CHAPTER 4

Integral Representations in Terms of Powers of the Helmholtz
Operator

In this chapter, inspired by Chapter 2 together with their applications on boundary
value problem presented in Chapter 3, we wish to develop these results for the n — th
power of the Helmholtz operator for n > 1.

As in Section 2 of Chapter 2, we again iterate both formulas (1.22) and (1.23) to obtain
the representation of solutions to inhomogeneous power Helmholtz equation. Moreover,
we also prove that the subspaces ker(A+a?) N Ly(Q, H(C)) and (A +o?)(WZ(Q, H(C)))N
ker trrNkertrr D, are orthogonal subspaces. By an inductive method, the space Lo (€2, H(C))
is decomposed as well into the orthogonal sum of the subspace of poly-left (right) a—hyper-
holomorphic functions of arbitrary order k > 1 and its orthogonal complement as into the
orthogonal sum of the subspace of polymetaharmonic functions of arbitrary order k > 1
and its orthogonal complement. In addition, the projections onto the subspace of meta-
harmonic functions are defined. Next, the general integral representation formulas for the
n — th power of the Helmholtz operator for n > 2 are proved. Finally, with the aid of
these results, the close connection of these projections with boundary value problem for
bimetaharmonic functions are outlined.

1. Integral representations for metaharmonic functions

As introduced in Chapter 1, all left (right) a—hyperholomorphic functions are meta-
harmonic functions in all their coordinates. Therefore, it seems to be necessary to consider
the links between left (right) a—hyperholomorphic functions and metaharmonic functions.
We begin with an integral representation formula for arbitrary C?— functions. This for-
mula can be obtained by iterating both formulas (1.22) and (1.23).

THEOREM 4.1. Let f € C?(Q,H(C)) N CY (2, H(C)). Then

fla)= - / KD (z — y)ii(y) fy)dly + / 9z — 4)7i(y) Doy f(4)dT,

B /Qﬁ(x_y)DavyDa,yf(y)dy- (4.1)

PRrROOF. Applying the quaternionic Cauchy-Pompeiu formula (1.23) for D, , f(y) we
obtain

Dayf(y) = — / K (y — §)ii(§) Doy f(§)dl; + /Q KY(y = §)D_yDoyf (5)di.

This leads to
59
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- / KD (x — y)ii(y) f(y)dT, — / b, )7(5) Doy f (5)dT,

/Q (2, 5) D0y Doy (7)7

where ¥(z,7) = [ K& (z = y) Ko (y — §)dy. )
For z,y € Q with x # ¢ formula (1.22) yields —d(z — 3) = ¥(z,§) + ¥(x,y) where

U(z,7) = /K“ x — y)ii(y)d(y — §)dl,

Since [}, K(1 —y)iily) K (y — §)dl', = 0, we have (D, + a)i(z,§) = 0 and for x # 7,
the equahtles (1.20, 1.21) now yields

[ 5 DD P @), ~ [ H00)D-nsDas )05 =
This leads to

== [ KOG =i w)r, + [ o =i Doty

T

_ /Q 9@ — y)D—ayDayf(y)dy

From this desired expression we get immediately the following results.

COROLLARY 4.2. Let f € C%(Q,H(C)) N CY(Q,H(C)) be a metaharmonic function.
Then

- / KO (@ — y)i(y) f(y)dTy + / 3z — 4)7i(y) Doy f (4)dT

This corollary shows that a metaharmonic function allows a simple integral represen-
tation on the basis of its boundary values f|r and D, f|r.

COROLLARY 4.3. If f € C%(Q,H(C)) N C*(Q, H(C)) is a— hyperholomorphic, then
—— [ KOG =y @,

This means that, we get from our integral representation directly the Cauchy formula
for a—hyperholomorphic functions.

