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1 Introduction

1 Introduction

1.1 Spintronics

”Spintronic” is a compound word out of ”spin” and ”electronic”. In regular electronic devices,
the information is transported and stored by electronic charge. In the field of spintronic
devices, the information is transported and stored by spin (or magnetization) and no longer
by electronic charge. One benefit of this technology is that one needs less energy to transport
information by spin than by electronic charge. A requirement of this technology is, that one
has to find materials in which the electronic spin is stable for a long time and does not flip to
equilibrium. A spin current can be generated in a conductor or semiconductor, when more
electrons with spin up than with spin down move to one direction. Thus, the current for
spin up electrons and the current for spin down electrons are different. Hence, there is a net
spin current.

One milestone in the field of spintronic research was the discovery of the giant magneto
resistance as reported in between 1986 and 1989 [I, 2, B]. In 2007, Albert Fert and Peter
Grinberg got the Nobel price for the parallel discovery. Here, one considers a junction out
of a normal metal, a ferromagnet, a normal metal, another ferromagnet and again a normal
metal. For electrons with a spin polarization parallel to the majority electron spin orientation
in the ferromagnets, the resistance is small, and large for antiparallel configuration. One has
to mention that the magnetic moment of the electrons is anti parallel to the spin orientation.
Thus, when both magnets are polarized in the same direction, the resistance is small, because
the electrons with parallel spin orientation are able to propagate easily through both of the
magnets. If the magnets are polarized antiparallel, for every electron there is a magnet
with a high resistivity and the entire resistivity is very large. Without an external magnetic
field, the magnetization of the magnets tends to be anti parallel. On the other hand, the
magnetization of the magnets becomes parallel by an applied external magnetic field. The
difference between the resistance in these two cases divided by the resistance without a
magnetic field is called giant magneto resistance (GMR). The GMR-effect is used in hard
disk drives or in sensors for magnetic fields.

The discovery of the Spin Hall effect marks another milestone in the field of spintronic
research. If one applies an electric field on a conductor or a semiconductor, an electrical
current will be induced. When the spin polarization is perpendicular to the current direction,
a spin current will be induced in perpendicular direction because of spin-orbit interaction.
The spin current direction is perpendicular to the electrical current and perpendicular to the
spin-polarization. This effect was theoretically predicted in 1971 by M. I. D’yakonov and V.
I. Perel’ [, [5]. In 1999, J. E. Hirsch gave the name to this effect [6]. The first observation
of the Spin Hall effect at 30 Kelvin was reported in 2004 by Kato et al. [7]. Later, in 2005,
other experiments from Wunderlich et al. [8] and Sih et al. [9] confirmed the existence of the
Spin Hall effect. It is also able to invert the Spin Hall effect, called inverse Spin Hall effect. If
there is a spin current with perpendicular spin-polarization, a charge current will be induced
perpendicular to the direction of the spin current and perpendicular to the polarization of
the spin current. This effect was first observed in 1984 by Bakun et al. [10]. Later, there
were several measurements of the Spin Hall effect as well as of the inverse Spin Hall effect in
semiconductors [I1] and in metals [12] [13] [14]. The inverse spin Hall effect will be important
in this thesis. Besides, the spin Hall effect is used in spin batteries and in spin transistors.
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1.2 Spin Caloritronics and Spin Seebeck effect
1.2.1 Seebeck effect

In 1822, Thomas Johann Seebeck developed the thermoelectric effect or Seebeck effect [15]
[16, p. 2 ff]. If one applies a temperature gradient to a conducting material, an electrical
voltage U can be measured between the hot end and the cold end of the material. It is

U=S. AT, (1.1)

where AT denotes the temperature difference between the two ends of the material and S
denotes the material and size dependent Seebeck coeflicient.

At first, there is a diffusion contribution to the Seebeck effect. The distribution of the
charge carriers in general follows a Fermi-Dirac distribution (cf. Eq. (2.2)). On the hot
end, in comparison to the cold end, there are more electrons with higher energy as well as
there are less electrons with lower energy. There is a spatial diffusion of the charge carriers
between the hot end and the cold end. Charge carriers with high energy also keep a higher
kinetic energy and thus, the diffusion proceeds faster than for charge carriers with low kinetic
energy. In the net effect, there are more charge carriers traveling from the hot end to the
cold end than in the opposite direction. This force is called electromotoric force. Thus, if
the charge carriers are not able to leave the material, there will be a charge accumulation. If
the charge carriers are negatively charged electrons, there will be negative charge at the cold
end and positive charge at the hot end. This will induce an electric field, driving against the
electromotoric force until an equilibrium is reached.

Additionally, there is another effect, which drives the Seebeck voltage. This is a phonon
drag contribution. When the temperature difference is applied, phonons are propagating
from the hot end to the cold end. When they scatter with electrons, momentum and energy
will be transfered to the electrons. Thus, the electrons also start to propagate in the direction
of the cold end. Similarly, there will be a charge accumulation at the cold end and a lack of
charge at the hot end.

In practical experiments, one takes two different metals as shown in figure[lh and connects
them thermally at the hot end. The two cold ends will be at the same temperature and
the voltage is measured between the cold ends. Thus, one is measuring the difference of the
Seebeck voltage in metal A and the Seebeck voltage in metal B. The benefit of this measuring
method is, that the two ends of the voltmeter are at the same temperature.

1.2.2 Spin Seebeck effect

In the same way as for the Hall effect, there exists a spin dependent version for the Seebeck
effect, called Spin Seebeck effect. This effect was first observed by Uchida et al. at 300 K
as reported in 2008 [I7] and later in 2010 [I8]. The setup for this experiment is depicted in
figure[Ib. Since there are different Seebeck coefficients for spin down and spin up conduction
electrons, the net electromotoric force will be different for spin up and spin down electrons.
Thus, a spin up accumulation will be found at the one end and a spin down accumulation at
the other end. The chemical potential is a measure for the number of charge carriers. Thus,
the chemical potentials for spin up electrons and for spin down electrons differ from each
other at the ends of the magnet. The spin Seebeck coefficient is defined as [19]

Ly
VT~

Sy = (12)

9



1 Introduction

The value of this coefficient for a ferromagnetic semiconductor can be found in figure 2e
of Ref. [I9]. There is a behavior as a hyperbolic sine dependent on the position of the
ferromagnetic stripe. A review of the experiments and theories reported until end of 2011
was written by Uchida et al. [20].

a Thermocouple

e vT

T

b Spin Seebeck effect

Metallic magnet

Pre——

= vT
Tl

Figure 1: Figure taken from Uchida et al. [I7]. (a) A thermocouple consists of two different

metals, which are connected at the hot end at temperature 77. The two cold ends are both at

temperature T, and a voltage is measured between them. The resulting voltage is the difference

between the Seebeck voltage of metal A and B. (b) Here, a temperature gradient is applied to a

metallic ferromagnet resulting in a difference for the spin dependent chemical potentials.

Experimentally, the spin accumulation at the ends of the metal is detected via the in-
verse spin Hall effect. In figure , the setup of the experiment by Uchida et al. in 2008 [17]
including platinum stripes for the measurement of the inverse spin Hall voltage is shown.
On top of the sapphire substrate, there is a ferromagnetic film, which consists of Nigj Feig
(permalloy). In addition, on top of the ferromagnet, there are two platinum stripes. The
experimental setup, where the generated spin current is perpendicular to the applied tem-
perature gradient, is called transverse spin Seebeck effect. When it is parallel to the applied
temperature gradient, it is called longitudinal spin Seebeck effect. In case of the transverse
spin Seebeck effect, there will be a spin down accumulation at the one end and a spin up
accumulation at the other end. Uchida et al. state that the outcome of this accumulation
is a spin current from the metallic magnet into the platinum. This spin current induces a
charge current via the inverse spin Hall effect. Thus, there will be an electric field Fspyg
along the platinum stripe which is perpendicular to the spin current and to the polarization
o of the electrons. This electric field induces an electric voltage which can be measured. In
figure [2b the chemical potential for spin up and spin down electrons is shown.

The spin current, which flows from the ferromagnet into the platinum, is dependent on
the difference of the chemical potential for spin up electrons and spin down electrons. In
figure 2b, one finds a linear behavior and a sign change in the middle of the sample. Since this
chemical potential difference is proportional to the inverse spin Hall voltage, the behavior
remains in the inverse spin Hall voltage as one can find in figure 3] Uchida et al. also found
a linear spatial variation and a sign change in the middle of the setup. The magnitude
of the observed Spin Seebeck voltage increases when the applied temperature difference is
enhanced. One has to emphasize, that the resulting transverse spin Seebeck voltage is at the
order of microvolts. This is roughly the same order as for the normal Seebeck effect.

10
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Figure 2: Figure taken from Uchida et al. [17]. (a) The experimental setup is shown in this
figure. The external field H drives the magnetization of the ferromagnet. The spin current from
the metal (gray) into the platinum (blue) induces an electric field Esyg via the inverse spin Hall
effect. The dimensions of the ferromagnet are dgyy = 20 nm thickness, Ly = 6 mm length
and wgpm = 4 mm width. The platinum stripes are dpy = 10 nm thick, Lp; = 100 pm long and
wpy = 4 mm wide. (b) The space dependent chemical potential is plotted for spin up electrons
and spin down electrons.

H H

Figure 3: Figure taken from Uchida et al. [I7]. Here, one finds the voltage V' from the inverse
spin Hall effect dependent on the position x;, of the platinum stripe on the magnet and for
different applied temperature differences. The larger the temperature difference is the larger the
inverse spin Hall voltage is.

At the same time, as reported in 2010, Uchida et al. [21] made measurements on the
transverse spin Seebeck effect using an insulating ferrimagnet. It is remarkable, that the
transverse spin Seebeck effect is also present in ferrimagnetic insulators. The ferrimagnet
consists of LaYsFe5012, wherein only phonons and magnons are able to propagate. Thus,
the effect can not be caused by a difference in the spin chemical potential for spin up and spin
down electrons. It must be mediated by magnons in the ferrimagnet. This was unexpected
until then. Electrons are not able to propagate. As the substrate, they used GdsGazOis,
which is insulating and non magnetic. Thus, only phonons are able to propagate in the
substrate. On top of the LaYsFe;O1s-film, there are stripes of platinum for detecting the
spin Seebeck voltage. The setup of the experiment is shown in figure [l In this figure,

11



1 Introduction

the conversion mechanism is shown. The magnetization of the LaYyFe;015 is directed into
the negative x-direction. Since the magnetization of magnons is polarized into the opposite
direction, here their magnetization is polarized into the positive x-direction. The magnetic
moment is transfered to the electrons in the platinum. Since the magnetic moment of the
electron is antiparallel to their spin, the spin of the electrons is polarized in the negative
x-direction, propagating in the z-direction. Via the inverse spin Hall effect, the electrons in
the platinum are driving into the negative y-direction. Thus, an electric field will build up
in the positive y-direction as shown in figure [4

Pt

L T+AT

/ = & =¥
‘ Js f‘— y Lox
LaY,Fe.Op, VT

Figure 4: Figure taken from Uchida et al. [2I] and modified. This is a schematical setup for
measuring the transverse spin Seebeck effect by using an insulating material as ferrimagnet
(here LaY3Fe;012). On top, there is a platinum stripe. The spin current is sketched and the
transformation to the transverse spin Seebeck voltage via the inverse spin Hall effect is shown.
The dimensions of the ferrimagnet are dpy = 3.9 pm thickness, Ly = 8 mm length and
wrpm = 4 mm width. The platinum stripes are dpy = 15 nm thick, Lp; = 0.1 mm long and
wpy = 4 mm wide.

Later, as reported in 2010, the transverse spin Seebeck effect was also observed in ferro-
magnetic semiconductors by Jaworski et al. [19]. Here, they took Gaj;_sMssAs as magnetic
semiconductor and semi insulating GaAs as substrate. In order to obtain some informa-
tion about the mechanism of the Spin Seebeck effect, Jaworski et al. made a scratch on the
ferromagnetic semiconductor as shown in figure ph. The scratch is only present in the ferro-
magnetic insulator and not present in the substrate. In figure [Bb, the spin Seebeck coefficient
with and without the scratch is shown. The difference in the results is small, which is at first
glance inconsistent to explanations to previous experiments. Jaworski et al. explained the
effect, either there is a magnetic dipole coupling over the scratch or there is a coupling via
the phonons in the substrate. This is a first hint, that the substrate is very important for the
explanation of the transverse spin Seebeck effect, as we will see later. In the present thesis,
we will explicitly consider the role of the substrate for the Spin Seebeck effect. In chapter
we will calculate the phonon temperature distribution in the substrate and then analyze
the local influence on the magnon temperature distribution in an insulating ferrimagnet in

chapter

12



1.2 Spin Caloritronics and Spin Seebeck effect
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Figure 5: Figure taken from Jaworski et al. [19]. (a) This is a setup of the experiment including
a scratch on the ferromagnetic semiconductor. The scratch is not present in the substrate. The
dimensions of the ferromagnet is dpyg = 30 nm thickness, Lpy = 10 — 25 mm length and
wem = 3 — 5 mm width. The platinum stripes are dpy = 20 nm thick, Lp; = 0.25 mm long and
wpy = 3 — 5 mm wide. (b) Spatial variation for the spin Seebeck coefficient without (Before)
and with (After) the scratch. The gray line represents the scratch area.

As discussed above, Jaworski et al. [19] investigated the transverse spin Seebeck effect
and made a scratch in the ferromagnetic layer. There were no differences in the results with
and without the scratch. This initiated Uchida et al. [22] to make measurements, where the
ferromagnetic film has the same small surface as the platinum stripe. In figure [6] one finds
the setup of their experiment. They again used conducting Nig;Fejg as the ferromagnetic
layer and sapphire as substrate.

—
Pt .~’°‘ﬂ> % E|SHE
i A Phonon
ou‘" sr

Figure 6: Figure taken from Uchida et al. [22]. This is a setup of the experiment, while the stripe
of the conducting ferromagnet Nig;Fej9 has the same area as the platinum stripe on top of it.
The length of the sapphire is much larger than the length of the Nig;Feig and the platinum. The
substrate is Lgp = 10 mm long, ws, = 3 mm wide and ds, = 0.5 mm thick. The length of the
ferromagnet and the platinum is Lgy = Lpy = 0.1 mm, its width is wpm = wpy = 3 mm. The
thickness of the ferromagnet is drpy = 20 nm and the thickness of the platinum is dpy = 10 nm,
respectively.

If they compare their result [22] with previous work [I7] with a setup as in figure
they found a 10 times smaller result for the spin Seebeck voltage, but they are still finite.
Additionally, they performed the same experiment again and replaced the substrate by glass.
There, they found nearly no spin Seebeck voltage (cf. figure 3c of Ref. [22]). This is an
important hint that the substrate plays an important role for the transverse spin Seebeck

13



1 Introduction

effect.

In figure 3 of Ref. [21], the results for the transverse spin Seebeck voltage V' are shown
dependent on the position xp; of the platinum stripe on the LaYoFe;019-film. Uchida et al.
[21] also found a linear behavior and the sign change in the middle of the setup. The larger
the applied temperature difference is, the larger the spin Seebeck voltage is.

As reported in 2010, Xiao et al. [23] formulated a first theory for explaining the transverse
spin Seebeck effect. They considered a setup where a ferrimagnetic insulator of length L is
positioned between two insulating and non-magnetic normal metals. Thus, magnons are only
allowed to propagate in the ferrimagnet. In the calculation, one does not have to include
conduction electrons. In all setups for the transverse Spin Seebeck effect, magnons are able
to propagate in the magnet. On top of the magnet, there is a platinum stripe, while the
width w of the insulating ferrimagnet and the platinum stripe are the same. The length Lpy
of the stripe is much smaller than the length of the insulating ferrimagnet (Lpy < L). In
figure 1 of Ref. [23] one can find a figure of the setup. They made use of the Landau-Lifschitz-
Gilbert equation and considered first the contact between the insulating ferrimagnet and the
platinum stripe. Due to spin pumping there is a spin current from the ferrimagnet into
the normal metal (platinum). Contrary, there is a fluctuation spin current in the opposite
direction. Xiao et al. calculated the net spin current (I.) and found the relation [23]

(I.) = L(Ty' — I), (1.3)

where L/, denotes a material dependent parameter. Details to L/, can be found in Ref. [23].
Furthermore, Tx denotes the temperature of the electrons in the normal metal (platinum),
which is assumed to be equal to the phonon temperature due to strong electron-phonon
coupling. Additionally, T3 denotes the temperature of the magnons in the ferrimagnet. Xiao
et al. assumed a strong coupling between the phonons in the ferrimagnet and the phonons
in the platinum. Thus, their temperatures are equal and only the magnon temperature in
the ferrimagnet deviates. The main result is, that the spin current is dependent on the
temperature difference of magnons in the ferrimagnet and the electrons in the normal metal.

Subsequently, they considered the ferrimagnetic insulator of length L to be positioned
between two insulating and non-magnetic normal metals. Extending the calculation of D. J.
Sanders and D. Walton [24] and Xiao et al. [23], one finds

: 4
sinh 5

ATnp(2) =n AT (1.4)

sinh%
2
Vi =6 XX AT (1.5)

. L
sinh %

where ATyp(2) denotes the z-dependent (—L/2 < z < L/2) difference between magnon
temperature and phonon temperature. The spin Seebeck voltage is denoted by Vi, while
the platinum stripe sits at position z. (—L/2 < z. < L/2). The contact to the heat reservoirs
are located at z = £L/2. AT is the phonon temperature difference between the left and
right contact. The parameters £, n and A are material dependent and the expressions can
be found in Ref. [23]. The authors claim, that A is in the order of millimeters (0.85 mm -
8.5 mm). This theory from Xiao et al. [23] is able to explain the experiments of Uchida et
al. [I77, 18, 2I]. But in the experiment of Jaworski et al. [19], they made a scratch in the
ferromagnetic film. Additionally, Uchida et al. [22] considered a very short ferromagnetic
film. In both cases, this theory is not able to explain the measured transverse Spin Seebeck
voltage, because they need a magnon push parallel to the z-axis. Later, there will be other

14



1.2 Spin Caloritronics and Spin Seebeck effect

experiments which cannot be explained by this theory. This motivates us, to find a theory
which is valid by including the scratch.

Adachi et al. [25, 26] formulated a linear response theory for an insulating ferrimag-
net for the transverse spin Seebeck effect without a scratch. They found that the phonon
contribution to the spin current I3 is proportional to the phonon lifetime Toh

19728 o 7y (1.6)

This gives a hint to the discrepance of the spin Seebeck results for sapphire and glass as a
substrate. The thermal phonon conductivity is proportional to the phonon lifetime. Thus,
the curve progression of the spin Seebeck voltage follows the curve progression of the thermal
phonon conductivity (cf. figure 3 of Ref. [25]). One has to mention, that the boundaries of
the substrate and the ferrimagnetic film play an important role in their modeling. This
motivates us to consider the boundaries as perfect heat reservoirs in our calculations in
chapter Adachi et al. also give a thought, how a finite spin Seebeck voltage will be
generated, if one makes a scratch in the ferromagnetic film. Then, the phonon mediated
effect will also be present in this case.

In 2011 Ohe et al. [27] reported about numerical calculations on the transverse spin
Seebeck effect with a large film of a ferromagnetic insulator. They made use of the Landau-
Lifshitz-Gilbert equation and found a linear spin Seebeck voltage with a sign change in the
middle of the setup.

Uchida et al. [22], 28] 29] also investigated another setup of experiment. Here, the tem-
perature gradient is perpendicular to the boundary surface area. The induced spin current
in the platinum film is parallel to the temperature gradient. This effect in this configura-
tion is called longitudinal spin Seebeck effect. The temperature gradient is created by two
thermal heat baths with a different temperature [28, 29]. In another experiment Uchida et
al. [22] used a piezoelectric actuator for producing phonons. The longitudinal spin Seebeck
effect is better understood and more stable than the transverse Spin Seebeck effect. Thus,
we concentrate on the transverse Spin Seebeck effect in this thesis.

As reported in 2011, Jaworski et al. [30] made measurements on the transverse spin
Seebeck effect using a magnetic semiconductor (GaMnAs) film without a scratch. If one
compares the temperature dependence of the spin Seebeck coefficient with the temperature
dependence of the thermal conductivity of the insulating and non magnetic substrate (GaAs),
one finds qualitatively the same curve progression. This is again a hint, that the effect is
mainly influenced by the phonons of the substrate and we will analyze this in chapter

As reported in 2013, Agrawal et al. [31] made a direct measurement of the magnon
temperature in the transversal Spin Seebeck effect setup. They used the insulating and non
magnetic gallium gadolinium garnet (GGG) as a substrate and yttrium iron garnet (YIG)
as the ferrimagnetic and insulating film. A picture of the setup can be found in figure
1 of Ref. [3I]. There are no platinum stripes on top of it. Both ends of the substrate
are connected to Peltier elements, which generate the temperature difference and thus the
temperature gradient. The equilibrium distribution of magnons is determined by the Bose-
Einstein distribution (cf. Eq. ) Thus, when the temperature of the magnons becomes
larger, there are more magnons present in the analyzed area. The presence of one magnon
reduces the magnetization of the ferrimagnet by one Bohr magneton.

The magnon temperature is measured by using Brillouin light scattering. There, a laser
light is spotted on the position, where one wants to measure the magnon temperature.
One photon of the laser light absorbs one magnon out of the magnetic film and will be
reflected. By measuring the frequency of the reflected photon, one can conclude how large
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1 Introduction

the temperature is, because the dispersion relation of the magnons is temperature dependent.
In figure [7] one finds the results for the measured phonon and magnon temperature.

3901 o, T,,T, Experiment

] — T, Calculation for
A=0.47 mm 7
3701 — T,  Fitting function /

Temperature (K)

osition x (mm)
2 1.0 1 2

AvONAO®

4 3 2 -1 0 1 2 3 4
Position x (mm)

Figure 7: Figure taken from Agrawal et al. [31]. The measured phonon and magnon temperature
dependent on the position at the sample are plotted. Additionally, the fit curve of the phonon
temperature data is plotted. They calculated and plotted the magnon temperature by using the
model out or Ref. [23] and used A = 0.47 mm. The length of YIG-film and GGG substrate
are Lyic = Lgegg = 10 mm, its width are wy,g = wggg = 3 mm. The thickness of the
GGG-substrate is dggg = 0.5 mm, while the thickness of the YIG-film is dy;g = 6.7 pm.

Surprisingly, the difference between magnon and phonon temperature is much smaller
than predicted by Xiao et al. [23]. Xiao et al. predicted that A is in the order of millimeters
(0.85 mm - 8.5 mm). Here, they found a maximal value of A = 0.47 mm, which is one
magnitude smaller. If one would set in this measured parameter by Agrawal et al. into Eq.
(25) of Ref. [23], one would find a voltage, which is more than one magnitude smaller and has
a different curve progression than measured in experiments by Uchida et al. with a magnetic
insulator [21I]. This motivates us to neglect the effect described by Xiao et al. [23] or by
D. J. Sanders and D. Walton [24] and search for other contributions to the transversal spin
Seebeck effect.

Agrawal et al. [31] state, that their method is only applicable to detect short wavelength
magnons (k,, = 10% rad cm™'). They cannot detect the temperature for long wavelength
magnons (k,, < 10% rad ecm~!), which could be different to the short wavelength magnons
and may drive the spin Seebeck voltage. This motivates us to analyze the wave-vector
dependent phonon temperature in chapter [3] After that in chapter [] and [ we will analyze
how the magnons are influenced by the phonons. There, we will find that long wavelength
phonons will have a different temperature than short wavelength phonons. This influences
the magnons, that long wavelength magnons will have a different temperature than short
wavelength magnons. Hence, our calculations will qualitatively agree with the measurement
of Agrawal et al..

The role of the substrate is very important, just as reported by Tikhonov et al. [32] in
2013. They investigated the transverse spin Seebeck effect and made the first wave vector
dependent calculations. A spatial non uniform phonon distribution in the substrate was
found, which leads to a spatial non uniform temperature distribution. This non uniformity
holds in the proximity of the heat bath reservoirs and leads to a finite longitudinal spin
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Seebeck voltage. They estimated the transverse spin Seebeck voltage to be at the order of
microvolts. Again, this is a hint that we have to consider the role of the substrate.

As reported in 2013, Schmid et al. [33] made measurements on the transverse spin Seebeck
effect. Their results are at the order of nanovolts, which is much smaller than microvolts mea-
sured by Uchida et al. in Ref. [17, 22]. Among other things, they used permalloy (NiggFeaq)
as conducting ferromagnet onto insulating and non magnetic GaAs or MgO as substrate. On
figure 4 of Ref. [33] one finds the results for the spin Seebeck voltage. Furthermore Schmid
et al. found finite values when there is no temperature difference applied to the substrate.
Thus, they claim, there must be a different thermoelectric mechanism, which explains the
result.

To investigate the role of the substrate, Schmid et al. made the same measurements with
GaAs as a substrate and taking the same size for the substrate (see supplemental material
of Ref. [33]). The results for the spin Seebeck voltage are not different to using MgO as a
substrate. Additionally they made measurements on MgO as a substrate, but with copper
stripes in lieu of platinum stripes (see supplemental material of Ref. [33]). Copper has a
much lower spin Hall angle, why one would expect a much smaller signal for the spin Seebeck
voltage. But again, they found the same magnitude and behavior in the spin Seebeck voltage.
This emphasizes, that there must be a different thermoelectric mechanism, which explains
the behavior of the result. Schmid et al. state [33], that the transversal spin Seebeck effect
cannot be detected in their detection limit. This contradiction to previous measurements
motivates us to investigate the transversal spin Seebeck effect theoretically.

Actually, there are more publications reporting a small or a vanishing transverse spin
Seebeck voltage. Huang et al. [34] did not reproduce the results in a metal from Uchida et
al. [17). They found, that the voltage is strongly dependent on the distance to the heater.
This approves us to include the heat baths in our calculation and we will model them as
perfect heat reservoirs.

Avery et al. [35] claim, that their transverse spin Seebeck voltage in a permalloy and
nickel films is at least one order of magnitudes smaller than measured in experiments before.
Meier et al. [36] made measurements with metallic and ferromagnetic permalloy (NiggFegq)
film on insulating MgO or sapphire as substrate. In the platinum stripes on top, they
just found a voltage which can be attributed to the planar Nernst effect and not to the
transverse Spin Seebeck effect. Beyond, they found when there is a temperature gradient
which is perpendicular to the permalloy area, then there will be a finite voltage. Bui et al.
[37] investigated the transverse spin Seebeck effect by using half-metallic and ferromagnetic
Lag/38r1;3MnO3 and SrTiO3 as a substrate (see supplemental material of Ref. [37]). Only
the planar and anomalous Nernst effect was observed in their experiments. They claim, that
they did not find a contribution from the transverse spin Seebeck effect. The transverse spin
Seebeck effect with semi-conductors (GaMnAs) was also investigated by Soldatov et al. [3§].
Here, GaAs is used as a substrate. On top, there are platinum stripes. They claim, that the
contribution from the transverse spin Seebeck effect to the measured voltage is negligible.

Meier et al. [39] investigated the transverse spin Seebeck effect by using ferrimagnetic
and insulating YIG (Y3Fe5012) as well as NFO (NiFe2O4). Here, GGG (Gd3Gas012) is used
as a substrate. First, they made measurements by using gold bonding wires which is 25 pm
thin to detect the spin Seebeck voltage. Then, no signal was found in the order of microvolts.
After that, they used wolfram needles with a contact area of 0.003 mm? for detecting the
spin Seebeck voltage. Again, there was no spin Seebeck voltage in the order of microvolts.
Surprisingly, when they increased the contact area of the wolfram needles up to 0.27 mm?,
there was a voltage measured in the order of microvolts. Meier et al. [39] found, that the
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signal becomes larger, when the temperature difference of the contact needles is larger as well
as the signal also becomes larger, when the contact area of the wolfram needles is increased.
Because the wolfram needles have a temperature other than that in the substrate, there
is a temperature gradient perpendicular to the area of the ferromagnet. This temperature
gradient influences a longitudinal spin Seebeck effect, which then can be measured. The
signature of the measured signal can look like a transverse spin Seebeck effect. Besides, one
has to mention, that this effect would hold, if one makes a scratch into the ferromagnetic
film. Thus, one really should be careful when interpreting spin Seebeck voltage signals.

Shestakov et al. [40] investigated the transversal spin Seebeck effect and found that a
parasitic external magnetic field leads to a signature which can be wrongly interpreted as
transverse spin Seebeck signal. Normally in the experiment, the direction of the external
magnetic field is fixed. Starting at a large positive magnetic field intensity, the intensity
will be reduced, passing through the zero and finishing at a large negative magnetic field
intensity and an antiparallel direction. When there is an additional magnetic field showing
in a fixed direction and not varied in the field strength, the summation of both fields is not
passing through the zero. In addition the starting direction of the summation fields is not
antiparallel to the summation of the finishing field.

The contradictory measurements of the transverse spin Seebeck voltage in experiments
motivate us, to find a theory which clarifies the contradictions. There are also theories,
which only explain a part of the experiments. Here, we want to fill the gap. This we do by
using the Boltzmann equation.

The theories of Sanders and Walton [24] and Xiao et al. [23] only explain the effect with
a continuous film of ferromagnet as done by Uchida et al. [I7, I8, 21]. Their theories do not
explain the transverse spin Seebeck voltage if one makes a scratch in the ferromagnetic film
as done by Jaworski et al. [19] and later in similar ways by Uchida et al. [22]. Additionally,
measurements of Agrawal et al. [31] claim the effect to be small. In reports of Schmid et
al. [33] and in other reports, the measured transverse spin Seebeck effect is small. This is a
contradiction to the experiments of Uchida et al. [I7, [I8] 21]. Because of that, we want to
develop a theory to find out, how large the transverse spin Seebeck voltage should be.

1.3 Qutline of this thesis

In chapter [2| we present methods of transport theory, which we will use in this thesis. The
method of quasi particles and the Boltzmann equation are introduced. After that, we present
the relaxation time approximation, which is a useful approximation to solve the Boltzmann
equation. We will use these methods in chapter |3 where we will investigate the pure phonon
problem. There, a temperature difference is applied to a insulating and non-magnetic sub-
strate and we will calculate the space dependent temperature and phonon density. In chapter
we will investigate a thin and insulating but ferrimagnetic film (out of Y3Fe5012) on top of
the substrate. Since the ferrimagnetic film is thin compared to the substrate, we claim that
the phonons are approximately not influenced by the magnons. Instead, the magnons are
influenced by the phonons via phonon-magnon interaction. This influence will be calculated
in chapter 4 Beyond, we will add the magnon-magnon interaction. Its influence will be
calculated in chapter In chapter [6] we will investigate a junction out of a ferrimagnet
and a normal metal. The spin current will be calculated, which is created by magnons at
a different temperature. The results are presented and discussed in chapter [/} Finally in
chapter [8] we will summarize the results and give an outlook on potential future research
related to the content of this thesis.
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2 Methods of transport theory

2.1 Method of quasi particles

In the entire thesis we work with the Boltzmann equation. The Boltzmann equation is a
statistical equation and describes the evolution of the phase space density inside a medium
and finds application in many fields of physical research. Especially, the Boltzmann equation
is appropriate to describe transport phenomena of quasi particles in solids. A quasi particle
is a theoretical exemplary description of an elementary excitation in a many-body-system,
for instance inside a solid. The benefit of quasi particles is, that you can describe them as
classical particles. They exhibit a quasi particle mass and are able to scatter with other
particles and quasi particles. Additionally in these scattering events, conservation of energy
and momentum needs to be fulfilled like in classical mechanics. But for some quasi parti-
cles, there is a small difference in momentum conservation. The quasi particle momentum
conservation needs to be fulfilled up to a reciprocal lattice vector. Quasi particles also ex-
hibit a dispersion relation, which can be different for different types of quasi particles. Lew
Dawidowitsch Landau was the first physicist, who introduced the concept of quasi particles.
In the thesis, we will work with electrons, phonons and magnons. Electrons will be
described with the theory of the free electron gas. In this theory, which is appropriate for a
metallic conductor, the solid is composed out of metal ions and valence electrons. The ions
are fixed and the valence electrons are able to propagate through the solid like free particles.
A homogeneous background charge is created by the ions. The valence electrons have an
energy level close to the Fermi energy. In the model, the electrons have a quadratic energy

dispersion relation
I

ko omx  2m*

(2.1)

while p denotes the momentum of the electron and k= p/h the corresponding De Broglie
wave vector of the electron. The reduced mass is described by m* and is a model parameter
depending on the specific band structure of the metal. This parameter will be fixed in that
way, that electrons close to the Fermi surface are well described. In statistics, electrons will
be described by the Fermi-Dirac distribution for fermions. This reads

£ = .
k eleg—m)/(ksTo) 4 1~

(2.2)

while flé,o) is the equilibrium electron particle density, @ denotes the chemical potential, kg
the Boltzmann constant and Tj the average temperature for the electrons. The energy ¢;: is
taken from Eq. (2.1]).

Phonons are described by the method of quasi particles. In a solid, the atoms are arranged
in a lattice structure, which is repetitive. Thus, the atoms are able to oscillate around their
position in the lattice structure. These oscillation can be described by a quantum mechanical
harmonic oscillator. In this model, the excitation energy is quantized. A phonon describes
elementary excitation of a wave, which propagates through the solid using the atoms as a
medium. In that way, energy, heat and sound can be transported through the solid. In our
calculations, we are working with a simple dispersion relation. It is

wy = cpn [P, (2.3)

where p’ denotes the wave vector and cpy, denotes the sound velocity. This linearity is true,
as long as excitations are low enough. The statistics of the phonon is described by the
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Bose-Einstein distribution for bosons. This reads

©0) _ 1
Ny = T eTe) _ 1 (2:4)

where ng)) is the equilibrium phonon particle density and Ty the average temperature for
the phonons. For a deeper study of phonons, we refer to the book by G. P. Srivastava [41],
especially to the chapter two, or the book by N. W. Ashcroft and N. D. Mermin [42].

In the model, every atom of the ferromagnet, ferrimagnet or other magnets carries a spin,
which has an orientation. The spins are coupled to their nearest neighbor by dipole-dipole
interaction and exchange interaction. Thus, the spins form a grind, in which spin waves are
able to propagate. An elementary excitation of such a spin wave is called magnon. Magnons
are also described by the method of quasi particles. In our case, we only consider magnons
inside a ferrimagnet. The exact magnon dispersion is dependent on an external magnetic
field and the local magnetization, see Eq. (7.9) on page 181 in Ref. [43].

e = /(@i + Dexk®) (@it + Dexk? + wr sin?(y)) (2.5)

The parameter ¥, denotes the angle between the direction of the magnetization M and the
vector k. In our case, the dispersion of ferrimagnetic magnons will approximated by an
quadratic term plus an offset wyg. It is

€5 N Woff + Doy k? Woff = \/wH(wH + wyr sin? (W) . (2.6)

This equation is valid if weg < Dexk? and when wog > Deck?. If one sets k& = 0 into
Eq. and into Eq. , one will find the same result. Additionally, if one assumes
Wof € Dexk? or wh,wy <€ Dexk?, both expressions in Eq. and in Eq. can be
approximated to ez ~ Dexk?. Later, when we set in numbers into this expression, we will
see good accordance for all wave numbers k between the exact result and the approximation.
The other parameters in the dispersion relation are [43, p. 12 and 15]

wy = vHy wn = 4y M . (2.7)

The parameter Hy denotes the field strength of an external magnetic field. My denotes
the field strength of the local magnetization of the ferrimagnet. Beyond, v denotes the
gyromagnetic ratio for the electron. Since magnons will be treated as bosons, the equilibrium
magnon density is Bose-Einstein distributed. It is [43, p. 203]

1

o _
Ti = et 1 (2:8)

while fgo) denotes the magnon equilibrium particle density and 7Ty the average temperature
for the magnons. For a deeper study of magnons, we refer to the book by A. G. Gurevich
and G. A. Melkov [43].

2.2 Boltzmann equation

The Boltzmann equation was developed by Ludwig Boltzmann in 1872 [44]. In quantum me-
chanics, position and momentum cannot be determined exactly, which is known as Heisen-
berg’s uncertainty relation. Since the Boltzmann equation uses position and momentum
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2.2 Boltzmann equation

as well, the position and momentum must be that large, that the uncertainty from the
Heisenberg’s uncertainty relation becomes small. This is expressed in a formula [45]

h h

p>Ap> > T, (2.9)
while p denotes the momentum of a (quasi-)particle, Ap the uncertainty of the momentum,
h the Planck constant, [ the length between two scattering events of a particle and Ar
its uncertainty in the position. As introduced in the subsection [2.1] we assume that there
is a (quasi-)particle distribution n; dependent of the position, momentum and time. The
Boltzmann equation describes the development of this distribution function. The distribution
function can change by three different mechanisms: diffusion, external fields and scattering
[46], p. 264 f]. One can evaluate the total time derivative of the distribution function

dn On OF = ok = on
= —— + = -Vn+ — - =

dat ot ot ot VE"T or : (2.10)

scattering

while ﬁ; denotes the gradient in 7-space and ﬁg the gradient in E—space. In the stationary
case, the partial derivative of the time vanishes dn/dt = 0. Additionally, we use 07/t = v..
Thus, the equation reads

R ok - on
E'VFHJFE'VETZ:E

: (2.11)

scattering

which is the standard form of the Boltzmann equation. The term on the right hand side
of the Boltzmann equation is the collision term. This term describes the changing of the
particle distribution due to scattering events. The first summand of this equation is the
diffusion-term, where a local imbalance of the particle distribution tends to equalize itself.
The second summand of this equations is the external field term. In [46, p. 97 and p. 264],
one finds the expression for 6/3/ ot. It reads

ok 10p 13 ok e (= 1, -

o " hot at:;—l(E*cEXH)’ (212)
while e denotes the elementary charge, h the Planck constant, E the strength of an external
electrical field, ¢ the velocity of light, v the E—dependent velocity of the particle and H the
strength of an external magnetic field. The equation is valid for positive charge carriers. In
case of electrons, one has to replace e by —e. The diffusion term can further be expressed
by an external temperature gradient. It is

- on

= N =k
Vin OTVT

VT, (2.13)

which is valid for bosons as well as for fermions. Thus, an external temperature gradient
can also cause an deviation in the particle density. Later, we will take the temperature as
an open parameter, which will be determined in a resulting differential equation.

