CHAPTER 2

Higher Order Teodorescu Operators in Quaternionic Analysis

In this chapter, using the fundamental solution of the Helmholtz equation, a funda-
mental solution can be constructed for powers of the factors of the Helmholtz operator.
Moreover, we are able to give the explicit forms of the kernel functions for the integral
representation formulas of solutions to the higher order D, equations. This means that
we can obtain the representation formulas of solutions to the inhomogenuous equations
D f = g. These results will lend assistance aid to investigate some properties of higher
order Teodorescu operators.

1. Motivation

Integral representation formulars for differentiable functions are useful, for example
they help to determine properties of the functions represented such as smoothness, differ-
entiability, boundary behavious and so on.

It is known that, many chemical and physical processes can be mathematically de-
scribed via partial differential equations with some conditions which are called boundary
value problems (see [30, 64]). Integral representations are one of the main tools to solve
boundary value problems for partial differential equations. Let us see in the whole this
picture in complex analysis. The area integral appearing in the complex Cauchy- Pompeiu
representation defines a weakly singular integral operator T'. Its properties were studied
by I. N. Vekua [86]. We refer to Begehr [18, 19, 89] or Bojarski [26] for solving complex
first order partial differential equations based on properties of T" as well as of the strongly
singular integral operator of Ahlfors-Beurling type II (see, e.g., [2, 86]). Higher order
Cauchy- Pompeiu representations were developed in [9, 10, 11, 14]. Then, by repeated
applications of the T- operator, second order complex equations have been investigated
by Begehr (see [8]), Dzhuraev [36, 37| and a complex fourth order equations is studied
by Wen and Kang (see [90]). With the idea to generalize the T- operator in order to
handle higher order differential equations, the operator 7, ,, (m + n) > 0, as well as a
list of its properties is given by Begehr and Hile (see [16, 17]). The T, ,-operators, in
fact, are useful in the study of some boudary value problems for generalized polyanalytic
functions of order n in the Sobolev space W1P(Q) (see [73, 74]), or for complex elliptic
partial differential equations of higher order (see [3]).

While these representations are related to powers of the Cauchy-Riemann or the Dirac
and the Laplace operators here the Helmholtz operator and its factors are investigated.
Iterating the Cauchy- Pompeiu formula and constructing higher order kernel functions
lead to higher order Cauchy-Pompeiu representations. In constructing the kernel functions
via an integration process the procedure from [91], Appendix is used.

In addition, following the techniques of Begehr - Hile [16], the integral operators
Ton, Tron are defined (see [51]). These operators appear in representation formulas for
solutions to the inhomogeneous higher order D, equation, see [50]. The T, ;-operator
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22 2. HIGHER ORDER TEODORESCU OPERATORS

with a kernel given by the fundamental solution of the Helmholtz equation is known as
the Teodorescu operator which is introduced in Chapter 1, Section 3. For real «, T,, was
investigated in [41], for complex a we refer to [60], for quaternionic a we again refer to
(64, 66| where the related formulas are given.

As is shown in [46, 47] these operators are useful to study elliptic boundary value
problems, and in [60, 64, 66] to study Helmholtz equations and the Maxwell system. For
this purpose, a modified Teodorescu transform is described precisely in [6]. In the case
of complex «, by an induction argument beginning with the Cauchy - Pompeiu formula,
a higher order representation of functions f in C"(2,H(C)), is developed in [49, 50].
Therefore, in this chapter we will study some properties of the integral operator Ti, ,,
n > 1, such as existence, mapping properties, differentiability etc.

As the operators T, T,,, have been widely used to study various boundary valued
problems for higher order equations in complex analysis, the T}, ,, should give useful tools
in investigating similar problems which can be reduced to such problems and systems to
those of Helmholtz equation in quaternionic analysis.

Now, we come to the first of our results. They represent the solution to the inho-
mogenuous equation D! f =g in 2, n € N.

2. Integral representations for higher order D, equations

The fundamental solution for the operator D with n € N will be constructed by a
method as given in [49], (see also [80], [91, Chap. 4]). The advantage of our method,
using induction, is that it yields explicit kernel functions. Our main results are contained
in Theorem 2.3, Theorem 2.4 and Corollary 2.5. Before doing so, we will present Lemma
2.1. Tt is used in the case of quaternions to prove Cauchy- Pompeiu type representation
formulas in terms of powers of the factors of the Helmholtz operator.

LEMMA 2.1. Let K,(z) be a fundamental solution for the operator D, i.e, a quater-
nionic function satisfying in distributional sense Do K,(x) = 6(z), a # 0, and K, (z)
be infinitely often differentiable with respect to oo. Then the functions K&n)(l‘), n € N,
determined by the recurrence fomulas

K@) = Ko(s),
K@) = LK),
-1 0
KP(z) = 78—QK‘9)($>’
KP(@) = oK)

for all k € N*, satisfy in distributional sense the equations

(D+a)KM(z) = K" Y(x), (2.1)

«

(D +a)"K"(z) = §(z). (2.2)

PROOF. It is easy to see that (2.2) holds for n = 1.
First of all, we note that the function space C°(£2, H(C)) isdefined as the vector space
consisting of functions from 2 to H(C) with compact support which have continuous
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derivatives of all orders. Applying (1.20), (1.21)

/(D + o)KW (2)p(z)dx + / K" —a)p(z)dr = K" (2)ii(x)¢(x)dl, = 0,
Q o9
/(D — a)K™ (2)¢(x)dz + / K" (2)(D + a)¢(z)dr = K" (2)ii(z)¢(x)dl, = 0,
fol?ows. .

