
CHAPTER 5

Integral Representation of Solutions to the General

Inhomogeneous Polynomial Equation

Using a very important process for constructing the fundamental solutions from [80,
91], we obtain integral representations of solutions to the general inhomogeneous polyno-

mial equation
∏j

ν=1(D+αν)
kνf = g in Ω where Ω is a bounded domain in R3 with a smooth

boundary ∂Ω =: Γ. In [80, 91] a fundamental solution for the operator
∏j

ν=1(D+αν)
kν in

Ω has been well constructed step by step. We start with the fundamental solutionKα(x)(1)

for the operator Dα := D+α as in formulas (1.14) and (1.15) and via an integration pro-
cess the procedure from [91] gives us the polynomial kernel funtions. We then obtain a
similar results for the general Cauchy - Pompeiu representation of polynomial order. For
such representations in complex and Clifford analysis, (see [9, 10, 11, 14, 16]), these
representations are related to powers of Dirac and Laplace operator. And the Helmholtz
operator and its factors were investigated ealier in Chapter 2 and Chapter 4.

1. A fundamental solution for a general polynomial operator

Using the fundamental solution of the Helmholtz equation a fundamental solution
can be constructed for the product of Helmholtz operators. In a similar way as in [80,

91], starting with the fundamental solution K
(1)
α (x) for the Dα operator, a fundamental

solution for the operator
∏j

ν=1(D + αν)
kν in Ω is constructed.

Lemma 5.1. Let α1, α2, . . . , αj be mutually different complex constants.Then

(i) the function K
(1,1)
α1,α2(x) := 1

α2−α1
(K

(1)
α1 (x)−K

(1)
α2 (x)) is a fundamental solution for

the operator Dα1Dα2 .

(ii) if K
(k1,k2,...,kj−1,kj−1)
α1, α2,...,αj−1,αj (x) and K

(k1,k2,...,kj−1−1,kj)
α1, α2,...,αj−1,αj (x) are fundamental solutions for

the operators Dk1
α1
Dk2

α2
. . .D

kj−1
αj−1D

kj−1
αj and Dk1

α1
Dk2

α2
. . .D

kj−1−1
αj−1 D

kj
αj respectively, then

the function

K(k1,k2,...,kj−1,kj)
α1, α2,...,αj−1,αj

(x) =
1

αj−1 − αj

(
K

(k1,k2,...,kj−1−1,kj)
α1, α2,...,αj−1,αj

(x) −K(k1,k2,...,kj−1,kj−1
α1,α2,...,αj−1,αj

(x)
)

is a fundamental solution for the operator Dk1
α1
Dk2

α2
. . .D

kj−1
αj−1D

kj
αj .

(iii)

Dhν
αν
K(k�,k�+1,...,kν ,...,km−1,km)

α�,α�+1,...,αν ,...,αm−1,αm
(x) = K(k�,k�+1,...,(kν−hν),...,km−1,km)

α�,α�+1,...,αν ,...,αm−1,αm
(x)

in the distributional sense, where � ≤ ν ≤ m, 0 ≤ hν ≤ kν , kı ∈ N, ı = 1, . . . , m.

Proof. For the way to prove (i) and (ii) we refer the readers to [91]. In order to

prove (iii) we also need the following notions: Since DrK
(k)
α (x) = DK

(k)
α (x) for all k ∈ N,
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74 5. SOLUTION TO INHOMOGENEOUS POLYNOMIAL EQUATION

it is easy to see that

Dhν
r,x,αν

K(k�,k�+1,...,kν ,...,km−1,km)
α�,α�+1,...,αν ,...,αm−1,αm

(x) = Dhν
x,αν

K(k�,k�+1,...,kν ,...,km−1,km)
α�,α�+1,...,αν ,...,αm−1,αm

(x)

and for all φ ∈ C∞
c (Ω,H(C)) with the right H(C) - distributions, we have

< Dhν
r,x,αν

K(k�,k�+1,...,kν ,...,km−1,km)
α�, α�+1,...,αν ,...,αm−1,αm

(x), φ(x) >

= − < Dhν−1
r,x,αν

K(k�,k�+1,...,kν−1,...,km−1,km)
α�,α�+1,...,αν ,...,αm−1,αm

(x), D−ανφ(x) >

and using (ii) step by step then (iii) is seen. �

Remark 5.2. From (i) and (ii) in the above lemma by a straightforward computation
we obtain

K(1,1,...,1,1)
α1, α2,...,αk−1,αk

(x) =

k∑
i=1

k∏
ν=1
ν �=i

1

(αν − αi)
K(1)

αi
(x).