Now, we have to write down the collision term. This term is strongly dependent on the
predominant interaction processes. There exists an recipe to set up the collision term for any
interaction processes, which is a first order approximation in the interaction strength. We
will exemplify this recipe in case of electron-phonon interaction. At the beginning, one has
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2 Methods of transport theory

to write down all the transition probabilities of the certain interaction. The collision term
will be set up for a certain particle state fz. All interaction processes, which increase the
particle distribution f; arise with a positive sign inside the collision term. Consequentially,
all interaction processes, which decrease the particle distribution f; arise with a negative
sign. The collision term for electron-phonon interaction reads [47, p. 19|

fr
ot

=3 {Wiegy— 5+ Phyp) + W(eg, ;+ Ph_s = ep)

scattering
~ Wiep+Phy— g )~ Wleg = ez, +Php) |, (214)

while f;: denotes the electron distribution function and W(ej, ~ — e + Phy) denotes the

k;+
transition rate for the scattering process, where an incoming electron with momentum k+ I
is converted into one electron with momentum & by emitting a phonon with momentum p.
Since this interaction increases the number of electrons with momentum E, it arises with a
plus sign. Analogously, we are able to write down the collision term for phonons. Thus, we
find [47, p. 19]

8715
ot

—Z{ ey — € + Phy) — W(eE+Phﬁ—>e,;+ﬁ)}, (2.15)

scattering

while nz denotes the phonon distribution function. For writing out the transition probability,
there also exists an recipe. The electron-phonon Hamilton operator in second quantization
reads [47, p. 6]

_ t t
Hopn = Y, My (a! 5+ W)Cp, - g (2.16)
07E7ﬁ
where M} . denotes the strength of the electron-phonon-coupling, a; is an operator annihi-
7p
lating a phonon with momentum p, aT_ﬁ is an operator creating a phonon with momentum

—p, ¢, is an operator annihilating an electron with momentum & and spin o and CTE—}—_' is an
) p,c

operator creating an electron with momentum k + p and spin o. The transition probability
then follows Fermi’s golden rule [47, p. 7]

W=— |<f|He1-ph| i)?6(Es — Ey), (2.17)

while (f| denotes the final state with its energy Ff and [i) denotes the initial state with its
energy Fj.

For writing down the matrix element with particle densities, there exist a recipe. We will
explain this recipe by means of the electron phonon interaction in Eq. . Let f;; denote
the electron distribution function for wave vector k¥ and n; denote the phonon distribution
function for wave vector p. In Eq. - the transition from one incoming electron with
wave vector k + P to one outgoing electron with wave vector k and one outgoing phonon with
wave vector p is described. In general, for the incoming particle, its particle distribution
occurs. The larger one state is occupied, the larger will be the transition probability. If
there are two types of particle states involved in the incoming state, the product of both
particle densities will arise. This is attended by the principle, that the interaction tends
to equilibrate the states. In our example Eq. , the electron density f7 w with wave

vector k + P occurs. For the outgoing state, it will be the same rule unless the particle
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2.3 Relaxation time approximation

densities arise with (1 — f;) for fermions and with (1 + n;) for bosons. Because of the Pauli
principle for fermions, a state can be occupied maximal one time and the density (1 — f,;)
is always positive. Thus, for fermions, the larger the state is occupied, the lower will be
the transition probability. This is similarly attended by the principle, that the interaction
tends to equilibrate the states. In our example Eq. (2.18]), for the outgoing electron, we write
(1— f;) and for the outgoing phonon we write (14 ny). The recipe tells us, that both terms
have to occur as factors. Now, we are able to write down, the transition probabilities out of

Eq. (2.14) and find

Wty = e+ Pha) = o |M| (0= £+ mp)oleg = e — ) (2.18)
Wiegyy+Phy—ep) = 2% Mg : frogn—(1 = fp)d(ep, 5+ wp — ) (2.19)
Wi(eg +Phy — ez 5) = 2% M 5 2 Fing(1 = frop)d(eg + wp — ez ) (2.20)
Wieg = epppt Phoyp) = 2% Mg 5 ’ = fr (U +n_p)d(eg — e ;—wp).  (2:21)

Thus, we are able to write down the collision term for the electrons. We set Eq. (2.18)) until

Eq. (2.21) into Eq. (2.14]) and find

s = 2% Z ‘ME,Z?F |:{fE+ﬁ+ Trie = Tipfe — fE”ﬁ} 5(6E+ﬁ — € — wp)
p
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scattering
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(2.22)

Additionally, we are able to write down the collision term for phonons. We set Eq. ([2.18)
and Eq. (2.20) into Eq. (2.15)) and find

877/;5‘ 2 2
=% 2 ‘Mﬁﬁ) [fm* Jews = Jraple — f,;nﬁ} S(ezyy— € —wp) - (2.23)
k

ot

scattering

2.3 Relaxation time approximation

Often, there does not exist an exact analytic solution to the Boltzmann equation out of the
upper section. We are able to write down the Boltzmann equation in a short way, called
relaxation time approximation. It is

_ ¢(0)
ofy _ oy _ fi—Ig (2.20)
ot T ™ '

where féo) is the equilibrium density functions for the considered particles with wave vector

k. Additionally, 7 denotes the relaxation time. In principle, one can write down a relaxation
time approximation for many interaction processes. Often, this can be done by linearizing the
collision integral. Here, one divides the distribution function in the sum of one equilibrium
part and one deviation part. In Ref. [47, p. 20 ff], the relaxation time is calculated for
the electron-phonon interaction in a solid. The Boltzmann equation is now solvable
analytically. One finds

fe=1"+C e, (2.25)

while C' is an open parameter, which needs to be fixed by boundary conditions.

23



2 Methods of transport theory

2.3.1 Electrical conductivity

Using the relaxation time approximation, we are able to solve simple transport applications.
We will apply an electric field to a metal and calculate the electrical current and the electrical
conductivity. We are taking Eq. (2.10]), Eq. and Eq. by using f7 for the electron
density distribution. Since Eq. (2.12) is composed for positive charge carriers, one has to
replace e by —e for electrons. Thus, the Boltzmann equation for electrons reads

€= = ofr
—5E-Vy P = —Tf;. (2.26)
It is ) 20
,;fiip) aj; e = 5% hoi, (2.27)
while this uses the expression for the quasi particle velocity [46l, p. 92]
U = %ﬁ,; € (2.28)

Thus, one finds for the Boltzmann equation

af(‘” §f=
_ =2 o %k
‘e (E vk> . (2.29)

Since the equilibrium electron distribution function féo) does not depend on the direction of

k and only depend on the absolute value, the following relation is true
B.Z.
Sew £ = (2.30)
k

The charge current fel will be measured for positive charge carriers, that is in technical
current direction. Electrons will flow into the opposite direction. The charge current will
then be calculated by

Bz B.Z. B.Z. . 6f£0)
jel:Zeﬁgf];:zeﬁE&f};:eQZTEﬁE (Eﬁg) 8§-> . (2.31)
k k k k
Remember, the term (0 féo)) /(O¢z) is always negative. Ohm’s law is
=0 E. (2.32)

Thus, we can write down the expression for the electrical conductivity

B.Z ) ) af(o)
Z PO T (2.33)
i

ey,
while the operator ® denotes the outer product. The final electron distribution function
consists of two summands, first the equilibrium density féo) (cf. Eq. ), and second the
deviation 0 f;; (cf. Eq. (2.29))). The second summand is linear dependent on the electric field.

It is fr = Iio +0fz. In ﬁgure the influence of an electric field on the band structure for
the electrons is shown.
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2.3 Relaxation time approximation

p. —Pp p. —P p. —Pp

Figure 8: This figure is taken from [45], showing a band structure for an electronic system and
demonstrating the impact of an applied electrical field on the occupation of electrons. The
distribution function f; = (0) + 0 [ denotes, which state is occupied and which is not occupied.
The thick line marks occupled states as well as the thin line marks unoccupied states. On the
left picture, no electric field is applied. Thus, §fz = 0 and the electrons are filled symmetrically
up to the Fermi energy. The velocity of the electrons is v = p/m. Since for every electron there
is always a partner with opposite momentum, the net momentum and net velocity are zero. On
the middle picture, a small electric field is applied, which is directed to the left. Thus, there
is a momentum shift § f like described in Eq. (2.29)). In that equation, the scalar product of

electric field and velocity occurs. The term (8fé0 )/ (O¢y;) is always negative. Hence, when both
vectors are parallel, the electron distribution is decreased and when both vectors are antiparallel,
the electron distribution is increased. There are electrons, which do not have a partner with
opposite momentum. Thus, for the electrons, there is a net momentum and a net velocity to the
right. Since electrons carry negative charge, the positive net charge current is directed to the left.
On the right picture, the electric field is increased again. Thus, the deviation from equilibrium
becomes larger and the net current becomes larger too.

2.3.2 Thermal conductivity

Now, we want to consider a system, which is heated on the left side at temperature T, and
cooled on the right side at temperature Tr. In chapter 3] we consider a material, where only
phonons are able to propagate. Hence we assume, that only phonons contribute to the heat
transport. Thus, there will be a temperature gradient, which affects the phonon distribution
function. The easiest description would be a one-dimensional Boltzmann approach on the
thermodynamic level. The 1D-Boltzmann equation in relaxation time approximation form
reads for phonons

ony’ _ omy) 0T O __w,omy” T __om,
ot 9T Oz Ot Ty awp P ox T

(2.34)

while w,, denotes the phonon dispersion energy, v, the phonon velocity, 7, the phonon re-
laxation time, T' the phonon temperature, Ty = (77 + Tr)/2 the room temperature and

( ) the unperturbed phonon distribution, which is of Bose-Einstein form like in Eq.
5np denotes the deviation from the Bose-Einstein distribution. One has to mention, that
derivatives of this deviation are assumed to be small in the upper formula. The heat current
can be calculated by

B.Z. w2 9,0
‘ w, Ony’ 0T oT
Jtot = E WppNyp = g wpvp(n® 4 dn,) = gp wpUp(0ny) = E vp pTo By Oz = ko

(2.35)
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with by "
7. 2 0
_ 2 : o WpOny
R = — : ,Upr?O 8wp . (236)

Remember, the term (an](go)) /(Owp) is always negative. Here, v, denotes the absolute value

(0)

. 0 . .
for the sound velocity. The sum over wpvpnz(, ) vanishes, because ny ", v, are even and w, is
odd in momentum p. By current conservation, the current derivative has to vanish

ajtot
ox
Thus, there is only a constant or linear solution to the differential equation for the temper-

ature. Including the two boundary conditions T'(—L/2) = T;, = Ty + AT and analogously
T(L/2) =Tg =Ty — AT, one finds for the temperature

~0. (2.37)

T(x) =Ty — - (2.38)
The current can then be calculated out of Eq. (2.35)).
. 2AT
Jtot = 7 K. (239)

In this simple model, there will be no perpendicular net current of phonons. Besides, in
this calculation the temperature is uniform and not wave vector dependent. And there is no
mechanism, which causes the sign change in the measured spin current.

2.3.3 Thermal conductivity in three dimensions

Now, we consider a three-dimensional Boltzmann approach on the level of temperatures.
Here, we consider the temperature to be independent on the wave vector. But, the tem-
perature will be space dependent. If one assumes the walls of the substrate to be perfect
reflectors, they work as mirrors for the system. The mirrors are located opposite to each
other. Furthermore, the mirrors at y = 0 and y = B are modeled as perfect reflecting walls.
This corresponds to the Eqgs. (3.23) and (3.24). Analogously, one finds equations for the
mirrors at z = 0 and z = D. Because of these mirror-walls, the system becomes periodic in
2B and 2D. Since the boundary conditions at the heat reservoir is independent in y and z,
the system becomes translation invariant in y and z. Thus, the system can be described ef-
fectively as infinite system in y- and z-direction with a periodicity and period length 2D and
2B. At x = —L/2, there is one contact area to the ideal thermal heat bath at temperature
T1,. Respectively, at x = L/2, theta is another contact area to the ideal thermal heat bath at
temperature Tr. The 3D-Boltzmann equation with the relaxation time approximation reads

~ 8n@) ﬂan(ﬂo) . S~
Ony _ 9y 82@+67T@+87T% _ Y57 gﬁ.VT:_M, (2.40)
ot oT |0x 0t Oy ot 0z Ot Ty Owy T5

while wz denotes the phonon dispersion energy, vz the phonon velocity, 7; the phonon relax-
ation time, 7" the phonon temperature, Ty = (T, + Tr)/2 the room temperature and ngj)
the unperturbed phonon distribution, which is of Bose-Einstein form (cf. Eq. (2.4))). The

function dny denotes the deviation of the Bose-Einstein distribution, so

ny=n + ong. (2.41)



2.3 Relaxation time approximation

One has to mention, that derivatives of this deviation dny are assumed to be small in Eq.
(2.40). Now, we assume delta scatterers as the main and only scattering process in the bulk
material. This implies

Ty =Tp- (2.42)
Because w; and ng)) are only dependent on the absolute value of p, the following relation
holds

B.Z. B.Z. B.Z.
pr qp””zg?o) - Z wpn Ty = wpn v, - & =0, (2.43)
P 7 P

while é, denotes the unit vector in p direction in spherical coordinates. For the last trans-
formation we transformed the sum into spherical coordinates and used

2 ™
/ / sin(9) &, dd dé = 0. (2.44)
0 0

Now, vy denotes the sound velocity of the phonons. By writing vy = v €5 = vo p/p and using
Eq. (2.40), the heat current can be calculated by

B.Z. B.Z. B.Z.
- — — 0
Jtot = E Wiy = E wﬁvﬁ(nzg) + ong) = E wv(dng)
7 i) 7
B.Z 2 9,.(0)
w4 ons R
_ wpong” L oL T)
— Tp Tg Jws p( P v
P
B.Z. 2 9,.(0)
wzons’ 1 [oT oT oT
= P_P .| - — . 2.45
~ Tp To Ows Upp |:aCC VoPx + ay Vopy + Oz Uopz] ( )

If one now investigates the terms of being even or odd under inversion of p,, p, and p., one
may cancel odd terms. Then, one finds

87%) vdp? 0T oT
Opz
ot § —K3p— 2.4
Jtot, pTO 8w~ 2 O K3D 5 i (2.46)
with ( ) (0)
B.Z. 2 BZ
”TO &w ”TO &Jw

At the heat reservoirs, one finds the following property because of translational invariance
of the system

OT(~L/2) _OT(-L/2) _ =~ OT(L/2) _OT(L/2)

= = = =0. 2.48
oy 0z oy 0z ( )
This property must be conserved and the translation symmetry makes
0j 0j
Jtot 0 Jtot _ 0. (2.49)

oy 0z
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2 Methods of transport theory

Thus, the solution becomes the same as in one dimension, which was calculated in section
2.3.2l Including the two boundary conditions T'(—L/2) = T, = Ty + AT and analogously
T(L/2) =Tg =Ty — AT, one finds for the temperature

T(x) =Ty — — (2.50)

The current can then be calculated out of Eq. (2.46)).

. 2AT
Jtot,x = I R3D - (251)

In this simple model, there will be no perpendicular net current of phonons. The system is
translational invariant. Thus, if there is a perpendicular net current. This current would also
be translational invariant. Thus, the origin of this current must placed at infinity, which we
exclude in our calculation. If one now has a closer look at the phonon-distribution-function
at the boundaries, one finds that the resulting function is not of Bose-Einstein form for
incoming and outgoing particles. The function reads

(0)

ng =n; + dngy
(0)
B 1 wﬁanﬁ R —
T L (- 97)
(0)
1 > On 2AT
Fibad Jutls I . (2.52)

:460.25/(]{8,1—') _1 - PTO 0&)13‘ p,x I3

For a fixed absolute momentum |p], the Bose-Einstein-term is independent of the orientation.
If one tries to find an effective temperature for the whole phonon-distribution function, both
terms have to have this feature. Since the absolute value for the velocity vy is constant and
equal to the sound velocity, its x-component depends on the orientation of the momentum
vector.

Vg = Vo - sin(d) - cos(yp) . (2.53)

Thus, the phonon-distribution-function is not Bose-Einstein like. But, if one assumes ideal
reservoirs, the distribution function for the outgoing particles out of the two reservoirs has
to be Bose-Einstein like. Because of that, we need a more detailed investigation of the effect.

2.4 Summary

In this section, we have introduced the methods, which will be used in the entire thesis. At
the beginning, the concept of quasi particles is introduced. Phonons, which are elementary
excitations of a wave in the lattice structure of the solid, will be treated in the concept of quasi
particles. Similarly, magnons will be treated in the concept of quasi particles. Every atom of
the lattice of the solid carries a spin, which can be oriented in a different direction. Magnons
are elementary excitations of a spin wave inside the solid. Furthermore, we introduced
the Boltzmann equation, which is appropriate to consider transport phenomena. By way of
example, we set the collision term, which is part of the Boltzmann equation, for the electron-
phonon interaction and explained the exact rules to write down the collision term in general.
Electrons will be described with the theory of free electron gas. After that, we introduced
the relaxation time approximation. This approximation can be used, when the deviation of
the particle distribution from equilibrium is small. Then, the collision term can be linearized
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2.4 Summary

and one finds a quotient between the deviation function from equilibrium and a short written
relaxation time. With this relaxation time approximation, we calculated in a simple model
the electrical conductivity for a metal and a phonon-mediated thermal conductivity.
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3 Phonon-temperature in a cuboid

3 Phonon-temperature in a cuboid

In this chapter, we investigate the phonon propagation in a cuboid (a GdsGasO12 crystal),
where only phonons are able to propagate. This cuboid is positioned between two heat baths
at different temperatures. By making use of the Boltzmann equation, we will calculate the
wave number dependent phonon density and temperature profiles.

We start with a motivation to this calculation in section In this motivation, we first
introduce the full problem of the transverse spin Seebeck effect and than argue, why we need
to solve the phonon only problem, first.

The cuboid is enclosed between two ideal heat reservoirs. The left reservoir is a bit
warmer and the right reservoir is a bit colder than the average temperature, respectively.
The difference in temperature (AT') is much smaller than the average temperature Tp. This
treatment of the cuboid is needed for the understanding of the transversal Spin-Seebeck effect,
which will be treated in later chapters. The setup for the full transversal Spin-Seebeck effect
is shown in figure @ On top of the GGG (Gd3GasO12) there is an insulating ferrimagnet,
here YIG (Y3Fe5012), where phonons and magnons are able to propagate as well. Electrons
are not able to propagate in the YIG film and in the GGG substrate. Above that, there is
a small stripe of platinum and a voltmeter at the ends of the stripe. Here, electrons and
phonons are able to propagate. This can be seen in figure

Since the thickness of the YIG is much smaller than the thickness of the GGG crystal,
phonons are propagating in the GGG substrate most of the time. There, magnons do not
exist. Additionally, the heat reservoirs are non-magnetic reservoirs, where only phonons are
able to propagate. Hence, the influence from the magnons on the distribution function of
the phonons can assumed to be small. Only phonon-phonon interaction as well as impurity
scattering takes place in the GGG substrate. Based on these phonon-only interactions, we
first calculate the phonon density and temperature profiles in this chapter.

YIG

T +AT T,-AT

Figure 9: Schematical setup for measuring the transverse spin Seebeck effect. Two thermal heat
reservoirs are attached to the gallium gadolinium garnet crystal (Gd3Gas;012). On top of the
GGG crystal, there is an evaporated YIG-film, whose thickness is much smaller than the thickness
of the GGG. Beyond that, there is a platinum stripe on top of the YIG-crystal. The voltage is
measured on the platinum stripe perpendicular to the plane of projection. The magnons in the
YIG-stripe are thermally not connected to the heat reservoirs.

This will be done by treating the phonon distribution to be wave vector dependent. We
will perform an approximation, where we assume that the angle averaged phonon distribu-
tion (proportional to the temperature deviation) to have a linear structure. We call this
approximation half-analytic method. With the above approximation we will calculate the
wave vector dependent phonon temperature in section to use it in later chapters for cal-
culating the magnon temperature. In section |3.3| we will find out, that a simple calculation is
not enough. After that, we will justify the half-analytic approximation in section[3.4] There,
we will calculate the problem without the approximation but by separating the distribution
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3.1 Motivation - Complete treatment of the transverse spin Seebeck effect

functions into moments and using Chebyshev polynomials. Additionally we consider the full
phonon problem iteratively and numerically. By comparison of the three methods, we will
see, that the deviation in the temperature (or in the angle averaged phonon distribution) is
small.

3.1 Motivation - Complete treatment of the transverse spin Seebeck effect

In this thesis, we investigate the transversal spin Seebeck effect. The schematical setup of
this experiment is depicted in figure [0] In the middle, there is a GGG crystal, where only
phonons and no magnons as well as no electrons are able to propagate. For our calculation,
we take the sample size out of Ref. [2I]. Here, the length of the GGG crystal is at Lgag = 8
mm, the width is at wgge = 4 mm and the thickness is at dggg = 0.5 mm. On the left side
on the long end of the crystal, there is an ideal heat reservoir at temperature To+AT attached
to the GGG crystal. Analogously, on the right side on the long end of the crystal, there
is an ideal heat reservoir at temperature Ty — AT attached to the GGG crystal. Since the
heat reservoirs are non-magnetic, magnons are not able to enter or leave the heat reservoirs.
One has to mention, that only phonons are able to propagate into and out of the ideal heat
reservoirs. As we set AT > 0, the left heat reservoir is warmer than average temperature (as
depicted by red color) and the right reservoir is colder than average temperature (as depicted
by blue color). Both heat reservoirs are modeled as perfect phonon heat reservoirs, i.e. every
incoming phonon relaxes immediately to the equilibrium distribution. Besides, the outgoing
phonons are distributed by the equilibrium Bose-Einstein distribution (cf. Eq. (2.4)).

For a better visualization, we introduce the concept of a Bose sphere. This view is
comparable to the concept of the Fermi sphere. Therefore, we pick out a certain absolute
value of k. For a certain direction, we read out the quasi-particle density and draw a line from
the origin in that direction, which length is proportional to the density of quasiparticles in this
direction with absolute value of k. In general, the Bose-Einstein distribution is independent
of the direction of the particle, which is called isotropic. Thus, this would give us a sphere,
which we call Bose sphere. The two black semi circles in figure [9] demonstrate a magnitude
of outgoing phonon density in a certain direction.

On top of the GGG crystal, there is an evaporated YIG-film, where magnons and phonons
but no electrons are able to propagate. The thickness of the YIG-film is much smaller than
the thickness of the GGG crystal. In the GGG substrate, only phonons are able to propagate,
while in the YIG-film, phonons and magnons are able to propagate. Electrons are not able
to propagate in the GGG as well as in the YIG-film. We assume, that magnons are not
able to leave or enter the YIG-film. The quasi-particle density distributions are composed
as follows

T =10+ = 10 + fox+ 05y (3.1)
(0) (0)

ng=ng’ +ny=n; +nop+ong. (3.2)

The first summand in both equations which has a zero in superscript denotes the equilibrium
density distribution fléo) for magnons and ng)) for phonons at temperature T}, respectively.
When there is an index or a parenthesis with p, the quantity is dependent on the wave
vector. For them, we take Eq. for magnons and Eq. for phonons, respectively.
The summand in both equations which has a zero in subscript denotes the zeroth moment
of the distribution function. This zeroth moment is independent on the direction of the

wave vector and only dependent on its absolute value. The functions 4 fz and dn; include
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3 Phonon-temperature in a cuboid

all higher moments. The n-th moments in three dimensions by using spherical coordinates
are in general defined as

frk :% /07r sin(¥) cos(m?)fE dd (3.3)
1 v
N p :2/0 sin(¥) cos(nd)ng di . (3.4)

We assume, that the density functions f]; and nj are not dependent on ¢. With that, we
can write down the coupled phonon and magnon Boltzmann equations. These equations are
valid in the ferrimagnetic YIG-film. In the GGG substrate, only the pure phonon terms of
the equation are valid. It is for the magnons with wave vector k and phonons with wave
vector p’

_of0 of: df
%R a9 2ot — 2k k
o (T V) + 0 - Vo fi = =] sommnte T O |5t g (3.5)
ﬂan(ﬂo) onz ong
o i R TRy "p "p
_ZP L. VT - =P .
Ty 0o (i VTpn) + 1 Vony = — seomom T 9 | oo (3.6)
with
T =Tz, k) fp=fy(z.k)  0fy=0fz(z,k) (3.7)
Tpn = Tpn(z, p) Ny :nﬁ(%ﬁ) 5”5 = 5”15(3775) ) (3.8

while Ty; denotes the spatial and wave vector dependent magnon temperature and 7Tpy the
spatial and wave vector dependent phonon temperature. Ty is the average temperature. The
wave vector dependent magnon energy dispersion is denoted by e (cf. Eq). Alike, the
wave vector dependent phonon energy dispersion is denoted by wy (cf. Eq. (2.3)). The param-
eter U denotes the wave vector dependent magnon velocity and analogously the parameter
Uy denotes the wave vector dependent phonon velocity. In general one finds their absolute
value, by taking the wave vector derivative of the energy dispersion. One has to mention,
that the quasi particle temperature is coupled to the zeroth moment in the following way

. Of0

Jor(z) = —f’; 8’2 (Tvm(z) — To) (3.9)
_op®

nop(z) = —%7 g:, (Ten(z) — To) - (3.10)

Later, we will suppress the spatial dependence. This correspondence is only valid, because
the temperature differences are much smaller than the average temperature

|Tv — To| < To |Tpn — To| < Tp - (3.11)

Additionally, one has to mention, that (8k]%0)) /(0¢) < 0 and (8111(70)) /(0w) < 0. The geometry
of the setup can be found in figure [I0}
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3.2 Calculation with translational symmetry in three dimensions

T,+AT T,-AT

Figure 10: This is the geometry for the cuboid. The angle ¢ is the angle between the x-axis
(dashed line) and the projection of the wave-vector on the x-y-plane (plane of projection). The
angle ¥ is the angle between the wave-vector and its projection on the x-y-plane.

The first summand on the right hand side of the Eq. (3.5)) determines the collision integral
of the magnon-phonon-interaction. It will be derived in section [£.3] and reads

B.Z. -
Af _ 1 Tpn(p) —Tm(k) 1 Tpw(p) — Tu(|k — p]) (3.12)
ot St,mag-pho 5 7_1’:7]2]) T() 7:1’;71213 TO ’

while the abbreviations are given in Eqs. (4.56)) and (4.57). In the same way, the collision
term for the magnon-magnon interaction will be derived in section The result can be

found in Eqgs. (5.11]) and (5.63|) and reads as follows

df; ZZ: |V|2 TM< B VR Tu(®) [V Tu(E+ )
+ +
ot Tm Ty rEm Ty

St,mag-mag E

L5 {\QTTM B, IVETu@E) | VETu(E- rvPTM(x‘s"m}?

= T2  To T™3 To TM4 Th
q

(3.13)

while the abbreviations are given in Eqs. (5.12)), (5.16), (5.20), (5.64), (5.65)), (5.66]) and

(5.67). The scattering amplitude |V| will be calculated in section The results can be

found in Egs. (5.29)) and (5.72)). The abbreviations for the phonon Boltzmann equation ([3.6)
read

ong ong

~ , (3.14)
ot St,pho-pho Tp
and
B.Z. -
I _ Z 1 Teu(p) —Tm(k) 1 Tpn(p) — Tm(lk —p) ‘ (3.15)
ot St,pho-mag 2 Tpkp TO Tpkp TO

Again, the abbreviations can be found in Eqs. (4.56)) and (4.57). The thickness of the YIG-
film is much smaller than the thickness of the GGG crystal (i.e. dyig < dgge). Typically,
the thickness of the YIG-film is at the order of micrometers. For our calculations, only the
order of magnitude of the YIG-thickness is important, the exact value must not be specified.
Phonons are propagating in the GGG substrate most of the time, where magnons are not
able to propagate. Because of that, the influence from the magnons onto the phonons is
assumed to be small. Thus, the term can be approximated to be zero, when one is
calculating the phonon-temperature.

3.2 Calculation with translational symmetry in three dimensions

We consider a three-dimensional model of the GGG substrate. At the beginning, we have a
look at one single GGG (Gd3zGasO12) substrate without any installation on it. The x-axis

33



3 Phonon-temperature in a cuboid

is put parallel to the temperature gradient out of figure [10| (marked by dashed line) and is
placed (as above) at —L/2 < x < L/2. The GGG substrate is of finite size and placed at
O<y<Band0<z<D.

Now, we assume the left and right boundary to be perfect thermal reservoirs at different
temperatures. A thermal reservoir features the fact, that every incoming phonon will be
thermalized. Outcoming phonons are distributed by the Bose-Einstein-distribution function
for the certain temperature of the thermal reservoir. Thus, we know half of the phonon
distribution function at the thermal reservoir

n (m - —§> O (In =6l = 5) = (nop(To) + (AN),) © (In = | = 7) (3.16)
w(o=5)0 (G- In-ol) =yt - @M 0 (5~ r-0)) . (1)

with 0 < ¢ < 27. The choice of the coordinate system is different to Eqs. and but
will end up in the same results. The constant (AN), features the increase or decrease of the
temperature at the left and right reservoir, respectively. Outgoing particles are Bose-Einstein
distributed with temperature T+ AT at the left hand side and temperature T'— AT at the
right hand side. By making use of Eq. , one can convert the temperature difference
into a particle density difference (AN), in the following way

)
(AN), = —-Z— P AT (3.18)

One has to mention, that AT is independent of the wave vector, but (AN),, is dependent on
the absolute value of the wave vector. This implies for 0 < ¢ < 7/2 and for 37/2 < ¢ < 27
i.e. for right moving particles
1 1
Np pright (T = —L/2) = ewn/(kpTL) 1~ ewp/(kpTo) _

+ (AN), = Nop + (AN),, (3.19)
with 77, as fixed temperature for the left thermal reservoir at x = —L/2. Similarly, one
writes for the other reservoir for 7/2 < ¢ < 37/2 i.e. for left moving particles

1 1
Np et (T = L/2) = gy = Bt poray o

— (AN)p, = Nop — (AN),, (3.20)

with T as fixed temperature for the right thermal reservoir at x = L/2. Thus, we find

Tip,,right (T = —L/2) =(AN), (3.21)
'ﬁp,qﬁ,left (1‘ = L/Q) = — (AN)p . (3.22)

In this thesis, we will consider two different cases. First, the boundaries at y =0, y = B =
wagaa, 2 =0 and z = D = dggg are modeled as perfectly reflecting walls. Second, they are
modeled as rough walls.

In case of perfectly reflecting walls, every incident particle will be completely reflected in
the same angle measured to the plummet. The parallel component of the incident direction
of propagation will be conserved, while the perpendicular component of the incident direction
will be turned to the opposite direction.

iy = 0) = fipar—s(y = 0). (3.23)
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3.2 Calculation with translational symmetry in three dimensions

Similarly, the other wall is reflecting too

ﬁp#)(y = B) = T~Lp72W,¢(y = B) . (3.24)

A similar equation holds for the boundaries at z = 0 and z = D. Because of these mirror-
walls, the system becomes periodic in 2B and 2D. Since the boundary conditions at the
heat reservoirs are independent in y and z, the system becomes translation invariant in y
and z. Thus, the model is qualitatively congruent with an infinite GGG substrate in the y-
and z-direction with translation symmetry in the y- and z-direction. Of course, this only
works if also the boundary conditions fulfill this translational symmetry, which is the case.
This brings us to an effective one dimensional calculation, which features different angles
for particle propagation. There will be three different ways of treating the problem. The
first method, which we perform now and denote as half-analytic, uses an approximation,
where the zeroth moment of the phonon density is assumed to have linear structure. The
second method splits the distribution function in several moments of propagation direction
and makes use of the Chebyshev polynomials. The resulting integrals and infinite sums need
to be solved numerically. The third method uses an iterative and converging ansatz to the
original Boltzmann equation.

When we include boundary scattering, we assume roughly reflecting walls at y = 0,
y= B, z=0and z=D. This will be modeled by introducing an effective relaxation length
which is the geometric mean of the sizes of the GGG substrate

Leﬁ‘ = %/LGGG s WGEGa - dGGG = \3/8 mm - 4mm - 0.5mm = 2.51984 mm, (3.25)

while we took the numbers out of Ref. [21I]. In this thesis, we will consider the case with and
without boundary scattering.

3.2.1 Half-analytic method

At the beginning, we write down the Boltzmann equation in three dimensions for the phonon-
only problem. We take Eq. and replace the phonon-temperature by the zeroth moment
via Eq. . Additionally, we exclude the phonon-magnon interaction because the ferri-
magnetic YIG-stripe is assumed to be much smaller than the GGG substrate, as already
discussed above. One finds

cos(1) 27 + sin() sin(6) 2T 4 sin(0) cos(9) 2T = "7 "0.

. ” 5= - (3.26)

It is for the relaxation length I, = 7, - v,. We model the left and right reservoirs to be ideal
heat reservoirs. Here, we us Egs. and for the boundary conditions at the heat
reservoirs. Phonons with 0 < ¢ < 7/2 and 37/2 < ¢ < 27 are propagating to the right and
phonons with 7/2 < ¢ < 37/2 are propagating to the left. Since the system is effectively
invariant in y- and z-direction, the corresponding derivatives in Eq. vanish. We make
an ansatz containing a linear term for the average density

nop = (AN)pfz. (3.27)

In subsections [3.4.1] and [3.4.2] we will see why this approximation is appropriate, when we
compare the results with the methods of Chebyshev polynomials and the iterative method.
One finds for the Boltzmann equation

Ong Ny —nop Ny — (AN),fz

sin(1) cos(¢) o = L 2 L , (3.28)
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3 Phonon-temperature in a cuboid

while § still has to be found. This differential equation can be solved analytically. One finds
fiy =De e @@ 4+ (AN),Bz — (AN),B1, cos(¢) sin() . (3.29)
The variable D is still open and will be determined by the boundary conditions at the heat

reservoirs (cf. Eq. (3.21) and (3.22))). Calculate the boundary conditions at the reservoir
and setting them back into the phonon density function results in

Mg right =(AN)pBr — (AN),l,6 cos(¢) sin(V)
1 _ (L+2x) sec(¢)

+ i(AN)p(BL + 281, cos(¢) sin(V) + 2)e  2psin (3.30)
and

Ngefe =(AN)pfz — (AN),l,0 cos(¢) sin(¥)

1 (L—2z) sec(d)
— i(AN)p(BL — 201, cos(¢)sin(¥) + 2)e 2lpsin@® (3.31)
The parameter 3 still has to be found. Additionally, we need
1 2 pm
no, = - / sin(9)ity di do (3.32)
’ 47 0 0

which is similar to Eq. for n = 0. We have performed the iterative solution by
using above equation and Eqgs. (3.30) and (3.31]) and starting with some random parameters.
Another option, we have done, is to perform a single-point approximation, which is sketched
in the next subsection. At the end, we will see that both methods will converge in good
agreement.

3.2.2 Single-Point approximation

By now, we perform a single-point approximation. The name for this approximation origi-
nates from the procedure to evaluate the zeroth moment calculation at one single point in
the GGG substrate. In the following, we evaluate both sides of the Eq. on a single
point at z = —L/2. Additionally, we take Eqgs. and . With that equation, we
are able to determine the open parameter 8. This approximation is still in good agreement.
we find

~(AN) 55 =n0p(~L/?)

21 s
Z% 0 /O sin(9)fip(—L/2) d9 d

1 w/2 ‘ ~
:27 / Sln@””ﬁ}right,approx(_L/z) dv d¢
T™Jo 0
1 s ™
b L / / () 1ot appron (— L /2) d dob. (3.33)
21 Jz2 Jo Y
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This is
w/2 L ]
—(AN),pB / sin (¥ N)p ,65 — (AN)plpB cos(¢) sin(dF)) dv do
/2 _ (L—L) sec(#)
/ sin (¥ (AN),(BL 4+ 281, cos(¢)sin(V) +2)e  2esin) ) di d¢
/ / sin(d)(—(AN), ﬁ— — (AN)pl,B cos(¢) sin(¥)) dv de
/2
/“ /nshmﬂX—(AAUABL——QB@C04¢)$nO%—%2kugﬂ§ﬁ@)dﬁd¢
/2
/(/sm ANM&~4AN)W%%wnmw»mm¢
w/2
/ sin(ﬁ)f(AN)p(ﬁL + 281, cos(¢) sin(V) + 2) dv do
AN bty
277,8 /7r/2/ sin(¥)(L — 21, cos(¢) sin(¥))er = di dep
L sec($)
- e Tpsm(9)
AN /TI’/2/ sin (v dv do
L L l 1
- - <AN>p% (an), (sz)p% (AN)yg ~ BAN), L~ (AN), I
(3.34)
with
1 T T L . Lsec(d)
=5 /7r/2/0 sin(¥) <2 — 1, cos(9) 8111(19)) el di d¢ (3.35)
1 7r ™ L sec()
_ - : Ip sin(0)
- /77/2/0 sin(d)e ddde. (3.36)

The integrals in I; and I will be determined numerically. The upper equation can be

transformed and one finds
2 — 41,

5:_L+@—uy

The same result would be obtained by evaluating Eq. with Egs. (3.30) and (3.31]) for
x = +L/2 instead for z = —L/2. If one takes a point between z = —L/2 and = = L/2,
the result would be a little different. The results for ng, the difference of the angle averaged
phonon density with respect to equilibrium, is plotted in figure As suspected, if the
relaxation length [, is larger than the system length L, the slope is very small, because
the phonons propagate nearly hitchless through the GGG crystal. Left and right moving
phonons average to the equilibrium density. There is also a large density / temperature jump
at the edges. If the relaxation length is smaller than the system length, the slope is very
large, because these phonons scatter only with neighboring phonons and thus, the jump at
the edges becomes small.