We define an analogue of the Newtonian potential
Tasoefa) = [ e =0) o)y

y ey B feLi(QHC)), €.
Analogously, the acoustic single layer potential is defined by

Vof(z) = / 3 — y)ii(y)f (y)dT.

cialz—yl

where J(z — y) = —
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By the same method as in [29, Chap. 8] we can prove that V,, is a bounded operator
from Ly(Q, H(C)) to W3(Q, H(C)). Since Chapter 2, we also have Tx 42 is defined from
C(,H(C)) to C(Q,H(C)).

Noting that D,¥(z) = —K_,(z), D_,¥(x) = —K,(z) and J(x) has a singularity of
order 1, using the methods as Theorem 2.20 as well as the formula (1.9), by a straight-
forward calculation

DaTAJran(x) = _Tfa,lf(x)a DfaTAJran(x) = - a,lf(x>7
DoVof(z) = —Foof(x), D-oVaf(x) =—Faf(z), (4.2)

follow. Moreover, applying the Stokes formula (1.20) we get
/Q [Dr—ay?(x =) f(y) + Iz — y)Dayf(y)] dy = / Wz —y)ii(y) f(y)dLy.

r
This means that

Vaf(x) = T—oz,lf(x) + TAJraQDaf(x)' (43)

It is easily seen that

Vof (@) = Toa f(2) + Taver D-af(2). (4.4)
if we apply the Stokes formula (1.21). The equations (4.2), (4.3) and (4.4) are valid in
C¢(©,H(C)) and in Sobolev spaces W} (Q,H(C)). The equation (4.3) and (4.4) connect
operators from the classical potential theory with operators arising in complex quater-
nionic analysis.

REMARK 4.4. Let us introduce the boundary operator

Faiorf(z) = Fof(z) + VoDof ().

Then the Cauchy-Pompeiu formula (4.1) for the term of the Helmholtz equation can be
rewritten as

f(@) = FayarTref(2) + Tava2 (A +a?) f(2)

Trrf(z) = (tri?)ﬁf) )

2. Orthogonal decomposition of Ly(€2, H(C))

As presented in Chapter 3, Lo(€2, H(C)) is decomposed into the orthogonal sum of the
subspace of left a—hyperholomorphic functions of the first order and its proof is based
on properties of the boundary projections P, and @,. We refer the readers to [13] for
another proof of decompositions of Sobolev spaces in Clifford analysis. In this paper,
the orthogonal complement of the subspace of poly-left monogenic functions of arbitrary
order £ > 1 and of the subspace of polyharmonic functions of arbitrary order k > 1 are
determined. The proofs are based on proper higher-order Cauchy-Pompeiu formulas and
Green functions for powers of the Laplacian.

Recently, there has been an increasing interest in the orthogonal decomposition in
complex quaternion-valued Hilbert spaces (see, e.g., [46, 52]) with respect to classical left
a—hyperholomorphic functions. Besides decompositions with respect to left a—hyperholo-
morphic functions, decompositions are related to poly-left a—hyperholomorphic func-
tions as well as polymetaharmonic functions are available. As introduced in Chap. 1,

where
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M’;(Q, H(C)) is the set of all poly-left a—hyperholomorphic functions of order k > 1. The
subspace of polymetaharmonic functions of order k in Ly (€2, H(C)) is denoted by

Hk,2 = {f7 f € LQ(QaH(C))a (A _'_Oéz)kf =01in Q} :

Our method to prove these decompositions is based on the Stokes’ formulas and the
existence of an inner product in Lo (2, H(C)). We start with a decomposition of the space
Ly (2, H(C)) with respect to metaharmonic functions.

THEOREM 4.5. The space Ly(Q,H(C)) allows the orthogonal decomposition

Ly(Q,H(C)) = ker(A + o) N Ly(Q, H(C))®
[(A+ o) {W3(Q,H(C))} Nkertrr NkertrrD,] . (4.5)

PROOF. Notice that for u,v € Ly(Q,H(C)) we have

(Do, v) = / Don(@)o(z)ds = — / D, ou(@)v(z)dz.
Q Q

Using the Stokes formula (1.20) we have

/ (2)ii(z)v(z)dl, = / D,_qu(z)v(z)ds + / u(x) Dyv(z)de

r

This means that

(Dyu,v) — (u, Dyv) = — /Wﬁ(x)v(x)dl“z

If we use the Stokes formula (1.21) we also get

(D_pu,v) — (u,D_qv) = —/u(:p)ﬁ(x)v(x)dfx.