These results are used to prove Cauchy-Pompeiu type representation formulas in
quaternionic analysis for the general polynomial operator

∏j
ν=1(D+αν)

kν , where αν �= αµ

if ν �= µ.

2. Representation for the general polynomial operator

In this section the representation formulas of solutions to the general inhomogeneous
polynomial equation

∏j
ν=1(D + αν)

kνf = g in Ω is proved. This opens the door for
investigating the boundary valued problem of classical Vekua type.

Theorem 5.3. Let Ω be a bounded domain in R3 with a smooth boundary ∂Ω =: Γ
and f ∈ C2(Ω,H(C)) ∩ C1(Ω̄,H(C)). Then

f(x) = −
∫
Γ

K(1)
α1

(x− y)�n(y)f(y)dΓy −
∫
Γ

K(1,1)
α1,α2

(x− y)�n(y)Dα1,yf(y)dΓy

+

∫
Ω

K(1,1)
α1,α2

(x− y)Dα1,yDα2,yf(y)dy, (5.1)

where K
(1,1)
α1,α2(x) is given in Lemma 5.1 and α1, α2 are different complex constants.

Proof. Notice that

Dα2,xDα1,x = Dα1,xDα2,x and Dr,−α,yK
(1)
α (x− y) = −Dr,α,xK

(1)
α (x− y). (5.2)

Applying the quaternionic Cauchy- Pompeiu formula (1.22) for Dα1,yf(y) we obtain

Dα1,yf(y) = −
∫
Γ

K(1)
α2

(y − ỹ)�n(ỹ)Dα1,ỹf(ỹ)dΓỹ +

∫
Ω

K(1)
α2

(y − ỹ)Dα2,ỹDα1,ỹf(ỹ)dỹ.

This leads to

f(x) = −
∫
Γ

K(1)
α1

(x− y)�n(y)f(y)dΓy −
∫
Γ

ψ
(1), (1)
(α1),(α2)(x, ỹ)�n(ỹ)Dα1,ỹf(ỹ)dΓy

+

∫
Ω

ψ
(1), (1)
(α1),(α2)(x, ỹ)Dα1,ỹDα2,ỹf(ỹ)dỹ, (5.3)
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where ψ
(1), (1)
(α1),(α2)(x, ỹ) =

∫
Ω

K
(1)
α1 (x − y)K

(1)
α2 (y − ỹ)dy. On the other hand, we have in the

distributional sense that

Dα1K
(1)
α1

(x) = δ(x), Dα2K
(1)
α2

(x) = δ(x), (5.4)

so that for any φ ∈ C∞
c (Ω,H(C))

〈(D + α1)K
(1,1)
α1,α2

(x), φ(x)〉 =
1

α2 − α1

〈(D + α1)[K
(1)
α1

(x) −K(1)
α2

(x)], φ(x)〉

=
1

α2 − α1
{〈(D + α1)K

(1)
α1

(x), φ(x)〉 − 〈(D + α2 − α2 + α1)K
(1)
α2

(x), φ(x)〉}
= 〈K(1)

α2
(x), φ(x)〉.

Therefore, Dα1K
(1,1)
α1,α2(x) = K

(1)
α2 (x) in the sense of distributions.

For x, ỹ ∈ Ω with x �= ỹ the quaternionic Cauchy-Pompeiu formula yields

K(1,1)
α1,α2

(x− ỹ) = ψ
(1), (1)
(α1),(α2)(x, ỹ) − ψ̃

(1), (1,1)
(α1),(α1,α2)

(x, ỹ),

where

ψ̃
(1), (1,1)
(α1),(α1,α2)(x, ỹ) =

∫
Γ

K(1)
α1

(x− y)�n(y)K(1,1)
α1,α2

(y − ỹ)dΓy.