(3.37)

3.2.3 Diffusive regime approximation

If the relaxation length is much smaller than the system length (i.e. [, < L), one can perform
an approximation for the phonon density. Inside the Egs. (3.35)) and (3.36]), the exponent in

37



3 Phonon-temperature in a cuboid
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Figure 11: Difference of the angle averaged phonon density with respect to equilibrium ng is
plotted dependent on the position inside the cuboid for different relaxation length [,. The
phonon density for the phonons inside the heat reservoir are denoted as black circles. They are
at ng = (AN), for z = —L/2 and at np = —(AN),, for v = +L/2. Thus, there is a density
jump (or temperature jump) at the edges of the heat reservoirs.

the exponential function becomes close to zero, because sec(¢) < 0. Thus, I; and I become

close to zero. The result reads )

ﬁz_L—I—lp.

(3.38)

The phonon density ng at the left end of the substrate (i.e. x = —L/2) is plotted in figures
and for different methods. For the ”half-analytic” method, we have done this iter-
atively by using first Eq. (3.30)) and (3.31)) and second Eq. and starting with some
random parameters. For performing the single point approximation and the diffusive regime
approximation, we used Eq. and Eq. for the single point approximation or Eq.
for the diffusive regime approximation. Here, we plot the calculated ratio ng/(AN),.
Since Eq. (3.10) and (3.18]) hold, we find the same ratio to be

nop  Ten(p) —To

(AN), AT (3.39)

When there is an index or a parenthesis with p, the quantity is dependent on the wave vector.

Generally, particles are only influenced by the particle density in the proximity of length
l,. Here, we consider phonons. For large relaxation length (i.e. [, 2 L), out coming phonons
from the left lead are able to propagate to the right end nearly without any scattering and
thus keep their particle density as well as the temperature. Phonons coming out of the
right lead are also propagating to the left lead and keep their particle density as well as
temperature. The average particle density and temperature for those phonons is nearly the
same in the whole substrate. The average temperature is the mean value Ty of the left and
right thermal baths. For phonons with a short relaxation length (if the relaxation length
is smaller than the sample length) it is the opposite. Because they scatter very often, out
coming particles from the right lead relax before they reach the left end. Because of that,
those particles are only influenced by the phonon density in the proximity.
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3.2 Calculation with translational symmetry in three dimensions
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Figure 12: Deviation of phonon density from equilibrium at = —L/2 for different methods and
relaxation length [, in three dimensions at 300 Kelvin without boundary scattering.
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Figure 13: Deviation of phonon density from equilibrium at x = —L/2 for different methods and
relaxation length [, in three dimensions at 300 Kelvin without boundary scattering.

Now, we want to calculate the relaxation length [, dependent on the wave vector. Neel-
mani et al. [48] made temperature dependent phonon conductivity calculations for GGG.
They used Callaway’s model [49] for their calculations. The formula for the relaxation
length reads

v (%

l, = 3.40
P Tod + oo + Tom " Bod + Epf T4+ Eyn€2T8e"To/CT) (3:40)
with . 5
vp
¢ kT kT (3:41)

In this thesis, we will perform the calculation with and without boundary scattering. The
boundary scattering describes the scattering process of phonons at the boundary of the
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3 Phonon-temperature in a cuboid

system (or the cuboid). When one phonon reaches the boundary, it relaxes and gets the
local temperature of the diffusive phonons. Diffusive phonons are phonons with a small
relaxation length and as we will see with a large wave number. In the case without boundary
scattering, we use perfectly reflecting walls. Thus, we set the boundary scattering relaxation
length Ey,q = v/Leg to zero. For including boundary scattering, the boundaries of the GGG
substrate are rough and we set the effective relaxation length to the geometric mean of the
sizes of the GGG substrate. This is Eq. . In all cases Ep = 5.0 s~1K™* denotes the
point-defect scattering rate, Fuym = 1.577 - 10*s ' K~3 denotes the prefactor to the Umklapp
relaxation rate of the phonons. The critical temperature is denoted by T = 125.7 K. The
parameters b = 2.0 and sound velocity v = 5.07 - 10%cm/s are given. These numbers are
taken from Ref. [48].

The Normal scattering relaxation length cannot be taken from Neelmani et al. [48]. For
that, we performed an estimation, which can be found in the appendix [A]

In figures and the phonon relaxation length out of Eq. and the Normal
scattering relaxation length dependent on the absolute value of the wave vector are plotted
at 300 K and 3 K, respectively. The phonon relaxation length’s are separated by their
origin. A short relaxation length corresponds to a dominant scattering process. For 3 K, the
impurity scattering and the boundary scattering are dominant.

|/ cm

A
,=300

- IUmklapp
100} impurities
INom'\al

[ - Iboundary
0.01} .

0.0 0.2 0.4 0.6 0.8 1.0 p/ ke

Figure 14: The relaxation length dependent on the absolute value of the wave vector is plotted
at 300 K. The phonon relaxation length’s are separated by their origin. It is l, = v - 7, with
a € {bd, pt,um, no}.
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3.2 Calculation with translational symmetry in three dimensions
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Figure 15: The relaxation length dependent on the absolute value of the wave vector is plotted
at 3 K. The phonon relaxation length’s are separated by their origin. It is I, = v - 7, with
a € {bd, pt,um, no}.

With that, we will calculate the phonon density depending on the absolute value of the
wave vector. With Eq. we are able to convert the absolute value of the wave vector
p into the relaxation length [,. In figures (16| and [17] the particle density at the left end of
the substrate (i.e. # = —L/2) is plotted dependent on the absolute value of the p-vector of
the phonons. Phonons with a large wave vector have a short relaxation length (cf. figure
and and thus their density is influenced only by neighboring phonons in a range
of the relaxation length. Since the deviation from the equilibrium density of the emitting
particles on the left lead is fixed to (AN),, those phonons have nearly this temperature of
the reservoir and a density with a value close to 1 in the two plots. Phonons with a short
wave vector have a long relaxation length (cf. figure|14]and . Thus, they propagate nearly
without scattering through the substrate and thus have the average phonon density, because
we consider left and right moving phonons together.
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3 Phonon-temperature in a cuboid
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Figure 16: Deviation of phonon density from equilibrium at x = —L/2 for different methods and
wave numbers k in three dimensions at 300 Kelvin without boundary scattering. The Fermi wave
number is kp = 3.10175 - 107 cm ™.
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Figure 17: Zoom of figure Deviation of phonon density from equilibrium at o = —L/2
for different methods and wave numbers k in three dimensions at 300 Kelvin without boundary
scattering. The Fermi wave number is kg = 3.10175 - 10" cm™!

The wave vector dependent phonon temperature at the left lead (i.e. x = —L/2) is plotted
in figures [18] and [19] for different average temperatures Ty. In figure [I8 boundary scattering
is excluded, while in figure [19 boundary scattering is included. Here, we do not neglect the
relaxation length from Eq. (3.25)).

In figures and the phonon temperature decreases for small wave numbers (or
large wave lengths). The smaller the average temperature Ty is, the greater the decrease of
temperature for the small wave number phonons is. When we include boundary scattering,
the phonon temperature does not decrease that much as by excluding boundary scattering.
The reason for this is, that small wavenumber phonons can no longer propagate hitchless in
the GGG substrate and relax to the diffusive temperature when they scatter at the boundary.
If one wants to construct the spatial temperature profile for one certain wave number, one
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3.2 Calculation with translational symmetry in three dimensions

has to take the value out of the figures (18| or [L9| as one point of the profile at x = —L/2. All
temperature profiles are linear and crossing the value Ty at position x = 0. With these two
points, one is able to construct the linear temperature profile (cf. figure .
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Figure 18: Here, the p-dependent phonon temperature at position + = —L/2 is plotted for

different average temperatures Ty. Boundary scattering is not included in this figure.
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Figure 19: Here, the p-dependent phonon temperature at position x = —L/2 is plotted for

different average temperatures Ty. Boundary scattering is included in this figure.

In figures and one can find polar plots of the angle ¢ of the phonon density
distribution out of Eqgs. (3.30), (3.31) and (3.37)) in units of (AN, at different positions in
the substrate and for different relaxation length. These plots are performed with a fixed angle
¥ and with an offset of 2. For large relaxation length (cf. figure , the phonons propagate
nearly ballistic. Thus, the distribution function nearly does not change by propagating
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3 Phonon-temperature in a cuboid

through the substrate. In contrast, phonons with a small relaxation length (cf. figure
propagate diffusive. Thus, the distribution function changes a lot by propagating through
the substrate.

x=0 x=L/2

Figure 20: Polar plot of the angle ¢ of the phonon density distribution in units of (AN), at
different positions in the substrate. Here, the relaxation length is [, = %L.

O A

1

X=-L/2 x=0 X=L/2

Figure 21: Polar plot of the angle ¢ of the phonon density distribution in units of (AN), at
different positions in the substrate. Here, the relaxation length is [, = L.
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Figure 22: Polar plot of the angle ¢ of the phonon density distribution in units of (AN), at
different positions in the substrate. Here, the relaxation length is [, = 20L.
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3.3 Justification for the method

3.3 Justification for the method

Now, we want to setup a simpler model than discussed above and show, why this simple
model is not appropriate to explain the investigated effects. We will use a strictly one
dimensional calculation, but with a wave vector dependent phonon density. At the end,
we will see, that we need a wave vector dependent temperature and a three dimensional
consideration.

3.3.1 Microscopic calculation in one dimension

Now, we take a closer look on the phonon distribution function and the role of the two heat
baths. The feature of a heat bath is, that it emits particles in a well defined and Bose-Einstein
distributed temperature and density distribution. The temperature, which will be used in the
Bose-Einstein distribution is the bath temperature and not the average temperature. This
distribution is unaffected by incoming particles, which are thermalized immediately (very
fast, for realistic setups). Thus, the boundary conditions can only be written down for one
half of the particle distribution, for the outgoing particles at the boundary. Thus, we consider
a one dimensional lead including impurity scattering. We investigate a one dimensional lead
of length L including impurity-interaction, but no phonon-phonon-interaction. The heat
reservoirs are located at the left side + = —L/2 and at the right side x = L/2 of the
substrate. The distribution function can be separated into left movers ny and right movers
ng. For the right movers, the distribution function is known at the left end of the lead
nr(—L/2) = Ng and for the left movers analogous nr(L/2) = Np. The possibility to change
the direction by elastic scattering is denoted as W = 1/(27,). The distribution function can
be separated into left movers ny, and right movers ng. The Boltzmann equation reads

_vpaa% = /(W(R — L)—W(L = R))é(p, —pr)dp = W(ng(ny +1) —np(ng+1))
(3.42)

vpaanj = /(W(L — R)—W(R — L)d(pr —pr)dp =W (np(ng+1) —ngr(ng + 1)),
(3.43)

while W(R — L) denotes the possibility for a scattering event from a right moving into a
left moving particle. W (L — R) denotes the possibility for the opposite scattering event. It
is W(R— L) =W(L — R) =W. At the end, we find

—vpaa% =W(ngr —nr) (3.44)
UP%%R =W(ng —ng) . (3.45)
This system of differential equations has the following solution
ng(z) :I/L/::(Cl —C2) +Cy (3.46)
ngr(z) :VZ;(Cl —C2) +Cs. (3.47)

There are two open parameters C; and Cs, which can be fixed by the following boundary
conditions

nr(—L/2) = Ng ni(L)2) = Ny,. (3.48)
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3 Phonon-temperature in a cuboid

The solution including these boundary condition reads

(Ng — Np)W (L — 2z)

=N, 4
nr(x) L+ 200, + LW) (3.49)
(Ngp — Np)W(L + 2x)
=Npg — :
np(z) =Ng 20, + LW) (3.50)
Now, temperature (or better particle distribution) can be calculated
ngr(z) +nr(x) Nr+ N (Ngp— Np)W
= = —_— . 1
nO(JJ) 2 2 (Up + L‘Ir) T, (3 5 )
and the particle current
— Nr — N
m(z) = ) @) _ (Ve = Nijv, (3.52)

2 2(vp + LW)

It is W = 1/(27,). Now, it is interesting, that if Ng > N, left moving phonons are
less populated than right moving phonons, or vice versa. In this simple model, there are
no particles propagating in a certain angle to the x-axis. These particles have a different
x-component for the relaxation length. For our treatment of the full problem, we also
need phonons, which do not propagate directly in the x-direction. Then, we find different
temperature or particle density profiles. This more exact calculation, we have done in section
3.2

3.4 Justification for the approximation in two dimensions

By now, we want to justify the approximations, we performed in section Thus, we
consider a two-dimensional model of the GGG substrate. In two dimensions, the effort for
the comparison is less than in three dimensions, especially for the iterative method.

The first method splits the distribution function in several moments of propagation di-
rection and makes use of the Chebyshev polynomials. The resulting integrals and infinite
sums need to be solved numerically. The second method uses an iterative and converging
ansatz to the original Boltzmann equation. And third, we will perform a calculation by using
the ”half-analytic” method out of section These three methods will be compared in this
section.

The x-axis is put parallel to the temperature gradient out of figure 9] and [I0]and is placed
(as above) at —L/2 < x < L/2. The GGG substrate is of finite size and placed at 0 < y < B.
The boundaries at ¥y = 0 and y = B are modeled as perfectly reflecting walls.

3.4.1 Chebyshev polynomials

Again, we consider an effective one dimensional lead with two thermal baths with fixed
different temperatures on both sides. Only phonons are able to propagate. The system
is invariant in y-direction. Higher temperature will be translated into a higher density of
phonons via Bose-Einstein-distribution (see Eqgs. and ) The composition of the
phonon density function is given in Eq. (3.2)). Thus, the Boltzmann equation reads

85n5 _(5%5

+ vy, cos(¢) e = (3.53)
P

ono.p

ox

vp cos (@)
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3.4 Justification for the approximation in two dimensions

with p = pcos(¢)é, + psin(¢)é,. Now, we assume delta scatterers as the main and only
scattering process in the bulk material. This implies

Ty =Tp. (3.54)
We perform an expansion of the deviating part of the distribution function
dng = nypcos(¢) + nap cos(29) + nzpcos(3¢) + ... . (3.55)

If we set this expansion into our Boltzmann equation, we arrive at

19} > In; . > n;, cos(i
vp cos (@) gi’p + vy, cos(¢) Z % cos(ig) = — Z n,pT(lQb) . (3.56)
i=1 i=1 P

This differential equation can be separated by integration on both sides by % fjﬂ d¢ cos(ne)
for every non-negative integer n. This leads us to

%vpag;”’ - (3.57)
NETEN o=
%vpan(;;’p + %upa"a";“’ = —;”T;’ Vi>2. (3.59)

For solving this system of equations, first we perform the following ansatz
nop(x) = —%x +e (3.60)

P

nip(z) =m (3.61)
nip(z) =0 Vi>2, (3.62)

with [, = v,7,. This ansatz fulfills the system of differential equations , and
with the open parameters n; and c. Since ng, is proportional to the temperature,
this expression corresponds to a linear temperature profile. Another solution can be set up
by the following ansatz

nop(z) = Age 7lp (3.63)
nip(x) =0 (3.64)
nip(x) = Aieié Vi>2. (3.65)

If we set in this ansatz into Eqs. (3.57), (3.58) and (3.59), we obtain the following system of
equations for A; with i € No\{1}

0=0 (3.66)

—;vpsg — levpflz =0 (3.67)
_ivpfli _ _;f;‘p? (3.68)

_i”piiz;l - i“”iizj - _;f,j vizs. (3.69)
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3 Phonon-temperature in a cuboid

Eq. is analogue to the well known recursive definition for the Chebyshev polynomials
of the second kind [50, p. 771 ff]. The prefactor of the solution can be different for a different
parameter r. Thus, we introduce a prefactor B(r), which is dependent on the choice of r in
the solution. B(r) is a common prefactor for all A; with ¢ € No\{1}. Thus, the solution can
be written down in the following way

Ay =~ Br)Uo(r) (3.70)
A; = B(r)U;—a(r) Vi>2, (3.71)

while U;(r) denotes the i-th Chebyshev polynomial of the second kind with argument r. At
the end, we have to sum all possible solutions. Hence, the complete solution reads

1/t _ =z
nop(x) = D) / ) B(r)e r»dr — %x +c (3.72)
- P
np(e) = m (3.73)
1 x
nip() = /1 B(r)Ui—a(r)e ™vdr  Vi>2, (3.74)

with the open parameter B(r), ni, ¢ and

n(z) = nip(x) cos(ig) . (3.75)
=0

Now, we assume the left and right boundary to be perfect thermal reservoirs at different
temperatures. A thermal reservoir features the fact, that every incoming phonon will be
thermalized. Outcoming phonons are distributed by the Bose-Einstein-distribution function
for the certain temperature of the thermal reservoir. Thus, we know half of the phonon
distribution function at the thermal reservoir. Here, we use Eqgs. and . Now,
we insert Eq. into Egs. . After that, we divide the equations by the following

integral % f:/r §2 d¢ cos(ng) for every non-negative integer n. If one would insert Eq. (3.75

into Eq. (3.17)) instead of Eq. (3.16]), one finds the same system of equations, if the following
property is fulfilled

B(-r)=—B(r). (3.76)

Using this identity, we perform the following transformation for all ¢ > 2 (and the integral
inside of ng p)

1 z
ngp (@) = /_ B)Uialr)e T (3.77)

1 . 0 .
= / B(r)Ui—a(r)e e dr+ / B(r)Ui—a(r)e ™edr (3.78)
0 -1

= [ B0Wiatr) (¢ 7 ) (3.79)

x L x L

1
- / Cr)Us_a(r) <e_”p_2”P $e”1>—2”p> dr (3.80)
0

while the upper sign is for even ¢ and the lower sign for odd 7. It is

L

C(r) = B(r)e?>w» . (3.81)
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3.4 Justification for the approximation in two dimensions

To find C(r), we perform a discretization of the integral in the following way for all i > 2
(and the integral inside of ngy)

x L _x
nz,p / C z 2 ( Trlp 27y :Ferzp 2rlp>dr (3.82)

__x L _x L
:z : Tj Z_2 ,r]) e T‘jlp 2'rjlp :F erjlp 2'r]~lp , (383)

with r; = (2§ — 1)/(2N). Now, we insert Eq. (3.75) into Eq. (3.16) by making use of Egs.
(13.72), (3.73). For n;, with ¢ < 2 and for the integral inside of ng ,, we use Eq. (3.83]). Then,

. 1 /2
we take the integral 5- fﬂr/z
integer n stays for one equation in the system of equations. Herein, the coefficients C(r;)

and n; are the unknown parameters. We find the following system of equations

d¢ cos(ng) for the non-negative integer n. Every non-negative

(AN), H(n,0) = (—;H(n, 0) + H(n, 2)> ]Ei;c(rj) (1 _ e‘rﬁp>
4 (; H(n,0) + H(n, 1)>

Nmax N

+ 30N H(n,i) Cr) Ui—a(r)) (1 — (—1)ierﬁp> , (3.84)

i=3 j=1

including the following integral

Hnm) = 5 [ cos(u) cos(ma) © (G 101 o
) msm(?)cno;)(”") _ ncosﬁ(’Z;)_s:;g%) m 75 n
= 1/4 m=n#0- (3.85)
1/2 m=n=0

In the system of equations, we have N + 1 open parameters. To have a quadratic system of
equations, we need to take the same number of equations (which is denoted by n). Thus n
must be an integer and 0 < n < N. Additionally, we have to find a number for Nyax. The
most exact result, one would get by taking Npy.x — 00, but in reality we need to break down
the summation at a certain value. The numerical error converges very slowly to zero, so that
we need to calculate until Npax = 5000 or larger and have to take a geometric average over
different solutions for different Nyax.

3.4.2 Iterative method

Now, we want to solve the Boltzmann equation iteratively without making any approximation
out of the upper sections. We start with a similar Boltzmann equation as in the upper section
in Eq. (3.53). It is
8710 ) 8(57117 (‘3n0 D 8(5??,15‘ (5?215‘
sin = 4+ v, sin(¢)—— + v, cos = 4 v, CcoS = ——, 3.86

Up S1 (d)) ay Up 81 (¢) 8y Up (¢) ax Up (d)) ax Tﬁ ( )
with p'= pcos(¢)é, + psin(p)é,. Again, we assume delta scatterers to be the main and only
scattering process in the bulk material. This implies

Ty =Tp. (3.87)
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3 Phonon-temperature in a cuboid

However, we perform a transformation and write (cf. Eq. (3.2)))

ng=nY) + iy =0 +nop+ ong, (3.88)
with .
0) _
M = op/ksTo) — 1 (3.89)

which is independent of z. The temperature Tj is here free to choose and will be fixed later
to be the average temperature of the system. Therewith, the new equation reads
8T~Lﬁ 8T~Lp-> TNLﬁ —Nop

sin(¢) Dy + cos(¢) o = ” =, (3.90)

with [, = v,7,. Additionally, the following condition must be fulfilled

1 2m ~
Nop = 271'/0 nﬁdgb . (391)

The solution of (3.90) can directly be written down

sec(¢)s

o /m sec(g)e ' ngp(s, tan(e)(s — ) +y)
1

Ao y) = : ds + ex(y — xtan())

P
(3.92)

By labeling a particle trajectory with the label m, the trajectory will be y = (m — (1/2)) sec(¢)+

x tan(¢). Thus, the upper expression can be rewritten

sec(¢)s

e 7t gttt
1

np(x,m)=e @ ;i ds + D(m, k)
P

(3.93)
The open constant D(m, k) will be matched by the boundary conditions. By now, Egs.
and form a system of integral equations. The strategy of finding the correct solution
for the upper system of integral equations contains a starting function for ng ,. Here, we take
the result out of section As usual in numeric calculations, we discretize the functions
nop and 1y After that, we alternately use Egs. and as long as the result

converges. Additionally, the fixed temperatures have to fulfill the following inequalities

B T, +1TRr

To 5

‘TL —To’ < Ty ‘TR—T0| < Ty. (394)

Perfectly reflecting walls

Now, the walls at y = 0 and y = B are modeled as perfect reflecting walls. This corresponds
to Eqgs. (3.23) and (3.24)). Because of these mirror-walls, the system becomes periodic in 2B.
Additionally, Egs. (3.19)) (3.20) (3.21)) and (3.22) hold. Then Eq. (3.21)) becomes

sec(@)s

L sec(4) /—L/2 sec(@le  mgp(s,tan(¢)s + (m — 3) sec(¢))
1

(AN)p =e 2w

ds + D(m, k)
lp

(3.95)
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3.4 Justification for the approximation in two dimensions

Converted to

sec(¢)s
7L 2 > 1 —_ sec
D(m, k) = _/ /2 sec(¢)e v no,p(S,taIll(ﬁb)s + (m — 3) sec(¢)) ds + (AN),peLﬂipw) |
1 p
(3.96)
Setting this term into Eq. (3.93)) brings us to
- _ (L42z) sec(¢)
Ny, b, right (xy m) :(AN)p e 2lp
sec(d)s
N e,%;«b) /z sec(p)e v ”0,p(5atarll(¢)5 + (m — 3) sec(9)) N
—L)2 »
(3.97)

Similarly Eq. (3.22), becomes

sec(¢)s
sec L 2 . l
—(AN), = @_LT;@ / / sec(gp)e ' n07p(s,tarl1(¢)s + (m 2) sec(¢)) ds + D(m. k)
! P
(3.98)
Converted to
sec(¢)s
Dim. k) = /L/2 sec(g)e 'r no7p(8,tarll(¢)s + (m - %) sec(¢)) ds — (AN)peL%Cp@ '
! P
(3.99)
Setting this term into Eq. (3.93]) brings us to
- _ (2z—L)sec(¢)
Ngplert(€,m) = — (AN),e 2l
sec(¢)s
e /L/2 sec(¢)e ' no,p(&tmll(qﬁ)s +(m—3)sec(9) (3.100)
* P

Here, one has to consider sec(¢) < 0 for left moving particles. By now, Egs. and
as well as Eq. form the system of integral equations which can be solved iteratively.
For numerical calculation, we discretize the system. We sub-divide the GGG crystal into
a lattice of small squares. For faster calculation, we first set up a four dimensional tensor,
which fulfills the following identity

nop(0,y0) = Y Alxo, 40, %, y) 10(2,y) + Aofiset (0, Yo) - (3.101)
T,y

The tensor A will be found by taking Eq. (3.91)) and insert Egs. (3.97)) and (3.100) and then
read out the prefactors. The equations (3.97) and (3.100)) are composed in a specific way. The

first summand describes the distribution of particles coming out of the thermal reservoir and
relaxed over the distance (x+L/2) or (L/2—x), respectively. The second summand contains
particles, which have been scattered by impurities in the bulk GGG crystal at position
(s,tan(¢)s + (m — %) sec(¢)) and then propagating to the position (x,y) with relaxation
length [,. As a test for consistency, one may take a uniform additional particle density
(AN), on both sides of the boundaries (z = +L/2). One would expect a uniform and overall
additional particle density (AN),. If one applies these boundary conditions, one has to
change the minus sign in front of (AN), in Eq. . This corresponds to change the minus
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3 Phonon-temperature in a cuboid

sign of (AN), in Eq. . If one takes a uniform particle density as a starting function
for the convergence process, i.e. one takes ng (s, tan(¢)s+ (m — 1) sec(¢)) = +(AN),, then
Eqgs. (3.97) and (3.100) reduce to (AN),.

By now, we compare the phonon distribution iterative numeric results for different thick-
nesses B. Because translation symmetry is present, the result should not change by increasing
or decreasing the thickness. This expectation will be found in figure There, the particle
density along the GGG substrate is plotted for different thicknesses B.

0.5 T T T v T T T g T
— B=0.05 L
--B=0.1 L
0.25 t . B=0141, -
2,
ad 0
o
S
—0.25 ¢ ]
—0.5 A

—04 —-0.2 0 0.2 0.4

x/L
Figure 23: Phonon density for different thicknesses B by using Boltzmann iterative method.
Because the system is translational invariant, the results are identical for different B. For our

numerical simulation, we used a grid with site length of 1 and a length of L = 100. The relaxation
length is [, = 100.

The accordance of the particle density with different thicknesses B also holds, when the
relaxation time is smaller or larger than here.
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3.4 Justification for the approximation in two dimensions

3.4.3 Comparison of Chebyshev polynomials with iterative method

Furthermore, one may compare the iterative method out of section with results from
Chebyshev-method out of section The comparison can be found in figure The
accordance is also given at other relaxation lengths.

0.5 :

— Chebyshev polynoms
- Boltzmann iterative

0.25

0
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Figure 24: Phonon density by using Chebyshev polynomials and Boltzmann iterative method.
For our numerical simulation, we used a grid with site length of 1 and a length of L = 100. The
relaxation length is I, = 100.

Just as well, we calculate the phonon net current by making use of Chebyshev polynomials
and the iterative method. The result can be found in figure We see, that the results are
the same for Chebyshev polynomials and iterative method. Also, the current conservation
law is fulfilled. Later, we will see that the phonon net current does not coincide with the
phonon net current out of the half-analytic method.

I — Chebyshev polynoms
0.6 - Boltzmann 1terative

04 -
N

0.2 ¢ ]

0 . . . . . . . . .
—-40 =20 0 20 40

X

Figure 25: Phonon net current with relaxation length [, = 100 and length of the system L = 100
by using Chebyshev polynomials method and Boltzmann iterative method.

Additionally, we analyze the phonon distribution dependent on the relaxation length [,,,
which is plotted in figure For ballistic particles, i.e. [, > L, we find a line with a
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3 Phonon-temperature in a cuboid

small slope and a large particle density jump (or temperature jump) at the edges. At the
reservoir edges (x = +L/2), half of the phonon distribution is given (cf. Egs. and
(3.22)). Ballistic particles scatter rarely by propagating through the GGG substrate. Thus,
the phonon distribution does change marginal. If one would have fully ballistic particles, the
given distribution would not change in the field of the GGG substrate. The phonon density
ng is always a mixture between left moving and right moving particles (cf. Eq. (3.91)) and
averages to zero for fully ballistic particles. If the phonon relaxation length decreases, the
slope of the phonon density ng enlarges and the temperature jump at the edges reduces.
Diffusive particles (i.e. I, < L) scatter often by propagating through the substrate. Thus,
the phonon distribution does not change marginal and we can find a large slope for the
particle density (or temperature).

1 T T T T T T T T T
—r,=0.2 L
—-TIIZ:L

TL()/AN

1 L 1 L 1

—0.4 —-0.2 0 0.2 0.4
x/L

Figure 26: Phonon density for different relaxation length r, = [, by using Boltzmann iterative
method.

3.4.4 Half-analytic method

By now, we want to develop the half-analytic method in two dimensions to compare the
results with the Chebyshev polynomial method and with the iterative method. Here, we will
proceed as already done for three dimensions in section We start with Eq. and
perform an approximation of the function ng,. We make the same ansatz as already done

in Eq. (3.27). It is
nop = (AN),fx. (3.102)

It is r, = [, and we set in the upper ansatz into Eq. (3.90). We find for the Boltzmann
equation

" iy g iy — (AN
SlIl((Z)) 88711, + COS((ﬁ)% — _np 10,p ~ _np ( )pﬂx :

3.103
Y ox Tp Tp ( )

while f still has to be found. Again, the walls at y = 0 and y = B are modeled as perfect
reflecting walls (cf. Eq. and ) Thus, the system is effectively translational
invariant in y-direction. Because of that, the y-derivative vanishes. The upper differential
equation can be solved analytically. One finds

fiy = De @ 1 B(AN)yx — B(AN)ly cos(d) . (3.104)
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3.4 Justification for the approximation in two dimensions

Again, the variable D will be determined by the boundary conditions at the heat reservoirs.
At the reservoir edges (z = +L/2), the phonon distribution is given (cf. Egs. (3.21]) and
(13.22))).

Tp,pright (T = —L/2) =(AN), (3.105)
ﬁpy@left (‘T = L/2) = - (AN)]J . (3106)

Calculate the boundary conditions at the reservoir, rearrange them for the parameter D and
setting them back into the phonon density function (Eq. (3.104)) results in

5, right :(AN)pBCU - (AN)plpﬁ cos(¢)

1 _ (L42z) sec(¢)
+5(AN)(BL+ 281y cos(@) +2)e 7r (3.107)
and
Nglete =(AN)pfx — (AN),l,03 cos(¢)
1 (L—2z) sec(¢)
— §(AN)p(ﬁL —20B1,cos(¢p) +2)e 2 . (3.108)

The parameter 3 still has to be found. We have done this iteratively by alternately using
above equations and Eq. and starting with some random parameters. The half-analytic
method is compared to numerical calculations out of section In figures and
the phonon distribution is plotted. Here we will find accordance between the iterative method
and the half-analytic method. If one would compare the phonon net current, there will be no
accordance in the results. For later chapters, we only need the phonon density distribution.
Because of that, we will use the results out of the half-analytic method out of section for
further calculations.
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Figure 27: Phonon density for [, = 20L by using Boltzmann iterative method and half-analytic
method.
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Figure 28: Phonon density for [, = L by using Boltzmann iterative method and half-analytic
method.
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Figure 29: Phonon density for [, = 0.2L by using Boltzmann iterative method and half-analytic
method.

3.4.5 Single-Point approximation

Now, we perform a single-point approximation as already done in section We approxi-
mate the average phonon density ng, to be linear and evaluate both sides of Eq. on a
single point at = —L/2. If one performs the diffusive approximation, we take Egs.
and and set in x = —L/2. We evaluate this equation and find

~(AN) 55 =n0p(~L/?)

1 27

“or J, ny(—L/2)dé
1 /2 1 s

== / N right,diffusive (—L/2) d¢ + — / N5 left, diffusive (— L/2) d¢p
T Jo T Jr/2

(3.109)
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3.4 Justification for the approximation in two dimensions

This is
L 1 w/2 L
~(AN),5 =1 [T ((AN), 55 — (AN) LA cos(s)
+ %(AN)p(ﬂL + 281, cos(¢) + e ) dg
1 [T L
b1 AN — AN e
L+L)sec(¢)
— S(AN)(BL ~ 2Bl cos(8) + e P )do
= (AN)p% (AN)p% (AN)p% + (AN)p%
— B(AN)pli — (AN), 1o, (3.110)
with
1 (™ /L Ls?o(é)
L = /ﬂ/g (2 - lpcos(qﬁ)) e  do (3.111)
1 [T Lsec(s)
I = T dg. _
2= /ﬂ/z e ¢ (3.112)

The upper equation can be transformed and one finds

2 — 4wl

T by

(3.113)

The same result would be obtained by evaluating Eq. (3.91)) for z = +L/2.

3.4.6 Diffusive regime approximation

If the relaxation length is much smaller than the system length (i.e. I, < L), one can perform
an approximation for the phonon density. This is already done in section Inside the
Egs. (3.111) and (3.112)), the exponent in the exponential function becomes close to zero,
because sec(¢) < 0. Thus I; and I become close to zero. The result reads

2

b~ Ty,

(3.114)
The phonon density at the left end of the substrate (i.e. + = —L/2) is plotted in figures
and Generally, particles are only influenced by the phonon density in the proximity of
length 1,,.

For large relaxation length (i.e. I, 2 L), the average particle density and temperature
for those phonons is nearly the same in the whole substrate, i.e. they have a small slope.
The average temperature is the mean value Ty of the left and right thermal baths. If the
relaxation length is smaller than the sample length, out coming particles from the right lead
relax before they reach the left end. Then, those particles are only influenced by the phonon
density in the proximity, i.e. they have a large slope.
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3 Phonon-temperature in a cuboid
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Figure 30: Phonon density at « = —L/2 for different methods and relaxation length [,.
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Figure 31: Phonon density at = —L/2 for different methods and relaxation length ,,.

Now, we want to calculate the relaxation length [, dependent on the phonon wave number.
In section [3:2.3] we already set up the relations between wave number and the relaxation
length. The formula for relaxation length are in Egs. and . We take the same
parameters as in section In figures [32] and [33] the particle density in two dimensions
at the left end of the substrate (i.e. # = —L/2) is plotted dependent on the absolute value
of the k-vector of the phonons.
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Figure 32: Phonon density at * = —L/2 for different methods and wave numbers &k at 300
Kelvin. The Fermi wave number is kg = 3.10 - 107 - cm™— 1.
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Figure 33: Zoom of figure : Phonon density at x = —L/2 for different methods and wave
numbers & at 300 Kelvin. The Fermi wave number is kg = 3.10 - 107 - cm™!.

In Eq. , we introduced the boundary scattering as a fixed relaxation time in the
relaxation time approximation. Now, we want to compare this relaxation time approximation
in the half-analytic approximation with a full numeric calculation of the phonon problem
in two dimensions. We consider a system of length L and width W = 0.2 - L. With that,
we have an effective relaxation length of L.g = v L - W. For the numerical calculation, we
take the method out of subsection [3.4:2] Instead of perfectly reflecting walls, we will use
rough walls in our simulation. In figure we compared the numerical calculation with the
relaxation time approximation for the boundary scattering.
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Figure 34: Comparison of numeric calculation (method from subsection with rough walls)
and half-analytic relaxation time approximation for boundary scattering. Here the spatial phonon
density distribution is plotted.

3.5 Summary

In this chapter, we considered the phonon propagation in a cuboid when a temperature
difference is applied and for different average temperatures Tp. The material is chosen to
be GGG (Gd3GasOi2). On the left side, the cuboid is connected to an ideal heat reservoir
at temperature Ty + AT. Alike, on the right side, the cuboid is connected to an ideal heat
reservoir at temperature 7o — AT. Thus, there will be a net current of phonons flowing to the
right side and current conservation is fulfilled. Since the heat reservoirs are modeled to be
perfect heat reservoirs, outcoming phonons are Bose-Einstein distributed with temperature
Ty + AT for the left and Ty — AT for the right reservoir, respectively. Here, we calculated
the resulting spatial phonon density dependent on the relaxation length and later dependent
on the wave number.

At the end, we calculate the slope of the temperature profile for different phonons.
Phonons with a large wave number have a small relaxation length and thus are diffusive
phonons. We will find a large slope of the phonon density / temperature for these diffu-
sive phonons. Diffusive phonons only scatter with phonons which are in the proximity in a
range of the relaxation length. Ballistic phonons have a large relaxation length. Typically,
phonons with a small wave number have a large relaxation length and thus are ballistic
phonons. These phonons have a small slope in the phonon density / temperature. Ballistic
phonons propagate nearly hitchless through the substrate and thus keep their phonon den-
sity / temperature. This means, that right moving phonons have the temperature Ty + AT
and left moving particles have temperature Ty — AT. For calculating the density, one takes
the average, which is at T with the correspondent phonon density. If one decreases the
temperature Tp, the ratio of ballistic phonons increases.

