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CHAPTER 2 

BOUNDARY VALUE PROBLEMS FOR SECOND ORDER PARTIAL 

DIFFEENTIAL EQUATIONS IN THE PLANE WITH FUCHS OPERATOR 

IN THE MAIN PART 

In this chapter continuous solutions in an unbounded angular domain of the 

Dirichlet and the Neumann problem, an initial problem with given growth at 

infinity for some classes of partial differential equations of second order with 

Fuchs operator in the main part are constructed. Thus the varieties of continuous 

solutions constructed in the first section are used. These problems are regularly 

investigated here for the first time. 

 

2.1 Dirichlet and Neumann problems with given growth at infinity for a 

model second order partial differential equation in the plane with Fuchs 

operator in the main part and specified right hand side  

 

Dirichlet problem. Let us consider the Dirichlet problem for equation (1.1). 

Problem 1D . Let γαβ +≠ . It is required to find the solution of the equation 

(0.1) from the class )(
2

GW p , where 2,
2

2
1 <

−
<< λ

λ
ifp  ifpand ,1>  

2≥λ , satisfying the conditions 

   ∞→Ο= rrrV ,)(),( λϕ ,                     (2.1) 

   λrbrV 1)0,( = , λϕ rbrV 21),( = ,            (2.2) 

where 1b , 2b  are given complex numbers, 0>λ  is a real number.   

 

 Solving the problem. For solving problem 1D  we use the formula (1.17). 

Then it automatically satisfies (2.1). From the forms of the functions  ),)(( ϕBF  

)(1, ϕνP  )(2, ϕνP , )(),( 2,1, ϕϕ νν QQ  follow    

0)0)(( =BF , 0)0(1, =νP , 0)0(1, =νQ ,                                                                                            
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From (1.17) in view of (2.3) we have 

λ
νν δδ rccrV )()0,( 2,21,1 += , 

where          




=

≠
=

,0,0

,0,1
1, ν

ν
δν

if

if
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≥
=

.0,0

,0,1
2, ν
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Therefore from the boundary conditions (2.2) depending on the sign of  

2

222 )()4)((2)4(

q

γαλαγγαβλβαγ
ν

−−−++−
=  follow some algebraic system 

of equations for 1c  and 2с : 

1) Let 0=ν . Then 

),()()(

,

11111,112,

12

ϕϕϕ νν ∆=+

=

cPcP

bc
 

where   )()())(()( 11,112,11211
1 ϕϕϕϕ νν

ϕ QbQbBFeb a −−−=∆ −
.    

      

2) Let  0<ν . Then 

),()()(

,

12211,212,

11

ϕϕϕ νν ∆=+

=

cQcQ

bc
 

where   )()())(()( 11,112,11212
1 ϕϕϕϕ νν

ϕ
PbPbBFeb

a −−−=∆ −
. 

3) Let 0>ν . Then 

).())()(())()((

,

12211,11,212,12,

121

ϕϕϕϕϕ νννν ∆=−+−

=+

cPQcPQ

bcc
 

Each of these systems has unique solutions in case 

1) 0=ν , 
2

11,

2

12, )()( ϕϕ νν PP ≠ , 

2) 0<ν , 
2

11,

2

12, )()( ϕϕ νν QQ ≠ ,                      (2.4) 

3) 0>ν , 
2

11,11,

2

12,12, )()()()( ϕϕϕϕ νννν PQPQ −≠− . 

From these conditions the solution are found by the formulas: 
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1) If  0=ν , 
2

11,

2

12, )()( ϕϕ νν PP ≠ , then 

12 bc = , 
2

11,

2

12,

11,1112,11

1

)()(

)()()()(

ϕϕ

ϕϕϕϕ

νν

νν

PP

PP
c

−

∆−∆
= .                 (2.5) 

2) If 0<ν , 
2

11,

2

12, )()( ϕϕ νν QQ ≠ , then 

11 bc = , 
2

11,

2

12,

11,1212,12

2

)()(

)()()()(

ϕϕ

ϕϕϕϕ

νν

νν

QQ

QQ
c

−

∆−∆
= .             (2.6) 

     3) If 0>ν , 
2

11,11,

2

12,12, )()()()( ϕϕϕϕ νννν PQPQ −≠− , then 

2

11,11,

2

12,12,

11,11,1212,12,12

2

)()()()(

))()(()())()()((

ϕϕϕϕ

ϕϕϕϕϕϕ

νννν

νννν

PQPQ

PQPQ
c

−−−

−∆−−∆
= ,               (2.7) 

211 cbc −= . 