Now we look at

(A +aHu,v) = —(Du{D_qul,v /D au(z)ii(z)v(x)dl, — (D_qu, Dyv)
ﬂ (2)Dov(x)dly — (u, D_oDyv)
z)ii(z) Dav(z)dls + (u, (A + a®)v).

Therefore, we obtain

(A + aH)u,v) = /Dau(yc)ﬁ(als)v(Jls)alRD + /mﬁ(x)Dav(x)sz + (u, (A + a®)v).

The above formula shows that the subspaces ker(A + a?) N Ly(©2, H(C)) and
(A + a?){WZ(2, H(C))} Nker trr Nker trpD,] are orthogonal subspaces. O
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Notice that, if we define
02
W2,A+a2(QaH(C)) = {f : f € WQQ(Q’H((C))v trff =0, trFDaf = 0}7
then the formula (4.5) can be rewritten as
02
Ly(Q,H(C)) = ker(A + o?) N Ly(Q, H(C)) @ (A + a2)(W27A+a2(Q, H(C))).

Now, we can denote the corresponding orthoprojections by

Paior : Lo(Q,H(C)) —  ker(A +a?)N Ly(,H(C))

02
Qataz t L2(QH(C)) —  (A+a”)(Wyai0 (2 H(C))).

The following theorem can be considered as an extension of the results known in [13]
for classical polymetaharmonic functions.

THEOREM 4.6. The space Lo(Q,H(C)) allows the orthogonal decomposition
(i) )
0
L2(Qa H((C)) = Mg(Qa H(C>> D D]ogz(WZa(Qa H(C>>>7
ok
where W, (QH(C)) :={f, f € Lx(Q,H(C), Dif =0o0nT for0<v<k-—1},
(i)
ok
Ly(2, H(C)) = Hy(2, H(C)) & (A + o) (W 5102 (2 H(C)),
where
ok
Wanta2(QH(C) = {f: f€L(QH(C)), (A+0a*)"f=0,
Dy(A+a®)f=0o0nT for 0<v<k—1}.

PROOF. (i) For u,v € Ly(€2, H(C)) and using the Stokes’ formula (1.20) we have

(DEu,v) = —/D’;lu(x)ﬁ(x)v(x)dfx—i— (DEu, Dv)
- —/D’;—lu(x)ﬁ(x)v(x)df — /D’“‘%(x)ﬁ(:p)Dav(x)de—i— (D52, D,v)
—/D{; Lu(x)f(x)v(x)dl, —/D’f 2u(z)7i(x) Dyv(x)dl,

e /Dau(x)n(:p)Dgzv(x)de — /u(x)n(:p)Dglv(x)de + (u, DEv).
T T
ok
The above equality shows that the inner product of each element v € W, (2, H(C)) and
any u € Ly(Q, H(C)) equals zero 1f and only if u € M4(Q, H(C)). This means that the

subspaces M4(Q, H(C)) and D’“VV2 «(©2,H(C)) are orthogonal subspaces.

(ii)By the same method as in the above proofs of the assertion (i) and Theorem 4.5,
the assertion (ii) of the theorem follows. O
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Here, the more general decompositions of the complex quaternion-valued bimodul-
Hilbert space open the door for the consideration of further classes of boundary value
problems of partial differential equations.