The calculation will be done by using the Boltzmann equation in relaxation time approx-
imation in three dimensions. At the beginning, we performed a half-analytic approximation.
That is, we approximate the angle averaged phonon density to have a linear structure. With
that, we are able to solve the Boltzmann equation analytically. The result is dependent on
the phonon relaxation length. For calculating the slope of the angle averaged phonon density,
we perform a single-point approximation. That is, we evaluate the function for the angle
average at a certain point, here at the border to the left heat reservoir. The result can also
be simplified for phonons with a shorter relaxation length [, compared to the cuboid length
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3.5 Summary

L. For calculating the connection between relaxation length and phonon wave number,
we use calculations from Neelmani et al. [48]. They made temperature dependent phonon
conductivity calculations for GGG and used Callaway’s model [49] for their calculations.

Furthermore, we performed a microscopic calculation in one dimension. We have shown,
that these simpler calculations are not appropriate to describe the phonon density distribu-
tion / temperature.

It is also possible to leave out the half-analytic approximation, but then one has to use
numeric methods to calculate the resulting phonon density / temperature. We developed
a method by making use of Chebyshev polynomials and another method with an iterative
algorithm. We compared these two methods in two dimensions with the half-analytic ap-
proximation in two dimensions. We found a good matching in the results by comparing the
phonon density for different phonon wave numbers.
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4 Coupled phonon-magnon system

4 Coupled phonon-magnon system

In this chapter, we consider a thin film out of a magnetic insulator on top of the GGG
(Gd3Gas012) substrate. This magnetic insulator is chosen to be YIG (Yttrium iron garnet,
Y3Fe5012). This is a typical setup for the transverse spin Seebeck effect. We will analyze
the influence of the phonons onto the magnons inside the magnetic insulator by making use
of the Boltzmann equation. Since the thickness of the GGG substrate is much thicker than
the thickness of the YIG film, the phonons are rarely influenced by the magnons. Thus, the
phonon temperature profile out of chapter [3| will be used as an input parameter. The spatial
temperature profile of the magnons will be calculated.

For calculating the influence of the phonons onto the magnons, we will derive the Hamil-
ton operator in section for dipolar magnons as well as for exchange magnons. In section
we will derive the Boltzmann equation of the coupled phonon-magnon system. The
collision integral to this Boltzmann equation will be calculated in section Here, we will
make use of the prefactors in front of the creation and annihilation operators in the Hamilton
operator, which was derived in section With that, we want to develop an integral equa-
tion for the wave vector dependent magnon temperature, which can be solved numerically.
The wave vector dependent phonon temperature will be treated as an input parameter and
cannot be changed. The magnon-magnon interaction will be included in section

For our calculation, we take the sample size out of Ref. [21]. The GGG substrate is
docgg = 0.5 mm thick, Lgacg = 8 mm long and wgacg = 4 mm wide. On top of it, there
is a YIG-film, which is dyig = 3.9 pm thick, Lyig = 8 mm long and wyig = 4 mm wide.
One has to mention, that the length and the width of the GGG substrate are the same as
for the YIG-film. At the end, there will be a small Pt-stripe on top of the YIG-film. This is
dpy = 15 nm thick, Lp; = 0.1 mm long and wp; = 4 mm wide. One has to mention, that the
width of the Pt stripe is the same as for the YIG-film and the GGG substrate. The length of
the Pt-stripe is smaller than of the YIG film. The schematical setup can be found in figure
[ in chapter [I] or figure [9]in chapter

The thickness of the GGG substrate is much thicker than the thickness of the YIG film
(dyic < dgge). Because of that, propagating phonons are mostly propagating in an area,
where no magnons are present. Phonons with a large relaxation length, coming out of the
YIG-stripe will propagate nearly hitchless until they reach the thermal reservoir and relax
there. Only particles coming out of the YIG-stripe in a very small angular range, which is
close to perpendicular to the surface will be reflected at the opposite wall and then come
back into the stripe. Thus, the phonons are not much influenced by magnons and we can
neglect the influence from the magnons onto the phonons. In section (3, we calculated the
phonon density distribution. Based on this calculation, we will calculate the influence from
the phonons onto the magnons. This will be done in this chapter. Magnons are only able to
propagate in the YIG-film. In the whole YIG-film phonons are also able to propagate. Thus,
one has to write down the full Boltzmann equation for magnons and has to include phonon-
magnon interaction as well as magnon-magnon interaction. The phonon density distribution
here is treated as an input parameter and cannot be changed. We write down the Boltzmann
equation for the magnons as already done in Eq. . It is

e ofY } f: of:
%R = ose — 2k E
T, e e Vi) + 0 Vofy = 7 o

; (4.1)

St,mag-pho St,mag-mag

while Ty; denotes the spatial and wave vector dependent magnon temperature. Ty is the
average temperature. The wave vector dependent magnon energy dispersion is denoted by
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4.1 Hamilton operators for magnon-phonon-interaction

€;;; while we use Eq. . The parameter v;; denotes the wave vector dependent magnon
velocity. In general one finds their absolute value, by taking the wave vector derivative
of the energy dispersion. The magnon density distribution f7 is composed as in Eq. .
Additionally Eqgs. and are valid. The first summand on the right hand side of Eq.
determines the collision integral of the magnon-phonon-interaction. It will be derived
in section 3] and reads

of _ 1 Tpn(p) = Tn(k) 1 Tpu(p) — Tu(k — p)) (4.2)
at St,mag-pho 5 T;Zp T() f‘;;zp TO

while the abbreviations are given in Egs. and . Tpyn denotes the spatial and
wave vector dependent phonon temperature. In the same way, the collision term for the
magnon-magnon interaction will be derived in section [} The result is the sum of the two
Egs. (5.11) and (5.63).

4.1 Hamilton operators for magnon-phonon-interaction

The goal of this chapter is to calculate the collision integral for the magnon-phonon interac-
tion in the transverse spin Seebeck effect. To reach this goal, we start by writing down the
Hamilton operator for the magnon-phonon coupling. At first, we will consider dipole dipole
magnons and after that exchange magnons. The prefactor of the Hamilton operator will be
used for writing down the collision integral in the Boltzmann equation. In this section, we
will present a short calculation of the Hamilton operator. The detailed calculation can be
found in the appendix (chapter .

4.1.1 Dipole-dipole interaction

Here, we want to calculate the Hamilton operator and read out its prefactors. We start with
the magnetoelastic energy for the magnon-phonon interaction with dipolar magnons [43, p.
315].

Upel = ZM%M, Z M, Mepq , (4.3)
0 p,q=1,97#p

while M,, denotes the local magnetization in spatial direction p and e, denotes the symmetric
strain tensor. The indices are p,q € {z,y,z}. We follow the calculation of Kaganov et al.
[51]. In our calculation, the YIG lattice structure will be modeled by a 3-dimensional cubic
lattice with identical unit cell volume (lattice constant a = 1.25 nm [52),[53]). The spin inside
one single unit cell will be modeled as one single spin with strength S = 14.2 [53]. In the
following we use the transformations

MZ' = — ’}/hS (4.4)
Oup  Oug
€pq = (8% + (9acp> (4.5)
ipr, h iBF A
(7 = Ze ey = Z N, byt bl e ey, (4.6)

while w,, denotes the angular frequency for phonons with wave number p (cf. Eq. (2.3))).
Additionally, S denotes the net spin and its orientation of all atoms in one YIG unit cell and
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4 Coupled phonon-magnon system

S denotes its absolute value. m denotes the mass of one unit cell and N denotes the number
of lattice points in the whole solid. denotes the spatial dependent displacement vector of
the lattice atom. The operators bz; and bl , denote the annihilation and the creation of one
phonon with wave vector ¢ and mode i, respectlvely The gyromagnetic ratio is denoted by
~ and the Planck constant by A. We insert Eq. (4.4) into the magnetoelastic energy. The
spin operators S, and S, can be rewritten in the following way

St =8, +iS, S™ =8, —iS,. (4.7)

On the other hand, we replace the spin operators with creation and annihilation operators.
This we do by using the Holstein-Primakoff transformation [54, p. 78]. To lowest order
approximation, we find

St x~V2Sa S~ ~V2Sal S,~S—da. (4.8)

The operators a and a! denote the annihilation and the creation of one magnon at position
7, respectively. The operators are still dependent on position 7. Thus, we need to Fourier
transform

o1 —ikF i 1 t ik
= Uw CTUN (49)
k/

while NV denotes the number of lattice points in three dimensions [54, p. 79]. The operators
ap and al. denote the annihilation and the creation of one magnon with wave vector k
respectlvekly The Hamilton operator is the summation of the energy in the whole solid. One
finds

H= / 37 Uppel - (4.10)
1%
We rearrange the terms by assuming ba = b; for an isotropic ferromagnet [43] p. 315]. Energy

conservation needs to be fulfilled. Terms with only annihilation- or creation-operators vanish,
because energy conservation is never fulfilled in these cases. After a long calculation, we find

biv2SS | . .
H =H_nst + 7\/72 % 2mN (p2( ;(bﬁ epz — by eﬁ,y) + a_ﬁ(biﬁ epa T Zbiﬁeﬁjy))

+ (pr + Zpy)aﬁbﬁeﬁz + (pz - ipy)a—ﬁbtﬁeﬁ,z)

Z biS Qmep( e —ipy) (! Lepn — bl ezy)
+ ataT (px +ipy) (byep s + ibges y))
Z blS 2mNOJp T ((px +ipy) (by e + bt pCa — ibyejy — ib! L 5€y)
+ (px — Zpy)(bﬁeﬁ,x + 0! epa +ibgesy + b segy))
k+p

b i i
b (dpa(by+ b ) ens) . 4.11
Z SOk -0 L) ) (a.11)

Now, we need to identify the prefactors of the different Hamilton operators. The first sum-
mand contains the conversion from one magnon into one phonon and vice versa. Energy
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4.1 Hamilton operators for magnon-phonon-interaction

and momentum conservation needs to be fulfilled. This is only the case, when the dispersion
relation for magnons and phonons intersect (cf. figure [39). Since this is true only for two
points of the dispersion relation, the first summand will be neglected in the upper expression
for the Hamilton operator. The second summand contains the transformation of one phonon
into two magnons and vice versa. Furthermore, the scattering from one magnon into one
magnon and one phonon and vice versa is contained in the third as well as in the fourth
summand. Now, we read out the prefactor to the second summand. Thus we have to identify
the prefactor to the phonon and magnon operators times the unit vector. Since ez, —iep,
is not a unit vector, we need to take out a prefactor v/2, that makes this vector to a unit
vector. We find

6&3 ﬂbls h 6@3 Bl h
Vom = — r— 1py) = — s — 1Dy) . 4.12
M= — 5 N, (ps —ipy) = — Va5 \| 3mNe, (Pe — ipy) (4.12)

36a® B h 5 o 36a° hB?
N 7I'2 4mNcPh52

The scattering amplitude, which is the prefactor to the third and fourth summand, reads

Thus

psin?(0) . (4.13)

6a> b1.S h
=20 Y (py +ip V2 + (pe — i —4p,). 4.14
S = "\ amva, +ipy)V2 + (po — ipy) V2 — 4pz) (4.14)
Thus
6 2
Vae|? _36a nBi 1(8]92 sin?(19) cos® () — 16v/2sin(¥9) cos(ip) cos(?9) 4 16 cos?(9))) .

72 45?mNwy, 2
(4.15)

We perform an approximation, where we average over the angles 1 and ¢ of the orientation
of the magnon magnetic moment. We get

36a®  hAB? 1 (8 16

-p|lz+0+— 4.16
71'2 452mN0ph2p +UF >7 ( )

1 27 T )
Vacal? = 1= /O /0 sin(9) [Vio|*didip — . .

where ¥ denotes the angle between the magnetization direction and the vector p. It is
m=p-Vegz=p- a® and Bges = By - a3. To calculate the prefactor, we take
i =1.05457266 - 10734 Js (4.17)

By =3.48 - 10° erg/cm?® = 0.348 J /em?® [43, p. 315] (4.18)

p =5170kg/m?> [52, 53] (4.19)

a =1.2376 nm [52], 53] (4.20)

cpn =3843m/s [55) (4.21)

S =14.2[53] . ( )

In the end, we find
|Vomt|? =Vzep sin®(¥) (4.23)

! (8p? sin’(¥9) cos® () — 16v/2sin(¥9) cos(p) cos(1?) + 16 cos* (1)), (4.24)

|VSC’2 :Vn21e1§
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with
36a5  hB? 1
2 1 -8 2
Viel = = —-4.95482 -1 H . 4.2
el > ImNeprS2 - N 95482 - 10" °GHz"cm (4.25)

The averages read

1 21 T 2
Vartanl? =1 / / sin() [Vaudido = > - £ 495482 105 GHAem  (4.26)
0 0

1 21 s
[Vae.av|? =1 / / sin(0) |Vae|*ddde = 4 - % -4.95482 - 1078 GHz? cm.. (4.27)
T Jo 0

4.1.2 Exchange interaction

Now, we have a look at the coupling of phonons with exchange magnons. Again, we want
to calculate the Hamilton operator and read out its prefactors. The magnetoelastic energy
reads [43, p. 315] [51]

3 3 2 3 2
A, OMy OM, Ay OM As oM,
Umel - 2 E 2 E < p> 6qq + 2 E (S
My sy O%a o * MO pram1 \ O%a My g \ 9%

(4.28)
while M), denotes the local magnetization in spatial direction p and e, denotes the symmetric
strain tensor. Again, we follow the calculation of Kaganov et al. [5I]. The long calculation
can be found in the appendix (chapter . We perform the transformations out of Eqs.
, and . We insert into the magnetoelastic energy. The spin operators
Sy and S, can be rewritten. This we do by using Egs. , and . Additionally,
we calculate the Hamilton operator via Eq. . Now, we neglect higher order terms with
more than two annihilation or creation operators. If one assumes ag = a; (cf. Eq. (2) of Ref.
[51]), then one finds

3
d “1522 QmNW (k ((k+5)-5) + (k- 5)(ky +pp)) (b +b' ) egip

3
6a 2a35' h o T

p=1 ky

Let us assume ag = a; for simplicity. We have three phonon modes (one for each spatial
dimension). Thus, we find three coupling parameters

6a° a1 S h - - - -
‘/ex,x = 77 2mep (kz((k +]53 ]5) + (k : 17)(7% +px) + 2pz((k +17) ’ k)) (430)
6a> a1 h - - - -
Vews =~ gy, (Bl 0+ -9y +) + 20, (F+7) ) (431)
6a> a1S h - - - -
Voo = ="\ gy (R0 -9+ (- )k ) + 2B 7)) - (432)
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4.2 Boltzmann equation of phonon-magnon coupled system

Because these three interactions are different, the squares of absolute value are added in the
collision integral

‘%XgeS’Q :H/G)QX‘Z + ’VeX,y’z + ’%X,Z’2
3605 hAZ (o o L o
= k-k)((k )24 (k-9)3(k 2 A5 N ((k B2
o g (B RE D) 57+ (F- P 5 +4 2 ((F -+ ) )
3605 hA?
72 2mN S?w,

(10(12- (k +2))((k + ) -ﬁ)(E-ﬁj) . (4.33)

The average can be calculated in the following way. Let k' = |E + pl, ¥ = L(P, k+ P), and
V9 = £L(k,k + p). Then

o 36a®  RhA 2 2 2
Vex ges|? = 7 NS, (kk(K'pcos(91))? + (kpcos(P1 + D2))°k'k" + 4pp(k'k cos(D2))
+ 10(kk' cos(92)) (k'p cos(91)) (kp cos(V1 + D2))) - (4.34)

The average coupling parameter read

1 2 2 s s . .
"/ex,ges,av‘Q == (47‘(‘)2 / / / / SZTL(Q?l)S’Ln(ﬂg)‘VeX’ges’Q d191 d192 dgol d(pg
0 0 0 0
36a® hA? 10

— 7]{32]{‘/2 2
w2 2mN S%w, 3 b
A
= —k*k"?p. 4.35
N R (4.35)
For calculating the numeric parameters, we use an identity out of [43, p. 333]. This is
V;zx ges,av MODkz
o x1, 4.36
VSc,av B ( )
for k = k' ~ 10%cm~!. We make use of Eq. (4.27). From there, we get for k = k’
Vesgenanl? _ (A/N)R2K2p _ Ak _
Vacav|?  4-(1/N)-4.95482 - 108 GHz? cmp 4 -4.95482 - 10-8 GHz? cm
(4.37)
for k ~ 10%cm~!. Thus, we get
4-4.95482 - 1078 GHz?
A= Z M 1.98197 - 1073 GHz2 e (4.38)

(106¢cm—1)4

For further calculations, we will take Eqgs. (4.35) and (4.38)).

4.2 Boltzmann equation of phonon-magnon coupled system

For the calculation of the magnon temperature contribution, we write down the Boltzmann
equation for magnons including magnon-phonon interaction. We take Eq. and neglect
the magnon-magnon collision term. The magnon-magnon interaction will be treated in
section Furthermore, we use the effective translation symmetry in y- and z-direction.
Thus the derivatives in y- and z-direction vanish. Then, the Boltzmann equation reads

(0)
_ zafﬁ - 8TM o~ 85f,; . %
Ty Oe k 9 ke gr Ot |g

(4.39)

67



4 Coupled phonon-magnon system

while Ths denotes the spatial dependent magnon temperature, f;: denotes the momentum
dependent magnon distribution function, €; the magnon-energy (cf. Eq. ), Ty the average
magnon-temperature, and ¥} the magnon velocity. The magnon density distribution f; is
composed as in Eq. . Additionally Egs. and are valid.

First of all, Sanders and Walton [24] performed a calculation on a coupled magnon-
phonon system and calculated the space dependent magnon temperature. They considered a
ferromagnetic or ferrimagnetic stripe, where phonons and magnons are able to propagate. At
the endings of the stripe, only phonons are coupled to heat reservoirs with fixed temperatures.
Later, Xiao et al. [23] rarefied the calculation. They assumed weak coupling of the magnons
to the heat reservoirs. Because magnons cannot propagate into the heat reservoirs (or are
only weakly coupled), there will be a magnon accumulation at the one end and a lack of
magnons at the other end. Since the magnon temperature Ty; depends on the magnon
particle distribution via Bose-Einstein-distribution (c.f. Eq. (2.8))

0) _ 1
fE =—, (4.40)
ekBT™m — 1

the temperature will be increased at the one end and decreased at the other end. Here kg
denotes the Boltzmann constant. Both authors found a length scale A on which the deviation
of temperatures takes place. Xiao et al. claimed A to be in the magnitude of millimeters [23].
Later, Agrawal et al. [31] performed direct measurements of the magnon temperature in a
comparable system. They found a very small difference between the magnon temperature
and the phonon temperature. Thus, the characteristic length A achieves to be much smaller
than stated by Xiao et al.. Nevertheless Agrawal et al. themselves said, that their method
is only able to measure high wave vector (small wavelength) magnons. The density of small
wave vector (long wavelength) magnons cannot be measured and their temperature may still
deviate from the phonon temperature and affect the transverse spin Seebeck effect. This is
the case, as we will see later.

In our calculation we do not consider the effect described by Sanders and Walton. Beyond,
we approximate the deviation in magnon- and phonon-temperatures (T and Tpy,) to be small
in comparison to the average temperature Ty. That is

|TM — T()| < Ty ’Tph — T()‘ < Ty. (4.41)

Now, we separate the Boltzmann equation into moments of cos(09) and cos(1¢). Here,
we use spherical coordinates in a modified way. The angle 9 is the angle between the x-axis
and the vector k. We want to emphasize, that the density functions and the collision integral
do not depend on the angle ¢ because of the rotational invariance of the system, which we
consider here. We assume

Fi(@) = £ + 8 f(w) = 1 + 6 fi(w) cos(v) (4.42)

We rewrite the Boltzmann equation
0
ex O oTy,

T 0 or v cos(d) +

996 fi,
ox

ofz
ot |g

cos(¥) vy cos(¥) =

(4.43)

The separation, we perform by integration over 3 [ sin(9) cos(nd)dd with n € Ny (cf. Eq.
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4.3 Collision integral

(13.3). We use Eq. (4.42) and find

190fr, 1 [T . ofy
(0)
1eg 8]% T 1 /™ . oy O fr
ok kM R L 4.4
3T, ¢ oz Vg 2/0 sin (1) dv cos(1) o |, 3, (4.45)
If one takes Eq. (4.45)) and put it in Eq. (4.44)), one finds
(0)
1 0 0Ty 5 1 ™ Ofz
. = - Ddy —=| . 4.4
3Ty e 022 PR 2 /0 sin(@)dv 55| (4.46)

Xiao et al. [23] as well as Sanders and Walton [24] calculated a magnon temperature profile,
which has a structure of an hyperbolic sine with the decay parameter A\. They assumed
this parameter to be at the order of the system length (centimeters). Agrawal et al. [31]
performed measurements and claimed the parameter A to be much smaller than the system
length for large wave number phonons. Also other experiments found a linear behavior.

T cold

hot

Figure 35: This is a sketch of the estimated spatial temperature profile for magnon and phonon
temperature. The Sanders and Walton effect takes place at the boundaries in a proximity of
length \. In the middle region, we can estimate that (9?Ty;)/(0z%) = 0.

Thus, we approximate the magnon-temperature to be linear and the second derivative
vanishes. This simplifies the collision integral

(4.47)

In figure |18 and one finds the phonon density at x = —L/2 for different wave numbers
p. The long wavevector (short wavelength) phonons, follow the major density (or phonon
temperature). Thus, the relaxation of them can be neglected, because they are already at
equilibrium. The short wavevector (long wavelength) phonons have a long relaxation length
(up to millimeters). The thickness of the YIG-stripe is at the order of micrometers. Thus,
nearly all of those phonons propagate through without any phonon-phonon collisions in the
YIG-stripe and will be reflected back into the substrate.

4.3 Collision integral

Now, we will write down the collision integral for the magnon-phonon interaction. With that
and with Eq. (4.47), we want to derive an integral equation for the wave vector dependent
magnon temperature. The wave vector dependent phonon temperature will be treated as
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4 Coupled phonon-magnon system

an input parameter and cannot be changed, as already discussed above. We perform some
analytic transformations to solve the resulting integral equation numerically.

If the phonon- and magnon-distribution do not depend on the orientation (or angle) of
the wave vector, one can write the distribution as Bose-Einstein distribution

_ 1 B 1
Tk = eé;;/(kBTM(E)) 1 = ewi/ (ksTen (D)) _ 1

(4.48)

—.

Here Tyi(k) denotes the momentum dependent magnon temperature and Tpn(p) denotes
the momentum dependent phonon temperature. If one compares the upper distributions
with Egs. and , they are comparable with § f = 0 and dnz = 0. Thus, the upper
distributions can be separated in two summands, in the ground state plus the zeroth moment
of Egs. and . In the ground state, the distribution functions are Bose-Einstein
distributions with temperature Ty (cf. Eqgs. and )

0 _ 1 0) 1

FoT oe/(knTo) _ P~ gwp/(heTo) _ 1 (4.49)

for magnons and phonons, respectively. Here T denotes the overall average temperature.
The wave vector dependent magnon energy dispersion is denoted by ez, while we use Eq.
. Alike, the wave vector dependent phonon energy dispersion is denoted by hwy, while
we use Eq. . From now on, we will leave out the prefactor A in the phonon energy
dispersion.

First, we have the scattering interaction. One phonon and one magnon are scattering into
one magnon ore vice versa by respecting energy and momentum conservation. The collision
integral for exchange and for dipole-dipole scattering reads

B.Z.

Of-
Ik = { WMz + Phy = Mp) + W(Mg_; = Ph_y+ My)

ot

St,mag-pho,1
~W (M + Ph_j — Mg_) — W/(M — Phy + ME_ﬁ.)} , (4.50)

while W(Mg_ﬁ—i- Phy — Mj) denotes the probability for the scattering of one magnon with

wave vector k — o and one phonon with wave vector § into one magnon with wave vector
k. In chapter we introduced the procedure, how one has to set up the collision integral
for a given interaction. We will apply this procedure on the Hamilton operators with the
magnon-phonon interactions, which we have derived above. These are Eq. for dipolar
magnons and Eq. for exchange-magnons. Thus, we find

Of
ot

B.Z.
2
= Z |V’26(6E — €5 wﬁ) [fﬁiﬁnﬁ(l + f];) — f’;(l + fﬁiﬁ)(l + nﬁ)]
St,mag-pho,1 h 7

9 B.Z.
+ 5 VIS — eyt wp) [ U+ mp) (4 f) = O+ fe_phng]
’ (4.51)

while |V|? denotes the scattering amplitude. This will be Eq. (4.27) and Eq. (4.35). For
the density functions, we take Eq. (4.48]). There, the magnon and phonon temperature
arises. Since Eq. (4.41]) holds, we perform a first order Taylor expansion in the magnon
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4.3 Collision integral

temperature Ty as well as in the phonon temperature temperature Tpy around the overall
average temperature Ty. Thus we find

of
ot

B.Z.
2 1
~TEN TV — e — wp) (L FOLO_nb
St,mag-pho,1 h 7 k k—p p k7’7 k—p pkBTOQ

< [€p(Tou(p) = Taa(k)) = (e — ) (Ton(p) — T (1K — £1)|

B.Z.
2m 2 0 0 0
+ m Eﬁ [V[%6(e — Gt wp) f7 (1 + f’z*ﬁ)nﬁkBTg
p

X [e(Ton(p) = T (k) = (e +wp) (Ton(p) = Tu(E = )] - (452)

The same procedure will be done for the conversion scattering from one phonon into two
magnons. Here only the dipole-dipole interaction occurs. The Hamilton operator is in Eq.
(4.11)). The deduced collision integral reads

ofz
ot

B.Z.
-3 {W(Phﬁ = Mg+ M g, )+ W(Phy — M_, + M)
St,mag-pho,2 7

—W (Mg +M_g, ;> Phy) = W(M_g_;+ Mg — Phy) }

B.Z.
27
== S VP (e + ey n—wp) [np(L+ fR) A+ fpy ) = fef (14 1p)
i

B.Z.
2m 9
%E Z |V| 5(6]2 + € Fip wﬁ)f];ffﬁJrﬁ(l + nﬁ)rBTOQ
p

% [ep(Ton(p) = Thi(h)) = (e — wp) (Ton(p) — Tk = 7)| . (453)

while the scattering amplitude |V|? is given by Eq. . Since Eqgs. and hold
and the quasi-particle energy is only dependent on the absolute value of the wave vector,
the temperature is dependent on the momentum, but independent on the orientation of
the momentum. At the end, the collision integral can be written down in relaxation time
notation

dfz ofz afz
o _of L
ot St,mag-pho ot St,mag-pho,1 ot St,mag-pho,2
B.Z. -
B 1 Ten(p) —Tm(k) 1 Tpn(p) — Tm(lk —pl)
_ — = - = 7 , (4.54)
5 Tk 0 Tpk 0
or transposed
B.Z. B.Z. B.Z. -
0— ofz N~ Teup) (1 1) Tu(k) 1 3 1 Tu(lk —pl)
O lsmagpne 5 To \mw T ) T L@ amT T

(4.55)
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with
1 27
Tnzp :? (|VSC,2LV|2 + |Vex,ges,av|2) 6(61;’ B wp)( + fo)fo pk‘BTo
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2T 2 2 0 0 EE
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+ E|‘/2M,av| 5(612 + € _Fyp wﬁ)fﬁffﬁ+ﬁ(1 T nﬁ) kTh ’
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(4.56)

(4.57)

Here, we have taken Eqs. (4.26)), (4.27)), (4.35) and (4.38]) for the scattering amplitudes. To
evaluate the expression numerically, we need to perform analytic transformations. Especially,

evaluating the delta-distribution would be difficult numerically.

4.3.1 Numerical treatment

For avoiding numerical difficulties, we perform a transformation of the integration procedure.

We start with introducing some abbreviations

1
|VSc,av’2 = N|VSc,av,N|2

1
|V:ex,ges,aV’2 = N|‘/ex,2)‘v,N|2

Vortav|? = N|V2M,aV,N‘27

and
% _1 (5( Py wWp) T %5(6,; — gzt wp) + %5(61; te g, wﬁ)>
Tpk N Tpk P Tok P 5 7
T}}g 2%(|V50avN| + [ Vesav.n|?) (L4 FO)f2 2/{;1%0
T}li 2%(|VSC3VN| + Veawn[?) fE 1+ £ AN p/;];“o
Tic,; T il +”p)&,
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4.3 Collision integral

and
1 1 1 1
=mp :N 75( — Gy Wﬁ) + =B 5(6,; — 6];754- Wﬁ) + = 5(6k + € CRip wﬁ) (4.65)
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These abbreviations, we insert in Eq. (4.55). Thus, we find
BZ.
0 :ZNTl (k. p, |k — 1) 6(ef; — ep_y — wp)
BZ.
+ Z NT2 (k,p, |k —pl) o(e; — €y T wp)
P
L1
ZN (k,p, |k — 1) o(ex E+ﬁ_wﬁ))- (4.72)
P

Since the functions T, T» and T3 only depend on absolute values, we can write the p-
integration in spherical coordinates. The z-direction of the p-integration will be fixed along
the k-direction. We rewrite the sum into an integral and introduce an integration over

kem = |k — Pl = /K2 + p* — 2kpcos(¥) . (4.73)
It is
3ZiN 1 /d?,ﬁ/?kF b8 (km — [ — p1) T3 (k, p, |E = 1) 0(e — €5 — wp)
3aj;N 1 /d?,q/w ki (ki — |E — p1) To(k, p, [k = §1) 6(e — €_+ wp)
BGiN 1 /dgq/%pdk 5(k ]k o) Ts(k, p,|k Pl)o(eg + e E+p_wp)) (4.74)
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4 Coupled phonon-magnon system

with the Fermi wave number kp = 3.10 - 107 - cm~!. For the p-integration, we us spherical
coordinates. We find

3 3 kp T 2kp
=0 427r/ dpr/ dcos(q?)/ A6 (km — |k — ) T1(k, p, k) 0(€ k_EE—ﬁ_wﬁ)
0 0 0
3&3 kg ) T 2kgp
—|—47T427T/0 dpp /0 dcos(ﬁ)/o A6 (ki — |k — ) Ta(k, p, k) 0(€ GG~ Gt wp)

3 3 kF 9 T 2]€F
+4 4271'/0 dpp /0 dcos(z?)/o k6 (km — |k — ) Ts(k, p, km )5(6E+67E+ﬁ—wﬁ)).
(4.75)

We rearrange the delta-distribution to solve the angular integration by taking Eq. (4.73)).
For the phonon energy dispersion, we use Eq. (2.3) and find

3a & 2kp Em
=53 dpp / dcos(ﬂ)/0 dkm‘kp 5(008(19) —
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2p

e
k

Here, ¢, denotes the phonon sound velocity. Since &, is no longer dependent on p, it is
now very simple to solve the energy-delta-distribution for the p-integration. One still has to
consider, that the p-integration only takes place in the first Brillouin zone.

3&3 1 2kp L P k2 —l—p2—k22
= dky 220 (1 - |m——m kp — Ty (k,p, km
5% oo o p @( 2h )6( r —p)Op) Tu(k, p )pzewkm
Cph
3a3 1 2kp km p k2 —|—p2—k‘2
= Ak 220 (1 — |m——=—"71) O(kg — p) O(p) To(k, p, ki,
| Lo )Y 0k - ) 00 Talhp |
Cph
3a3 1 2kp km p k% + p? — k2
- dkp 220 (1 — |————11) O(kp — p) O(p) Ts(k, p, km
273 com o ? < ook > (kv —p) O(p) T3(k,p )’%ﬁkm
Cph
(4.77)

With this expression, we are able to set up a system of linear equations for the magnon tem-
perature Ty (k). The magnon temperature is linearly included in the functions 71 (k, p, k),
To(k,p, k) and T3(k, p, k). Their expressions are given in Egs. , and .
The phonon temperature Tpy,(p) will be treated as an input parameter.

The magnon temperature Ty (k) is dependent on the wave number k. The wave number
is limited to the Brillouin zone (i.e. 0 < k < kp). For solving the system of integral equa-
tions, we discretize the wave number k£ to 100 or 200 numbers in the given range. This is
accompanied by a discretization of the integral over k,, in the same way as for k. Now, one
can read out the prefactors of the different Ty, (k) and set up a matrix with them. The func-
tions T4 (k,p, km), To(k,p, k) and T3(k,p, ky,) also contain summands, where no magnon
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temperature occurs. Instead, the phonon temperature occurs there. Since the phonon tem-
perature is fixed and cannot be changed, these terms will be treated as an inhomogeneity of
the system of linear equations.

Before we solve the system of linear equations, we need to add the magnon-magnon
interaction to our calculation. This will be done in section [} There, we will proceed
in the same way as in this section and set up a system of linear equations for the magnon
temperature. Because the collision integrals will be added (as one can see in Eq. ), both
systems of linear equations also need to be added. After that, we will present solutions to the
combined system of equations in section [7] Here, we will calculate the magnon temperature
in the YIG-film. The result for the magnon temperature can be found in figures [43] and [44]
Later, we calculate the transverse spin Seebeck voltage, which is shown in figure

4.4 Summary

In this chapter, we considered a magnon-phonon coupled system and calculated the collision
integral to this system. The substrate consists of a cuboid out of GGG (Gd3Gaz012), where
only phonons are able to propagate. On top of it, there is a thin film out of ferrimagnetic
YIG (Y3Fe5012). In this film, magnons and phonons are able to propagate. This YIG-
film will be the magnon-phonon coupled system. The thickness of the ferrimagnetic YIG
(dyic = 3.9 pm) is much smaller than the thickness of the GGG substrate (dgge = 0.5
mm). Thus, phonons propagate in the GGG substrate most of the time. Hence, they are
rarely influenced by the magnons via magnon-phonon interaction. For calculating the phonon
temperature, only phonon-phonon interaction is important, which was already calculated in
section On the opposite, magnons are only propagating in the ferrimagnetic YIG film,
where phonons are able to propagate as well. Thus, magnons are strongly influenced by
the phonons via magnon-phonon interaction. The phonon temperature we used as an input
parameter in this chapter and calculated the wave number dependent magnon temperature.

In the beginning, we wrote down the Hamilton operator for the magnon-phonon coupled
system. Here, we considered dipolar magnons as well as exchange magnons. The Hamilton
operator was expressed in terms of annihilation and creation operators for phonons and
magnons. Also the prefactors were calculated, because we needed them for writing down
the collision integral. After calculating the Hamilton operator, we derived the Boltzmann
equation for our system. The effect, calculated by Xiao et al. [23] as well as by Sanders and
Walton [24] was neglected in our calculation, because measurements from Agrawal et al. [31]
claimed the effect to be small. Thus, we found the equation, that the collision integral of
the magnon-phonon interaction has to be zero (see Eq. )

After that, we set up the collision integral of the magnon-phonon interaction. Here, we
included dipolar magnons as well as exchange magnons. Since the temperature deviations
from the equilibrium temperatures are small, we performed a Taylor expansion of the colli-
sion integral. In the result, the magnon and phonon temperatures occurred as linear terms
in the resulting expression. The resulting equation is an integral equation. To solve the inte-
gral equation, we performed some analytical transformations, which can be better evaluated
numerically. Since the wave number for the magnon and the phonon temperatures is lim-
ited to the Brillouin zone, we discretized the wave number dependent magnon and phonon
temperatures. The summation is discretized as well. In the end we got a system of linear
equations of the magnon temperature.

In chapter |5| we will add magnon-magnon interaction to our calculation. The resulting
system of linear equations is a sum of both interactions. It will be solved in section [7]
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5 Magnon-magnon interaction

5 Magnon-magnon interaction

In this chapter, we add the magnon-magnon interaction to our calculations. The goal of this
chapter is to prepare the calculation of the wave number dependent magnon temperature
in the setup of the transverse spin Seebeck effect. In chapter [3| we already calculated the
phonon temperature in the GGG substrate. Since the thickness of the YIG-film on top of
the GGG substrate is much smaller, we calculated the influence from the phonons onto the
magnons in chapter The influence from the magnons onto the phonons was neglected.
Finally in this chapter, we will prepare the analysis of the influence of the magnon-magnon
interaction onto the wave number dependent magnon temperature.

For our calculation, we take the sample size out of Ref. [21]. The GGG substrate is
docgg = 0.5 mm thick, Lgcg = 8 mm long and wgacg = 4 mm wide. On top of it, there
is a YIG-film, which is dyig = 3.9 pm thick, Lyig = 8 mm long and wyijg = 4 mm wide.
One has to mention, that the length and the width of the GGG substrate are the same as
for the YIG-film. At the end, there will be a small Pt-stripe on top of the YIG-film. This is
dpy = 15 nm thick, Lpy = 0.1 mm long and wp; = 4 mm wide. One has to mention, that the
width of the Pt stripe is the same as for the YIG-film and the GGG substrate. The length of
the Pt-stripe is smaller than of the YIG film. The schematical setup can be found in figure
[9)in chapter

The magnon-magnon interaction consists of the three particle interaction based on dipole-
dipole interaction, where one incoming magnon is scattered into two magnons or vice versa.
Additionally, there is the four particle interaction based on exchange interaction, where two
incoming magnons are scattered into two outgoing magnons, at which energy and momentum
are transfered between the magnons. In section we will calculate the collision integral
for the three particle interaction. After that, we will perform analytic transformations to
better evaluate the resulting terms numerically. With that, we want do develop an integral
equation for the wave number dependent magnon temperature. The same procedure will
be done for the four particle interaction in section At the end, one has to sum up
the contributions from magnon-phonon interaction and from magnon-magnon interactions.
The resulting integral equation is transformed into a system of linear equations for the
wave number dependent magnon temperature. In section [7} we will present and discuss the
solutions to the system of linear equations.