 

Hence, the following result holds. 

Theorem 2.1.  When conditions (2.4) are fulfilled, problem 1D  has a unique 

solution. In this case the unique solution is then given by the formulas (1.17), (2.5)-

(2.7). 

In case  

1) 0=ν , 
2

11,

2

12, )()( ϕϕ νν PP = ,        

2) 0<ν , 
2

11,

2

12, )()( ϕϕ νν QQ = ,                       (2.8) 

3) 0>ν , 
2

11,11,

2

12,12, )()()()( ϕϕϕϕ νννν PQPQ −=−         

for the solvability of the indicated algebraic systems is necessary and sufficient 

that the following conditions are satisfied. 

1) 
,0,0)))()(()(Im(

,0)))()(()(Re(

11,12,11

11,12,11

==+∆

=−∆

νϕϕϕ

ϕϕϕ

νν

νν

forPP

PP
   

2) 
,0,0)))()(()(Im(

,0)))()(()(Re(

11,12,12

11,12,12

<=+∆

=−∆

νϕϕϕ

ϕϕϕ

νν

νν

forQQ

QQ
                   (2.9) 
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3) 
.0,0)))()()()(()(Im(

,0)))()()()(()(Re(

11,11,12,12,12

11,11,12,12,12

>=−+−∆

=+−−∆

νϕϕϕϕϕ

ϕϕϕϕϕ

νννν

νννν

forPQPQ

PQPQ
  

When this conditions hold the solution of the algebraic system are given by the 

formulas  

1) If 0=ν , 
2

11,

2

12, )()( ϕϕ νν PP = , then 

12 bc = , 
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If  0<ν , 
2

11,

2

12, )()( ϕϕ νν QQ = , then 

11 bc = ,  
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       3)  If 0>ν , 
2

11,11,

2

12,12, )()()()( ϕϕϕϕ νννν PQPQ −=− , then 

211 cbc −= , 
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ϕϕϕϕ

ϕϕϕϕ
ϕϕϕϕαϕ
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νννν
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c            (2.12) 

where α  is any real, 3с  is any complex number. 

 

Hence, the following results holds 

Theorem 2.2.  In cases (2.8) for the solvability of problem 1D  the conditions 

(2.9) are necessary and sufficient. Under these conditions the problem has 

infinitely many solutions. These solutions are given by the formulas (1.17), (2.10)- 

(2.12).    

 

Problem 2D . Let γαλ ≠≠ ,1  and γαβ += . It is required to find the 

solution of equation (1.1) from the class (1.3), satisfying the conditions 

    ∞→Ο= rrrV ,)(),( λϕ ,             (2.13) 

     λϕ rbrV 11 ),( = ,               (2.14) 

where 1b  is a given complex number, 0>λ  is a given real number. 

Solution of the problem. For the solvability of problem 2D  formula (1.33) 

is used.  Then (2.13) automatically holds. Substituting (1.33) in the condition 

(2.14), we have                  

)()()( 11112 ϕϕϕ ∆=+ PсcP ,           (2.15) 

where ))(()( 111 ϕϕ BFb −=∆ .  

This equation for c  has a unique solution when the condition 
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2

11

2

12 )()( ϕϕ PP ≠               (2.16) 

is satisfied.  The solution is given by the formula 

2

11

2

12

111112

)()(

)()()()(

ϕϕ

ϕϕϕϕ

PP

PP
c

−

∆−∆
= .        (2.17) 

Hence, the following result holds. 

Theorem 2.3. When condition (2.16) is satisfied problem 2D  has a unique 

solution. The unique solution is given by formulas (1.33) and (2.17). 

 

When 

2

11

2

12 )()( ϕϕ PP =                           (2.18)    

for the solvability of equation (2.15) the following conditions are necessary and 

sufficient 

0)))()(()(Im(,0)))()(()(Re( 1112111121 =+∆=−∆ ϕϕϕϕϕϕ PPPP .       (2.19) 

When these conditions are fulfilled the solutions of equation (2.15) is given by 

the formula  
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+

++∆

=

,0))()(Im(,0))()(Re(,

,0))()(Im(,
))()(Im(

))()(()(Re

,0))()(Re(,
))()(Re(

))()(()(Re

111211121
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11121
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1112

11121

ϕϕϕϕ

ϕϕ
ϕϕ

ϕϕαϕ

ϕϕ
ϕϕ

ϕϕαϕ

PPPPifc

PPif
PP

PP
i

PPif
PP

PPi

c             (2.20) 

where α  is any real, 1с  is any complex number. 

 

Hence, the following result holds.  