3. Integral representations in terms of powers of the Helmholtz operator

The main purpose of this section is to prove the formulas for integral representations
in terms of powers of the Helmholtz operator. They represent the solutions to the higher
order inhomogenous Helmholtz equation (A + a?)"f = g, n > 2. Since the Helmholtz
operator is the product of D, and D_,,a representation fomula in terms of the Helmholtz
operator can be obtained by interacting both formulas (1.22) and (1.23). To do so we
need the following lemma which constructs the fundamental solution for higher order
Helmholtz equations.

LEMMA 4.7. Let 9(x) be a fundamental solution for the Helmholtz operator, i.e, a
quaternionic function satisfying in distributional sense (A + o?)9(z) = d(z),a # 0 and
I(z) be infinitely often differentiable with respect to o.. Then the functions 9 (z), k € N,
determined by the following recurrence formulas

IW(z) = (),
19(2)@) — iiﬁ(l)(x)
20148% ’
(k+1) a1 ()
v (z) Qk:ozﬁozﬁ (z)

satisfy in distributional sense the equation
(D* — o9 (2) = 9™ (2) for all2 < n € N. (4.6)

PROOF. Since D, M (x) = DYY(x) we have D, 9% (z) = DI®)(z). First of all, we
prove this lemma for n = 2. For all ¢ € C2°(Q2, H(C)) we have

< =D, DoV (x), ¢(x) >=< 8(x), ¢(x) >= ¢(0),

9] 0
& o< —D_, D9 (2), p(x) >= 5:0(0),
& < (D*- 042)8—19(1)(:10) — 200W(z), p(z) >= 0,
1 0
& 9W(z) = (D? 042)%%19(1)(95)7

& 90() = (D* — a®)9?(2),

in distributional sense.
For n = 2 since 9V (z) = (D? — a?)9®(z) we have

90 (x) = S-(D? — a2(),
«

1 0 1 0 20
= @) — T (D2 _ ~2) 2 92 _ 27 a(2)
< 20480419 ) QOz(Dl )80419 () 2@19 (@),
& 19() = (D~ )V (@)],

o

(3
<
B

S
!

(D* — o908 (z).
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From (D? — a9 (z) = 9"=2)(z) we obtain

1 0 1 0 2a
=Y 9(n-2) - - 2 2 _ﬁ(n—l) 7.9(71—1)

< 2(n —1)a 80419 (z) 2(n — 1)a( )8a (z) 2(n —1)a (%),

1 0
(n—1) — D2 2y - Y g(n—-1)
& 9 (@) = (D - a?) - Lgn)
& IV (z) = (D? — ®)0" ().
This is the formula (4.6) for n rather than for n — 1. O

Now we can come to our main result of this section. These following representation
formulas express the function through a combination of boundary values of proper lower-
order derivatives and an area integral of the n — th order derivative.

THEOREM 4.8. Let f € C*(Q,H(C)) N C*YQ,H(C)). Then

f(2) / Doy ™ (& = )ii(y)(D-ay Do)~ F (y)dT,
N /F 9O (2 = )7i(y) Doy (D—0y Dawy) ™" ()T,
_ /Q 9 (& — y)(D—ayDay)"f (y)dy. (4.7)

PROOF. For n = 1, the fomula (4.7) follows from Theorem 4.1 and the equality
Doy(z —y) = Ka(z —y).
For n = 2 applying (4.1) to D_, 4Dy f(y) we have

y Dy f (4 / KO — 9)ii(5)(D—o03Dag) [(H)T;

I (y = §)7i(§) Daj(D-a,5Dag) f(§)dDy

- /; I (y = §)(D-a5Dag)’ f(§)dF.
Inserting this equality into (4.1) gives
fa) = = [ KO =), + [ 00 = )i Doy )r
+ | (2, 9)7(7)(D-a,5Dag) f(7)dl;

where

W (x = )0 (y — §)dy.
Applying (4.1) for 9@ (z — §) and (D; + a)9® (x — §) respectively, we have
19(2)(1. - g) = _151(‘%.7:&) + ()51(1.7 g) o (]5(1', g)a

o(r,9) =
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(Dy + )9 (z —§) = —o(2,9) + Galz, §) — ¥(2,7),