In Eq. , we already set up the Boltzmann equation, which has to be solved. The
collision integral consists of two summands, one for the magnon-phonon interaction and one
for the magnon-magnon interaction. This is

(0)
z 8f s - 8]‘}5

. L= ofy
~ Ty ae W VI 0 VoS = o

g Ot

ofz
ot

, (51

St,mag-pho St,mag-mag

while Ty; denotes the spatial and wave vector dependent magnon temperature. Ty is the
average temperature. The wave vector dependent magnon energy dispersion is denoted by
€;, while we use Eq. . The parameter v}: denotes the wave vector dependent magnon
velocity. The magnon density distribution f is composed as in Eq. . Additionally Eqgs.
and hold. The boundary areas of the GGG substrate and of the YIG film, which
are perpendicular to the unit vector in y- and z-direction are modeled as perfect reflecting
walls. Later, we will introduce boundary scattering by an effective relaxation length. The
results will be separated by including and excluding boundary scattering. Thus, the system
becomes qualitatively invariant in y- and z-direction. Because of that, the derivatives in
y- and z-direction in the Boltzmann equation vanish. The first summand on the right
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5.1 Three particle interaction - dipole-dipole-interaction

hand side of the Eq. (5.1]) determines the collision integral of the magnon-phonon-interaction.
In section we performed some transformations with the upper Boltzmann equation and
used experimental findings. We ended up with Eq. (4.47)). It is

Lo off;
0 —2/0 dv Sln(ﬁ) ﬁ

while the collision integral is independent on . The summand of the collision integral for
the magnon-phonon interaction reads

: (5.2)
St

afy _ 1 Teu(p) —Tu(k) 1 Tpu(p) — Tu(lk — p)) (53)
ot St,mag-pho 5 T;Zp T() 7:]7)7;13 TO ’

while the abbreviations are given in Egs. and . Tpy denotes the spatial and
wave vector dependent phonon temperature. In the same way, the collision integral for the
magnon-magnon interaction will be derived in this section. The result can be found in Egs.
(5.11) and (5.63)) and reads as follows

of ofy of
ot = o (5:4)
St,mag-mag St,mag-mag,3 St,mag-mag,4
of: VI2 (k) [V Tu(k) V]2 Tu(k+ &
& _ |an m(k) \mlm (k) \mlm i ( ) (55)
ot St,mag-mag,3 o TA T B To To To
Ofg -y VETuk)  [VETu®E) | [VETu(k—@) [V Tu +9)
= + + + ,
ot St,mag-mag,4 ™ To ™™z 1o TM3 To TMA4 Ty
q
(5.6)

The term with index 3 denotes the collision integral for the three particle magnon-magnon
interaction via dipole-dipole interaction. Additionally, the four particle magnon-magnon
interaction via exchange energy is included in the term with index 4. The abbreviations are

given in Eqgs. (5.12)), (5.16]), (5.20)), (5.64])), (5.65)), (5.66|) and (5.67)). The scattering amplitude
|V| will be calculated in this section. The results can be found in Eqgs. (5.29)) and (5.72]).

5.1 Three particle interaction - dipole-dipole-interaction

The goal of this chapter is to prepare the calculation of the magnon-temperature of the
phonon-magnon coupled system by including magnon-magnon interaction. Since there is
a three particle magnon-magnon interaction via dipole-dipole interaction and a four parti-
cle magnon-magnon interaction via exchange interaction, we start with the three particle
magnon-magnon interaction in this section. The corresponding collision integral will be
calculated now. After that, we perform analytic transformations to better evaluate the re-
sulting expression numerically. The resulting terms must be added to the expression for the
phonon-magnon interaction in Eq. . In this chapter, we describe the calculation. The
detailed calculation can be found in the appendix [C.1}
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5 Magnon-magnon interaction

5.1.1 Collision integral

We set up the collision integral for three particle magnon-magnon interaction. The corre-
sponding third order collision integral reads (see Eq. (11.9) on page 289 in Ref. [43])

f% 1
gy :Z{2W(ME+E,—>ME+ME)—|— W (Mg — Mg, 4 M)
St,mag-mag,3 P
1 1
+2W(M + Mg g — M) — 2W(M + M, —>Mk+k,)
1 1
—§W(ME’7E+ME—>ME’) 2I/V(l\/[ —>M +Mk k’)}
127r
Z|V| Slepyp — € — ) 4 [f,;+;;/(1+f,;)(1+f,g/)—f,;f,;,(1+f,g+,g/)}

12
+ *IZ!W Oep — € —€p) 4~ [f,;/(1+f;;v,,;‘)(1+f;;) - f,;f,;/,,;(1+f;;/)}

1 27
Z VPS(eg o+ g —€p) -4 [f,;_,;/f;;v(l +f7) = A+ frop) X+ f;;/)} . (6.7)
The term W(Mk i — Mg + Mj,) denotes the probability for the transformation of one
magnon with wave vector k + k' into one magnon with wave vector k and one magnon with
wave vector k. Again, fi denotes the magnon denmty with wave vector k and € denotes the

magnon energy for magnons with wave vector k. The term |V|2 denotes the matrlx—element
of the transition and will be determined later. The result can be found in Eq. (5.29). The
factor 1/2 occurs, because scattering processes are double counted. The equivalences read

W (Mg, 5 — Mg+ M) = W(Mg,z — Mg, + M) (5.8)
W(M — Mk, i + M; ) W(ME’ — M’; + ME’—E) (5.9)
W (Mg, +Mp_g = Mp) = W(Mg_g, + Mg, — Mg). (5.10)

Now, we perform a first order Taylor expansion for the temperatures in the same way as in
section £.3] and find

afr VI Ta(k) | VI Ta(®) | V]2 Tk + El)) . (5.11)

0 = =
mm mm mm
ot St,mag-mag,3 P TA TO z; TO TC TO

In this expression, the magnon temperature occurs as a linear parameter. Later, we will
discretize the magnon temperature and the summation. Thus, we will get a system of linear
equations for the magnon temperature. The abbreviations read

1 1 1 1

—mm = € — 6~ ) + amO(ep — e g — &) + amd(eg_p +ep — ) (5.12)
A TA1 A2 TA3
1 4r —€5
14+ 91 k 5.13
=y PR [O R k’)k i (5.13)
— =—fJ(1 2 1 5.14
= g P+ fp L+ )= T (5.14)
1 im0 0\ —€k
- 0 5.15
T‘Z%m i k—k /( +f )k T ( )
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5.1 Three particle interaction - dipole-dipole-interaction

and
1 1 1 1
?mm :7Tmm6(6/2+/_€" - GE — EE,) + W(S(GEI - GE,_E — EE) + Wé(eﬁ—ﬁ’ + GE, — 6,—5) (5.16)
B Bl B2 B3
1 47r 0 0 €5
1 4” 0 0 0 + €
= 1 1 5.18
1 47‘(’ 0 0
s =y i L+ )k ok (5.19)
and
1 1 1 1
77-mm :7Tmm6(€]‘€‘+];:/ - 6]; - EE,) + Wts(ﬁk‘, - GE/—E - EE) + W(S(GE_E/ + 6]2, — EE) (5.20)
C C1 C2 C3
1 4n (e + €3,)
o L+ /)1 —k K 5.21
b Erp L+ IR+ ) kpTy (5.21)
1 47T 0 0 0 ( 6;;’/)
S = Jp L+ ) —— 5.22
1 47T 0 ( E’)
— 5.23

These abbreviations we insert in Eq. (5.11)). We rewrite the sum into an integral and intro-
duce an integration over

km = |k £ K| = /E2 + K2 £ 2kK (cos(9) cos() 4 sin(d) sin(?) cos(p — ¢)) . (5.24)

In our calculation, we are interested in the equation integrated over ¥ and ¢ (cf. Eq. (5.2)).
It is

dQV3a3N [ 4, [*F 5
OZ/M e [ k/ Qi — [+ F) (V2 Ty (kK 6+ F) 8z — e — )

dQ3aPN [ 4o, [2kF )
+/4W e [ k/ Qe (ke — R — R) [V Tk, B 1R — ) (e, — 52— )

Q303N 2he
+/d3“ d3k:’/ dkind (K — |k = K') [V T3k, K | = K) 6(eg_p + e — ),

4 4ad
(5.25)
with the Fermi wave number kp = kpax = 3.10 - 107 - cm~1. We used
o o 1 Tu(k 1 Ty 1 Tk + K
Tk K k+ k) = — mik) | —_ k) —_ m(k + k) (5.26)
ot To TR To Ton To
o o 1 Tu(k 1 Ty 1 Tk — K
To(k. K.k~ F) = | o mlk) | —— k) | —— wk — ) (5.27)
o To TRy To T To
L 1 Tu(k 1 Ty 1 Tk — K
Ts(k, Kk — k) = i i )+ — m( )+ —— m( )\ (5.28)
T4 To TR3 To T To

Since the magnon temperature only depends on absolute values of the wave vectors, we can
write the integration over d3k’ in spherical coordinates. Then, we use Eq. 1} to solve
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5 Magnon-magnon interaction

the angular integration. We relocate the angular delta function. Kaganov et al. [56] made
calculations on the Hamilton operator for different magnon-magnon scattering processes.
We take Eq. (39) out of Ref. [56]

V? = 1 Vi | cos(9) sin(¥9) (cos(¢) + isin(p)) + cos(d) sin(¥')(cos(¢) + isin(¢'))[?
NVabS (cos?(9) sin(¥) + cos? (') sin? (') + 2 cos(¥9) sin(¥) cos(¢) sin(d') cos(p — ¢'))
(5.29)
V2, _(QWMB)Q;NO“BMO = 52.1824 - GHz2 (5.30)

while up = 9.2740154 - 10724J/T denotes the Bohr magneton. Additionally, the constant
po = 12.566370614 - 10~7T2 - m3/J denotes the vacuum permeability, and the magnetic
saturation My = 139G = 0.0139 T [43], p. 182]. The lattice constant of YIG is a = 1.2376 nm
[52, 53]. The upper expression will be set in into the collision integral term. After that,
we substitute ¢ — ¢ + ¢'. Thus, we are able to perform the integration via ¢’. For the
p-integration, the term does only depend on cos(p). Thus, we can separate the integration
into 0 to 7 and 7 to 27. Additionally, we perform a transformation p = cos(p) of the angular
delta-function. Thus, we are able to perform the integration via ¢ and solve the p-integral.
We introduce the following expressions

cos(9) cos(V') — « k2 — k2 — k"2

b= sin(d9) sin (V') “= %T - (63D

cos(¥) cos(?) +
sin(9) sin(9¥')

gt =

Now, we want to handle the integration via 9 and ¥ in Eq. . Since, it is not possible to
solve the resulting integral of ¥ and 1, one has to perform it numerically. This we can treat
by perform an approximation of the solution to the integral dependent on the parameter «
out of Eq. . Since Eq. is true, 0 < k < kpax and 0 < k' < kpax, the parameter
« is limited to —1 < a < 1. We can write down the integral

s + 1
/dﬁ/dﬁ O(1 + B*) —
(cos (1) sin?(9) + cos?(1') sin? (') — 2 cos(®9) sin (1) cos(¥') sin (¥ )ﬁi) (5.32)

At the end, the result can be approximated in the following way

ha) = 01— |a|) (c1 + c2a® + cza?) . (5.33)
One finds
=0.838041 (5.34)
—2.49346 (5.35)
c3 =0.0113386. (5.36)

In figure the accordance of the approximation is shown. This approximation, we include
for the collision integral. Since k,, is no longer dependent on k’, it is now very simple to
solve the energy-delta-distribution for the k’-integration. One still has to consider, that the
k’-integration only takes place in the first Brillouin zone. It is kr = kmax. We set the energy
dispersion for the magnons [43, p. 181] (or cf. Eq. (2.6)) for k < kg

€}, = Woff t+ Dexk2 s (537)

80



5.2  Four particle interaction - exchange interaction

-1.0 -0.5

Figure 36: Plot of function h(a). The blue and solid line describes the numeric evaluation of
Eq. (5.32). The red and dashed line denotes the approximated function out of Eq. (5.33)

and for k > kp ANk < 2kp
€k = Woft + Dex(2kp — k).

(5.38)

Now, we separate the calculation into normal processes N, and Umklapp processes U. Here,

we regard the Umklapp processes of k, k' and k,,. It is
0=N,+U.
At the end, we find

3a 1 kr k

P " 478 2Dy 2k’
3a3 1 k _ k2 R
— m—mh V2 O(kp — k) OK) To(k, K |k,
474 2Dex /o k ( o2kk! ) abs O (kp )O(K") To(k, k' k)
30> 1 m k — k2K / / /
T 2Dy kh< Sk > Vibs O(kp — k') O(K') T3(k, k', ki)

For the Umklapp processes we choose a symmetrized way. It is

U= N (o € s 20]) 4 £ —
= p \F’m F, F 3|2k‘F—]€/’

3 Np (k‘/ S [k‘F, 2]{51:‘])

1
+ 3 No ( € [kp, 2k]) -

m k?n_k _k/2 / / /
dkm?h mm 2 2 ) V2 O(kp — K)OK) Ty (k, K k)

(5.39)

b= €k ~€k €0
Dex

b — €km TE€E—€0
- Dex
Ckfﬁk 760
k= m
Dex

(5.40)

(5.41)

The extra factor in the second summand arises from a different algebraic term of the energy

dispersion €z, = wy + Dex(2kp — k)% for k' € [kp, 2kp].

5.2 Four particle interaction - exchange interaction

The goal of this chapter is to prepare the calculation of the magnon-temperature of the
phonon-magnon coupled system by including magnon-magnon interaction. In this section,
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5 Magnon-magnon interaction

we handle four particle magnon-magnon interaction via exchange interaction. The corre-
sponding collision integral will be calculated now. After that, we perform analytic transfor-
mations to better evaluate the resulting expression numerically. The resulting terms must be
added to the expression for the phonon-magnon interaction in Eq. . In this chapter,
we describe the calculation. The detailed calculation can be found in the appendix [C.2}

5.2.1 Hamilton operator

We write down the following Hamilton operator for the magnons [54, p. 76]

ﬁHeisenberg =—J Z §m§na (542)

(mn)

while J denotes the coupling constant or exchange energy and where (mn) denotes the
summation over the nearest neighbors. We introduce raising and lowering operators

St =Sz 4 isY S~ = S% —iSY% S =S5, (5.43)

while S;t denote the lowering (-) and raising (+) operators. The commutator relations are
[54, p. 76]

[S%,S%} = ibmae?tSy  [Sh,S7] = +£maSy  [S4h9;] =20maSh.  (5.44)

m

We perform the Holstein-Primakoff-transformation [43, p. 207] and rewrite the Hamilton
operator. The simple case of the calculation can be found in Ref. [54], p. 77 ff]. The Holstein-
Primakoff-transformation is performed by introducing the following operators

Sy =a m\/Tam S;L:mam %ZS—aIﬁam. (5.45)

The operators a,7 and a denote the annihilation and the creation of one magnon at position
m, respectively. All operators fulfill the common commutation relations.

[am,ar] =0 [at aq} =0 [am, ] =0mi (5.46)

Since S = 14.2 (cf. Eq. (4.22))), the above operators may be approximated as

1 1
S~V QS’CL:rﬁ — \/@CLT al. =7 St~ V2Sag — maiﬁamam. (5.47)

One finds the following expansion of the operator product

f[Heisenberg = - JZ gmgmwi (5'48)
m,i
= _—JNS? — JSZ ( 2al. 7 0m al, 7 mte; T @maT~+6 )
m,i
J
-7 Z (4aT (LL_"_aCL ﬂam_;_gz)
i
J
7 (—a;rﬁaiﬁ_i_giamam — czjﬁ_~_~aJr A7y, — aJr al. = O Q4.5 — aJr al, aerezam) ,
i
(5.49)
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5.2  Four particle interaction - exchange interaction

while €; denotes the vector in direction ¢ with length of the lattice constant. Let us now
perform a Fourier transformation. We use

ﬁ\

mi,mz,m3=1

1 o Z
ap = TN Z ek EE: —ik (5.50)

The operators aj

vector E, respectively. The commutator relations are still fulfilled in the reciprocal case. It
is

and aj; denote the annihilation and the creation of one magnon with wave

[ag,ap] =0 [af,af,] =0 [ag.al] = oz (5.51)

After set in the transformation, we perform the sum over m which leads to delta-distributions.
We introduce the abbreviations 123 =k - q and E4 =K + q. For the dispersion, we get
a expression including cosine terms. Here we perform an approximation for small wave
numbers, i.e. ak,ak’, aks, aks,aq < 1. A symmetrized version can be written down

ﬁHeisenberg JNS2 + Z Dexk a ag

k,z
J B.Z. a2
B W ? (kz ]{;/2 + k3 i + k4 7 4ql) taj‘;/algftfalz’+(f7 (552)
kK’ q,i
with
_’3:];—(7 E4ZE/+J- (553)

We can read out the interaction prefactor for the exchange-interaction

J
Vx| = (k;2 E? + k3 + k2 — 4q¢°). (5.54)

To calculate the coupling parameter J, we use an identity from [43] p. 210]. If one only
includes first nearest neighbor hopping, one finds for a simple cubic lattice

Dex
J & . 5.55
a2 (5.55)
It is
i =1.05457266 - 10734 Js (5.56)
S =14.2 [53] (5.57)
Doy =9.16 - 1071 GHz cm?[43, p. 182] (5.58)
a =1.2376 nm [52, 53] . (5.59)
Thus, we find
J = 421.159 GHz . (5.60)
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5 Magnon-magnon interaction

5.2.2 Collision integral

Now, we set up the collision integral of the Boltzmann equation for the four particle magnon-
magnon interaction (see Eq. (11.22) on page 294 in Ref. [43])

of- 1
4 :7§:{quﬁﬁ+m% 7= Mg+ M) + W (M, o+ M. — Mg + M)
St,mag-mag,4 tj'l;’
—W (Mg + Mg, = My_+ Mg, ) — W (Mg + Mg, — Mg, o+ M;_) |
(5.61)
1 2
Z |V| 5 + o — g~ GE/-HT) - 16 - f];'_q'f];'/_i_q'(l + fE)(l + fE/)
qK
1 27r
— 57 2 VP (et ep —ep_g— ey g) 16 (L f_ ) (U + fy i
Tk
(5.62)

Now, we perform a first order Taylor expansion for the temperatures in the same way as in

section [4.3] and find

ofy ~3 [V|? Th(|%]) n V> T (%) n V> Tu(|k = q1) n V> Tu (% + 1)
ot St,mag-mag,4 T ™ To TM?2 Tp TM3 To TM4 To ’
q
(5.63)
with
1
R CE T T g ) (5.64)
1 1
7-7]\42 :7:7]\425(6% -+ € — EE—Q'_ GE’-HT) (5.65)
1 1
7'7]\/[3 :7':7]\435(6]; + € — 6,;‘_@ — GE/+(1~) (5.66)
1 1
P :M(S(EE T~ €T g (5.67)
and
1 16m 1
1 16m 1
= fo - 0/ (1+f0)(1+ k’)k T (=€) (5.69)
1 167 1
Y I 1) G (5.70)
1 167 1
% :7 fo ﬁ‘ k/+q( +f0)(1 + k/)k T (+€k’ ) (571)
and
Ja? 2 2 2 2 2
VI = Vexl = 557 (K2 + K2 + K3 + K — 40%).. (5.72)

For avoiding some difficulties, we perform a transformation of the integration procedure.
Since the function magnon temperature only depends on absolute values, we can write the
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5.2  Four particle interaction - exchange interaction

integration in spherical coordinates. We rewrite the sum into an integral and introduce an
integration over

b = |F — @) =\/ k2 + ¢2 — 2hq cos(< (¥, 0) (5.73)

= B+ @ =K + @ + 2K g cos(<(F, @) (5.74)

We are making use of Eq. . The delta function which contains the energy dispersion
relations can be solved in two different ways. One may change the equation for ky,, k, or k.
Since k,, and k, are on an equal footing, we change the equation of the energy dispersions for
k., on the one hand and for &’ on the other hand. At the end we sum up both contributions
with a weighting factor of 1/2 for both contributions respectively. Additionally, we rotate
the ¢ coordinate system in that way, that its z-axis is parallel to the vector k. In the same
way, we rotate the k' coordinate system in that way, that its z-axis is parallel to the vector
7. Thus, we can set <t(k, q) = « and <I(l_f", q) = ¥. Since the resulting integrand does not
longer depend on the p-angle of the k' and ¢ coordinate system, their integral reduces to 2.
Additionally, we use the identities from Egs. , and . We define

1
| Vi |2 :|Vex7abs|2ma4(k‘2 + K2+ k3 + k- 4¢%)? (5.75)
J  Dex
|‘/ex,abs| :g = 85@2 5 (576)

and

> > 1 TM(|E|) 1 TM(‘glf) 1 TM(|]2— ql) 1 TM(|E' +q0)
Ty (kK |k—q,|K + =< - + - 4= 4o 7
1( | (ﬂ | C-TI) { TM1 T(] TM2 TO TM3 TO Fara TO
(5.77)

and
Qk, K ki, kp) =a® - (K* + K + k2, + k2)* - (min [kpag, min (km + k, ky + &)
— min [k‘max,max (|k:m — k|, |kp — k:'|) , min (k:m +k, kpy + k')})
). <(min [Kmaz, min (ky, + k, ky, + £')])3

a' - (K + K+ kL, + k)

3
 (min [kpae, max (|km — k|, [kp — K'|) , min (km + &, kp + k])?
3
+ 16a* - ((min [kmaz, min (km + k, kp + K)])°
)
_ (min [kpaz, max (|km — k|, [kp — K'|) , min (km + &, kp + k:/)])5>
5 .

(5.78)

We have to divide the calculation into normal processes IV, and Umklapp processes U. In
Eq. , the vectors E, k' and q are formally limited to the first Brillouin zone. When
we consider Umklapp processes, we consider the case, where the vectors k— ¢ and K + q
are outside the first Brillouin zone. For a symmetrlc calculation, we also consider the case,

where the other expressions in the temperature k and k' are outside the Brillouin zone and
weight the contributions. Thus, we find

0=N,+U, (5.79)
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5 Magnon-magnon interaction

while IV, denotes the sum for normal processes and U the sum for Umklapp processes. At
the end, we get

1 9a6 1 kmaz , kmazx k/ kp ,
N, ~51752D.. ; dk /0 dky, - Ti(k, K ki, kp) O(km) ©(kmaz — km)

X ’Vex,abs|2 . Q(k?, klv kma kp)

ek+ek/ 76,;’17760

m=— Dex

1 9(16 1 kmax kmaz k k
- dkm dk m_p T (k k/ km k km kmax - km
+247r62Dex 0 /0 Pk (k. K K, k) © (Kim) O )

e Ekp+€km_€E_€0
Dex

This expression will be evaluated numerically. For the Umklapp processes we choose a
symmetrized way. It is

X “/Yex,abs|2 : Q(k>k/>kmakp) (580)

1 km,
N, (km € [kmax7 kaam])

1
== N, (k kmaa:;2kmax S o 11
U ) p( Pe[ ])+2|2kmaz_km‘ p

+1k—m
2 2kmaz — km

1 1
+ 5 Np (k, S [kmaza 2kma:p]) + 5 Np (k S [kmaxa 2kmax])

Np (kp € [kmama kaax] A km € [kmaxa kaax])

1
+3 Ny (k € [kmaz: 2kmaz] A K € [kmaz, 2kmaz)) - (5.81)

The extra factor in the second and third summand arises from a different algebraic term of
the energy dispersion €, =WH + Dew(2kmaz — km)? for km € [kmaz, 2kmaz)-

With these terms and the terms for the phonon-magnon interaction out of chapter []
we will calculate the magnon temperature in the YIG-film in chapter [/} Here, the phonon
temperature was used as an input parameter. The result for the magnon temperature can
be found in figures [43]and [44] Later, we calculate the transverse spin Seebeck voltage, which
is shown in figure

5.3 Summary

In this chapter, we included the magnon-magnon interaction in the phonon-magnon coupled
YIG-stripe in our calculation.

The setup of the transverse spin Seebeck effect consists of a GGG substrate, while the
edge length are in the order of millimeters. On top of the thick GGG substrate, there is a thin
YIG-stripe with the same surface area attached. Furthermore on top of the YIG-stripe, there
are smaller stripes of platinum. The setup can be found in figures[dand[0] Since the thickness
of the GGG substrate is much thicker than of the YIG-film, the phonons are rarely influenced
by the magnons. In contrast, the magnons are strongly influenced by the phonons. Out of
the Boltzmann equation, we derived an equation, where the scattering integral needs to be
zero by including all relevant interactions. Thus, we calculated the phonon-temperature
in chapter |3| by using the Boltzmann equation and including phonon-phonon interaction
only. In chapter [4] we calculated the collision integral in the Boltzmann equation for the
magnon-phonon interaction and took the phonon temperature as an input parameter. In
this chapter, we calculated the collision integral in the Boltzmann equation for the magnon-
magnon interaction. Here, we considered exchange magnons and dipolar magnons as well.
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5.3 Summary

For the dipole-dipole interaction, we considered a three particle interaction, while for the
exchange interaction, we considered a four particle interaction as well. To evaluate the
resulting expressions numerically, we performed analytic transformations. We derived a
system of linear equations for the wave number dependent magnon temperature including
magnon-phonon and magnon-magnon interaction as well. The phonon temperature was used
as an input parameter.
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6 Ferromagnet normal-metal junction

6 Ferromagnet normal-metal junction

In this chapter, we consider a junction between a non-conducting ferromagnet and a normal
metal. A temperature difference between the magnons in the ferromagnet and the electrons
in the normal metal will induce a spin current in the normal metal, which is called spin
pumping. The ferromagnet could be a model for the ferrimagnetic YIG (Y3Fe;012) and the
normal metal could be platinum. Here, we will describe this effect by using the Boltzmann
equation. In 2010, Xiao et al. [23] formulated a first theory for the spin pumping mechanism
of this setup by using the Landau-Lifshitz-Gilbert equation. Additionally, Schmidt et al. [57]
developed a theory for this effect. In all three cases, the spin current is proportional to the
difference between magnon temperature and electron temperature.

The spin pumping mechanism is important for the understanding of the spin Seebeck
effect. There, a thin and ferrimagnetic YIG-film (Y3Fe5012) was evaporated on a GGG
substrate (Gd3GazO12). Again on top, there are small platinum stripes with a voltmeter
attached to measure the inverse spin Hall voltage (cf. figures or@. In case of the transverse
spin Seebeck effect, the applied temperature gradient is parallel to the surface of the YIG-film.
In contrast for the longitudinal spin Seebeck effect, the temperature gradient is perpendicular
to the surface of the YIG-film. The heat reservoirs, which generate the temperature gradient
are assumed to be ideal heat reservoirs. The temperature gradient will induce a deviation
of the magnon temperature inside the YIG-film. Since the electrons in the normal metal are
strongly coupled to the phonons, there will be a temperature difference between magnons
and electrons. Thus, there will be a spin current based on the spin pumping mechanism.
The inverse spin Hall effect transfers the spin current into a measurable charge current.

In the ferromagnet, only magnons and phonons are able to propagate, while in the
normal metal only electrons and phonons are able to propagate. In our model, there is an
intermediate region with thickness L, where all three types of (quasi-)particles can propagate.
Here, magnons and electrons are able to interact via sd-interaction. In our calculation, we
only consider magnons and electrons. Phonons are able to propagate in all three regions
and are assumed to be in equilibrium at temperature Tp. Since the electrons are strongly
coupled to the phonons, they are also at temperature 7y, but the chemical potential can
deviate. The magnons in the ferromagnet are at temperature Tyg and the electrons are at
temperature Ty. For the electrons, we separate between spin up and spin down electrons.
We need a finite thickness L of the intermediate region, because then we are able to match
the magnon temperature and electron spin chemical potential at the two interfaces. At the
end, we will calculate the limes of the thickness L going to zero. The sd-coupling parameter
will be inverse proportional to the thickness L of the intermediate region (cf. Eq. (6.64)). A
sketch of the setup can be found in figure

Inside the intermediate region based on sd-interaction, the following interactions are
possible

-l ot !
e’ = s + Magq, (6.1)
IR )
Magz +e.' — S (6.2)

while e; denotes one electron with the wave vector E, spin down and negative charge as

well as Magg denotes one magnon with the wave vector ¢ and spin down. The impurity

' 1

scattering e’g > e’g will be neglected inside the small intermediate region.
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6.1 Calculation

Insulating |Intermediate| Normal

ferromagnet region metal
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Figure 37: Sketch of the spin pumping setup, which consists of a ferromagnet and a normal
metal. In the ferromagnet, only magnons and phonons are able to propagate, while in the normal
metal only electrons and phonons are able to propagate. In between, there is an intermediate
layer of thickness L, where all three (quasi-)particles can propagate.

6.1 Calculation

For simplicity, we take the system of units in that way, that it is kg = 1. The collision
integral for the magnons reads as follows

fs L DU
9q :Z{W(eﬁ%egt—i— Magg)—W(Magf7+ eﬁ—naﬁﬁ)} (6.3)
ot |g z —q +q
_ / P IMy g o051 = 05 )1+ F8e — g wg)
My 2 Faoi (L= 9,5, DO — 5y ) (6.4)

= / PEIMg_ 2 00— 05 + Tl — 01 | (s — g —wa)» (65)

while W(e; — egjq,—k Magg) denotes the probability for one electron with spin down and

wave vector k scatters into one electron with spin up and wave vector k — ¢ and one magnon
with spin down and wave vector ¢. The parameter |M. P E—q'q*P denotes the matrix element

for the scattering process. The density functions are (cf.7 Egs. (2.2) and (2.8))

1 1 1
fq_':wq-‘i Ik = T—mw kT Thaown (6.6)

i~ Hdown

e™ —1 e T +1 e T +1

while g1, denotes the chemical potential for spin up electrons and jiqown denotes the chemical
potential for spin down electrons. Approximated the upper collision integral to first order
in (Th — Thr), in (fdown — Hup). We also perform a linearization in the magnon distribution
function and in the electron distribution function. This principle of linearization of all
density functions was introduced by Gangadharaiah et al. [58]. After linearization of the
density functions (cf. Eq. exemplary) we find

cqTo

8fq‘ Cq1Wg (5f-’ 69“5 59¢]}'
4 To—T - -1 _ § — , (6.7
ot y e ( 0 M) + . (,udow Mup) . : Te_i‘*)m TeIHm ( )

k gk ak
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6 Ferromagnet normal-metal junction

while we introduce the abbreviations

1 - 0 0
L= /d3k Mz o P (g/%) _ 9;%_)5) 5eg — ep_o—wg) 20 (6.8)
1 2 © _ (0
—om =M ;_sdl (1 +f - g,;_q) (e —€p_g—wg) 20 (6.9)
qk
1 2 ((0)  (0)
TETHm :|ME+§,E,Q’| <f~ + gEJrcT) 5(6,; — €E+zj'+ wq) >0, (610)
k
and
R M- .2
Qﬂ:/d‘?k&(e’;—egﬂ—w) | oo~ qq| % >0. (611)
Tme ! 273 (sinh (& “O) + smh(T—q) - smh(Ti‘(’)“O))
It is to mention that
(0) (0) (0) (0)
14 fO g0 104 g0 . (6.12)
I F=Glep_j=eg—wg 71 FHT e, j=eptwg

Now, we write down the electron spin down collision integral

09,7
W Lot -1
ot —Z{W(Magﬁe” )+W( %eﬂ )
St k'q
Wty oot W (et oot
W(eE —>6E7(T—1—Magqﬂ) Wie." — e )} (6.13)

3 2
_|M’37’5—q7q”|29¢19(1 — 9y U+ [)0(e — €5z — wq)}
o1+ 90) = P01+ 915 (6.14)

while W(e]gT — e]gi) denotes the scattering probability from one electron with spin up
into one electron with spin down. The parameter |F ;;’2 denotes the matrix element for this
interaction. The collision integral approximated to first order and after linearization reads

dyy dia 09,5 09)% — 09
- (TO - TM) - (,U/down - Nup) - + - v T
Tme Tme Tlgi Tk
0G,7_ - §f-
Ndown Hup Thk—q fq
- + Z eT—el m—rel ’ (615)
k sk T_~ T -
a qk qk
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6.1 Calculation

with 7 = 1/|F¢|* and with the abbreviations

1 - 0 0
- :/d3q Mgz (1 - g]%_)q—l— £ )) Seg — eg_g—wg) 20 (6.16)
1 2 (40)  (0)
el =M ;s dl <f~ +9; ) (e —€p_g—wg) 20 (6.17)
aw
1 0 0
Sm—el :|M1€,“—<j,cj|2 (gl(g,)q_ 9,% )) (e — €ig ™ wg) >0 (6.18)
i
di1 3 wil Mg gl
:/d qo(ep — €p_-— wgq) 14 — >0
Tme ! 273 (sinh(F7 ) + sinh(77) — sinh(“F—71—2))
(6.19)
M-~ _‘_)2
dy :/d3(f5(6,;—€,g~—w 7) Mg _ >0 (6.20)
Tme ! 2Ty (sinh( -2 el )—I— sinh(%Z ) - smh(Tif(J)“O))
rer - =4Tysinh?(E_1%) > ¢, (6.21)
T

Analogously, one obtains for the electron spin up collision integral approximated to first
order

Ook| _d d 00z | 995 — 09y
371 =2 (Ty — Tar) + 2 (Hdown — pup) — — % + —* 1
St Tme Tme TET TSE
09 7., ~ §f
Hdown — Hup k4G q
+ ri - Z el—et Tm_mT > (6.22)
ETsk 7 " *
with the abbreviations
1 . 0 0
T / PTIM gl (950, 15) 86 = eyt wg) 2 0 (6.23)
kt
1 2 (0) (0)
rebet =Mz g7 4l (1 MR ) d(eg — gy Twi) 20 (6.24)
qk
1 2( (0 _ (0
S Mgl (95— 950) 6k — g ) 20 (6.25)
ak
- /d3 §( ) il Mgy qiql”
== qo(ey — €5, -+ wg — k.G S >0
e bR T TR sinh (B — sinh($0) — sinh(EHE))
(6.26)
2
dk4 / 3 - |Mk+(j’%q_'|
= — dq(s(eﬁ'*eﬂ H«I»w») - - _ 20
Tme ko Tkt+q 2Ty (sinh( -2 ) — sinh(7) — Sinh(ﬁ?izﬂo))
(6.27)
TET SR =47y SlnhQ(M) >0. (628)
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6 Ferromagnet normal-metal junction

Thus, we are able to write down the coupled Boltzmann equations

SofY  or 951 : T 5
wg Y g M f7 _ cqwg Cq110 J3
_ L, oM . — T — T o — _
To 0w Vgx O Vgx Oz Toe ( 0 M)+ T (Ndo ,uup) T
og 09,7
1B R
- Z ei—)m o TeT—>m (629)
qk
891(20) Ottdow 909, dy1 dy2 09,5  09%
— - n . LR Ty —T wn — — —
Oe Yk ox T U ox Tme( 0 ) = Tme (Hdown = frup) 7_(0) o

- 59¢E - 5QTE . Hdown — MHup + Z 5ng q 5ftj’
7'

T T, iﬁei T;ﬁkr_z)ﬁeJ,
(6.30)
20 9 g d d 09 09y
i Hup Tk k3 k4 Tk Tk
_ - . Th — T o — _ _
e uk,x ox uk‘yx Ox Tme ( 0 M) Tone (:udo n /Lup) 7-150) TET

0g i — 09,7 - 09 7. ~ 5fz
1k Tk , Mdown — Hup Lk+q q
+ + + Z el—el 7_m—>eT ’
sk q (17_5 117_5
(6.31)

while vz, denotes the x-component of the magnon velocity with momentum ¢ and ug
) X

)

denotes the x-component of the electron velocity with momentum k. Thus, it is

Vg = Vg - cos(?) Uj , = uj - cos(d), (6.32)

while 9 is the angle between u; or U7 and the x-axis. The terms are independent of . The

relaxation time T,i ) belongs to inelastic impurity scattering as well as phonon scattering.

(0)

We assume 7,7 < g We are able to divide the differential equations by integration
over [ddsin(9)/2, [ ddsin(d)cos(¥)/2 and [ dYsin(¥) cos(29)/2. So, we get nine different
equations. From now on, we also neglect the spin flip scattering processes. Thus, the
summands including 7 vanish in Eqgs. (6.30) and (6.31). Now, we take equations from
the [ dvsin(¥) cos(?)/2-integral and neglect the crossing terms. After solving these three
equations for the deviation functions, we set them back into the expressions in curly brackets.