Inserting this equality into equality (5.3), we obtain

f(x) = −
∫
Γ

K(1)
α1

(x− y)�n(y)f(y)dΓy −
∫
Γ

K(1,1)
α1,α2

(x− y)�n(y)Dα1,yf(y)dΓy

+

∫
Ω

K(1,1)
α1,α2

(x− y)Dα1,yDα2,yf(y)dy −
∫
Γ

ψ̃
(1), (1,1)
(α1),(α1,α2)

(x, ỹ)�n(ỹ)Dα1,ỹf(ỹ)dΓỹ

+

∫
Ω

ψ̃
(1), (1,1)
(α1),(α1,α2)

(x, ỹ)Dα1,ỹDα2,ỹf(ỹ)dỹ.

Applying Stokes’ formula (1.20) again gives∫
Γ

ψ̃
(1), (1,1)
(α1),(α1,α2)

(x, ỹ)�n(ỹ)Dα1,ỹf(ỹ)dΓỹ −
∫
Ω

ψ̃
(1), (1,1)
(α1),(α1,α2)(x, ỹ)Dα2,ỹDα1,ỹf(ỹ)dỹ

=

∫
Ω

Dr,−α2,ỹψ̃
(1), (1,1)
(α1),(α1,α2)(x, ỹ)Dα1,ỹf(ỹ)dỹ.

Using the definition of K
(1,1)
α1,α2(x) and the equalities (5.2) and (5.4) with note that Γ �

y �= x ∈ Ω, Γ � y �= ỹ ∈ Ω we obtain

Dr,−α2,ỹψ̃
(1), (1,1)
(α1),(α1,α2)

(x, ỹ) = −
∫
Γ

K(1)
α1

(x− y)�n(y)K(1)
α1

(y − ỹ)dΓy.

Since
∫
Γ

K
(1)
α1 (x − y)�n(y)K

(1)
α1 (y − ỹ)dΓy = 0, see the proof of Theorem 2.3 in Chapter 2,

we have Dr,−α2,ỹψ̃
(1), (1,1)
(α1),(α1,α2)(x, ỹ) = 0. This leads to (5.1). �

Remark 5.4. If α2 = −α1 we have the representation formula in terms of the
Helmholtz operator as in Chapter 4, Theorem 4.1.
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In oder to obtain the generalization of the above theorem, we need the following
lemma.

Lemma 5.5. Let α1, α2, . . . , αn be mutually different complex constants. Then
n∑

i=1

n∏
ν=1
ν �=i

1

(αν − αi)
) = 0, for all 2 ≤ n ∈ N.

Proof. For n = 2, we have
2∑

i=1

2∏
ν=1
ν �=i

1
(αν−αi)

= 1
α2−α1

+ 1
α1−α2

= 0. By direct caculation

we also get
3∑

i=1

3∏
ν=1
ν �=i

1
(αν−αi)

= 0. In the case n > 3, we suppose that this lemma holds for

some n. We now consider the function f(x) =
n+1∑
i=1

(x− αi)
n+1∏
ν=1
ν �=i

1
(αν−αi)

. Note that

f(αn+1) =

n+1∑
i=1

(αn+1 − αi)

n+1∏
ν=1
ν �=i

1

(αν − αi)
=

n∑
i=1

n∏
ν=1
ν �=i

1

(αν − αi)
= 0

by inductive hypothesis. Similarly, f(αj) = 0 for all 1 ≤ j ≤ n. Therefore, f(x) has
(n + 1) zeroes αj, 1 ≤ j ≤ n + 1. However, it is a polynomical of degree one. Thus,

f(x) ≡ 0. Then, we have f ′(x) ≡ 0. In other words, f ′(x) =
n+1∑
i=1

n+1∏
ν=1
ν �=i

1
(αν−αi)

= 0, i.e., the

lemma holds. �
Theorem 5.6. Let f ∈ Cn(Ω,H(C)) ∩ Cn+1(Ω̄,H(C)). Then

f(x) = −
∫
Γ

K(1)
α1

(x− y)�n(y)f(y)dΓy

−
n∑

j=2

∫
Γ

K(1,1,...,1,1)
α1,α2,...,αj−1,αj

(x− y)�n(y)

j−1∏
k=1

Dαk ,yf(y)dΓy

+

∫
Ω

K(1,1,...,1,1)
α1,α2,...,αn−1,αn

(x− y)

n∏
k=1

Dαk,yf(y)dy, (5.5)

where K
(1,1,...,1,1)
α1,α2,...,αk−1,αk(x) is given in Remark 5.2 and α1, α2, . . . , αn are mutually different

complex constants.