where
dneg) = [ K= i) - g,
Baeg) = [ K- y)ﬁ(y)Da,gW) (y — §)dT,,
aued) = [0V = )i)Dad )y - D)L,
Galed) = [ 00 = )i) Do Doy = )T,
= [0V = i) - DL,

r
It is straightforward to see that

(Drg + )tbi(z,§) = oz, 7),
(DT,?J—FOZ)@l(x’g) = 952(1‘7@)7

(Dyg — a)ia(x,§) = : KO (= y)ii(y)9™M (y — g)dry,
(Dg=)aled) = = [0 =Ky~ i)ir,
Now we prove that
(Dry — a)in(2,§) = (Dyg — a)@a(a,§) = 0. (4.8)
We recall that with z # 7, Q. =Q—{yeQly—z| <cor|y—g| <e},0< 2 < |z—17|,
/F K (z = y)ii(y)9™M (y — g)dr, / K (2 = y)ii(y)9™M (y — g)dr,
+ K (z = y)ii(y)d™M (y — g)dTy,

ly—=z|=eUly—7|=¢
[0 =i Ky - 9ir, = [0~ i) K - DL,
r
Ie
s [ e Ay - D,
ly—=z|=eULly—g|=¢
By formula (1.20), (1.21) we obtain

/ KV (z — y)i(y)9D(y — g)dl, = —0W(x—3) - / KM (x = y)K ) (y — §)dy,
[ 96 - par, = 906 i)+ [ KO R
I': €
and
i [ KO- i) -9, = 00 ),

ly—z|=eUly—g|=¢
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i [ e A K- D, = (-,

e—0

ly—z|=eUly—y|=¢
Hence equality (4.8) holds. For z # ¢, from the equalities (1.20), (1.21) and (4.8) we have

[ Ga(2.5) = @1(. D)D) Dag(D-agDs ()T
~ [ Gata) = e DD D- gD G
— [ Gu(e3) = 10D Dai ) = O
Therefore equality (4.7) holds for n = 2.
Let the equality (4.7) hold for n — 1. We now prove it for n. By inductive hypothesis

we have

n—1

Duyfy) = S [~ / Do 39y — §)71(§)(D—ay Do) £(3)dT;
k=1
n / 9y — §)(5) Do y( Dy Do) £ (7)dT5]
- / 9"y — §)(D_n3Dag)" (57
This leads to
- / Doy — y)ii(y) f (4)dT, + / 9 (z — y)ii(y) Doy f (y)dT
Y / e, §)1(§)(D—ny Do) (7T
k=1 YT
- / 4, 9)7i(5) Do (D3 Do) F (3T
- /Q (2, ) (D3 Do) £ (5)d

where
o) = [ 9=y )y
wk (l’, g) = /5;19(1) (:L‘ - y)Da,ﬂﬁ(k) (y - g)dyv
for k = 1,..,n—1. Applying the formula (4.1) and using(4.6) for the functions 9*+1) (x —7)
and —D_, 9%+ (x — §) for k = 1,2,..,n — 2 shows
o) = 0" (z —g) - 7;1,;:({?, 9) + Sz, 9),
Un(2,9) = —Dag?" ™ (z = §) = Yor(2,9) + Por(w. ),
where

b1 (e, ) /Dayﬁ(l x —y)ii(y)d* ) (y — §)dT,,



68 4. REPRESENTATIONS IN TERMS OF POWERS OF THE HELMHOLTZ

77;2,19 (l’, g) = /FDa,yﬁ(l)(x - y)ﬁ(y)Da,g}ﬁ(lﬁ_l)(y - g)drya
P1u(,7) I (@ = )7i(y) Day 0™ (y — §)dT,

Gon(T,9) = / 9D (2 — y)7i(y) Doy Do 59D (y — §)dI,.
T

It is easy to see that

(Drg + 06)1211,1{(33, ZZ) = 1@2,1{(957 @7
(Drg + )@1u(z,9) = Ganlz,9),
(Drg — Oé)%h,kﬂ(l", Zz) = 1@1,1{(957 @7
(Drg — a)popa(z,9) = Prr(e,§).
From the equalities (1.20), (1.21) and (4.8) we have

Z/F [D14(2,§) = G1a(@, §)] () Dy (D3 Day)" f())dTy

S [ [Beate ) = Ga(e )AGND-0sDas) FD)Ty

" /Q [Drnal(t.5) — Prn-s(:§)] (D—ngDag)" F(G)d = 0.