We will now derive a system of differential equations, which only includes the magnon
temperature Ty, the spin chemical potential pspin = ftup — ftdown and the charge chemical
potential ficha = ftup + fdown- The deviation functions 4 fg, 5ng—€* and dg R should not longer
occur. This, we perform by using the definitions for the magnon current, the spin current
and the charge current. The formula for the spin current for magnons reads

JMag = — Y Vga 0f7 (6.33)
q

The minus sign arises, because the spin of the magnons is parallel to electron spin down.
Now, we continue with the spin current for the electrons. It reads

1 1
Jepin = 5 D Uity 005 — 5 D Ui, 09, (6.34)
7 ;
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6.1 Calculation

On the other hand, no charge transport is allowed. This corresponds to
0= jcharge = Z UE’I 59;‘& + Z UE’I 59121‘ . (635)
k k

For all three currents, we take the first derivative in coordinate x. On the one hand, we
can take the equations out of the [ di¥sin(d)/2-integration, solve them for the derivative
in coordinate x of the deviation functions. After that, we set them into the derivative in
coordinate = of the current definitions. On the other hand, we can take the equations out
of the [ ddsin(¢¥)cos(v)/2-integration, solve them for the deviation functions an set them
into the derivative in coordinate x of the current definitions. Thus, we get three differential
equations, which only include the magnon temperature T}, the spin chemical potential pigpin
and the charge chemical potential pc,,. This three differential equations, we can set into
each other and find the following system of differential equations

0*T
Satmew— 5+ =~ Co(To — Tar) + Cattspin (6.36)
6 Spin
—Y Enew 8/;5 =C1(To — Tmr) — Copspin (6.37)
with
23
by =— 6.38
Mnew 2DM<2E+EUD)+2E(_22E+EUM)+ZDU(22UD+EUM) ( )
2%
Y Enew :2—1 (6.39)
2
Yo =YXpmEmp +Epv(EM +28mp) — EpmEmu + 225 (XM + Emp + Emu)
+XmYup +2YXquXup — XMmpXum + Xmudum (6.40)
Y1 =3 + SomEEEMp — ZpuEmEup + SomEmuZup
+YXpuXmupXum + XEXEMUZUM - (6.41)
We use the following short-writing notation
by Y by
EDM — ed2am ZUM — eu2—>m ZUD — eu;ed (6.42)
by by by
ZDU — ed—eu ZMD — m—ed ZMU — m—reu : (643)
2 2 2
and
EE:Eed/2:Zeu/2. (6.44)
We use as an approximation
89( )
Yied =Yey = Zu Tk k Uax (645)
(0) -(0)
TS (0) TS
_ 0 'kE-q 99 _ F+q 09,
Yeused = — ZUEJJTIg ,7_€T—>€¢ De ul_e‘fq”,x Yed—seu = Zukz Tk €¢—>€T e uE+q’,z
kG k Tk
(6.46)
(0) (0)
_ 0 T¢ wWilfg _ 0 Tg wpdfq
Em—wjd = - Z u’;@ﬂ'k TTCL’_)‘?\L ?0 Ow Vg,x Em—)eu = - ZUE,sz TW_L‘—WT ?0 0w Vg, -
q qk kq qk

(6.47)
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6 Ferromagnet normal-metal junction

One has to remember that it is vz, = vg - cos()) and up = ug- cos(¥). Additionally, we

Bl

abbreviated
(0)
wp 0 fq
EM:_ZUW qu 5 Vi (6.48)
q
(0) 4 (0)
Vg 2Ty 09
Eed—>m = - Z qej,iirljz 8’2 UE@ (649)
gk gk
(0) 4 (0)
Vg 2Ty 09
Eeu—>'m = — Z quiirlrﬁz a’z UE,m 5 (650)
gk qk

and introduced the coefficients

T
Z2COS quwq 2200 qu 0. (6.51)

me
By neglecting the crossing terms in the collision integral, we would have

z:eu—>ed = Eed—)eu = Zm—)ed = Em—)eu = Zed—)m = Eeu—)m =0. (652)

Then, we would find for the system of differential equations

0T
MWQ/[ =—C1(To — Timr) + Copispin (6.53)
82 in
X 555 =C1(Ty — Tyr) — Copispin - (6.54)

These two equations for the intermediate layer and the Eq. for the normal metal will
form the key system of differential equations, which will be solved further down. In the
same way, as described above, we are able to derive a Boltzmann differential equation for
the electrons in the region of the normal metal (z > L), where only electrons and phonons
are able to propagate. Magnons are not able to propagate in this region. In this region, we
include the spin relaxation. Here, we start with Egs. (6.30]) and (6.31]) and do not neglect the
spin flip scattering. But, we neglect the scattering with magnons. Phonons are equilibrated
at temperature Ty and strongly coupled to the electrons. Thus, the electron temperature is
fixed at Ty, but the chemical potential may deviate. As already done above, we perform a
separation by the integration over [ disin(?9)/2 and [ ddsin(¢9) cos(9)/2. Then, we take Eq.
, which is the definition of the spin current and take the first derivative in coordinate x.
Again, we solve the two equations from the [ disin(¢)/2-integration for the first derivative
in coordinate x of the deviation density functions and set them into Eq. . Additionally,
we take the two equations from the [ ddsin(d) cos(¥)/2-integration and solve them for the
deviation density distribution. Then, we also set these equations into Eq. . Finally, we
find

0 ispinright
- ZEvright%;“g = _CBHSpin,right ) (6.55)

while pigpin right denotes the spin chemical potential in the normal metal, where only electrons
and phonons can propagate (x > L). It is tspin right = Hup,right — Idown,right- L he parameter
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6.1 Calculation

Y B right DOW becomes renormalized because of the spin relaxation term in Egs. (6.30) and
(6.31). The abbreviations read

(0) (0)

T Tsk 900
EE,ri ht — — k U= 5 (656)
® ZE: 27',50) + Tsk k Oe
and
1
= 2 cos? . .
Cs EE cos®(p) — (6.57)

Now, we want to solve the resulting system of differential equations consisting of the three
differential equations with three unknown functions T, pspin and pigpin right- For the inter-
mediate region at 0 < z < L, the differential equations (6.36)) and (6.37) hold. However, the
differential equation holds in the normal metal, where only electrons and phonons are
able to propagate (x > L). The boundary conditions read

JMag(L) =0 T (0) = Tho (6.58)
jSpin(O) =0 Mspin(L> = :U'Spin,right(L) (659)
jSpin(L) :jSpimright(L) xlgglo MSpin,right (1‘) = Ov (660)

while Tyg denotes the magnon temperature at position x = 0. For writing down the bound-
ary conditions, we need the expressions for the magnon current and the spin current. The
expressions for the magnon current, the spin current and the charge current read

. 0T Yum | Epwm '\ Olspin Ypm  Xum | Olicha
=) — — 6.61
IMag =5M g +< 2 T2 Oz 2 2 ) o (6.61)
. Opspin , Lup + Xpu Ospin .~ XuD — XpU Often 0T
in=— X P P cia Y by —_—
JSpin E™ oz + 2 ox + 2 ox + (Xmp +Xmu) ox
(6.62)
. Opicha  XUD — Xpu Olspin -~ DD + DU Oficha 0T
—_¥ - - _¥ Saw) M
Jeha E ox 2 ox 2 ox + (=Zmp + Zuv) ox 0
(6.63)

For writing down the boundary conditions, one needs to eliminate Opucp,/0x. By solving Eq.
(6.63)) for Opicna/0z and setting it into the other two Egs. (6.61) and (6.62)), we eliminate the
dependence of the charge chemical potential in the boundary conditions.

The explicit spatially dependent solutions to the problem is to complicated to write down.
We are interested in small interface length L. Thus, the interaction needs to scale with this
interface length in the following way

2o

| Mz x

FR-qq (6.64)

In addition to that, we assume lattice mismatching at the interface between the insulating
ferromagnet and the conducting normal metal. This leads to a boosted impurity relaxation
time for magnons and electrons, which is assumed to scale in the following way

T,go) x L Tq(O) x L. (6.65)
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6 Ferromagnet normal-metal junction

Because of that, the coefficients C; = C(L) and Cy = C3(L) as well as the spin conductivities
also depend on the interface length and we can identify the following dependencies of the
arising coeflicients

Sp(l) =0l  Sy(L)=oyul  Su(L) =owl.
(6.66)

For a,b one sets the letters D, U or M. Including these definitions, the result becomes
independent of the interface length L. Since it is also to lengthy to write down, we perform
an approximation in the magnon-electron interaction strength (influencing c1, co and ogp).
The total current can be calculated by Eq. and one finds for the total spin current
exactly behind the interface

c1(c10E\/Cs2XE right + c2(30E + \/C5XE right )0 ) (Thio — To)
30/ C5XE right O M

c1(8c2C50% X B right + 4303, (150% + 2055 g vight + 100 5+\/C5 3 E right) ) (Tvo — To)

Jspin(L) = — c1(Tvio — To) +

6OC5EE7righta%U%/l
c1(10¢20 0 C5X g right (0E(oMD + omu) — om(opu + oup)))(Tao — To)
60C52 B right O 50
ci(c1oponm(c2(11C5X g right + 400E+/C5XE right) — 5C5X E right (DM + 0Uar)))
60C52 B right O 502
X (TMO — Tg) . (667)

We want to point out, that this resulting term does not depend on the thickness L of the
intermediate region. Hence, this term does not change, when we perform the limes of L — 0.
Of course, the zero order term in temperature difference vanishes, because the interaction is
needed to transfer the magnons into electron spin excitations. The leading contribution is
just ¢; times the temperature difference, since this term results from the first order collision
integral for the temperature variation. Behind the interface (x > L), the current decays
exponentially.

If one compares the expression for the spin current in Eq. , one finds that the spin
current is proportional to ¢; and (Typ — 7p) in leading order of the sd-coupling strength.
Also, Schmidt et al. [57] performed a calculation on a related setup. Their expression is
similar to our result.

In order to describe the spin pumping on an YIG-Pt interface, where the intermediate
region is small, i.e. on an atomic scale, we take the two dimensional limit of our calculation.
One has to consider, that the parameter ¢; is an /;—integrated coefficient. For considering
wave vector dependent magnon temperatures, we have to take out the E—integration and
integrate after multiplying the wave vector dependent temperature. Taking into account,
that for a two dimensional interface, the three dimensional momentum conservation reduces
to a two dimensional momentum conservation and recovering the k-dependent form of ¢y,
in order to allow the treatment of the k-dependent temperatures, we arrive at the following
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6.2 Summary

expression for the spin pumping

Js = Gup (Tua(k) — T) (6.68)
E
G(clean) :Lmeff N52 kg 4771-4 w_‘ail)]%
m.k  h2 3a3 ) Tk OT
Pmax 8f9 (v ) -0 max — /
X / dpy? | -2 /dQE/dQﬁ]MF (L) (Zf =P (660)
0 € |pJ_|
with
2Megws
P = :l:\/pi + Tk — kﬁ —2pk cos(gpk — ©p) - (6.70)

Here, Tyi(k) denotes the local and wave vector dependent magnon temperature in the YIG-
film. Additionally, it is pj = p - sin(dp), pL = p - cos(Jp) and k| = k - sin(J;). We have
b% = féo) for the equilibrium density for the magnons at wave vector k (cf. Eq. 1) and
the energy dispersion wp = €z (cf. Eq. (2.6)). Besides, the equilibrium electron density is
denoted by fg = f}go) (cf. Eq. 1) and the electron energy dispersion is denoted by €z (cf.
Eq. (2.1)). The parameter meg denotes the effective mass for the electrons and Ng is the
number of valence electrons in a platinum unit cell. The upper expression is equivalent to
the spin pumping found by Schmidt et al. [57] for a clean interface. For the comparison
between the two theories, we have

1 /3a3\ 7S (Jq\? 1
2_ 2 (29 VP [ Jsd ) L
M= L (47r4> 2A (N> kg (6:71)

The numbers are

Jsqa =1.48884 meV (6.72)
ayig =12.4nm [52, 53] (6.73)
A =ayq (6.74)
me =9.1093897 - 103 kg (6.75)
Megs =1.38 - me [57] . (6.76)

The parameter Jyq will be adjusted in chapter [} It will be adjusted in that way, that the
resulting transverse spin Seebeck voltage for Ty = 300 K is the same for the theory from
Xiao et al. [23], from Schmidt et al. [57] and from ourselves as well.

6.2 Summary

In this chapter, we considered the spin pumping mechanism between an insulating ferromag-
net and a normal metal by using the Boltzmann equation. We found the spin current to be
proportional to the difference between magnon and electron temperature.

In the insulating ferromagnet only magnons and phonons are able to propagate, while
in the normal metal only electrons and phonons are able to propagate. In our model, there
is an intermediate layer of thickness L, where all three types of (quasi-)particles are able
to propagate. The electrons in the normal metal are strongly coupled to the phonons and
thus both are at temperature Ty. Only the magnons in the insulating ferromagnet are at a
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6 Ferromagnet normal-metal junction

different temperature Tyg. But the chemical potential for the electrons can deviate in the
normal metal and in the intermediate region.

Here, we set up the Boltzmann equation for the intermediate region and for the normal
metal. In the intermediate region we consider electrons and magnons, while in the normal
metal we consider electrons only. The magnon-electron interaction is mediated by a sd-
interaction. At the end, we derive a system of differential equations for the problem. After
solving the system of differential equations, we calculate the spin current at the contact area
between the intermediate layer and the normal metal (z = L). The interaction strength is
assumed to be proportional to 1/L (cf. Eq. ) Thus, we take the limes of the thickness
of the intermediate layer going to zero (L — 0). At the end, the spin current is proportional
to the difference of the magnon temperature Typg and the electron temperature Ty. This
dependency on the temperature difference agrees with the theory of Xiao et al. 23] and with
Schmidt et al. [57]. Our detailed expression coincides with the expression of Schmidt et al.
[57].

The better understanding of the spin pumping mechanism helps us to better understand
the spin Seebeck effect. There, a thin and ferromagnetic YIG-film was evaporated on a GGG
substrate (GdsGas0O12). Again on top, there are small platinum stripes with a voltmeter
attached to measure the inverse spin Hall voltage (cf. figure 4). The heat reservoirs, which
generate the temperature gradient are assumed to be ideal heat reservoirs. The temperature
gradient will induce a deviation of the magnon temperature inside the YIG-film. Since the
electrons in the normal metal are strongly coupled to the phonons, there will be a temperature
difference between magnons and electrons. Thus, there will be a spin current based on the
spin pumping mechanism. The inverse spin Hall effect transfers the spin current into a
measurable charge current.
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7 Results

In this section, we discuss the results out of the system of linear equations for the magnon
temperature in the transverse spin Seebeck effect, which was derived in chapters [3| [4 and
Additionally, we will calculate the transverse spin Seebeck voltage. The setup can be found
in figures [4] and [9]

The setup of the transverse spin Seebeck effect consists of a GGG substrate formed as
a cuboid, while the edge length are in the order of millimeters. On top of the thick GGG
substrate, there is a thin YIG-stripe with the same surface area attached. Furthermore on top
of the YIG-stripe, there are smaller stripes of platinum. In the GGG substrate, only phonons
are able to propagate. Since the thickness of the GGG substrate is much thicker than of the
YIG-film, the phonons are propagating in the GGG substrate most of the time. Thus, they
are only rarely influenced by the magnons. We neglect the influence from the magnons onto
the phonons. In contrast, the magnons are strongly influenced by the phonons, because they
propagate only in the YIG-film, where phonons and magnons are able to propagate as well.
Thus, we calculated the phonon-temperature in chapter [3| by using the Boltzmann equation
and including phonon-phonon interaction only.

In chapter [ we calculated the collision integral in the Boltzmann equation for the
magnon-phonon interaction and took the phonon temperature as an input parameter. After
that, we calculated the collision integral in the Boltzmann equation for the magnon-magnon
interaction in chapter |5} In both interactions, we considered exchange magnons and dipolar
magnons as well. To evaluate the resulting expressions numerically, we performed analytic
transformations and a discretization of the wave vector dependent temperature in 100 or 200
points. We derived a system of linear equations for the wave number dependent magnon
temperature including magnon-phonon and magnon-magnon interaction as well. The phonon
temperature was used as an input parameter. The solution to the system of linear equations
will be presented in this chapter.

The resulting system of equations is composed of contributions from magnon-phonon
interaction, dipole-dipole magnon-magnon interaction and exchange magnon-magnon inter-
action. We have to sum up the three contributions in a system of equations. It is

of| _ o or; or; -
ot St ot St,mag-pho ot St,mag-mag,3 ot St,mag-mag,4
In Eq. (4.47) we motivated the integral identity, which has to be fulfilled
1 [7 ofs
0= / sin(d) dd OJk ) (7.2)

while this equation is assumed to be independent on ¢. With these two equations, we set
up the system of linear equations for the wave number dependent magnon temperature. For
the contribution of the magnon-phonon interaction, we take Eq. . We take Eq.
for the contribution of the magnon-magnon interaction which is mediated by dipole-dipole
interaction. For the contribution of the magnon-magnon interaction, which is mediated by
exchange interaction, we take Eq. . For magnons in this section, we only consider nor-
mal scattering processes. Umklapp scattering processes are neglected for magnons. These
three contributions sum up to a system of integral equations, where the wave number depen-
dent magnon temperature occurs only linear. Since there are summands including phonon
temperature but no magnon temperature, they are treated as inhomogeneities in the system
of linear equations.
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For setting up the system of linear equations, we discretize the integration and also
discretize the wave number dependent magnon temperature and phonon temperature. For
our calculation, we discretize the wave number interval 0 < k < kg into n = 100 or n = 200
small intervals. It turns out, that the result converges with these numbers. Then, we get a
system of linear equations with n equations and n unknown magnon temperatures.

In figures 38 and one finds a plot of the dispersion relation for the phonons and for the
magnons. Here we use Eq. for the linear phonon dispersion. The magnon dispersion
relation consists of an offset plus a quadratic term. For this, we take Eqgs. and .
We take Hy = 99.9 Oe for the external magnetic field and My = 139 G [43, p. 182] for
the local magnetization (cf. Eq. ) This is consistent with the parameters used for the
magnon-magnon interaction in Eq. . If we set in the angle ¥ = 7/4 (cf. Eq. ), we
end up with

woft = 5.49 GHz . (7.3)

With these numbers, we compared the exact formula for the magnon dispersion and the
approximation. The exact formula is in Eq. , while the approximation is in Eq. .
The accordance of both formulas is good for the expected numbers. In figure 40} we added
an exemplary optical phonon mode.

Wg optical = Wgap — Cph,2 4, (74)

with wgap = 19094 GHz and cpp2 = 768.6 m/s. The temperature for the optical phonons
is set to AT at position x = —L/2, which is approximately the temperature for diffusive
phonons. For our calculation, we use the following numbers

i =1.05457266 - 10734 Js (7.5)
kg =1.380658 - 10723 J /K (7.6)
a =1.2376 nm [52, 53] (7.7)
cph =3843m/s [55] (7.8)
S =14.2 53 (7.9)
Dey =9.16 - 1071 GHz em?[43), p. 182] (7.10)
kp =kmax = 3.10-107 -cm ™. (7.11)
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Figure 38: Here, the k-dependent frequency (not angular velocity) of magnons and phonons
is plotted. The phonon dispersion relation is linear, while the magnon dispersion relation is
quadratic plus an offset. Thus, the dispersion relations intersect twice.
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Figure 39: Zoom of the phonon and magnon dispersion relation. The dispersion relations intersect

twice.
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Figure 40: Here, the k-dependent frequency (not angular velocity) of magnons and phonons is
plotted. The linear phonon dispersion relation is extended by a linear optical phonon mode. As
in figures [38 and [39] the magnon dispersion relation is quadratic plus an offset.

101



7 Results

Now, we discuss the results from the system of linear equations, which was derived above.
The wave vector dependent phonon temperature was already calculated in chapter We
will recapitulate the results. The wave vector dependent phonon temperature for different
average temperatures Ty is plotted. In figure the boundary scattering is not included,
while in figure 2] boundary scattering is included. For constructing the spatial temperature
profile, one takes the value for z = —L/2 out of figure and and places a straight
line through this point and zero at x = 0. In the absence of boundary scattering, the
ballistic phonons propagate nearly hitchless through the GGG substrate. Thus, they keep
the temperature of the heat bath where they came from. In average, left and right moving
ballistic phonons therefore have the average temperature Ty. When boundary scattering
is included, the phonons scatter at the boundary of the substrate and relax to the local
temperature of diffusive phonons, as described above. Thus they are only able to keep the
temperature for a length in order of the boundary relaxation length.
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— To=12K
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Figure 41: Here, the k-dependent phonon temperature at position x = —L/2 is plotted for

different average temperatures Ty. Boundary scattering is not included in this figure.
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Figure 42: Here, the k-dependent phonon temperature at position * = —L/2 is plotted for

different average temperatures Ty. Boundary scattering is included in this figure.

Now, we calculate the wave vector dependent magnon temperature. Here, we include
magnon-phonon interaction as well as magnon-magnon interaction. For both interactions
we consider dipolar magnons and exchange magnons separately. We take Eqgs. and
and solve the system of linear equations for the discretized wave vector dependent
magnon temperature. In figure [43] the resulting magnon temperature is shown without
boundary scattering. Instead in figure [44] the resulting magnon temperature is plotted
and the boundary scattering is included. The boundary scattering describes the scattering
process of phonons at the boundary of the system (or the cuboid). When one phonon reaches
the boundary, it relaxes and gets the local temperature of the diffusive phonons. Diffusive
phonons are phonons with a small relaxation length and hence with a large wave number.
The boundary scattering is also explained around Egs. (3.25) and ([3.40)).

Similar to the wave vector dependent phonon temperature, the magnon temperature de-
creases for small wave numbers (or large wave lengths). The smaller the average temperature
Ty is, the greater the decrease of temperature for the small wave number magnons is. In
contrast to the phonon temperature, the magnon temperature does not decrease to Ty for
small wave numbers even without boundary scattering. When we include boundary scat-
tering, the magnon temperature decreases less for small wave vectors similar to the phonon
case. If one wants to construct the spatial temperature profile for one certain wave number,
one has to take the value out of the figures |43|or [44] as one point of the profile at x = —L/2.
All temperature profiles are linear and crossing the value Ty at position x = 0. With these
two points, one is able to construct the linear temperature profile.
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Figure 43: Here, the k-dependent magnon temperature at position x = —L/2 is plotted for

different average temperatures Ty. Boundary scattering is not included in this figure.
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Figure 44: Here, the k-dependent magnon temperature at position x = —L/2 is plotted for

different average temperatures Ty. Boundary scattering is included in this figure.

Now, we add an optical phonon mode to the phonon dispersion relation. In principle,
optical phonon modes are present and we want to analyze their influence on our transverse
spin Seebeck voltage. Because of that we consider one representative optical phonon mode.
Here, we use Eq. and the dispersion relation can be seen in figure The interaction
strength between magnons and optical phonons is set to be the same strength as for interac-
tion between magnons and acoustic phonons. At the end, we have the results for the cases
with the same interaction strength and with zero interaction strength for magnons with op-
tical phonons. The temperature for the optical phonons is set to AT at position © = —L/2,
which is approximately the temperature for diffusive phonons. The magnon temperature by
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including the optical phonon mode and without boundary scattering is shown in figure
and with boundary scattering shown in figure [46] If the average temperature Ty is small, the
result does nearly not change by adding an additional optical phonon mode. This we will
also see later, when we calculate the spin Seebeck voltage. For higher temperatures Ty, the
numeric calculation does not converge within the bounds of computing capacity. But, we can
state, that the temperature profile for the magnon temperature including optical phonons
deviates from without optical phonons.
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Figure 45: Here, the k-dependent magnon temperature at position x = —L/2 is plotted for

different average temperatures Tg. In this calculation, we included an optical phonon mode, as
shown in figure [40] In this figure, boundary scattering is not included.
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Figure 46: Here, the k-dependent magnon temperature at position x = —L/2 is plotted for

different average temperatures Tj. In this calculation, we included an optical phonon mode, as
shown in figure [0} In this figure, boundary scattering is included.

For calculating the transverse spin Seebeck voltage, we need to calculate the average
temperatures for phonons and magnons before. By calculating the phonon temperature
average, we weight the summation by the Bose-Einstein distribution. Since the temperature
is only dependent on the absolute value of the wave vector, we transform the summation
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into spherical coordinates. Thus, the factor p? occurs as an additional weighting factor. The
formula for the phonon temperature average reads

7o AmY, p*on(p,To) - Ten(p)
e 47sz p2 n(p)TO) 7

(7.12)

while the summation goes via the discretized points between 0 and kr of the magnon tem-
perature. Here, the function n(p,Ty) denotes the wave number and temperature dependent
phonon distribution, which is a Bose-Einstein distribution (cf. Eq. ) If optical phonons
are included, on also have to consider them in the upper summation with their correct dis-
persion and Bose-Einstein distribution. The average magnon temperature will be calculated
in the same way as for the phonon temperature. The summation is weighted by the Bose-
Einstein distribution. In the same way, the factor k? occurs because of the transformation
into spherical coordinates. The formula for the magnon temperature average reads

T 4> k2 f(k, To) - Ta(k)
YT S R feT)

while the summation goes via the discretized points between 0 and kr of the magnon tem-
perature. Here, the function f(k,Tp) denotes the wave number and temperature dependent
magnon distribution, which is a Bose-Einstein distribution (cf. Eq. (2.8)).

The results for the phonon average temperature Tpy, and the magnon average tempera-
ture Ty dependent on the overall average temperature Ty are shown in figure without
boundary scattering. The same results by including boundary scattering are shown in figure
The smaller the overall average temperature Ty is, the smaller the average tempera-
ture for phonons and magnons is. For calculating the wave vector average, the Bose-Einstein
distribution times k? occurs as a weighting factor. At small overall average temperature Ty,
small wave vector phonons and magnons are much higher weighted than large wave vector
phonons and magnons. Thus, their influence on the wave vector averaged temperature is
large. The consequence is, that here the wave vector averaged phonon and magnon tempera-
tures are close by the temperature for small wave vector phonons and magnons, respectively.
For larger overall temperature, the situation is different for phonons and magnons. At room
temperature (Tp = 300 K), the phonon weight function is nearly linear and the magnon
weight function has a small and negative slope. In that situation, all phonons and magnons
contribute to the wave vector average.

As a next step, we consider the difference between the averaged phonon temperature
Tpy, and the averaged magnon temperature Ty for different overall averaged temperature
To. The difference is shown in figure The sign change in the temperature difference
is caused by the crossing of average phonon temperature and average magnon temperature
in figure Additionally, the plots are also made by including an extra optical phonon
mode (cf. Eq. ) The optical phonons are expected to have the diffusive temperature.
For calculating the phonon average temperature, one also has to respect optical phonons,
their temperature and the correct dispersion relation in the Bose-Einstein weighting factor.
For small temperatures 7Ty, the deviation between including and excluding optical phonon
modes is small. For larger temperatures, we can state that there is a significant change in
the behavior. But, there is no decrease in the absolute value of the temperature difference
and the sign change still remains.

(7.13)
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Figure 47: The wave vector averaged phonon temperature Tp, and magnon temperature Ty was
calculated dependent on the overall average temperature Tj. These figures do not include optical
phonon modes.
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Figure 48: The difference of the averaged phonon temperature Tpy, and averaged magnon tem-
perature Ty is plotted dependent on the overall averaged temperature Ty. Additionally, we
performed the same calculation by including an optical phonon mode. The dashed line for larger
than 6 K illustrates just the magnitude of the result, because there are significant numerical
errors, which are caused by finite size effects.

Now, we want to calculate the transverse spin Seebeck voltage in the platinum stripe.
The setup can be found in figures [4] and [9] For the conversion of a temperature difference
between magnons and phonons into a transverse spin Seebeck voltage, we take the theory
from Xiao et al. [23]. As described by them, the temperature of the electrons in the platinum
stripe is strongly correlated to the phonon temperature in the YIG ferrimagnet. Thus, we
expect the electron temperature to be the same as the averaged phonon temperature. If there
is a temperature difference between the magnons in the ferrimagnet and the electrons in the
platinum stripe, there will be a net spin current in the platinum stripe, which is proportional
to this temperature difference. This proportionality we also find in our theory of chapter 6
and in the theory of Schmidt et al. [57]. This mechanism is called spin pumping. The inverse
spin Hall effect converts a spin current into a charge current, which is perpendicular to the
direction of the spin current and additionally perpendicular to the polarization of the spin
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current. The mechanism causes the transverse spin Seebeck voltage and is sketched in figure
4p. For the formula for the transverse spin Seebeck effect, we compare Egs. (18) and (25)
from Ref. [23]. Thus, we find

0 wpt gr Y el k _ _
aOe ST (T, — T, (7.14)

Vsse =
We take the numbers from Ref. [23]

O =0.0037 ( )
p=0.91pQm (7.16)

wpy =4 mm (7.17)
9r/A =10" m~? (7.18)
v =1.76 - 10" T 157! (7.19)

e =1.60217733- 107 C (7.20)

kg =1.380658 - 10723 J/K (7.21)
4rMg =1.4-10° A/m (7.22)
V13 =14.1nm. (7.23)
Additionally, we have to respect the temperature dependence of the magnetic coherence

volume V;,. The upper value is given for Tp = 300 K. Out of Eq. (15) of Ref. [23], we extract
the following temperature dependence

N
R
2

\/TT\/[ Nivh (7.24)
With these numbers, we calculate the transverse spin Seebeck voltage. The results can
be found in figure The results are separately plotted by including and excluding the
boundary scattering. We find, that the transverse spin Seebeck voltage is larger for small
temperatures Ty than for room temperature. Besides for small overall averaged temperatures
Ty, the difference in the results between including and excluding the optical phonon mode is
very small. For larger overall temperatures Ty the difference between including and excluding
the optical phonon mode becomes larger.
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Figure 49: The transverse spin Seebeck voltage Vssg is plotted dependent on the overall average
temperature Ty. Additionally, the transverse spin Seebeck voltage by including an optical phonon
mode in the calculation Vssg opt is plotted here. The dashed line for larger than 6 K illustrates
just the magnitude of the result, because there are significant numerical errors, which are caused
by finite size effects. The temperature difference between the two heat baths is set to 2AT = 2
K. The results are proportional to this temperature difference.

In figure [14] and [L5] of section we discussed the several relaxation processes for the
phonons. Now, we separate the calculation by including and excluding the phonon normal
scattering processes. In figure we plot the transverse spin Seebeck voltage by performing
this separation. As one can see for T = 3 K in figure the normal scattering relax-
ation length is length is always larger than the boundary scattering. Thus, there is nearly
no difference between including and excluding normal scattering processes when boundary
scattering is including. Only by excluding boundary scattering, the result becomes a little
different. For higher overall average temperatures Ty with and without boundary scattering,
the normal scattering relaxation length becomes more important (cf. figure and reduces
the transverse spin Seebeck voltage significantly. If we combine including normal scattering
and optical phonon mode, we suspect the influence of the optical phonons to the spin Seebeck
voltage to be small for all Tj.

Vsse/nV Vsse/ nV
A — without normal scattering relaxation
é ] iz with normal scattering relaxation
Sl P emee—oT—20 50 To/ K 15
“6re — without normal scattering relaxation ij
__1?): with normal scattering relaxation (1)?) O To/K
(a) Without boundary scattering (b) With boundary scattering

Figure 50: The transverse spin Seebeck voltage Vssg is plotted dependent on the overall average
temperature Tp with and without boundary scattering. Additionally, the transverse spin Seebeck
voltage is separated by including and excluding phonon-phonon normal scattering events in the
calculation for the relaxation length.
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Now, we will use another theory out of chapter [0] for the spin pumping mechanism. As
already discussed at the end of chapter@ ourselves and Schmidt et al. [57] developed a theory
for the spin pumping mechanism. The expressions can be found in Eqgs. (6.68)), (6.69)), (6.70)
and .

Schmidt et al. [57] developed a more exact equation for the inverse spin Hall effect.
They included spin-flip mechanism in the platinum stripe. Thus, the spin current decays
by penetrating from the contact area into the platinum stripe. The averaged spin Seebeck
voltage reads

tanh <L—N>
—_ 2le 2 .
Vsse = O0n p’th|h|LNf “Js - (7.25)
Ast

The numbers are

p =0.91pQm [23]

wpy =4 mm [23] .

Ly =dp, = 15um [21, 57] (7.26)
Ast =14nm [57] (7.27)
Jog =1.48884 meV (7.28)
O =0.0037 [23] (7.29)
(7.30)
(7.31)

The parameter Jyq out of Eq. was adjusted in that way, that the resulting transverse
spin Seebeck voltage for Ty = 300 K is the same for the theory from Xiao et al. [23], from
ourselves and from Schmidt et al. [57] as well. The resulting transverse spin Seebeck voltage
out of Eq. dependent on the overall average temperature Tj is plotted in figure
If one compares the results with the transverse spin Seebeck voltage in figure one finds,
that the result in figure is about one magnitude smaller. This belongs to the fact that
the general temperature dependence of the spin pumping mechanism is different.
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Figure 51: Here, the theory from ourselves and Schmidt et al. [57] is used. The transverse
spin Seebeck voltage is plotted dependent on the overall average temperature Ty. The plot is
separated between excluding and including boundary scattering.

Now, we want to separate the calculation by including and excluding phonon normal
scattering processes by using the spin pumping theory from ourselves and Schmidt et al.
[57]. The transverse spin Seebeck voltage by performing this separation can be found in
figure As already found in figure there is nearly no difference between including
and excluding normal scattering processes when boundary scattering is including. This is
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7.1 Summary

the case, because the normal scattering relaxation length is length is always larger than the
boundary scattering (cf. figure 15| for Ty = 3 K). Only by excluding boundary scattering, the
result becomes a little different. For higher overall average temperatures Ty with and without
boundary scattering, the normal scattering relaxation length becomes more important (cf.
figure and reduces the transverse spin Seebeck voltage significantly.
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Figure 52: Here, the transverse spin Seebeck voltage is separated by including and excluding
phonon-phonon normal scattering events in the calculation for the relaxation length. In addition,
the theory from ourselves and Schmidt et al. [57] is used.

Now, we want to compare the results with experimental measurements. As we found in
our calculations, the transverse spin Seebeck voltage is at the order of tenth of nanovolts
for room temperature (T = 300 K). This result coincides with the measurements of Schmid
et al. [33], Avery et al. [35] and Meier et al. [39]. They found, that the transverse spin
Seebeck voltage is not larger than nanovolts at Ty = 300 K. Our results do not coincide with
Uchida et al. [21], they found a transverse spin Seebeck voltage at the order of microvolts.
Our calculation of the magnon and phonon temperature coincides with the measurements
of the magnon temperature by Agrawal et al. [31]. They found a small deviation between
the magnon temperature and the phonon temperature, while they are only able to measure
the temperature of large wave number magnons. For large wave number magnons, we found
a similar result, while the deviation becomes larger for short wave number magnons. For
smaller overall average temperatures T, the resulting transverse spin Seebeck voltage in-
creases in general. Until now, there has been no experiment performed at this temperature
regime.

7.1 Summary

In this chapter, we took the system of linear equations for the magnon-phonon coupled
system out of chapters [3| 4] and [5] and solved it for the magnon temperature in the YIG-
stripe. After that, we calculated the transverse spin Seebeck voltage by using the phonon
and magnon temperature.

The setup of the transverse spin Seebeck effect consists of a GGG substrate, while the
edge length are in the order of millimeters. On top of the thick GGG substrate, there is a
thin YIG-stripe with the same surface area attached. Furthermore on top of the YIG-stripe,
there are smaller stripes of platinum. The setup can be found in figures [4] and [9] Since
the thickness of the GGG substrate is much thicker than of the YIG-film, the phonons are
rarely influenced by the magnons. In contrast, the magnons are strongly influenced by the
phonons. Thus, we calculated the phonon-temperature in chapter [3] by using the Boltzmann

111



7 Results

equation and including phonon-phonon interaction only. We calculated the collision integral
in the Boltzmann equation for the magnon-phonon interaction and took the phonon temper-
ature as an input parameter in chapter [ In chapter 5} we calculated the collision integral
in the Boltzmann equation for the magnon-magnon interaction. In both interactions, we
considered exchange magnons and dipolar magnons as well. We derived a system of linear
equations for the wave number dependent magnon temperature including magnon-phonon
and magnon-magnon interaction as well. The phonon temperature was used as an input pa-
rameter. Finally, we solved the system of equations for the wave number dependent magnon
temperature in this chapter.

With these solutions, we calculated the wave number averaged phonon and magnon
temperature. This, we did for different overall averaged temperatures Ty. For calculating
the transverse spin Seebeck voltage, we needed the temperature difference between the wave
number averaged phonon and magnon temperature. Here, we used the theory of Xiao et
al. [23] to calculate the transverse spin Seebeck voltage. We separately plotted the results
by including phonon boundary scattering on the one hand and excluded phonon boundary
scattering on the other hand. Our theory out of chapter [6] and the theory of Schmidt et al.
[57] are similar to each other. Additionally, we used them for calculating the transverse spin
Seebeck voltage. The three methods were adjusted, so that they give the same transverse spin
Seebeck voltage for room temperature. In both theories we found, that the transverse spin
Seebeck voltage is larger for small temperatures than for room temperature. Furthermore,
we included an optical phonon mode in our calculation with the theory of Xiao et al. [23].
For small overall averaged temperatures Ty, the change in the results is very small, when we
include an optical phonon mode. But it becomes larger for larger overall temperatures Tj.
Besides, normal phonon scattering decreases the transverse spin Seebeck voltage for large
overall averaged temperatures 7.
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8 Conclusions and Outlook

In the present theoretical thesis, we analyzed the influence of quasiballistic phonons to the
transverse spin Seebeck effect by making use of the Boltzmann equation.