Theorem 2.4.  When the conditions (2.18) hold, for the solvability of 

problem 2D  the equality (2.19) is necessary and sufficient. Under these conditions 

the problem has infinitely many solutions. These solutions are given by the 

formulas (1.33) and (2.20). 
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Neumann problem  

Problem 1N . Let γαβ +≠ . It is required to find the solution of equation 

(1.1) from the class (1.3), satisfying the conditions 

     ∞→Ο= rrrV ,)(),( λϕ ,            (2.21) 

   
λ

ϕϕ
ϕ

rb
rV

1

0

),(
=

∂
∂

=

 , λ

ϕϕϕ
ϕ

rb
rV

2

1

),(
=

∂
∂

=

,       (2.22) 

where 1b , 2b  are given complex numbers, 0>λ  is a given real number. 

Solution of the problem. For the solvability of problem 1N  formulas (1.17) 

are used.  Then (2.21) automatically holds.  The functions 

 ∫ ∫+=
ϕ ϕ

γγγϕγγϕϕ
0 0

))((),(),())(( dBFbdfBF , ∫+=
ϕ

ννν γγγϕϕϕ
0

1,0,2, )(),()()( dPbIP , 

∫=
ϕ

νν γγγϕϕ
0

2,1, )(),()( dPbP , ∫+=
ϕ

ννν γγγϕϕϕ
0

1,0,2, )(),()()( dQbJQ , 

∫=
ϕ

νν γγγϕϕ
0

2,1, )(),()( dQbQ    

have the differential properties 
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Substituting (1.17) in the first of the boundary conditions (2.22), and using 

preceding formulas ))(( ϕBF , )(2, ϕνP , )(1, ϕνP , )(2, ϕνQ , )(1, ϕνQ , we have   
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Therefore from the boundary conditions (2.22) in dependence of the sign of 

2

222 )()4)((2)4(

q

γαλαγγαβλβαγ
ν

−−−++−
=  the following different 

algebraic systems for 1c  and 2с  occur. 
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ϕ
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2) If 0<ν , then  
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3) If 0=ν , then  
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Each of these systems has a unique solution when the conditions  

1) 0>ν , 
2

12

2

11 )()( ϕϕ ТТ ≠ , 

2) 0<ν , 
2

14

2

13 )()( ϕϕ ТТ ≠ ,                   (2.23) 

3) 0=ν , 
2

16

2

15 )()( ϕϕ ТТ ≠ , 

 hold respectively. Under these conditions the solutions are given by the formulas 

1) If  0>ν , 
2

12

2

11 )()( ϕϕ ТТ ≠ , then 

)(

)( 21
1 ν

ν
+
−−

=
a

cab
c , 

2

11

2

12

111121
2

)()(

)()()()(

ϕϕ

ϕϕϕϕ

ТТ

ТТ
c

−

∆−∆
= .          (2.24) 

2) If  0<ν , 
2

14

2

13 )()( ϕϕ ТТ ≠ , then 
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ν−

−
= 11

2

acb
c , 

2
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2
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13111411
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ϕϕϕϕ
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−

∆−∆
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3) If 0=ν , 
2
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2

15 )()( ϕϕ ТТ ≠ , then 

2
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2
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15121612
2
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)()()()(

ϕϕ

ϕϕϕϕ
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−

∆−∆
= ,  211 acbc −= .                 (2.26) 

 

Hence, the following result holds 

Theorem 2.5.  Problem 1N   has a unique solution when one of the conditions 

(2.23) holds. In this case the unique solutions are given by the formulas (1.17), 

(2.24)-(2.26), respectively.  

 

In the cases 

1) 0>ν , 
2

12

2

11 )()( ϕϕ ТТ = , 

2) 0<ν , 
2

14

2

13 )()( ϕϕ ТТ = ,                  (2.27) 

3) 0=ν , 
2

16

2

15 )()( ϕϕ ТТ =  

For the solvability of the indicated algebraic system the following conditions are 

necessary and suffusient  

1) 
( )( )
( )( ) ,0,0)()()(Im

,0)()()(Re

12111

12111

>=+∆

=−∆

νϕϕϕ

ϕϕϕ

ifТТ

ТТ
    

2) 
( )( )
( )( ) ,0,0)()()(Im

,0)()()(Re

141311

141311

<=+∆

=−∆

νϕϕϕ

ϕϕϕ

ifТТ

ТТ
                  (2.28) 