Proof. For n = 1 formula (5.5) coincides with the Cauchy- Pompeiu representation.
For the case n = 2, we have already shown (5.5) in Theorem 5.3. In order to prove this
formula for any n > 2 assume it holds for n− 1. By inductive hypothesis we have

f(x) = −
∫
Γ

K(1)
α1

(x− y)�n(y)f(y)dΓy

−
n−1∑
j=2

∫
Γ

K(1,1,...,1,1)
α1,α2,...,αj−1,αj

(x− y)�n(y)

j−1∏
k=1

Dαk ,yf(y)dΓy
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+

∫
Ω

K(1,1,...,1,1)
α1,α2,...,αn−1

(x− y)
n−1∏
k=1

Dαk ,yf(y)dy,

Applying the Cauchy-Pompeiu formula (1.22) to
∏n−1

k=1 Dαk,yf(y) gives

n−1∏
k=1

Dαk ,yf(y) = −
∫
Γ

K(1)
αn

(y − ỹ)�n(ỹ)
n−1∏
k=1

Dαk,ỹf(ỹ)dΓỹ

+

∫
Ω

K(1)
αn

(y − ỹ)
n∏

k=1

Dαk,ỹf(ỹ)dỹ.

It follows

f(x) = −
∫
Γ

K(1)
α1

(x− y)�n(y)f(y)dΓy

−
n−1∑
j=2

∫
Γ

K(1,1,...,1,1)
α1,α2,...,αj−1,αj

(x− y)�n(y)

j−1∏
k=1

Dαk ,yf(y)dΓy

−
∫
Γ

ψ
(1,1,...,1,1), (1)
(α1,α2,...,αn−1),(αn)(x, ỹ)�n(ỹ)

n−1∏
k=1

Dαk ,ỹf(ỹ)dΓỹ

+

∫
Ω

ψ
(1,1,...,1,1), (1)
(α1,α2,...,αn−1), (αn)(x, ỹ)

n∏
k=1

Dαk ,ỹf(ỹ)dỹ,

where ψ
(1,1,...,1,1), (1)
(α1,α2,...,αn−1), (αn)(x, ỹ) =

∫
Ω

K
(1,1,...,1)
α1,α2,...,αn−1(x−y)K(1)

αn (y−ỹ)dy. By inductive hypoth-

esis, applying it for K
(1,1,...,1,1)
α1,α2,...,αn−1,αn(x− ỹ) as well as using the assertion (iii) of Theorem

5.1 step by step, we obtain

ψ
(1,1,...,1,1), (1)
(α1,α2,...,αn−1),(αn)(x, ỹ) = K(1,1,...,1,1)

α1,α2,...,αn−1,αn
(x− ỹ) +

n−1∑
k=1

ψ̃
(1,1,...,1), (1,1,...,1)
(α1,α2,...,αk),(αk ,αk+1,...,αn)(x, ỹ),

where ψ̃
(1,1,...,1), (1,1,...,1)
(α1,α2,...,αk),(αk,αk+1,...,αn)(x, ỹ) =

∫
Γ

K
(1,1,...,1)
α1,α2,...,αk(x− y)�n(y)K

(1,1,...,1)
αk,αk+1,...,αn(y − ỹ)dΓy.

Hence,

f(x) = −
∫
Γ

K(1)
α1

(x− y)�n(y)f(y)dΓy

−
n−1∑
j=2

∫
Γ

K(1,1,...,1,1)
α1,α2,...,αj−1,αj

(x− y)�n(y)

j−1∏
k=1

Dαk ,yf(y)dΓy

−
∫
Γ

K(1,1,...,1,1)
α1,α2,...,αn−1,αn

(x− y)�n(y)
n−1∏
k=1

Dαk,yf(y)dΓy

+

∫
Ω

K(1,1,...,1,1)
α1,α2,...,αn−1,αn

(x− y)

n∏
k=1

Dαk ,yf(y)dy
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−
∫
Γ

[
n−1∑
k=1

ψ̃
(1,1,...,1), (1,1,...,1)
(α1,α2,...,αk),(αk ,αk+1,...,αn)(x, ỹ)

]
�n(ỹ)

n−1∏
j=1

Dαj ,ỹf(ỹ)dΓỹ

+

∫
Ω

[
n−1∑
k=1

ψ̃
(1,1,...,1), (1,1,...,1)
(α1,α2,...,αk),(αk ,αk+1,...,αn)(x, ỹ)