In one of the experimental setup, where the spin Seebeck effect was observed, a thin,
ferrimagnetic, and here insulating YIG-film (Y3Fe5012) was evaporated on an insulating
and non-magnetic GGG substrate (Gd3GazO12). Again on top, there are small platinum
stripes with a voltmeter attached to measure the inverse spin Hall voltage (cf. figures 4| or
@. The sizes are at the order of millimeters, except for the thicknesses of YIG which is at
the order of micrometers, and except for the thickness of platinum which is at the order of
nanometers. In case of the transverse spin Seebeck effect, the applied temperature gradient
is parallel to the surface of the YIG-film. In contrast for the longitudinal spin Seebeck effect,
the applied temperature gradient is perpendicular to the surface of the YIG-film. The heat
reservoirs, which generate the temperature gradient, are assumed to be ideal heat reservoirs.

In this thesis, we focused on the transverse spin Seebeck effect. The goal was it to
calculate the transverse spin Seebeck voltage in the platinum stripes, which is measurable.
This transverse spin Seebeck voltage is generated by a spin current which comes out of
the YIG-stripe. Via the inverse spin Hall effect, the spin current is converted to a charge
current. Xiao et al. [23], Schmidt et al. [57] and ourselves showed, that the spin current is
generated, when there is a temperature difference between the magnons in the YIG-stripe
and the electrons in the platinum. This effect is called spin pumping. The phonons are
strongly coupled to the electrons in the platinum and thus have the same temperature.
Hence, we needed to calculate the magnon temperature and the phonon temperature in the
YIG-stripe. Since the thickness of the YIG-stripe is much smaller than the thickness of the
GGG-substrate, the phonons are propagating most of the time in the GGG-substrate and
are thus rarely influenced by the magnons. In contrast, the magnons are only propagating
in the YIG-film and hence interact with the phonons all the time. Because of that, we first
calculated the phonon temperature in the GGG-substrate by only including phonon-phonon
interaction in chapter After that, we prepared the calculation of the influence of the
phonons onto the magnon temperature in chapters [4f and |5, In chapter [7, we presented the
results.

The left heat reservoir is at temperature Tp + AT at position = —L/2, while the right
heat reservoir is at temperature Ty — AT at position x = L/2. Xiao et al. [23] as well as
Sanders and Walton [24] performed calculations on the transverse spin Seebeck effect on the
magnon temperature. Since measurements from Agrawal et al. [31] claimed their effect to
be small for large wave number magnons, we performed a wave vector dependent calculation
based on local interactions, where small wave number phonons, which are quasiballistic
phonons, play an important role. Additionally, there are contradictory measurements [33]
34), 35], which motivated us to perform the calculation.

In the collision integral of the Boltzmann equation, the relaxation length occurs. Neel-
mani et al. [48] calculated the phonon relaxation length dependent on the wave vector,
where Umklapp processes are included. Additionally, we performed an estimation for the
Normal process scattering length. These we used and solved the Boltzmann equation for the
wave number dependent phonon temperature by performing some approximations. For this
calculation, the temperature deviation needs to be much smaller than the overall average
temperature Ty. Additionally, we performed this calculation for different overall average
temperatures Tp.

The resulting phonon temperature profiles are linear in space and crossing the overall
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8 Conclusions and Outlook

average temperature T in the middle of the substrate at x = 0 (cf. figure . The values for
x = —L/2 dependent on the wave number can be found in ﬁguresand The temperature
of the phonons is connected to the density of the phonons via the Bose-Einstein distribution
function. A large phonon temperature corresponds to a large density of phonons. Phonons
with a large wave vector have a small relaxation length. Thus, they scatter very often and
adopt the temperature from the proximity. So, there is nearly no temperature jump at
the heat reservoir and the slope of the temperature profile is large. Phonons with a small
wave vector have a large relaxation length. Hence, these phonons propagate nearly hitchless
through the GGG-substrate and keep their density as well as the temperature from the heat
bath, where they come from. Thus, right moving phonons with a small wave vector nearly
keep the temperature Ty + AT and left moving phonons with a small wave vector nearly keep
the temperature Ty — AT, respectively. In average they have a temperature, which is close
to Tp. Thus, their spatial temperature profile has a very small slope and a large temperature
jump at the heat reservoir contacts. The slope for the small wave number phonons reaches
zero slope for zero wave number. Additionally for a fixed wave number k, the slope of the
phonon temperature decreases, when the overall average temperature decreases. When we
include boundary scattering in our calculation, the slope does not decrease that much as
without boundary scattering.

In chapter [] and [5 we enlarged our calculation by including phonon-magnon- and
magnon-magnon-interaction in the YIG-film. We considered exchange-magnons and dipolar
magnons as well, set up a system of linear equations for the wave number dependent magnon
temperature and performed some analytical transformations. The wave number dependent
phonon temperature was used as an input parameter. Similarly as for the phonons, the
resulting magnon temperature profiles are linear in space and crossing the overall average
temperature Ty in the middle of the substrate at x = 0. The slope of the magnon temperature
profile is dependent on the wave number. The values for z = —L/2 can be found in figures
and In the same way as for the phonons, we found a large slope of the temperature
profile for the long wave number magnons. The slope for the small wave number magnons
is small, but does not reach zero slope. Additionally for fixed wave number k, the slope of
the magnon temperature decreases, when the overall average temperature decreases. When
we include boundary scattering in our calculation, the slope does not decrease that much as
without boundary scattering.

If we include optical phonons to our calculations (cf. figures |45| and , the result does
not change significantly for small overall average temperature Ty. For higher Tj, the existence
of the spin Seebeck effect is not affected.

Furthermore, we had a closer look on the spin pumping mechanism in chapter [6l We
investigated this spin pumping mechanism between a ferromagnetic insulator and a normal
metal (platinum) by making use of the Boltzmann equation. In our theory, we assumed that
there is an intermediate region between the ferrimagnetic insulator and the normal metal,
where magnons and valence electrons are able to interact via sd-interaction. We assumed
the electrons in the normal metal to be strongly coupled to the phonons. We set up a system
of differential equations to solve the magnon temperature in the intermediate layer as well
as the electron chemical potential in the intermediate layer and the normal metal. At the
end, the resulting spin current at = L is proportional to the temperature difference of the
magnons in the ferrimagnetic insulator and the temperature of the electrons in the normal
metal. This dependency on the temperature difference agrees with the theory of Xiao et al.
[23] and with Schmidt et al. [57]. Our detailed expression coincides with the expression of
Schmidt et al. [57].
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After that, we calculated the transverse spin Seebeck voltage. This, we did by using
the theory for the spin pumping mechanism of Xiao et al. [23]. Additionally, we calculate
the transverse spin Seebeck voltage by using our results, which coincide with Schmidt et
al. [57]. The results by using the spin pumping theory of Xiao et al. [23] are plotted in
figures [49(a)| and 49(b)l There we found a larger transverse spin Seebeck voltage if one
considers temperatures much lower than room temperature. The results are at the order of
nanovolts, which should be measurable in experiments. Again, the result does not change
significantly by including an optical phonon mode in the calculation for small overall average
temperatures Ty. For higher Tj, the existence of the spin Seebeck effect is not affected. We
also used the theory of Schmidt et al. [57] for the spin pumping mechanism. There, we
found a different transverse spin Seebeck voltage at the order of tenth of nanovolts, which
also should be measurable in experiments. The results are plotted in figure Again,
the voltage increases, when one considers temperatures much lower than room temperature.
The two methods are adjusted, so that they give the same transverse spin Seebeck voltage
at room temperature.

For further study of the transverse spin Seebeck effect, one may have a closer look on
the phonon boundary scattering. We suspect, that the influence of the phonon boundary
scattering decreases, if one enlarges the width B or the thickness D of the GGG substrate.
This should cause an increase of the transverse spin Seebeck voltage, we suspect.

As discussed at the end of chapter[7], our results coincide with several experimental results
for room temperature [31, 33, 35, 39]. Most of them stated, that the transverse spin Seebeck
voltage is not larger than nanovolts at room temperature. This is in striking contrast to
the first observation of the spin Seebeck effect by Uchida et al. [2I]. Since there are no
experiments made for lower temperature, it would be interesting to perform measurements
at lower temperature. We claim that, the transverse spin Seebeck voltage should become
larger for small temperatures.

It also would be interesting to perform a calculation on the longitudinal spin Seebeck
effect. There, we can transfer our wave vector dependent calculation on the longitudinal spin
Seebeck effect.
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A Relaxation length for phonon Normal scattering

In this appendix, we will calculate the phonon relaxation length for normal scattering pro-
cesses. We start from the elastic energy [41) p. 102]

ouy Ouyy, Ou
3% Almn L2 m = Al
/d Z ak oy, 87"] ory, (A1)

Imnijk

We use a generalized version of the phonon operators from Eq. (4.6). This is

" iGE A h G A
() =3¢ Mgty =3\ g, b 0l ga)e” oo (A2)
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After inserting them into the Eq. (A.1)), we find
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while é% denotes the component i of the unit vector of vector k. For simplicity, we assume

i1 Im i i sk
A= 6 Z A el Mgt |k’+(j" N k€§€12+,j' (A.4)

Imnijk

We take wy, » = ¢y - k. The sound velocity for longitudinal phonons is ¢; = 6.393 - 103 m/s.
For transverse phonons, the sound velocities are co = 3.629 - 103> m/s and c3 = 3.429 - 103
m/s. Wet find

1 (RN kqlk +dl i f
Y= Aﬁ <2m) K /\z/\:)\ \/;(bﬁm L IWIC e +b_§/\ Jtan T 5 50,)
qA1LA2A3

(A5)

With this, we can write down the collision integral for the Boltzmann equation. For our
calculation, the prefactor of the collision integral is irrelevant. Thus, we write
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(A.6)

116



while nj, \ denotes the Bose-Einstein distribution for wave number k£ and acoustical phonon
mode A (cf. Eq. (2.4))). We rearrange this term

dnk’)\*ﬁz kq’k—i-(ﬂ
dt CAC), C

g AN
% {("’“’quﬂ,xg F Mgy T YR gAs T AT O WA Wae — Wiy g 5)

FE AR g 00 T g X g ng T Pahe = PRAT g )0 (WhA = Woo @i 3,)

Fg g ng ™ TRAT =g h0 = TEAT g1 3, — TR M) (WA — Wo g — w|E+ﬂ7A3)} :
(A7)

To calculate the scattering rate for phonons with wave vector E, we linearize the collision
integral. We take nj y = ng,)\ + dngx. In Eq. as well as in figures |14 and we only
consider diagonal terms in the relaxation length. To be consistent, we only consider diagonal
terms in this calculation. Because of that, we do not consider contributions from éng ) or
onz

|k+q) A
Then, we find
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(A.8)
We perform a relaxation time approximation:
dn on
SRR TR (A.9)
dt Tk
The resulting relaxation time reads
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Normal processes

For evaluating the upper expressions, we need to transform the delta distributions to solve
the angular integrations. We take wy x = ¢y - k. For the first and second delta distribution,
we take

0=wgro TWkA —Wiiqa, = Ol E Ak~ Vk?2 + % + 2kq cos(¥) , (A.11)

while ¥ denotes the angle between k and q. We transform this expression to

(crad £ cxk)? — 2, (k2 + )
quci3

cos(¥) = . (A.12)
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In case of the minus sign, we find in the transformation, that the following relation must be
fulfilled

Croq > k. (A13)
In both cases, the following relationship must be fulfilled
lcos(9)] < 1 k+q] < pp. (A.14)
In the same way, we transform the third delta distribution. We have
0=wgr, — Wi+ Wiksgag = Gl — exk + exs VE2 4 ¢2 + 2kq cos(9) (A.15)
(exk — cx,q)? — & (K + ¢?)
& V) = 2 : A.16
cos(9) hat (A16)
In the transformation, we find the following relationships, which must be fulfilled
Cxrq < Crk lcos(¥)] <1 lk+q < pp. (A.17)

Umklapp processes

Umklapp processes denote processes, where |l§ + ¢] > pp. For those processes, the delta-
distribution must be evaluated differently. For the first and second delta distribution, we
find

0= Wq, Ao + % w|E+q17/\3 =cC\Qq T ek — Crs (2])F — \/kQ + q2 + 2kq COS(ﬁ)) . (A18)

This expression we transform to

(Cxs2Pp — Crq F 1K) — cia(k:2 +¢?)

cos(V) = (A.19)
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In the transformation, we find the following relationships, which must be fulfilled
Ch. c -
q< 2ch£ T Cik lcos(9)] < 1 k4 q > pr. (A.20)

A2 A2

For the third delta distribution of the Umklapp processes, we find

0 =wgr, — Wi+ Wiitgiag — el — ek + ¢y, <2pF — \/kj2 + g2 + 2kq COS(ﬁ)) (A.21)

(exq — crk + g 2pp)? — c§\3 (k2 + ¢?)
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3
In the transformation, we find the following relationships, which must be fulfilled
g> Xp—op, lcos(9)| < 1 K +q > pp. (A.23)
C)\2 C)\2

With these expressions for cos(?), we can solve the delta distribution in Eq. . The
g-integration will be transformed into spherical coordinates. The angular integration is
canceled by the delta distribution and we end up with a single integral over the absolute
value ¢. It is important to respect the relations, which are derived above for the Normal
scattering and for the Umklapp scattering as well. At the end, we are interested in the
quotient between Normal scattering and Umklapp scattering relaxation time or relaxation
length. Thus, we do not need the value for A. The Umklapp scattering relaxation length, is
obtained from Neelmani et al. [48]. Therewith, we calculate the Normal scattering relaxation
length. The results are used in figures [I14] and
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B Hamilton operators for magnon-phonon-interaction

In this appendix, we will calculate the Hamilton operator for the magnon-phonon coupling
in detail. First, we will consider dipole dipole magnons in three particle interactions in
section and after that exchange magnons in four particle interaction in section The
prefactor of the Hamilton operator will be used for writing down the collision integral in the
Boltzmann equation. In section we already presented the short calculation.

Here, we consider a thin film out of a thin magnetic insulator (YIG, YsFe;O12) on top of
the GGG substrate (GdzGasO12). Since the thickness of the GGG substrate is much thicker
than the thickness of the YIG film, the phonons are rarely influenced by the magnons. Thus,
the phonon temperature profile out of chapter [3| will be used as an input parameter. In
chapter 4} we use the Hamilton operator to calculate the collision integral in the Boltzmann
equation. With that, the spatial temperature profile of the magnons will be calculated in

chapter [5]
B.1 Dipole-dipole interaction

We start with the magnetoelastic energy for the magnon-phonon interaction with dipolar
magnons (cf. Eq. (4.3))) [43, p. 315]

Bi By
Umel = 2M2epp A Z MyMgepg , (B.1)
0 p=1 0 p(;é 1
a#p

while M), denotes the local magnetization in spatial direction p and e, denotes the symmetric
strain tensor. We follow the calculation of Kaganov et al. [51]. In our calculation, the
YIG lattice structure will be modeled by a 3-dimensional cubic lattice with identical unit
cell volume (lattice constant a = 1.25 nm [52, 53]). The spin inside one single unit cell
will be modeled as one single spin with strength S = 14.2. In the following, we use the
transformations

Mi = —")/hSi (82)
1 [Oup, Ouy
- B.
175 <3:Uq * 8a:p> (B3)
—» 1P h ipr 4
Ze Tup ey = Z 2mNw, o (b + ol He e, (B.4)

where S denotes the net spin and its orientation of all atoms in one YIG unit cell and S
denotes its absolute value. m denotes the mass of one unit cell and N denotes the number
of unit cells in the whole solid. # denotes the spatial dependent displacement vector of the
lattice atom. The operators bz; and ba. denote the annihilation and the creation of one
phonon with Wave vector p and mode ¢, respectlvely The gyromagnetic ratio is denoted by
~v. We insert ( into the magnetoelastic energy and find

3 3
Unet = b1 Y SZepp+ba > SpSeepq (B.5)
p=1 P,q=1,9#p
with the abbreviations
. ,thQBl _ E b — 7277,232 _ @ (B 6)
1 M02 SZ 2 Mg 82 . .
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B Hamilton operators for magnon-phonon-interaction

The spin operators S; and S, can be rewritten in the following way
St =5, +i9, ST =85, —1Sy, (B.7)
Including these identities, we rewrite the energy

Umel =b1(S2€a + Saeyy + S2€.2) + baeay(SeSy + SySe) + b2er2(S25: + S25z)
+ boey-(SyS. + S.S,)

b b
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b bres.S. 5. + %exy(s+s+ _ S5 S)+ %emz(5+5z + 8.5+ 58, + S.57)
+%eyz(5+Sz+5’zS+ -85, —-5.57). (B.8)

On the other hand, we replace the spin operators with creation and annihilation operators.
This we do by using the Holstein-Primakoff transformation [54, p. 78]. To lowest order
approximation, we find

St =v2Sa S~ =+v2Sal S.=8-adla, (B.9)

which is still dependent on position #. The operators ¢ and a' denote the annihilation and
the creation of one magnon at position 7, respectively. Thus, we need to Fourier transform

1 ik 1 bk
a:—ZaEe wr al = == aletm, (B.10)
k/
VN & VN <

The operators az and a% denote the annihilation and the creation of one magnon with wave

vector E, respectively. The symmetric strain tensor needs to be rewritten in terms of phonon
operators

1 . h -I- —iDr . h .I. -
€ij = —Zzpj\/m(bﬁ+b,ﬁ) epi € ZpT—ZZ:pmm(bﬁerfﬁ) epje
p p

(B.11)
The Hamilton operator is the summation of the energy in the whole solid with volume V.
One finds

H:/ d3F Uppel - (B.12)
14
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The integral reduces the exponential functions to delta distributions by

/ B0 —(20)35(G) (B.14)
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B Hamilton operators for magnon-phonon-interaction

This cancels one summation. One finds

h
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We rearrange the terms by setting be = by for an isotropic ferromagnet [43], p. 315]
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Energy conservation needs to be fulfilled. Terms with only annihilation or creation operators
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vanish. Thus, we find
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Now, we need to identify the prefactors of the different Hamilton operators. The first term
contains the transformation from one magnon into one phonon and vice versa. Energy and
momentum conservation need to be fulfilled. This is only the case, when the dispersion
relation for magnons and phonons intersect (cf. figure . Since this is true only for two
points of the dispersion relation, the first term will be neglected in the upper expression for
the Hamilton operator. The second term contains the transformation of one phonon into
two magnons and vice versa. Furthermore, the scattering from one magnon into one magnon
and one phonon and vice versa is contained in the third as well as in the fourth term. The
prefactor to the second term reads

6&3 \@blS h 6&3 Bl h
V — r — ) = — r — ) . B].g
M T 2 \/ 2mNw, (Po = ipy) T V/2iS\ 2mNw, (po = 1py) ( )

36a® B2 h 5 9. 36a®  hB?
72 4mNeppS?

The scattering amplitude, which is the prefactor of the third and fourth term, reads

Thus

psin?(¥9). (B.20)

6t us [
T 2t \| 2mNw,

Voo = ((pz +ipy)V2 + (pr — ipy)V2 — 4p.) . (B.21)

We perform an approximation, where we average over the angles 1 and ¢ of the orientation
of the magnon magnetic moment. Thus

V2 23000 __hBi 1(8 sin (9) cos(i2) — 16v/2sin(9) cos(ip) cos(8) + 16 cos(9))
Se w2 45?°mNwy, 2 P 14 L4
(B.22)
1 [ [ 36a°  hB? 1 8 16
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Vool =g [ [ sino) VaePavdo = g sl —2p (S +0+ 3 (8.23)
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B Hamilton operators for magnon-phonon-interaction

where ¥ denotes the angle between the magnetization direction and the vector p. It is
m=p-Vegz=p- a® and Bges = By - a3. To calculate the prefactor, we take

By =3.48 - 10% erg/cm® = 0.348 J /cm? [43, p. 315 (B.24)
p =5170kg/m?® [52, 53] (B.25)
a =1.2376 nm [52, 53] (B.26)
cpn =3843m /s [55] (B.27)
S =14.2[53]. (B.28)

At the end, we find
[Vowmi|? =V sin®(¥) (B.29)

1
[Vae|? :Vrie1§(8p2 sin?(19) cos?(¢) — 16v/2sin(¥9) cos(p) cos(9) 4 16 cos® (1)), (B.30)

with . )

V2, = 36a”_ hBY 1 95489 105 GHA2em. (B.31)
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The average reads

-4.95482 - 1078 GHz* cm (B.32)
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[Vae.av|? :4/ / sin(ﬁ)\VSC|2dz9d<p:4-%.4.95482.10*8(;Hz2cm. (B.33)
T Jo 0

B.2 Exchange interaction

Now, we have a look at the coupling of phonons with exchange magnons. The magnetoelastic
energy reads [43], p. 315] [51]

3 3 2 3 2
Ay oM, OM, As oM, Az oM,
Umel = —15 § P—Le,+ — § ( €yq+ 75 § el
MO p,q,l=1,l#q 6xq O MO p,q=1 8% MO p,q,l=1,l#q axq

(B.34)
where M, denotes the local magnetization in spatial direction p and e,, denotes the sym-
metric strain tensor. Again, we perform the following transformations

Mi = — ")/hSi (8'35)
1 [Oup, Ouy
—— =474 B.36
P13 <8:Bq * 8xp> ( )
- —ip7 4 h —ip 4
u(r) = Z e Pluzéy = Z SmNw, (by + bT_ﬁ)e Pres, (B.37)
iz P

where S denotes the net spin and its orientation of all atoms in one YIG unit cell and S
denotes its absolute value. m denotes the mass of one unit cell and N denotes the number
of unit cells in the whole solid. @ denotes the spatial dependent displacement vector of the
lattice atom. The gyromagnetic ratio is denoted by v and the Planck constant by A. The
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B.2 Exchange interaction

operators by; and bT denote the anmhllatlon and the creation of one phonon with wave
vector p and mode i, respectlvely We insert (| into the magnetoelastic energy and find

3

3 2
S, 95, oS, 08,
Umel = a1 § ax Dz, eql az E < ) €qq + a3 E <81'Z> el , (838)

p,q,l=1,l#q p,g=1 p,q,l=1,l#q

with the abbreviations

a ’}/2FL2A1 A1 a 72h2A2 A2 a ’72h2A3 A3 (B 39)
1= e g— 2 = = — 3 = —_ =5 - .
MZ 52 MZ 5 MZ 52
The spin operators S, and S, can be rewritten in the following way
St =8,+iS9, ST =515y, (B.40)
Including these identities, we rewrite the energy
3
al 0StT oS~ 9SS ISt 0S5, 8SZ>
Ume = + +2
! q,l;;ﬁq <8mq oxy Oxy O Oxy Ox;
3
St oS~ 0S9ST 0S5, 08,
a2 Z €qq < + 2 >
Oxy Oxy Oxy Oxq Oxq Ox4
3 + 95— - 95+
+% Z . (85’ aS . 058~ 98 +28SZ 3SZ> . (B.41)
Wy iy Oxy Ory  Oxq Oxy Ozxq Oz
On the other hand, we replace the spin operators in the following way [54], p. 78]
St =v2Sa S™=v2Sa" S,=8—a"a, (B.42)

which is still dependent on position 7. The operators a and a' denote the annihilation and
the creation of one magnon at position 7, respectively. Thus, we need to Fourier transform

1 _ikr k,ﬁ
a=——=>» age """ al a ,el (B.43)
/N ZE: k / Z k

The operators az and a% denote the annihilation and the creation of one magnon with wave

vector E, respectively. Thus, we find

aS+ 8(1 V 28 8 71;]21:‘ .V 28 7”;7:’
8:1;‘(1 = 2587% = ﬁzagﬁxqe = —Z\/N§agkqe (844)

axq = 2S87£L‘q = WZCLET%E = Z\/N§akokqe (845)

85’2 8GTG/ 1 T 0 —ikF zk'_' —i(k—K)7
Oz, Oz _Nzalgaiéﬁe _Z*Z%‘“ (kg = ke =T (B.46)
q q i q Kk
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B Hamilton operators for magnon-phonon-interaction

Now, we neglect higher order terms with more than two annihilation or creation operators.
Thus, we find

3

als i
Umel :W Z Zeql (a;a%qufe W=k -.(Lk,k k‘, i k k )
q,1=Ll#q EKgr

3
S T
+ 422 E €qq (aEaEquk;e_’(k_k )7 ﬁak,k‘ k’ i(k— )

N =4
-+ kK’
3
+ 2N e (agal bk I alag el ) (Ban)
q,l=1l#q gxr

The symmetric strain tensor needs to be rewritten in terms of phonon operators

L[ . _h i —ir
p

(B.48)
Thus, we find

H = / 3% Uppel
1%

3
]. 5 —i L
:N/Vd:ixalS E E epl (aEa;%,kpkfe (k=KD +a~a kpkje i(k—k ))

p,lzl I#p ki

N/ d3xagSZZepp2a ar ky k' —i(k—K")7"

p 1 kkl

/ d3F a3 S Z Zelﬂakaﬁk ke —i(k=RT (B.49)

pl=11#p K

We are making use of
/ Bie07 —(27)35(0) (B.50)
v

3
N -
3 _da B (B.51)

and find

CL]_S 3 -
QZN/d Z Z 2mep U k'(k kl+k/kl)

ql=L1#q gir 5

(pl(b +b )epq + pq(bs +b ) )eii(gik‘lﬂﬁw

-

3
—i(k—K +p)7
Z Z 2mep 2%&;%/(% + bT—p‘) €p.q quque Hh=kp)r

+
=] 8
2w
\

d3

3
h ST 7
Z 2”2me Zakalg/(b +b 5) €51 Pikq koe —ik=K+0)" (B .52)
v ¢l=L1#q ki iy
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B.2 Exchange interaction

Now, we evaluate the integral and find

3

6(1 alS

S Y gnagal kgl + 1) + kil + py)
¢l=Ll#q fp P

(pl(b +b )epq"'pq(b +b )‘%)

a 20,25’ h +
ZZ mNw, agag, _(by +b! ) €5.q Pakq(kq + pg)

T 4
3
6a 2(135’
2 2 2me agat, (b5 + 00 5) eupiky(kq +py)
q,l=1,l#q kp p
6a alS 3 T
2 2 2me “ 5 (Ra(ku+ i) + (kg +pq)) pi(by + 07 5) egg
ql 1l7£q kp
6a 2a25'
ZZ 2mep ~ai (b + 0 )epqqu (kq + pg)
q=1 kp
3
6a 2a35 ;
2 2 2mep agar,, (bp+bL5) e piko(Kq + py). (B.53)
¢l=1l#q j7

If one assumes ag = a1 (cf. Eq. (2) of Ref. [51]), then one finds

6a G1S ZZ Qme ( ((k‘—l—ﬁ) 25’)4_( - p)(kq +pq)) (bﬁ—l—biﬁ)eﬁ,q

q=1 kp
6(1 2a35 h Jf +
+— ;Z S pg((k+P) - B) (b + b ) ey (B.54)
kp

Let us assume az = a; for simplicity. We have three phonon modes (one for each spatial
dimension). Thus, we find three coupling parameters

ada - > - -

Vouw = - 08 o (BeF 7))+ (B b4 o) + 2R ) ) (B39
6a> a1 h -

Ves =~ A g, (Bl 7))+ (- 0y + ) + 20,((F+7)-F) - (B.56)
CL36L

Voa = 88 [ b (R 7))+ (R B +p2) + 249 ) . (B5)
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B Hamilton operators for magnon-phonon-interaction

Because these three interactions are different, the squares of absolute value are added in the
collision integral

Ve ges|* = Ve x|” + [Vesy|* + Ve
36a°  hA% S . . ~ B
= k-k)((k N2+ (k-9)2(k 2 A5 (i B2
2 v (B RE D)5+ (F- PR 5 +4 P ((F +9) )
3606 hAZ Lo ; }
10(k - (k k N (k-
7 I, (100 F+ )+ D 9)

=V2E*p(4k* + p* + 20kp cos(¥) + (12k2 + 15p?) cos®(9) + 12kpcos®(9)) . (B.58)

The average can be calculated in the following way. Let k' = |k + pl, 91 = £(p,k + ) and
Yo = AL(k,k +p). Then

, 36a5 hA? 5 5 5
Vs ges|? = s 2mN§2wp (kk(K'pcos(91))? + (kpcos(V1 + 92))°k'k' + 4pp(K'k cos(d2))
+ 10(kk' cos(92)) (k'p cos(91)) (kp cos(V1 + D2))) - (B.59)

The average coupling parameter read

1 2 2w pmo pm ' ‘
Vsl = s [ [ [ sint00)sin 02 Vol 01 a0 1
0 0 0 0

_36a®  nAY 10 K22
2 2mNS%w, 3
A

= Nkzlﬂp. (B.60)

For calculating the numeric parameters, we use an identity out of [43, p. 333]. This is

MyDE?
B

Vex,ges,av
VSc,aV

x 1, (B.61)

for k = k' ~ 10%m~!. We make use of Eq. (B.33). From there, we get for k = &’

’v;ex,ges,av‘2 o (A/N)kaQp — Ak4 =1
Vecav?  4-(1/N)-4.95482-108 GHz?cmp  4-4.95482-10-8 GHz?em
(B.62)
for k ~ 105cm~!. Thus, we get
4-4.95482 - 1078 GHz?
A= 4495482 10 GHzTem ) o0y07 10731 GEg2 e | (B.63)

(106cm—1)4
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C Collision integral for magnon-magnon interaction

In this appendix, we will calculate the collision integral in the Boltzmann equation for the
magnon-magnon interaction in detail. First, we consider dipolar magnons in section and
after that exchange magnons in section In sections and we already presented
the short calculation. The collision integral will be used in chapter |5| to calculate the wave
number dependent magnon temperature.

Here, we consider a thin film out of a thin magnetic insulator (YIG, Y3Fe;O12) on top of
the GGG substrate (GdzGasO12). Since the thickness of the GGG substrate is much thicker
than the thickness of the YIG film, the phonons are rarely influenced by the magnons. Thus,
the phonon temperature profile out of chapter [3| will be used as an input parameter. In
chapter [4] we derived the collision integral for the magnon-phonon interaction. With these
ingredients and the collision integral for the magnon-magnon interactions, we calculate the
wave number dependent magnon temperature in chapter

C.1 Three particle interaction - dipole-dipole-interaction
C.1.1 Collision integral
We set up the collision integral for three particle magnon-magnon interaction. The corre-

sponding third order collision integral reads (see Eq. (5.7)) in this thesis or see Eq. (11.9) on
page 289 in Ref. [43])

of- 1 1
En = E {QW(MEJH;/ — ME + ME’) + §W(ME’ — ME’—IZ + ME)
St,3 i
1 1
+2W(M + My g — Mp) — 2W(M + Mg = Mz, )
1 1
*§W(ME/—E + ME — ME’) — §W(ME — M + Mk k’)}

12
7TZ|V| €y — 6 — ) 4 [fﬁ+ﬁ/(1+f;;>(1+f;;/) —f;;flzf(HfEH;/)}
12

WZ\W Oep — € —€p) 4~ [fg/(1+f,;'/,,g)(1+fg) —f,gf,;/,,;(lJrf,g/)]

12WZ\V! Slepj tep —ep)-4- [fE—E’fE’(l + fz) — fE(1+fE—Ef)(1+fEI)] )

(C.1)

The term W (M, — Mj + Mp,) denotes the probability for the transformation of one

magnon with wave vector k + K into one magnon with wave vector k and one magnon with
wave vector k. Again, /i denotes the magnon density with wave vector k and €; denotes the

magnon energy for magnons with wave vector k. The term |V|? denotes the matrix-element
of the transition and will be determined later. The result can be found in Eq. (5.29) or in
Eq. (C.33). The factor 1/2 occurs, because scattering processes are double counted. The
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C Collision integral for magnon-magnon interaction

equivalences read

W (Mg, 5 — Mg+ M) = W(Mg, 7 — Mg, + M) (C.2)
W (Mg, — Mg, o+ M) = W(Mg, — M + M, ) (C.3)
W (Mg, + Mz — M) = W(Mg_p, + Mg, — M;). (C.4)

Now, we perform a first order Taylor expansion for the temperatures and find:

OJg
ot

1
Z’V| (5 _ek_fk/) k+k’(1+f0)(1+ kl)k T2

sms

X [(e,; +ez)Tu(k + F) — e Tn(F) — eETM(E)}

o S IVPSe — g = R0+ 5 )0+
=
X [—GETM(E) +6,;,TM(E') + (e — €1 )TM(k —E)]
*4% VIS + e — g fl_p PR O+ ) 72
=
< [T (B) + e T (R + (e — e ) T~ F)] (C.5)

In this expression, the wave number dependent magnon temperature occurs as a linear
parameter. Later, we will discretize the magnon temperature and the summation. Thus, we
will get a system of linear equations for the magnon temperature. By now, we introduce
abbreviations

of: 2 2 (K 2 Tk + K
L |YnLn (K )+ "T/n|m m(k) "T/n|m M ( ) 7 (C.6)
ot |g T Ty T To T To
with
1 47 0 —€x
T;’fi’” :E(S(GEJFE, —€p — ) k+k,(1+f )(1+ k’)k T
41 —€j
+ —0(ep — e — ) 2+ 1R )(1+f°)k T
47 0 o\ €k
0o T — ) g fy o1+ [} )k T (C.7)
and
1 747'(' 0 0 EE/
7_gnirn _E5(€E+El - GE - 6]2’) E-i—k"( + f )(1 + k/)k T
477' + ’
+ —0(ep = g — ) 2+ £ )(1+f°)k :}i
47T 0 0 + k/
+ ?5(6’;_@ + €5 — €z) h ,( + fr )k T (C.8)
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C.1 Three particle interaction - dipole-dipole-interaction

and

C.1.2 Numerical treatment

4 0 0 (6,;+ 6,;,)
:f(s(e]g_uz/ — € — € ) s k’(1+f )( /) L TO
4m 0 0 o\ (65 — )
+E5(€E'_€E’—’C_E ML+ fz )(1+fk,) Ko
n 0 oy (% — @)
+ E5(€i€;/§/ +ep — )i pl o1+ 7 )kiT

(C.9)

For avoiding some difficulties, we perform a transformation of the integration procedure. We
start with introducing some abbreviations

1

mm
TA
1

mm
TA1

1

mm
T A2

1

mm
TA3

and

and

mm

mm
TC3

= (6E+k/—€zz—€;zf)+@
— TR 1O+ £k
A AR P
=TI O A

(e

TB1 B2
47'[' 0 k/
47T 0 0 0 +6k/
S ey )(1+f)kT0
47T 0 +€k/
L s )t b(e,
=€ — 0 — €)=
Tngm k+k k TCQ
47[' ( +€_*/)
T h P )l;ciTok
47 ( 6”/)
= ,(;),(1‘*‘ R )(1+f,f)k7T0’“
47[' 0 0 ( E’)
h k—k ,(1+fk)k7T’

7‘5( il — €~ ) F Wé(eﬁf -
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Pk
A3
G i ) T Zmm ol
B3
1
I‘c”fﬂ - GE) + 7.mmé(
C3

€ o+ ep — )

(C.11)
(C.12)

(C.13)

(C.14)
(C.15)
(C.16)

(C.17)

(C.18)
(C.19)
(C.20)
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C Collision integral for magnon-magnon interaction

and
- 1 Tu(k 1 Tu(k 1 Tu(k+K
Tk K+ K = = ulk) | 1 Tyk) 1 Tulk+F) (C.22)
TA1 Ty B1 To Tol Th
- 1 Tu(k 1 Twu(k 1 Tu(k—Fk
To(k, Kk~ k)= —— Mk) —— Mk | —— M ) (C.23)
TA2 Ty B2 To T Th
- 1 Tu(k 1 Tu(k 1 Tu(k—Fk
T3k, Kk —K) = —— M()+ — M) | — M )) (C.24)
TA T() TBS T() TCB TO
These abbreviations we insert in Eq. (C.6) and find
0 :Z |V|2T1(/€, K, |E—|— E/|)6(€E+l;’ — € — 6’;/) (C.25)
k!
+ D VP Tk, K |k — K6 (e, — ez — <) (C.26)
k/
+ Y IVIPTa(k, Kk — K )(ep o + € — €i) - (C.27)
k!

Since the functions 77, T» and T3 only depend on absolute values of the wave vectors, we
can write the integration in spherical coordinates. We rewrite the sum into an integral and
introduce an integration over

km = |k £ K| = k2 + k2 £ 2kK/ (cos(9) cos(9') + sin(d) sin(¢) cos(p — ¢')) . (C.28)

In our calculation, we are interested in the equation integrated over ¥ and ¢ (cf. Eq. (5.2))).
It is

dQ3a®N [ 4o, [*kF 5
0:/4? e[ k:/ Qe — [F+ ) [V T2, K R+ F]) e,z — e — )

dQ 30N 2ke
+/47T yo /d3k’/ Ak 8 (k — |k — K'|) V> To(k, K, |k — B'|) 6(eg, — €z — €2)

dQ3a3N [ 4, [2kF 5
+/4ﬁ yrenll L k'/ Ak (kpn — |k = K') V> T3k, K, |k — K'|) 8(ez_z + e — €z)

(C.29)

with the Fermi wave number kp = kmax = 3.10-107-cm~!. We introduce spherical coordinates
and find

3N 2 2w QkF
:3a = d19 sin (¥ / dy / dk' k" / dy’ sin(v) / dy’ /
167 0

X 5( — k4K V2T K k) 6(en,, — € — €xr)
3N 27 kp 27 QkF
+ 3TN T 9 sin( / dp / k' k"2 / 49’ sin(9) / dy' /
1675 0
X 5( — k=K V> Tolk, K, k) (e — €r, — €1)
3N 2T kg 21 2kp
+ 31%75 d9 sin(v / d(p/ dk' k" / d¥’ sin(V / dy’ /
0
X O(km — |k — E) V> Ts(k, K k) (ex,, + e — €x) (C.30)
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C.1 Three particle interaction - dipole-dipole-interaction

Now, we use Eq. (C.28) to solve the angular integration. First, we relocate the term in the
delta-distribution.