3) 
( )( )
( )( ) .0,0)()()(Im

,0)()()(Re

161512

161512

==+∆

=−∆

νϕϕϕ

ϕϕϕ

ifТТ

ТТ
         

When these conditions hold then the solutions of the indicated algebraic 

systems are given by the formulas  

1) If  0>ν , 
2

12

2

11 )()( ϕϕ ТТ = , then 
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( )
( )ν

ν
+

−−
=

a

cab
c 21
1 ,

( )
( )

( )
( )

( ) ( )















=−=+

≠−
−

+−∆

≠+
+

++∆

=

.0)()(Im,0)()(Re,

,0)()(Im,
)()(Im

))()(()(Re

,0)()(Re,
)()(Re

))()(()(Re

121112113
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12111

1211
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12111

2

ϕϕϕϕ

ϕϕ
ϕϕ

ϕϕαϕ

ϕϕ
ϕϕ

ϕϕαϕ

ТТТТifc

ТТif
ТТ

ТТ
i

ТТif
ТТ

ТТi

c       (2.29)  

2) If 0<ν , 
2

14

2

13 )()( ϕϕ ТТ = , then 

ν−

−
= 11

2

acb
c , 

( )
( )

( )
( )

( ) ( )















=−=+

≠−
−

+−∆

≠+
+

++∆

=

.0)()(Im,0)()(Re,

,0)()(Im,
)()(Im

))()(()(Re

,0)()(Re,
)()(Re

))()(()(Re

141314133

1413

1314

141311

1413

1413

141311

1

ϕϕϕϕ

ϕϕ
ϕϕ

ϕϕαϕ

ϕϕ
ϕϕ

ϕϕαϕ

ТТТТifc

ТТif
ТТ

ТТ
i

ТТif
ТТ

ТТi

c        (2.30) 

3) If 0=ν , 
2

16

2

15 )()( ϕϕ ТТ = ,   then          

211 acbc −= , 

( )
( )

( )
( )

( ) ( )















=−=+

≠−
−

+−∆

≠+
+

++∆

=

,0)()(Im,0)()(Re,

,0)()(Im,
)()(Im

))()(()(Re

,0)()(Re,
)()(Re

))()(()(Re

161516153

1615

1516

161512

1615

1615

161512

2

ϕϕϕϕ

ϕϕ
ϕϕ

ϕϕαϕ

ϕϕ
ϕϕ

ϕϕαϕ

ТТТТifc

ТТif
ТТ

ТТ
i

ТТif
ТТ

ТТi

c              (2.31) 

where α  is any real, 3с  is any complex number. 

 

Hence, the following result holds. 
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Theorem 2.6.  In the cases (2.27) for the solvability of problem 1N  condition 

(2.28) is necessary and sufficient. Under these conditions the problem has 

infinitely many solutions. These solutions are given by the formulas (1.17), (2.29)- 

(2.31), respectively.    

Problem 2N . Let γαλ ≠≠ ,1  and γαβ += . It is required to find the 

solution of equation (1.1), from the class (1.3), satisfying the conditions 

     ∞→Ο= rrrV ,)(),( λϕ ,            (2.32) 

     
λ

ϕϕϕ
ϕ

rb
rV

2

1

),(
=

∂
∂

=

 ,      (2.33) 

where 2b  is a  given complex number, 0>λ  is a given real number. 

For the solution of problem 2N  formula (1.33) is used. Then (2.32) 

automatically holds. From the form of the functions ))(( ϕBF , )(1 ϕP , )(2 ϕP  

follows 

),)(())(()()(
))((

11 ϕνϕϕϕ
ϕ

ϕ
BFiBFbf

BF
−+=

∂
∂

 

),()()(
)(

211
2 ϕνϕϕ
ϕ
ϕ

PiPb
P

−=
∂

∂
               (2.34) 

).()()(
)(

121
1 ϕνϕϕ
ϕ
ϕ

PiPb
P

−=
∂

∂
 

Substituting (1.33) in the boundary condition (2.33), we have in view of (2.34) 

     )()()( 111112 ϕϕϕ ∆=+ TсcT ,              (2.35) 

where    

( ))()()()( 12111112 ϕνϕϕϕ PiPbT −= , ( ))()()()( 11121111 ϕνϕϕϕ PiPbT −= ,  

))(())(()()()( 111111211 ϕνϕϕϕϕ BFiBFbfb +−−=∆ . 

Equation (2.35) for the unknown c  has a unique solution when 

2

12

2

11 )()( ϕϕ TT ≠ ,            (2.36) 

which is given by the formula 
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2

11

2

12

11111211

)()(

)()()()(

ϕϕ

ϕϕϕϕ

TT

TT
c

−

∆−∆
= .                 (2.37) 

 

Thus, the following result holds. 