]
n∏

j=1

Dαj ,ỹf(ỹ)dỹ. (5.6)

Applying the quaternionic Stokes’ formula (1.20) yields

∫
Γ

[
n−1∑
k=1

ψ̃
(1,1,...,1), (1,1,...,1)
(α1,α2,...,αk),(αk ,αk+1,...,αn)(x, ỹ)

]
�n(ỹ)

n−1∏
j=1

Dαj ,ỹf(ỹ)dΓỹ

−
∫
Ω

[
n−1∑
k=1

ψ̃
(1,1,...,1), (1,1,...,1)
(α1,α2,...,αk),(αk ,αk+1,...,αn)(x, ỹ)

]
n∏

j=1

Dαj ,ỹf(ỹ)dỹ

=

∫
Ω

[
n−1∑
k=1

D−αn,ỹψ̃
(1,1,...,1), (1,1,...,1)
(α1,α2,...,αk),(αk ,αk+1,...,αn)(x, ỹ)

]
n−1∏
j=1

Dαj ,ỹf(ỹ)dỹ.

Using the assertion (iii) of Lemma 5.1 and Remark 5.2 we get

n−1∑
k=1

D−αn,ỹψ̃
(1,1,...,1), (1,1,...,1)
(α1,α2,...,αk),(αk ,αk+1,...,αn)(x, ỹ)

= −
n−1∑
k=1

∫
Γ

K(1,1,...,1)
α1,α2,...,αk

(x− y)�n(y)K(1,1,...,1)
αk,αk+1,...,αn−1

(y − ỹ)dΓy

= −
n−1∑
k=1


(

k∑
i=1

k∏
ν=1
ν �=i

1

(αν − αi)
)(

n−1∑
j=k

n−1∏
µ=k

µ�=j

1

(αµ − αj)
)

∫
Γ

K(1)
αi

(x− y)�n(y)K(1)
αj

(y − ỹ)dΓy




= 0

by Lemma 5.5. Inserting this into equality (5.6) we obtain equality (5.5), i.e Theorem 5.6
is proved. �

In order to obtain the generalized representation of solution for
∏j

ν=1(D+αν)
kνf = g,

we now as an example construct the representation of solutions for the inhomogeneous
equation such that D3

α1
Dα2f(x) = g(x) in a bounded domain Ω, where α1 �= α2. The

integral representation formulas for higher order Dα equations in Chapter 2, Theorem 5.6
and Lemma 5.1 are used.

Theorem 5.7. Let f ∈ C4(Ω,H(C)) ∩ C3(Ω̄,H(C)), and α1 �= α2, α1, α2 ∈ C. Then

f(x) = −
3∑

k=1

∫
Γ

K(k)
α1

(x− y)�n(y)Dk−1
α1,yf(y)dΓy −

∫
Γ

K(3,1)
α1,α2

(x− y)�n(y)D3
α1,yf(y)dΓy

+

∫
Ω

K(3,1)
α1,α2

(x− y)D3
α1,yDα2,yf(y)dy.
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Proof. Applying the quaternionic Cauchy - Pompeiu formula for D3
α1,yf(y) we get

D3
y,α1

f(y) = −
∫
Γ

K(1)
α2

(y − ỹ)�n(ỹ)D3
α1,ỹf(ỹ)dΓỹ +

∫
Ω

K(1)
α2

(y − ỹ)Dα2,ỹD
3
α1,ỹf(ỹ)dỹ.

It follows

f(x) = −
3∑

k=1

∫
Γ

K(k)
α1

(x− y)�n(y)Dk−1
α1,yf(y)dΓy

−
∫
Γ

ψ
(3),(0,1)
(α1),(α1,α2)(x, ỹ)�n(ỹ)D3

α1,ỹf(ỹ)dΓỹ +

∫
Ω

ψ
(3),(0,1)
(α1),(α1,α2)(x, ỹ)Dα2,ỹD

3
α1,ỹf(ỹ)dỹ, (5.7)

where ψ
(3),(0,1)
(α1),(α1,α2)(x, ỹ) =

∫
Ω

K
(3)
α1 (x− y)K

(1)
α2 (y − ỹ)dy, and it is easy to see

K(1,1)
α1,α2

(x) =
1

α2 − α1

(
K(1)

α1
(x) −K(1)

α2
(x)
)
,

K(2,1)
α1,α2

(x) =
1

α2 − α1

(
K(2)

α1
(x) −K(1,1)

α1,α2
(x)
)
,

K(3,1)
α1,α2

(x) =
1

α2 − α1

(
K(3)

α1
(x) −K(2,1)

α1,α2
(x)
)
,

Dν
α1
K(3,1)

α1,α2
(x) = K(3−ν,1)

α1,α2
(x),

in the sense of distribution for ν = 1, 2, 3, because of Lemma 2.1 and Lemma 5.1.