3a3N 27 kg . , , 27 2kr
:167r5/ dd sin(¥ / dgo/ dk" k /Odﬁ sin(¢") / dgp/ dkp, kk’

V2T (kK k)

k? k2 k‘/2
x d(€x,, —€x — €xr) 0 (cos( ) cos(¥) + sin(9) sin(9) cos(p — ¢') — 2k:k:/>
3a3N 2 2 2kp
+ 165 cwsm / dgp/ dk’ k" / dy’ sin(v / dy’ / dk, kk, VI Ta(k, K k)
k2 — k% — k"
X 0(epr — €k, — €x)0 (cos(z?) cos(¥') + sin(9) sin(9’) cos(p — ¢’) + m2k:k:/>
3a3N ™ ) 2 kg s . 21 2kg k)
+ 165 i d sin (") /0 dg i dk’ k" /0 dy’ sin(v") /0 dw’/o dkm |75 VI T3k, K k)
ki2 o k’2 o k/2
X 0(eg,, + € —€x) 0 (cos(z?) cos(¥) + sin(9) sin(9’) cos(p — ¢’) + m2k:k:/>

(C.31)

We again relocate the angular delta function. It is

3N 2 2 2kF
:31%75 dd sin (v / dy / dk' k" / dy’ sin(v) / dy’ /
™ Jo 0

cos(1) cos(?) - k' 1
X Ok, —€r =)0 <COS(SO )+ sin(1) sin(9’) Qkk" sin (9 )sm(19’)> sin(9) sin(9')

3CL3N 2T kr L , 27 2kp
—0—@ ; d1951n / d(p/ dk" k /0 dy’ sin(9 / dcp/ dkp, k:k’
le

cos(1) cos(?) 1
X Olew = € = k)0 <COS(SO #)+ sin(¥) sin(9) + 2k‘k" sin(¥) sm(ﬁ”)) sin(¥) sin(9)

3CL3N 2T kr L , , 27 2kp
—0—@ d1951n / d(p/ dk" k /0 dy’ sin(9") / dy’ / dkp, k:k’
le

V2T (kK k)

k:k’

VI To(k, K k)

VI?T3(k, K, k)

cos(1) cos(?) 1
X Ok + e = k) 0 <COS(SO A+ sin(¥) sin(9) + 2k‘k" sm(ﬁ) sm(ﬁ”)) sin(?9) sin(9’)
(C.32)

Kaganov et al. [56] made calculations on the Hamilton operator for different magnon-magnon
scattering processes. We take Eq. (39) out of [50]

V|2 = ,fbs | cos(¥9) sin(19) (cos(ip) + i sin(p)) + cos(¥) sin(9)(cos(¢’) + isin(p'))[?
:%Vazbs ((3032 (89 sin®(19) + cos? () sin? (1) + cos(¥) sin(¥)) cos(?') sin(') (ei(“"_@/) + e"(“’l_so)»
Vabs (cos () sin? (9) + 0052(19’) sin2(19’) + 2 cos () sin(¥) cos(?') sin(¥') cos(p — gp’))
(C.33)
2
y2 _(2mus) 23“°“BM0 = 52.1824 - GHz2 (C.34)
a

while the constant up = 9.2740154 - 10724J/T denotes the Bohr magneton. Additionally,
the constant py = 12.566370614 - 107772 - m3/J denotes the vacuum permeability, and
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C Collision integral for magnon-magnon interaction

My =139G = 0.0139 T [43], p. 182] is the magnetic saturation. The lattice constant for YIG
is a = 1.2376 nm [52, 53]. The upper expression will be set in into the collision integral term.
Thus, we find

3CL3 i 27 kmax P ™ , , 27 , 00
0:167r5/0 d1951n(19)/0 d(p/o dk' k /0 dg sm(ﬁ)/o dgp/o dkm, k:k:’
x (cos?(9) sin®(9) + cos®(¢') sin® (') + 2 cos() sin() cos(d') sin(¥') cos(p — ¢'))

S
o v, cos(P)cos(v) k2 — k2 — k2 1
X Ok — ek = ew) 0 <°°S(§0 P)F @) s~ 2ok’ sin(d) sin(9) ) sSn(0) ()

3a3 ™ 2 Kkmax o , 2 k
—_— d?9 sin (9 d dk' k dd d dk,
167r5/0 sin(¥) /0 go/o /0 sin (¥ / % / ‘k‘k’

X (COSQ(ﬁ) sin?(9) + cos? () sin?(¢') + 2 cos(9) sin(?9) cos(?’) sin(¥) cos(¢ — ¢))
. cos(9) cos(9) k2 — k2 — k2 1
X Ok = ek =€) <COS(('D —¥) sin(9) sin(9¥)  2kk’ sin(19) sin(ﬁ’)) sin(19) sin (')

3(13 T 2 Kkmax L , , 2 k‘
+167‘(‘5/ dd sin(v¥ / dgo/ dk' k /Odﬁ sin(¥') / dgo/ dkp, ‘k‘k’

x (cos® (1) sin?(¥) + cos?(¥') sin? () + 2 cos(¥) sin() cos(¥') sin(v') cos(p — ¢))
. cos(¥) cos(¥) k2 — k2 — k2 1
X O€y, e = ex) 0 <COS(¢ —¥) sin(9) sin(9¥)  2kk’ sin(19) sin(ﬂ’)) sin(¥) sin(v¥’) -
(C.35)

V2

a

bs Tl(kv k/7 km)

+ V2 To(k, K, k)

V2

a

bs T3(k’ k/’ km)

Now, we substitute ¢ — ¢ + ¢'.

3a3 21 Kmax P , , 2m
0:16775/ dd sin (9 / d(p/ dk' k /Odﬁ sin(¢") / dcp/ dkpm, k:k:’

x (cos?(9) sin®(9) + cos®(¢') sin® (') + 2 cos(?) sin(1) cos(dV') sin(¥') cos())
cos(19) cos(¥') k2 — k2 — k"2 1
X Ok, — e = x) <COS(('0) + sin(¥)sin(?")  2kk sin(9) sin(¢) sm(19) sin ()

2 kmax 27
/1.2 /
167r5/ dd sin(v¥ / dgo/ dk' k / dy’ sin(9 / dcp/ dkn, kk:’

(cos 2(9) sin?(9) + cos? () sin?(¢') 4 2 cos(9) sin(1) cos(?’) sin(¥) cos(¢ )
cos(¥) cos(¢) k2 — k2 — k"2 1
X Ok = ek =€) (COS((P) * sin(19) sin(9) + 2kk’ sin(¥) sin( 19’)) sm(ﬁ) sin(9')

3a3 ™ 2w kmax L , , 2w
+167T5/ d?d sin(v¥ / dgo/ dk' k /06113l sin (') / dcp/ dkp, k:k’

x (cos® (1) sin?(9) + cos?(¥') sin® (') + 2 cos(¥) sin(d) cos(¥') sin(d') cos(p))
cos(19) cos(?) k2 — k2 — k™ 1
X O€, e = ex) 0 <COS(@) + sin(d) sin(9)  2kk’ sin(99) sin(z?’)) sin(¥) sin(¥’) -
(C.36)

absTl(k k/ k. )

absTQ(k k‘/ km, )

Vs T3(k, k', Koy
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C.1 Three particle interaction - dipole-dipole-interaction

Thus, we are able to perform the integration via ¢'. For the ¢-integration, the term does
only depend on cos(¢). Thus, we can separate the integration into 0 to 7 and 7 to 2.

0= 1?;(55 47?/ dd sin (9 /0 dp /Ok dk’ k" / d¥’ sin(v") /000 dk, kk’ V2 Ti(k, K k)
X (cos (1) sin? (1) + cos?(¢') sin?(¥') + 2 cos(¥9) sin(¥9) cos(?¥') sin(v’ ) cos(¢))
cos(19) cos() k2 — k2 — k2 ) 1
sin(¥) sin(¥)  2kk sin(9) sin(v¥’) /) sin(?) sin(¥)
3a?

T T k ™ 0
max k;
. 2 .
+167T547T/0 dﬂsm(ﬂ)/o dcp/o dk' k' /0 dv’ 8111(19’)/0 dky, ‘kk/ V2 To(k, K\ k)

x (cos?(9) sin®(9) + cos® (') sin® (') + 2 cos(¥) sin() cos(dV') sin(¥') cos(p))
e o cos(¥) cos(¢) k2 — k2 — k" 1
X Olew = e = k)0 < (9) + sin(19) sin(9) + 2kk' sin(v) sin(ﬁ’)) sin (1) sin(9’)
3a?

T k 0o
max k
167‘(‘5 47r/0 dd sin(v¥ / dgo/ dk k" /0 d¥' sin() /0 dky, ‘kzk’ V2 T3k, K\ k)

x (cos® (1) sin?(9) + cos?(¥') sin® (') + 2 cos(¥) sin(1) cos(¥') sin(d') cos(p))
cos(19) cos(?) k2, — k? — k' 1
X 0k +ex — k)0 <COS(@) + sin(¥) sin(9) + 2kE sin(9) sin(z?’)) sin(9) sin(9’)
(C.37)

X 5(€km — € — Ek/) 1) COS((,O) +

Additionally, we perform a transformation p = cos(p) of the angular delta-function and find

absTl(k k/ k. )

kmax
4 /7.2 /
167757r/ dﬁ/ dp/ dk' k /dﬁ/ dkm, kk,
COS

) sin?(9) + cos?(¢') sin?(¥') + 2 cos(¥) sin(¥) cos(¥') sin(v) p)

X B(en. — ex— exr) 0 +cos(zS‘)cos(z?’)_ k2 — k2 — k™ 1
Chn =k TR ONP T Gn(9)sin(0) | 2kK sin(9) sin(9) ) — sin(arccos(p))

kmax
! 1.2 / m
167r5 /dﬁ/ dp/ dk' k /dz?/ dkp, ‘kk’

(cos (9) sin? () + cos?(1') sin?(¥') + 2 cos () sin(¥9) cos(¥) sin(v)') )

X (e — )i (p+ cos(19) cos(¥) k2 — k2 — k"2 1
T Chm T CRIONP sin(9¥) sin(¥)  2kk’sin(9¥) sin(¥”) ) — sin(arccos(p))

kmax
47r/ dﬁ/ dp/ dk:’k:’2/ dq?’/ dky, ‘kk,

x (cos®(1) sin(9) + cos*(9) sin? () + 2 cos () sin(1) cos(9') sin(') p)
X 0(€ € — € COS(Q% (19/) k%n k2 g2 1
O(€k,, + € —€x)0 <p+ sin(9) sin(?) | 2kk’sin(9) Sin(q?’)) —sm(arccos(p)) |
(C.38)

abs TQ(k k, km )

abs T3(k k/ k )
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C Collision integral for magnon-magnon interaction

We solve the p-integral

3a3N e /1.2 / > km /
=2 47r/ 9 / dk' k /O ) /0 i | | Vb Ty (b, K i)
cos )sin?(9) + cos? () sin?(¢') — 2 cos(9) sin(?) cos(?’) sin(¥) 87)
1
X (€, — €k — &) O(L = B7)O(1+ B7) ——s
1—(B7)?

3a3N kmax oo
+ 165 47r/ dﬁ/ dk/k/z/o dﬁ’/o dkm‘kk/ V2 To(k, k', ko)

x (cos® (1) sin?(¥) + cos?(¥') sin® (') — 2 cos(¥) sin(d) cos(¥') sin(v') B7)

X O(ep — €n,, — ) O(1 — B7)O(1+ 87)

1— (B*)2

3a3N kmmx
4 dv dk' k" / dv’ / dkm
T / / kk’

x (cos® (1) sin?(¥9) + cos?(¥') sin? (') — 2 cos(d) sin(v?) cos(') sin(vV) 8T
1

abs T3(k k/ k )

X (S(ka + € — Ek) @(1 — ﬂ—i_) @(1 + ,6+) m s (C39)
with
_cos(¥) cos(V) + a _ cos(¥)cos(?V) — a e e
pr = sin(1) sin (') b= sin(d) sin(9¥') “= 2Kk ' (C40)

Now, we want to handle the integration via 9 and ¥’ in Eq. . Since, it is not possible to
solve the resulting integral of ¥ and 9, one has to perform it numerically. This we can treat
by performing an approximation of the solution to the integral dependent on the parameter
a out of Eq. . Because of Eq. , itis 0 < k < kpax and 0 < k' < kpax, the
parameter « is limited to —1 < o < 1. We can write down the integral

/ =+ 1
/ a9 / 49’ © 01+ =
x (cos?(¥) sin?(9) + cos?(¢) sin® (') — 2 cos(¥) sin(d) cos(¢) sin(v)) BF) . (C.41)

At the end, the result can be approximated in the following way

h(a) = O(1—a]) (a1 + caa® + cza’) (C.42)
One finds
c1 =0.838041 (C.43)
¢y =2.49346 (C.44)
c3 =0.0113386. (C.45)

In figure the accordance of the approximation is shown.
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C.1 Three particle interaction - dipole-dipole-interaction

-1.0 -0.5

Figure 53: Plot of function h(a). The blue and solid line describes the numeric evaluation of
Eq. (C.41). The red and dashed line denotes the approximated function out of Eq. (C.42)

Including this approximation, we find for the collision integral

SN kmax oo k;
0=3¢ dk;’k’?/ dk,, ‘
0

it ), wi| Va

a

k‘ _ ]{2 k./2
bs T (k’ kl? km) 5(6km, — €k — Gk’ h >

2kK'

3Q3N kmax , /2 oo k k — k k/2
T / m ;) — _
+ a7t /o akk /() A kk! Vabs 2(k, Ky ki) O(ew — €k, — €x) h ( 754 >
343N [hmax roe [ K / kgﬂ R
+ i dk' k /O dkm, ‘kk, V2 T3k, K k) 6 (ex,, + € Ek)h(%k,) .

(C.46)

Since k;, is no longer dependent on k’, it is now very simple to solve the energy-delta-
distribution for the k’-integration. One still has to consider, that the k’-integration only
takes place in the first Brillouin zone. It is kya.x = kp. We set the energy dispersion for the
magnons [43, p. 181] for k < kp
€, = wi + Dexk?, (C.47)

and for k > kp A k < 2kp

€ = WH + DeX(QkF — k)2 . (C.48)
Now, we separate the calculation into normal processes N, and Umklapp processes U. Here,
we regard the Umklapp processes of k, k' and k. It is

0=N,+U. (C.49)
Thus

3¢° 1 [kr kp (k2 — K> — K2
P 4ri2D / Ahim =~ < 2Kk’ > Vabs Ok =) O(K) Ta(k, ', k)
ex

| €k, — €L —€0
— m
k= Dex

3¢5 1 kg k k2 — k2 — k2
dkyy ~2p (2~ kp — k) O(K) To(k, K, kyy,
e 2Dex/ k < 2kK’ > Vabs Ohr — k) O(K) To(k, ¥, )k,: /ekm;ewe

/. | €k~ Ckm —C0
k - Dex

(C.50)

k2 _ ]{22 _ /{7/2
h <m2kkl> V3, O(ke — k') O(K) Ts(k, ', kyn)
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C Collision integral for magnon-magnon interaction

For the Umklapp processes we choose a symmetrized way. It is

1 K

SN (K e [ke, 2k
3 oty o] N (K € b 2k

1
U =5 Ny (km € [kp, 2ke]) +

+ %Np (k € [kp, 2kg]) . (C.51)

The extra factor in the second summand arises from a different algebraic term of the energy
dispersion ez, = wy + Dex(2kp — k')? for k' € [ky, 2kp].

C.2 Four particle interaction - exchange interaction
C.2.1 Hamilton operator

Now, we consider the exchange interaction between magnons. We write down the following
Hamilton operator for the magnons

fIHeisenberg =—J Z gmgna (C'52)

(mn)

while J denotes the coupling constant or exchange energy and where (mn) denotes the
summation over the nearest neighbors. We introduce raising and lowering operators

St = 5% +iSY 5= =8% —iSY Sz = S

m m m m m

(C.53)

while S;t denote the lowering (-) and raising (+) operators. The commutator relations are
[54, p. 76]
m

(5, 82| = i0mmeiSh, S5, 5%) = +0maSE  [SE.S7] =WmaSh.  (C54)

We perform the Holstein-Primakoff-transformation [43 p. 207] and rewrite the Hamilton
operator. The simple case of the calculation can be found in Ref. [54, p. 77 ff]. The Holstein-
Primakoff-transformation is performed by introducing the following operators

S= = a;rﬁ 25 — aiﬁam St =4/25 - aiﬁam am, SZ =8-— aiﬁam. (C.55)

The operators a,; and a:rﬁ denote the annihilation and the creation of one magnon at position
m, respectively. All operators fulfill the common commutation relations.

[am,az] =0 [at,aq =0 [am, at] = O i - (C.56)

Since S = 14.2 (cf. Eq. (B.28))), the above operators may be approximated as

1 1
S~V QSaIﬁ - \/@ama%a,ﬁ St~ V2Sas — \/@a;ﬂna,ﬁam. (C.57)
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C.2 Four particle interaction - exchange interaction

One finds the following expansion of the operator product

ﬁHeisenberg = - JZ gﬁi*iﬁ-&-é} = _JZ (SZ SanJre <S+S7?L+€ + 55 Sr—:; )) (C58)

-
m,i

= JNS? — JSZ (—Qajﬁam + ajﬁamﬁl + amatJr )

i
_E:TﬁT R (RS | _ T T L.
4 <4amamam+€iam+ei A A Qs o — A Qg g g Oy 1 &, it
J ot i
T4 Z (‘am“maﬁzam%‘z - am“m+elanﬁ+aaﬁ+a> . (C.59)
i,

Hence, we find

HHelsenberg = JN52 JSZ ( 2a 7 Qi + (IT 7, U 4-¢; + CLmCLT~+6 )

m,i
J tot
-7 Z (4a am+€za*am+gl>
i
J ot t ot t ot t ot
) (—amam+€iamam—aﬁ+ea A7 A7y — Qs Qs Oy Q3 — A A aerezam),
i

(C.60)

while €; denotes the vector in direction ¢ with length of the lattice constant. Let us now
perform a Fourier transformation. We use

1 VN | Bz

ikm —ikm

ap = ——= E e az ap = —— E e aj . (C.61)
N mi,mgz,m3=1 N i

The operators aj and a denote the annihilation and the creation of one magnon with wave

vector k, respectively. The commutator relations are still fulfilled in the reciprocal case. It
is

lag,ap] =0 [a%,aH = [ak, } O o - (C.62)
After set in the transformation, we perform the sum over m which leads to delta-distributions.

We introduce the abbreviations Eg =k— q and ky = K + q. A symmetrized version can be
written down

= JNS? — JSZ ( 2a~a +e Zkia%a,; + e“kia%aE)

k’,z

B.Z.
J 1 s ] w4
i — ¥q; g tat oo o
~IN 2 24 (e +e ) arQr,Qp_ Az

kk'qyi
J B.Z. 1

iy , _ o _ o _ o
Y4 = —eZki _ zkl _ e ik; —e ik 61k4’1 _e itkay _ 6zk371 —e ks, CL]:CLJL ar a -

AN 2 E k' k—q K +q

Bk

(C.63)
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C Collision integral for magnon-magnon interaction

This is

B.Z.
=~ JNS* = JS> " (~2+2cos(k:)) alay
ki

(4 cos(g;) — cos(k;) — cos(kj) — cos(ks;) — cos(ka;)) a%a%/a,;_qqag,ﬂj (C.64)

k:,z
B.Z.
J a®
~ N 5 (k;2 k2 4 k3 it k2. i 4qz) a. alzak—q‘lﬁuﬂj’ (C.65)
Kk q,i
with
ks=k—q  ha=k+4q. (C.66)
We can read out the interaction prefactor for the exchange-interaction
Ja* o 2 2 2 2
Vex| = 57 (K + K2 + k3 + K — 4g?). (C.67)

To calculate the coupling parameter J, we use an identity from [43, p. 210]. If one only
includes first nearest neighbor hopping, one finds for a simple cubic lattice

D

~ . C.68
Sa? ( )
It is

h =1.05457266 - 10734 Js (C.69)
S =14.2[53] (C.70)
Dey =9.16 - 107" GHz cm?[43] p. 182 (C.71)
a =1.2376nm [52, 53] . (C.72)

Thus, we find

J = 421.159 GHz. (C.73)

C.2.2 Collision integral

Now, we set up the collision integral of the Boltzmann equation (see Eq. (11.22) on page 294
in Ref. [43] or Eq. (5.61)))
of;
Ot Js

1
:fz{waw + M, o= Mg+ Mp) + W (Mg, o+ My — Mg + M)

W (Mg + Mg, - Mg Mg, ) — W(Mg + Mg — Mg, .+ Mg q)} (C.74)

E’—i—tf) K +q

127r
Z |V‘25 Pt €gr — eﬂ,q’_ el}'urq’) - 16 - f;}',[jf;;'urq’(l + f];')(l + fE/)
qK

12
_7£Z|V| 5 +€k’_6_’—q‘_ n ) 16 - (1+fE—§)(1+fE’+§)fEfE/ (C75)

Tk
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C.2 Four particle interaction - exchange interaction

We perform a first order Taylor expansion for the temperatures and find:

Bf,; 167 2 0 £0 0 0
E st N? - ‘V’ 5(€E + € — 61;_(;_ 6E1+q) f 7 E (1 + f )( k/)kBTOQ
q !
X [—eETM(E) — o T (F) + ep_ Tk — @) + e, T (K + q)} (C.76)

At the end, the collision integral can be written in relaxation time notation

| s~ IVETu®) | VETu®) | WVPTuk =)  VETuE+D | oy
ot |g — (™ To 2 To TM3 To TM4 To ’
q
with
1 ) C.78
% —% (6E+6E’ _GE—Q_'_GE’-HT) ( . )
1 1
P :%—MZ(S(eE—i— GG GE,+(T) (C.79)
1 1
7'7]\43 :%(5(6124- EE, — €E_§— GE,+§) (C80)
1
P :TM45(6k T~ € g (C.81)
and
1167 0 g )
— e _, 1 ]_ o C 2
7:M2 - h f _’k’-ﬁ— (1+f )(1+ kl)k T( ek/) (C83)
1 16m .o Lo 0 1
1 1 o 84
S I I 1) () (C.84)
1 16m 0 1
- = 1 .
7:M4 h f —’k’-‘rq( +f )( + k/)k T (+ k/ ) (C 85)
with
J
V| = [Vig| = 22 S B R Rk - 40?). (C.86)

C.2.3 Numerical treatment

For avoiding some difficulties, we perform a transformation of the integration procedure. We
start with introducing some abbreviations

0= Z “/(3)(‘2 : Tl(k7 kl? ’E - (ﬂ7 ’E/ + (ﬂ)(s(ﬁﬁ + € — GE—Q’_ 6,1;/_;,_,;) ) (C87)
K

with

L Ta(F) 1 Tu(RD 1 Tu(E-a) , 1 Tu(F +4)

Ty (k. K, [k — q, K + 1) = {

™1 1o T2 1o T™M3 To TM4 To
(C.88)
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C Collision integral for magnon-magnon interaction

Because the function 77 only depends on absolute values, we can write the integration in
spherical coordinates. We rewrite the sum into an integral and introduce an integration over

b = |F — d =/ K2 + g2 — 2q cos(<(F, ) (C.89)

bp = I + 3 =\ K + @2 + 2 g cos(<(F, D) . (C.90)

We are making use of Eq. (B.51). It is

N 3 _' N 2kmax 2kmaax
0:347:4‘/ 3 . /dd*/ dkim / dky 5 (ki — | — q1)

x 8(ky — |k +g1) AVex? - Ta (ks k' o, Kip) 0(eg + e — €z — €y 2)
3N(13 H 3Na 3, 2kmaz 2kmazx -
3N / /d / iy / iy 8 — /K2 + g2 — 2hiq cos(<(F, D))

x 8(ky — VR + @2 + 2k qeos(AF, ) - Vaxl? - T4 (. K Ko k) 86 + € — e — €,

3Na? ~3Na Zkmag Zkmas - k2 — k2 — @\ k
= a3k 3q dk, dky <(k sm 7 ) I
4t / / / /0 (COS( k@) + 2kq > q

- k2 — k2 —q k
) (COS(<I(]€,, (j)) — p%/q> k‘/ipq : |‘/BX|2 . Tl(k’, k?/, k?ma k?p) (5(€E + EE/ - Eﬁfq'_ GE/+§) .

(C.91)

We have to divide the calculation into normal processes N, and Umklapp processes U. Here,
we regard the Umklapp processes of k, k', ky, and k,. For the vector ¢, we do not consider
Umklapp processes. Thus, we find

0=N,+U, (C.92)

while N,, denotes the sum for normal processes and U the sum for Umklapp processes. The
delta function which contains the energy dispersion relations can be solved in two different
ways. One may relocate the equation for k,,, k, or k'. Since k,, and k, are on an equal
footing, we change the equation of the energy dispersions for k,, on the one hand and for &’
on the other hand. At the end we sum up both contributions with a weighting factor of 1/2
for both contributions respectively. Additionally, we rotate the ¢ coordinate system in that
way, that its z-axis is parallel to the vector k. In the same way, we rotate the k' coordinate
system in that way, that its z-axis is parallel to the vector ¢. Thus, we can set <I(E, q) =«
and <{(E’ ,q) = ¥. Since the resulting integrand does no longer depend on the ¢-angle of the
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C.2 Four particle interaction - exchange interaction

k" and ¢ coordinate system, their integral reduces to 2m. It is

19N245

kmaz kmaz kmaz kmaz ]- ]-
N, == 272 dk’/ d/ dkm/ dk/d ﬁ/d k2 2
P =5 168 (2m) /0 ; q ; ; ) cos(9) cos(a) k' q

-1

k??n—k2—q2 k’g-kﬁlQ—QZ km kp
X 6 <COS( ) + 2]{7(]) 6 COS(’lg) — T qu m

1 €k T € — € — €0
X Vel - Ty (ky K o, Kip) =6 | o — p

2D vk D.,
19N2q5

9 kmax kmaz kmaz Emaz 1 1 L
! /
+§ 1678 (2m) / dk:/ dq/ dk:m/ dkp/ dcos(z?)/ dcos(a) k™ q
0 0 0 0 _

1

X 0 <cos( )+ W) o <cos(19) — kz;:) Z—m kk—

% V|2 - Ty (ks K, Ky Ky 2Dt$k,5 (k’ - \/ » F 6'“’" % 60)

x © (1_ kp —2’:,2(]—61 > é@’]zﬁ]ﬁ,mﬁzim(k,k’,km,kp) [

m=\ ——pE—
+ ;%2;@5 Okm ki /Okm dg /Okm dky K2 2 O (k) © (Kmaz — kum) © (1 _ W )
- Deg
(C.93)
Now, we use the identities

e s ()

=1min [kmam, min (km +k,kp+ k:’)]

— min [kmam, max (\km — ki, |kp — k’|) ,min (km +k, kp+ k’)] (C.94)

k 2 2 2 2 2 2
mazx k _k _q k‘_k _q
dq ¢ 1- |2 1—|-2
/0 qq@( 2k >@< 2H'g )

(min [kmaz, min (ky, + &, kp + K)])3
3
(min [kyqz, max (&

m = Kl y = K]) min G by + DD g
. .
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C Collision integral for magnon-magnon interaction
k2, — k% —¢?

kmaz
4 — JR—
/0 dgq” © (1 kg > C] (1

(min [Kmaq, min (kn, + k, kp + §')])°

k]2) _ k/2 _ q2
2k'q

)

5
_ (min [kmaa, max [k — K, |kp5— k'), min (ky, + k, k, + E)])° ' (C.06)
We define
[Vex |2 :m,(,abs\?%a‘*(k? + k% + k3 + k] — 4g%)? (C.97)
| Vex,abs| zé = 822‘2 : (C.98)
and

Qk, K km, k) =a® - (K + K* + k3 + k3)? - (min [Kmqe, min (kn, + &, kp + £)]
— min [k‘max,max (|k:m — k|, |kp — k:'|) , min (k:m +k,kpy + k')})
min [z, min (kny, + k, kp + K

—8a4-(k2+k’2+k§+ki)-<(

3
_ (min [kpae, max (|km — &l [kp — K'|) , min (km + &, kp + k)3
3
+ 16a* - ((min [kimaz, min (km + &, ky + £')])°
)
_ (min [kpaz, max (|kn — k|, [kp — K'|) , min (km + &, kp + k:/)])5>
5 :

(C.99)
Thus, we get

1 9a6 1 kmaz kmaz k/ k-
s =315 |, dk’/o by T (kK Ko, Ky) ©0(h) Ok — )

X |‘/Ye)(,<';t'tas|2 . Q(ka kla kma kp)

ek+ek/7e]-€~p750

k=
m Dex

1 9a6 1 kmaz kmaz k k
—— dkp, dk, =L Ty (k, k', ke, k km kmaz — km
tpmpe | e [ by T ) ©(0) O )

X |Vexabs|? - QUk, K, ki, ki) (C.100)

ekp+€krn 76,;760 :
Dex

This expression (cf. Eq. (5.80))) will be evaluated numerically in section (7} For the Umklapp
processes we choose a symmetrized way. It is

1 1 km,
=-N, maza2 max S Tan 1

k=

Np (k'm € [kmaxa Qk'maz])

1 km
a 1o, 10 N k kmax; kaax A km kmaxy 2kmaa:

1 1
+ 5 Np (k/ € [kma:z:u 2kmax]) + 5 Np (k € [kmaxa kaax])

+

1
+3 Ny (k € [kmazs 2kmaz] AK€ [kmaz, 2kmaz)]) - (C.101)
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C.2 Four particle interaction - exchange interaction

The extra factor in the second and third summand arises from a different algebraic term of
the energy dispersion €5, =WH + Do (2kmaz — km)? for km € [kmaz, 2kmaz)-
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Abstract

In the present theoretical thesis, we analyze the influence of quasiballistic phonons to the
transverse spin Seebeck effect by making use of the Boltzmann equation.

The setup for the transverse spin Seebeck effect consists of an insulating and non mag-
netic GGG-substrate (Gd3Gaz012), where a temperature gradient is applied. On top of the
substrate, there is evaporated a thin film out of a ferrimagnetic and here insulating YIG
(Y3Fe5012). The temperature gradient is applied parallel to the surface of the YIG-film.
The heat reservoirs are modeled as ideal heat reservoirs. On top of the YIG-film, there are
platinum stripes to detect the transverse spin Seebeck voltage.

The first experimental observation of the transverse spin Seebeck effect was made by
Uchida et al. as reported in 2008 [I7] and on YIG as reported in 2010 [2I]. Agrawal et
al. [31] as reported in 2013 and later other groups made contradictory observations to the
transverse spin Seebeck effect. This motivates us to perform a wave-vector dependent cal-
culation of the phonon temperature and the magnon temperature in the YIG-film based on
local interactions. Because the thickness of the YIG-film is much smaller than the thickness
of the GGG substrate, we start our calculation by calculating the wave number dependent
phonon temperature profile in the GGG substrate. Therefore, we set up a Boltzmann equa-
tion and perform a relaxation time approximation. Phonons with a large wave number have
a small relaxation length and thus take the temperature of the phonons in the proximity.
In contrast, phonons with a small wave number have a long relaxation length and scatter
nearly hitchless in the substrate. Thus, the slope of the temperature profile is smaller for
small wave number phonons.

To calculate the wave number dependent magnon temperature in the YIG-film, we set
up a Boltzmann equation for the magnons. Here, we consider phonon-magnon interaction
and magnon-magnon interaction as well. The wave number dependent phonon temperature
is taken as an input parameter. For the magnons, we include exchange magnons and dipolar
magnons. Umklapp processes are neglected for magnons. After some analytic transforma-
tions and approximations, we end up with a system of linear equations for the wave number
dependent magnon temperature and solve this system. For large wave number magnons we
find a large slope in the temperature profile, while for small wave number magnons we find
a small slope in the temperature profile.

Furthermore, we analyze the spin pumping mechanism between an insulating ferromagnet
and a normal metal by making use of the Boltzmann equation. In our theory, we assume an
intermediate layer between the ferromagnet and the normal metal, where the sd-interaction
between magnons and electrons takes place. At the end, we find a spin current induced in
the normal metal, which is proportional to the temperature difference between magnons in
the ferromagnet and electrons in the normal metal.

At the end we calculate the transverse spin Seebeck voltage by using three different
theories. For overall average temperatures much smaller than room temperature, we find a
larger value as for room temperature. For small temperatures, we find a result in the order
of nanovolts or tenth of nanovolts.
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Kurzfassung

In der vorliegenden Arbeit haben wir den Einfluss von quasi-ballistisch propagierenden
Phononen auf den transversalen Spin Seebeck Effekt untersucht. Hierbei haben wir die
Boltzmann-Gleichung verwendet.

Der experimentelle Aufbau fiir den transversalen Spin Seebeck Effekt besteht aus einem
isolierenden nicht magnetischen GGG-Substrat (Gd3GasOi2), an dem ein Temperatur-Gra-
dient angelegt ist. Obenauf befindet sich eine aufgedampfte Schicht aus einem ferrimag-
netischem und hier isolierenden YIG (Y3Fe;012). Der Temperatur-Gradient ist parallel zur
Oberflache des YIG-Films angelegt und die Warmebédder werden als ideale Warmebader
modelliert. Auf dem YIG-Film befinden sich Platin-Streifen, um die transversale Spin See-
beck Spannung zu detektieren.

Uber die erste experimentelle Entdeckung des transversalen Spin Seebeck Effekt wurde
von Uchida et al. im Jahr 2008 [17] und mit YIG im Jahr 2010 [2I] berichtet. Agrawal et
al. [31] und spéter auch andere Gruppen haben widerspriichliche experimentelle Beobach-
tungen zum transversalen Spin Seebeck Effekt gemacht. Dieses motiviert uns dazu, eine
Wellenvektor-abhangige Rechnung von der Phonon-Temperatur und der Magnon-Temperatur
durchzufiihren, welche auf lokalen Wechselwirkungen basiert. Weil die Dicke des YIG-Filmes
sehr viel kleiner gegeniiber der Dicke des GGG-Substrates ist, beginnen wir mit der Berech-
nung der Wellenvektor-abhéngigen Phonon-Temperatur im GGG-Substrat. Dafiir stellen wir
eine Boltzmann-Gleichung auf und fithren eine Relaxationszeit-Naherung durch. Phononen
mit einer hohen Wellenzahl haben eine kleine Relaxationslinge und nehmen deswegen die
Temperatur der Phononen in der Umgebung an. Hingegen nehmen Phononen mit einer
kleinen Wellenzahl eine lange Relaxationsldnge an und streuen fast gar nicht im Substrat.
Daher ist die Steigung des Temperatur-Profiles fir kleine Wellenzahl-Phononen kleiner.

Um die Wellenvektor-abhéngige Magnon-Temperatur im YIG-Film auszurechnen, stellen
wir eine Boltzmann-Gleichung fiir Magnonen auf. Hier beriicksichtigen wir Phonon-Magnon-
und Magnon-Magnon-Wechselwirkungen. Die Wellenvektor-abhangige Phonon-Temperatur
wird hier als Input verwendet. Fiir die Magnonen beriicksichtigen wir sowohl Austausch-
Magnonen ebenso wie dipolare Magnonen. Umklapp-Prozesse sind bei Magnonen vernach-
ldssigt. Nach analytischen Term-Umformungen und Naherungen gelangen wir zu einem lin-
earen Gleichungssystem fiir die Wellenzahl-abhéngige Magnon-Temperatur und 16sen dieses
Gleichungssystem. Fir Magnonen mit einer hohen Wellenzahl finden wir eine grofile Stei-
gung im Temperatur-Profil, wohingegen wir eine flache Steigung im Temperatur-Profil fiir
Magnonen mit einer kleinen Wellenzahl finden.

Dariiber hinaus analysieren wir den Spin-Pump-Mechanismus zwischen einem isolieren-
den Ferromagneten und einem normal leitendem Metall, wobei wir die Boltzmann-Gleichung
verwenden. In unserer Theorie nehmen wir an, dass sich zwischen dem Ferromagneten und
dem normalem Metall eine diinne Schicht befindet, in der die SD-Wechselwirkung zwis-
chen Magnonen und Elektronen stattfinden kann. Am Ende finden wir einen im normalen
Metall induzierten Spin-Strom, welcher proportional zur Temperatur-Differenz zwischen den
Magnonen im Ferromagneten und den Elektronen im normalen Metall ist.

Am Ende rechnen wir die transversale Spin Seebeck Spannung aus, wobei wir hierfiir drei
verschiedene Theorien verwenden. Fir Gesamt-Mittelwert-Temperaturen, welche viel kleiner
als Zimmertemperatur sind, finden wir einen grofleren Wert als bei Zimmertemperatur. Fir
entsprechend kleine Temperaturen finden wir Spannungen in der Grofle von Nanovolt oder
Zehntel-Nanovolt.
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