Theorem 2.7. When the condition (2.36) is satisfied, problem 2N  has a unique 

solution. This solution is given by the formulas (1.33), (2.37). 

 

In case, when 

               
2

11

2

12 )()( ϕϕ TT =                        (2.38)    

for the solvability of equation (2.35) the conditions 

   ( ) ( ) 0)()(()(Im,0))()(()(Re 111211111211 =+∆=−∆ ϕϕϕϕϕϕ TTTT .  (2.39) 

are necessary and sufficient. When these conditions hold the solution of equation 

(2.35) is given by the formulas  

( )
( )

( )
( )

( ) ( )















=−=+

≠−
+−

+−∆

≠+
+

++∆

=

,0)()(Im,0)()(Re,

,0)()(Im,
)()(Im

))()((Re

,0)()(Re,
)()(Re

))()((Re

111211122

1112

1112

11121

1112

1112

11121

ϕϕϕϕ

ϕϕ
ϕϕ

ϕϕα

ϕϕ
ϕϕ

ϕϕα

TTTTifc

TTif
TT

TT
i

TTif
TT

TTi

c     (2.40) 

where α  is any real, 2с  is any complex number. 

 

Thus, the following result holds. 

Theorem 2.8.  When the condition (2.38) holds, for the solvability of 

problem 2N  equalities (2.39) are necessary and sufficient. Under these conditions 

the problem has infinitely many solutions. These solutions are given by the 

formulas (1.33) and (2.40). 
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2.2 Initial boundary problem for nonhomogeneous model second order 

partial differential equations in the plane with Fuchs operator in the 

main part 

 

Problem 1K . Let γαβ +≠ .  It is required to find the solution of equation 

(1.34) from the class (1.35), satisfying the conditions  

    ,),(

0
0

k
r

k

k

arV
p

=
∂
∂

=
=

ϕ

ϕ      ,0 k≤        (2.41) 

,
),(

0
0

k
r

k

k

b
rV

p
=

∂
∂

∂
∂

=
=

ϕ
ϕ

ϕ
    ,0 k≤        (2.42) 

where  kbarp kk ≤= 0,,;ν  are given complex numbers, so that the series 

k

k

kk

k

k r
k

b
r

k

a νν ∑∑
∞

=

∞

= 11 !
,

!
  are convergent in  G . 

 

  

Solution of the problem 

The functions ∫ ∫+=
ϕ ϕ

γγγϕγγϕϕ
0 0

)()(),(),()()( dBFbdfBF kkkk ,  

∫+=
ϕ

γγγϕϕϕ
0

1,0,2, )(),()()( dPbIP kkkk , ∫=
ϕ

γγγϕϕ
0

2,1, )(),()( dPbP kkk ,  

∫+=
ϕ

γγγϕϕϕ
0

1,0,2, )(),()()( dQbJQ kkkk , ∫=
ϕ

γγγϕϕ
0

2,1, )(),()( dQbQ kkk   

have the differential properties 

∫∫ −+−=
∂

∂ ϕϕ

γγγϕτγγγϕτγ
ϕ

ϕ

0

000

0

01,0
0 )()())(exp()())(exp()(

)()(
dBFbdf

BF
,

,)())(exp()()exp(
)(

0

1,00000

2,0 ∫ −+=
∂

∂ ϕ

γγγϕτγϕττ
ϕ
ϕ

dPb
P
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,)())(exp()(
)(

0

2,000

1,0 ∫ −=
∂

∂ ϕ

γγγϕτγ
ϕ
ϕ

dPb
P

     

,)())(exp()(
)(

0

1,000

2,0 ∫ −=
∂

∂ ϕ

γγγϕτγ
ϕ

ϕ
dQb

Q
 

,)())(exp()(
)(

0
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∂

∂ ϕ
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ϕ

ϕ
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Q
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τγγγϕτγ
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∂
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0
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0
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kkkk
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k

τγγγ

τγγγϕτγ

τγγγϕτγ

ϕ
ϕ

ϕ

ϕ

ϕ

     

From these equalities and the functions )()( ϕkBF , )(2, ϕkP , )(1, ϕkP , )(2, ϕkQ , 

)(1, ϕkQ , also the numbers 

 
2

222 )()228()4()(

q

vkvk
k

γαβγαβαγβαγ
τ

−−−−−−
= , k≤1 ,  are determined:   