Therefore the equality (4.7) holds for n. O
REMARK 4.9. Since —D_, D, f(z) = (A +a?) f(z), z € Q, the formula

f@) = S - / Doy 0™ (2 — y)(y)(A + 02) f(y)dT,,
+ /r 9k (x — y)ﬁ(y)Da7y(A + on)k_lf(y)dFy}

(-0 [ 99 = g(w)d.
Q

represents a solution to the problem (A+a?)" f(z) = g(x). If the solvability of the boudary

values problems to these equations are guaranteed then these representation formulas may

be used for representing the solutions by some method, for instant as shown in Chapter

3.

4. Dirichlet problem for bimetaharmonic function

As in Chapter 3, we study the bimetaharmonic problem by the help of the self-
contained theory given in the preceding sections. Questions of existence of the solutions is
answered in this section as well as an important convenient representation of the solutions.
We hope these integral representation formulas are adapted to the necessary numerical
evaluation of the solutions which can be connected with mathematical models. To that
purpose, we first assert the origin of the projection onto metaharmonic functions.
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Looking at the formula (4.7), each bimetaharmonic function, i.e., satistyfing the equa-
tion (A + a?)%f(z) = 0, has the integral representation

Fa) = = [ Duytle = )i )0y + [ 90 )i D )T
+ [ Dayd® (o = )i)(A + @) )T,
+ [0~ )it DaA + @) )T,
= Rf@)+VaDaf()+ [ Dayt®(a = p)in)(A + ) f(n)ar,
— [ = )it e + &) S ),
Applying formula (4.7) for D, f gives
Do f(a) = Foal(Daf (2) = Va(A+0*) 1)+ [ Doy (0= )ils) Doy A+ 0)f ()T,

If we take the traces of f and D,, f then we obtain the following boundary integral equation,
xo €T,

fleo) = 5 (f(eo) + S (20)) + VaDa (w0
/ Doy (20 — y)i(y)(A + a®) f(y)dT,
- / 9D (29 — y)7i(y) Doy (A + 02) f ()T,

Daf(@o) = 5 (Daf(ro) +S-aDaf(x0)) ~ ValA + 0?)f(x0)
[ D0 = )7(0) Day( &+ @) ()T

If we now are looking for all bimetaharmonic functions f, which are also metaharmonic
then we get the following conditions

fleo) = 5 (F(20) + S (@) + VaDef(s0),
Daf(ss) = 5 (Daf(@)+ S oDaf(a0)),

or with orther words

(Dif) - (% PVZ) (D];f) |

From this we can derive the projections

Po Vo o —Va
Prtoz = ( 0 Pa) ) QA+a2 = (% Qa) .
These operators as well as the orthogonal decomposition of Ly(€2, H(C)) given in the

preceding section will open the door for the consideration of further classes of boundary
value problems for bimetaharmonic functions.
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We now come to rewrite the form of the Dirichlet problem for the bimetaharmonic
equation for sake of convenience. With the notation

TTFf(:L‘) = (trirgif) )

then the Dirichlet problem for the inhomogeneous bimetaharmonic equation can be writ-
ten as

(4.9)

(A+a?)u =f in Q,
Trru =g on I

In connection with Theorem 3.9 and Theorem 4 in [43] (see also [47, Theorem 4.57]) we
are able to state the following result.

