4kHF\]V/JK=K034^S/;�5x9Q;�L?S^;�5��FP8L_S/;&Lu)y=>\U4/J>H103=KP85�HF5/,kHF5^S	�FP85�T�P+S^;�J>JK7R0?L?4/mj034^L?;�5�l�;$CL?;&*-,/5/;&0�4/5/S¦=>\ £�;�L?J>HF4^�[S/;�L	��4/L:�8;�5/HF5/VkHF7R7?4/5^6�5/=>*-,j0��8;&L3.F5^S/;�L:0°YAcsHF7�l�;�S/;&4^03;$0�;&=vC5/;�LR7?;&=K037&WQS/HF7?7zS/HF7zT	P+S/;&J>Ji2�4^Lza<;&L?;�*-,^5y4^5/6�S/;�L�MO,kHF7?;&5^��4/5/mj0?=>P85/;&5�,/=K5/L?;&=>*-,/;&5/S�5kHF,
HF5¬S^;�5¬LR;°HFJK;�5¢£�;�LR,k.FJK0?5/=>7R7?;&5¬7?;&=>5¯\U4/7?7&Y�ru5/S/;&L?;&L?7?;&=K0?7�=>7:0�HFl�;&L�S^=>;	a<;�LR;�*-,/5}4/5^6�S/;�LfA�^*-my7:03LR;�4kHF\]V/JK=K034^S/;�5�5/=K*-,}0i7R;�5/7R=K0?=K�����^L_S/=>;s6F;�5kHF4^;[¨kP8LR\¾S^;�LAT�PyS/;�JKJ>7:03L?4^m}0?4/L�Y/��7_=K7R0
HF4/7RL?;�=K*-,/;�5^S�WkS/;�5	Ð��+V	S/;&LiM!PF0?;�5j03=>HFJ>;�;&=>5/;&7A)y03LR;�4/V^�³H1S/;�7[n��OJK;�\];�5j0­tQ4^5/S�S^;�5�rul/7:0-HF5^SHF4^��;$0�9 HzB+YK®,	Ê68;&5kHF4o2&4ol�;&L?�/*-m}7R=>*-,j03=K68;�5�W�4/\ 684^0?;U�OL?68;&l/5/=K7?7?;[2�4�;&L?2�=K;�JK;�5�Y���J>;&=>5/;&L?; e5j03;&L?7R*-,/=>;&S/;�=>5�S^;�5	T�PyS/;�JKJ>7:03L?4^m}0?4/L?;&5�9i=>LRmF;&5x7?=>*-,xS^=>;s�OLR68;�l/5^=>7?7R;sS/;&L_��4/LR�F;�5kHF5^VkHF7:C
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