Applying the representaion for higher order powers of Dα in Theorem 2.4 for K
(3,1)
α1,α2(x− ỹ)

gives

ψ
(3),(0,1)
(α1),(α1,α2)

(x, ỹ) = K(3,1)
α1,α2

(x− ỹ) +

3∑
ν=1

ψ̃
(ν),(4−ν,1)
(α1),(α1,α2)

(x, ỹ),

where ψ̃
(ν),(4−ν,1)
(α1),(α1,α2)(x, ỹ) =

∫
Γ

K
(ν)
α1 (x− y)�n(y)K

(4−ν,1)
α1,α2 (y − ỹ)dΓy.

Substituting it into (5.7), then applying the Stokes’ formula again with x �= y, shows that

f(x) = −
3∑

k=1

∫
Γ

K(k)
α1

(x− y)�n(y)Dk−1
α1,yf(y)dΓy −

∫
Γ

K(3,1)
α1,α2

(x− y)�n(y)D3
α1,yf(y)dΓy

+

∫
Ω

K(3,1)
α1,α2

(x− y)D3
α1,yDα2,yf(y)dy

−
∫
Ω

3∑
ν=1

D−α2,ỹψ̃
(ν),(4−ν,1)
(α1),(α1,α2)(x, ỹ)D

3
r,α1,ỹDα2,ỹf(ỹ)dỹ.

Namely, for arbitrary fixed x and ỹ, the functions K
(k)
α1 (x− y), K

(k)
α1 (y − ỹ), k = 1, 2, are

C1 - functions in the whole domain Ω except for the two points x and ỹ.
Therefore, for Ωx,ε = Ω − {y ∈ Ω, |y − x| ≤ ε}, Ωỹ,ε = Ω − {y ∈ Ω, |y − ỹ| ≤ ε},
Ωε = Ω − {y ∈ Ω, |y − x| ≤ ε and |y − ỹ| ≤ ε} with 0 < ε small enough,∫

Γ

K(1)
α1

(x− y)�n(y)K(3)
α1

(y − ỹ)dΓy =

∫
∂Ωx,ε

K(1)
α1

(x− y)�n(y)K(3)
α1

(y − ỹ)dΓy
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+

∫
|y−x|=ε

K(1)
α1

(x− y)�n(y)K(3)
α1

(y − ỹ)dΓy

∫
Γ

K(3)
α1

(x− y)�n(y)K(1)
α1

(y − ỹ)dΓy =

∫
∂Ωỹ,ε

K(3)
α1

(x− y)�n(y)K(1)
α1

(y − ỹ)dΓy

+

∫
|y−ỹ|=ε

K(3)
α1

(x− y)�n(y)K(1)
α1

(y − ỹ)dΓy,

∫
Γ

K(2)
α1

(x− y)�n(y)K(2)
α1

(y − ỹ)dΓy =

∫
∂Ωε

K(2)
α1

(x− y)�n(y)K(2)
α1

(y − ỹ)dΓy

+

∫
|y−x|=ε

K(2)
α1

(x− y)�n(y)K(2)
α1

(y − ỹ)dΓy

+

∫
|y−ỹ|=ε

K(2)
α1

(x− y)�n(y)K(2)
α1

(y − ỹ)dΓy.

Aplying Stokes’ formula for Ωx,ε and Ωỹ,ε respectively gives

lim
ε→0

∫
∂Ωx,ε

K(1)
α1

(x− y)�n(y)K(3)
α1

(y − ỹ)dΓy =−K(3)
α1

(x− ỹ) + lim
ε→0

∫
Ωx,ε

K(1)
α1

(x− y)K(2)
α1

(y − ỹ)dy,

lim
ε→0

∫
∂Ωỹ,ε

K(3)
α1

(x− y)�n(y)K(1)
α1

(y − ỹ)dΓy = K(3)
α1

(x− ỹ) − lim
ε→0

∫
Ωỹ,ε

K(2)
α1

(x− y)K(1)
α1

(y − ỹ)dy.