THEOREM 4.10. Suppose that §2 is a domain with sufficiently smooth boundary T .
For each pair of functions wy € W§+3/2(F,H(C)), wy € WQkH/Q(F,H(C)) there exists an
extension h € WyT2(Q, H(C)) with h|r = wy, and (D + a)h|p = wy, where a is a complex
constant.

PROOF. By [43, Theorem 4], there exists a Wy T2(Q, H(C))—extension h such that
hlr = wy, and Dh|r = wy — aw;. This yields Theorem 4.10. L]

We now can look for solutions of the problem (4.9). To do this, we start with the
following problem

{(A +a?)?u =0 in Q, (4.10)

Trru =g on I'.

THEOREM 4.11. If k € N, g € WoT/* (T H(C)) x WET™*(T,H(C)) then the problem
(4.10) has the solution v € WFT2(Q, H(C)), which may be written as

u = FA+a29 + TA+Q2PA+Q2(A + OZQ)h/
where h is the Wy T2(Q, H(C))—eatension of g appearing in Theorem 4.10.

PROOF. Using Theorem 4.10, if g € Wf+3/2(F,H(C)) X Wf+1/2(F,H(C)) then there
exists a h € Wit?(Q,H(C)) such that Trph = g. Let u = v + h then our boundary value
problem (4.10) has the form

(4.11)

(A+a?)?*v =—(A+a?)?h inQ,
Trrv =0 on I,

We now are looking for solutions of problem (4.11). Noting that ¥ has a singularity
of order 1 and using Theorem 2.20 we get (A + a?)Ta o2 = Id where Id is the identity
operator and

Tatar + Wy(T,H(C)) — Wy(T,H(C)).
Moreover, the validity of Theorem 4.5 and the corresponding orthoprojections Qa2

0
show that there exists an H(C)—valued function v € Wy 5, ,2(€2, H(C)) such that
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Using the Cauchy-Pompeiu formula for the term of the Helmholtz equation in Remark
4.4, by the same methods as in Theorem 3.8 for v € W2 (Q,H(C)) and Trrv =0 we

2,A+a?
obtain
v = _TA+a2 QA+a2TA+a2 (A —+ 062)2]1.
Therefore,
(A + 042)27] = —(A + 042)2TA+0¢2QA+042TA+0¢2( + )

= —(A + Q2)QA+Q2TA+Q2 (A + 042) h

= —(A + 042)(] PA+a2)TA+a2 (A + « ) h

= —(A+a??h,

because of the definition of the orthoprojections Pa a2, imPa a2 C ker(A + o?).
Hence, using again the Cauchy-Pompeiu type formula for the Helmholtz equation we get

v — _TA+Q2QA+Q2 [(A + a2)h - FA+Q2 (A + Oz2)h}
= —TA+Q2QA+Q2 (A + Oéz)h + TA+a2QA+a2FA+a2 (A + O{Q)h.

On the other hand, by the orthoprojections imPa .2 = ker Qaq2, and because Fa 2
maps onto imPa_ .2 then we get Qa a2 Fataz (A + a?)h = 0.
Thus,

v = —Thrra2Qata? (A + a2)h

= —Thriye (A + a2)h + Tara2 PA+Q2(A + a2)h.

Meanwhile, the Cauchy-Pompeiu representation for the of Helmholtz equation shows that
Tarar(A+a*)h =h — Fayg2h.

This leads to

v =—h+ Fararh + Tatar Para2 (A + a?)h.
Consequently, it may be observed that

U+ h = Faio2h + Tata2 Para2 (A + a?)h.
Hence, u = Faia2h + Tara2 Paraz (A + a?)h. O
Combining the problem (4.10) with (4.11) we obtain immediately the following propo-

sition.

PROPOSITION 4.12. Under the assumption of the above theorem, the problem (4.9)
has a solution of the form

U= Fprr029+ Trra2Paia2 (A + CYQ)h + TA+Q2QA+Q2TA+Q2][
where h denotes a WrT(Q, H(C))—extension of g.