0)0()0()0()( 1,01,00 === QPBF ,  1)0()0( 2,02,0 == QP ,  

0)0()0()0()( 1,1, === kkk QPBF ,  
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∂
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∂
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∂
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∂
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∂
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∂
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The coefficients 2,1, kk candc , k≤0 , we take so that the function is given by 

formula (1.50) satisfying the conditions (2.41) and (2.42). For this, substituting  

(1.50) in (2.41) and (2.42), we have in view of (2.43)  

0

0

1,0 τ
b

c = ,  
0

0

02,0 τ
b

ac −= , 















=

<

>
+

=

,0,

,0,

,0,
2

1,

kk

kk

k

k

kkk

k

ifb

ifa

if
ba

c

τ

τ

τ
τ

τ

 
















=

<

>
−

=

,0,

,0,

,0,
2

2,

kk

k

k

k

k

k

kkk

k

ifa

if
b

if
ba

c

τ

τ
τ

τ
τ

τ

         (2.44) 

.1 k≤  

Thus, the following result holds. 

 Theorem 2.9. Let γαβ +≠ . Then the problem 1K  has a unique solution. 

The unique solution is given by formulas (1.50) and (2.44). 

 

Problem 2K . Let γαβ += . It is required to find the solution of equation 

(1.34) from the class (1.35), satisfying the conditions  

    ,),(

1
0

k
r

k

k

arV
p

=
∂

∂

=
=

ϕ

ϕ      ,0 k≤          (2.45) 

where  karp k ≤= 0,,ν , are given complex numbers, so that the series 

k

k

k r
k

a ν∑
∞

=1 !
is convergent in G . 

 

Solution of the problem. Substituting (2.45) in (1.68), we have    

      )()()( 111,12, ϕϕϕ kkkkk PcPc ∆=+ ,     (2.46) 

where  )()( 11,1 ϕϕ kkk Fa −=∆ .       

Equation (2.46) for  kc  has a unique solution when 
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.0)()()(
2

11,

2

12,1 ≠−=∆ ϕϕϕ kkk PP               (2.47) 

This solution is given by the following formula 

.
)()(

)()()()(
2

11,

2

12,

111,112,

ϕϕ

ϕϕϕϕ

kk

kkkk

k

PP

PP
c

−

∆⋅−∆⋅
=        (2.48) 

When 

0)( 1 =∆ ϕk          (2.49)    

for the solvability of equation (2.46) the conditions 

0)))()(()(Im(,0)))()(()(Re( 11,12,111,12,1 =+∆=−∆ ϕϕϕϕϕϕ kkkkkk PPPP        (2.50) 

are necessary and sufficient. When these conditions hold the solution of equation 

(2.46) is  
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≠+−
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+−∆

≠+
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++∆

=

,0))()(Im(,0))()(Re(,

,0))()(Im(,
))()(Im(

))()(()(Re

,0))()(Re(,
))()(Re(

))()(()(Re

11,12,11,12,1,

11,12,

11,12,

11,12,1

11,12,

11,12,

11,12,1

ϕϕϕϕ

ϕϕ
ϕϕ

ϕϕαϕ

ϕϕ
ϕϕ

ϕϕαϕ

kkkkk

kk

kk

kkkk

kk

kk

kkkk

k

PPPPifc

PPif
PP

PP
i

PPif
PP

PPi

c        (2.51) 

where 
kα  are any real, 1,kс  are any complex numbers. 

 

Thus, the following result holds. 

Theorem 2.10. 1) When 0)( 1 ≠∆ ϕk , ,0 k≤  the problem 2К  has a unique 

solution. This solution is given by formulas (1.68) and (2.48). 

2) If for some index k  the equality 0)( 1 =∆ ϕk  holds, then for the solvability 

of problem 2К  the condition (2.50) for this particular index k  is necessary and 

sufficient. In this case the problem has infinitely many solutions. These solutions 

are given by formula (1.68), where кс  is defined by formulas (2.48) if  0)( 1 ≠∆ ϕk   

and by formulas (2.51) if 0)( 1 =∆ ϕk . 
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2.3 Dirichlet problem with given growth at infinity for second order partial 

differential equations in the plane with Fuchs operator in the main part 

and specified right hand side.  

Consider the Dirichlet problem for equation (1.69). 

Problem 3D . Let )()()( ϕϕϕ cab +≠ . It is required to find the solution of 

equation (1.69) from the class (1.3), satisfying the conditions   

 ∞→Ο= rrrV ,)(),( λϕ ,                   (2.52) 

 λrbrV 1)0,( = , λϕ rbrV 21 ),( = ,            (2.53) 

where 1b ,
2b  are given complex numbers, 0>λ  is a given real number.   