Now, applying Stokes’ formula for Ωε and observing

Dr,−α1,yK
(2)
α1

(x− y) = −Dα1,xK
(2)
α1

(x− y) = K(1)
α1

(x− y)

shows ∫
∂Ωε

K(2)
α1

(x− y)�n(y)K(2)
α1

(y − ỹ)dΓy = −
∫
Ωε

K(1)
α1

(x− y)K(2)
α1

(y − ỹ)dy

+

∫
Ωε

K(2)
α1

(x− y)K(1)
α1

(y − ỹ)dy.

On the orther hand∫
Ωx,ε

K(1)
α1

(x− y)K(2)
α1

(y − ỹ)dy =

∫
Ωε

K(1)
α1

(x− y)K(2)
α1

(y − ỹ)dy

+

∫
|y−ỹ|<ε

K(1)
α1

(x− y)K(2)
α1

(y − ỹ)dy,

∫
Ωỹ,ε

K(2)
α1

(x− y)K(1)
α1

(y − ỹ)dy =

∫
Ωε

K(2)
α1

(x− y)K(1)
α1

(y − ỹ)dy

+

∫
|y−x|<ε

K(2)
α1

(x− y)K(1)
α1

(y − ỹ)dy.
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Using the Cauchy-Pompeiu representation formulas (1.22) and (1.23) for Dn
α, with n =

1, 2, for K
(3)
α1 (x− ỹ) as well as

lim
ε→0

∫
|y−ỹ|=ε

K(1)
α1

(x− y)�n(y)K(3)
α1

(y − ỹ)dΓy = 0,

lim
ε→0

∫
|y−x|=ε

K(2)
α1

(x− y)�n(y)K(2)
α1

(y − ỹ)dΓy = 0,

lim
ε→0

∫
|y−ỹ|=ε

K(2)
α1

(x− y)�n(y)K(2)
α1

(y − ỹ)dΓy = 0,

lim
ε→0

∫
|y−x|=ε

K(1)
α1

(x− y)�n(y)K(3)
α1

(y − ỹ)dΓy = −K(3)
α1

(x− ỹ),

lim
ε→0

∫
|y−ỹ|=ε

K(3)
α1

(x− y)�n(y)K(1)
α1

(y − ỹ)dΓy = K(3)
α1

(x− ỹ),

we obtain

lim
ε→0

∫
|y−ỹ|<ε

K(1)
α1

(x− y)K(2)
α1

(y − ỹ)dy = 0, lim
ε→0

∫
|y−x|<ε

K(2)
α1

(x− y)K(1)
α1

(y − ỹ)dy = 0.

This leads to
3∑

ν=1

Dỹ,−α2ψ̃
(ν), (4−ν,1)
(α1),(α1,α2)(x, ỹ) = −

3∑
ν=1

∫
Γ

K(ν)
α1

(x− y)�n(y)K(4−ν)
α1

(y − ỹ)dΓy = 0.

Hence Theorem 5.7 is proved. �
In a similar way as in the proof of Theorem 5.7 and using the representation formulas

for higher order Dα operators in [49, Theorem 3.2] as well as Theorem 5.6, by induction
we can also prove the next result.

Theorem 5.8. Let f ∈ Cn(Ω,H(C)) ∩ Cn−1(Ω̄,H(C)) and
j∑

ν=1

kν = n. Then

f(x) = −
k1∑

ν1=1

∫
Γ

K(ν1)
α1

(x− y)�n(y)Dν1−1
α1,y f(y)dΓy

−
k2∑

ν2=1

∫
Γ

K(k1, ν2)
α1, α2

(x− y)�n(y)Dν2−1
α2,y D

k1
α1,yf(y)dΓy

− · · · −
kj∑

νj=1

∫
Γ

K(k1,k2, ..., kj−1,νj)
α1,α2,...,αj−1, αj

(x− y)�n(y)Dνj−1
αkj

,y

j−1∏
µ=1

Dkµ
αµ,yf(y)dΓy

+

∫
Ω

K(k1,k2, ..., kj−1,kj)
α1,α2,...,αj−1, αj

(x− y)

j∏
ν=1

Dkν
αν ,yf(y)dy,

where α1, α2, . . . , αj−1, αj are mutually different complex constants.