 

 Solution of the problem. For solving problem 3D  formula (1.80) is used. 

Then (2.52) automatically holds. For the functions )(1 ϕF , )(1 ϕP , )(2 ϕP , )(1 ϕQ , 

)(2 ϕQ  follows   

0)0(1 =F , 0)0(1 =P , 0)0(1 =Q ,   )0()0( 12 ψ=P ,  )0()0( 22 ψ=Q .                                                          

Therefore from the boundary conditions (2.53) follows the algebraic system of 

equations for  1c  and 2с , 

,)()()(

,)0()0(

11122112

12211

ϕϕϕ

ψψ

∆=+

=+

ТcТc

bcc
         (2.54) 

where  0)0(1 ≠ψif ,  
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1
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1
11211 ϕ

ψ
ϕ

ψ
ϕϕ P

b
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Fb −−−=∆  

)(
)0(

)0(
)()( 12
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2
1211 ϕ

ψ
ψ

ϕϕ PQТ −= ,    )(
)0(

)0(
)()( 11

1

2
1112 ϕ

ψ
ψ

ϕϕ PQТ −= . 

System (2.54) has a unique solution in case, when      

    0)()()(
2

12

2

1111 ≠−=Λ ϕϕϕ ТТ .      (2.55) 

Under this condition the solution is given as 
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2

12
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∆−∆
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1 ψ
ψcb

c
−
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In case, when  

0)( 11 =Λ ϕ         (2.57) 

for the solvability of the algebraic system (2.54) the conditions 

 
,0)))( )((Im(

,0)))( )((Re(

12111
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ϕϕ

ϕϕ

ТТ

ТТ
              (2.58) 

are necessary and sufficient. When these conditions hold the solutions of the 

algebraic system (2.54) are 
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c            (2.59) 

where α  is any real, 3с  is any complex number. 

 

When 0)0(0)0( 21 ≠= ψψ but  we have 

),()()(

,
)0(

12112121

2

1
2

ϕϕϕ
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                (2.60) 

where  ),(
)0(

)(
)0(

)()( 11

2

1

12

2

1

11212 ϕ
ψ

ϕ
ψ

ϕϕ Q
b

Q
b

Fb −−−=∆  

If 0)0(,0)0( 21 == ψψ  for the solvability of systems (2.54) the equality 

0)0(1 =b  is sufficient. Under this condition we choose the constant 2с  arbitrarily. 

Then from (2.54) we have 

),()()( 121121 ϕϕϕ ∆=+ PcPc        (2.61) 

where 
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)()())(()( 1121221212 ϕϕϕϕ QcQcBFb −−−=∆ . 

Equation (2.61) has a unique solution in case, when   

0)()()(
2

11

2

1212 ≠−=Λ ϕϕϕ PP .         (2.62) 

Under this condition the solution of equation (2.61) is 
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ϕϕϕϕ

PP

PP
c

−

∆−∆
= ,          (2.63)    

where )()())(()( 1121221212 ϕϕϕϕ QcQcBFb −−−=∆ .  

The solvability of  equation (2.60) is similar.  

In case, when 

0)( 12 =Λ ϕ          (2.64)        

for the solvability of (2.61) the conditions 

0)))()(()(Im(,0)))()(()(Re( 111212111212 =+∆=−∆ ϕϕϕϕϕϕ PPPP         (2.65)     

are necessary and sufficient. When these conditions hold the solution of equation 

(2.61) is  
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where α  is any real, 3с  is any complex number. 

Thus, the following results holds. 

Theorem 2.11. 1) When 0)0()0( 2

2

2

1 ≠+ψψ ,  problem 3D  has a unique 

solution. This solution is given by formula (1.80), where the numbers 1c ,  2c  are 

defined by formula (2.56), when 0)0(1 ≠ψ   and by formula (2.63) when  0)0(2 ≠ψ . 

2) If 0)( 11 =Λ ϕ   and  0)0(1 ≠ψ   or  0)( 12 =Λ ϕ  and 0)0(1 =ψ , 0)0(2 ≠ψ ,  

then for the solvability of  problem 3D  the condition (2.58) when 0)0(1 ≠ψ  and 
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(2.65) when 0)0(1 =ψ , 0)0(2 ≠ψ   is necessary and sufficient. When the conditions 

are satisfied problem 3D  has infinitely many solutions. These solutions are given 

by the formulas (1.80), where 1c  and  2c  are defined by formula (2.59), if 

0)( 11 =Λ ϕ , 0)0(1 ≠ψ  and by formula (2.66), if 0)( 12 =Λ ϕ , 0)0(1 =ψ , 0)0(2 ≠ψ . 

3)  If  0)0(1 =ψ , 0)0(2 =ψ , then for the solvability of problem 3D  

necessarily holds 01 =b . In this case problem 3D  has infinitely many solutions. 

These solutions are given by formula (2.61), where one of the numbers 1c , 2c  are 

arbitrary.  

Let 2c  be arbitrarily chosen. Then 1c  is given by formula (2.63), if 

0)( 12 ≠Λ ϕ  and by formula (2.66), if 0)( 12 =Λ ϕ  and condition (2.65) holds. 

 

Problem 4D . Let )()()( ϕϕϕ cab += , )()( ϕϕ ca ≠  and 1≠λ . It is required to 

find the solution of equation (1.69) from the class (1.3), satisfying the conditions   

∞→Ο= rrrV ,)(),( λϕ ,               (2.67) 

     λϕ rbrV 11),( = ,                   (2.68) 

where 1b  is a given complex number, 0>λ  is a given real number.   

Solution of the problem. For solving problem 4D  formula (1.96) is used. 

Then (2.67) automatically holds. From the boundary condition (2.68) we get the 

equation for determining c : 

),()()( 11112 ϕϕϕ ∆=+ PccP                   (2.69) 

where  )()( 1111 ϕϕ Fb −=∆ . 

Equation (2.69) has a unique solution in case, when  

      
2

11

2

12 )()( ϕϕ PP ≠ .                        (2.70) 

Under this condition the solution is 
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Hence, the following result holds. 

Theorem 2.12 When the condition (2.70) is fulfilled problem 4D  has a unique 

solution. This solution is given by formulas (1.96) and (2.71).  

 

In case, when  

2

11

2

12 )()( ϕϕ PP =                      (2.72) 

for the solvability of equation (2.69) the conditions 

  0)))()(()(Im(,0)))()(()(Re( 1112111121 =+∆=−∆ ϕϕϕϕϕϕ PPPP .                (2.73) 

are necessary and sufficient. When these conditions hold, the solution of equation 

(2.69) is given by the formulas  
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c                (2.74) 

where α  is any real, 1с  is any complex number. 

 

Thus, the following result holds. 

Theorem 2.13.  In case, when (2.72) holds for the solvability of problem 4D  

conditions (2.73) are necessary and sufficient. Under these conditions the problem 

has infinitely many solutions. These solutions are given by formulas (1.96), (2.74).  

 

2.4 Dirichlet problem for nonhomogeneous second order partial differential 

equations in the plane with Fuchs operator in the main part 

                                                                

Problem 5D . Let )()( ϕϕ ca ≠ . It is required to find the solution of equation 

(1.97) from the class (1.35), satisfying the conditions  
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     )(),( 1 rtrV =ϕ ,          (2.75) 

where  ∑
∞

=

=
0

)(
k

k

k rtrt ν
 is convergent in G  ,  kt  are given complex numbers.  

 

Solution of the problem. For solving problem 5D  formula (1.109) is used. 

Then, from the boundary condition (2.75) follows the equation for kc ,  

kkkkk PcPc ∆=+ )()( 11,12, ϕϕ ,      (2.76) 

where  )( 11, ϕkkk Ft −=∆ . 

Equation (2.76) has a unique solution in case, when  

     0)()()(
2

11,

2

12,1 ≠−=∆ ϕϕϕ kkк PP .            (2.77) 

Under this condition the solution of equation (2.76) are given by the formula 
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In case, when  

0)( 1 =∆ ϕк                (2.79) 

for the solvability of equation (2.76) the conditions 

       .0)))()((Im(,0)))()((Re( 11,12,11,12, =+∆=−∆ ϕϕϕϕ kkkkkk PPPP          (2.80) 

are necessary and sufficient. When these conditions hold the solution of equation 

(2.76) is given by   
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where kα  is any real, 1,kс  is any complex number. 

Thus, the following results holds. 
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 Theorem 2.14. 1) When 0)( 1 ≠∆ ϕk , k≤0  problem 5D  has a unique 

solution. This solution is given by the formulas (1.109) and (2.78). 

2) If for some index k  the equality  0)( 1 =∆ ϕk  holds, then for the solvability 

of problem 5D  conditions (2.80) for this index k  are necessary and sufficient. In 

this case the problem has an infinitely many solutions. These solutions are given by 

formulas (1.109), where кс   is given by formulas (2.78) if  0)( 1 ≠∆ ϕk  and by 

formulas (2.81) if 0)( 1 =∆ ϕk . 