With the right H(C)-distribution < f, ¢ >:= [, f(z)¢(x)dx then
< (Dy + a)KP(2), ¢(z) >= — < K{V(2), (D~ a)é(z) >,
<Dy = K@), bla) 5= — < KI(w), (D+a)o(o) >
Now we can prove Lemma 2.1 for n = 2. For all ¢ € C°(Q,H(C)) and by (1.16) together
with the definition of K< ( ) we obtain
0
< (Dr + )K (@), 6(x) > = < (D + o) (= 5~ K (@), ¢(x) >

:<£jD+®K9@LM@>—k<K9@LM@>

::_gﬁ@%%<K9@%W@>-

The J-distribution, defined as usual by < 6(x), ¢(x) >= ¢(0), ¢ € C*(Q2,H(C)), can be
considered as well a left as a right H(C)-distribution.

Thus, (D, + a)K((f) (x) = K&l)(x). By (1.16) and the definitions of K% we have
D, o KW (z) = D,K¥ () for all k € N*.

Hence, DQKg) () = (D + a)K&z)(x) = ngl)(x)-
Moreover,

< (D, +a)’KP(2),6(2) > = — < (D+a)KP(2),(D —a)é(z) >
)

Hence, (D + a)2KS () = §(x).
Suppose that for n € N the function K
(D +a) K (x) = K& (),
(D +a)"K{ (2) = é(x)
in distributional sense for all ¢ € C2°(2, H(C)). Then

satisfies

<D+ K@), 0x) > = < (D, +0)[ K@) 6(x) >
::%<§wmmw@4@wﬂw>
:-;g-JWHM»w@>+%<Kwuxmw>
n— -1 0 (n—1
- n n—la_ozK )( ),(b:c)>
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n—1

= Tl K@), 0) >+ < KP(2), 0(a) >
= < K{'(2),¢(z) >.
Thus, (D + o) K™ (2) = K (2). In addition
< (D + )" K (), 6(x) >
= (-1)" < (D, + )K" (2), (D — a)"¢(z) >
= (=1)" <K(”)( ) (D —a)"¢(z) >
= < (D+a)'K{(2), ¢(x) >
= <i(x), ¢(x) >

Then (D + a)”“K&nH)(x) = J(z) in distributional sense. O

Looking at the kernel function K&l)(:c) we decompose it in the following way:

ialz| T eioc\z\
KO — (o —ia oyt _
o () (o NN a2 T 2R anfa]”
~1) 8
o () S ()

A straightforward calculation by the above lemma and using induction, the following
corollary is proved.

COROLLARY 2.2. Let a be a complex constant with a # 0. Then the function

—1)n! i pialal
= 1) = (0= 2%+ dalel + a2

||

s a fundamental solution of the operator D).

K(2) = ) (2.3)

47| x|
THEOREM 2.3. Let § be a bounded domain in R? with a smooth boundary 0 =: T
and f € C*(Q,H(C)) N CY(Q,H(C)). Then
- [ KDt =it s, —Q/K@< — )i(y) Dy ()T
/K2 x—y)D2 , f(y)dy. (2.4)
PRrROOF. From the equality (1.22)
Do (0) = = [ K= )0) D (s + [ KDy = 5)D2 3
it follows
=—/K&”(:c— MWL, = [ 6 DA Dasl DTy + [ 600D, G)d,
where ¢(z,7) = [, Ko’ (z — KD (y — §)dy.

For z, 7 € Q with x 7& 7, the quaternionic Cauchy-Pompeiu formula (1.22) and using
(2.1) lead to

K@ (x - §) = (2, 9) + ¢ (2, )



2. REPRESENTATIONS FOR HIGHER ORDER D, 25

where (2, §) = — [, KM (= 9)i(y) K& (y — g)dl’,. Then

Fa) = = [ K@= )i St — [ K )it Do ()T
@y — o\ 2. §)(5) Do £ (§)dT
n / K@ (x — y)D2, f(y)dy + / B(z, §)71(5) Doy / (5)dT;

— Qzﬁ(w@)Di,g (7)dg. (2.5)

Namely, Kél)(x —y) and K (y — g) are for fixed arbitrary z and 7, respectively C'-
functions in the whole domain €2 except for the two points x and g. Therefore

/ K (@ = y)ii(y) K (y — §)dry, = / KD (@ = y)ii(y) K (y — §)dly+
r 0

s K@ paEO -0, + [ KD - i E - 5,
ly—z|=¢ ly—7l
where Q. =Q —{y € Q, |y —z| <eor |y—g| <e}, 0 <e small enough.

Applying formula (1.20) for €. to faﬂ &1)(30 — y)ﬁ(y)K&l)(y —)dl'y, and using that
(Dyy + )KS (y — §) = 0y — §) and (D, — a) K (x — y) = —d(z — y), together with

lim K (x = y)i(y) K (y - §)dly = — K (@ — 5)
T y—al=e
lim K (x —y)ii(y) K (y — §)dr, = K (z — )
T y—gl=e
we obtain (D5 — )(x,§) = 0. Then [o ¢ (z, §)D2 ;f(§)dj = [ ¢ (x, §)7(§) Dy f (§)dT;
by applying (1.20). Inserting this equality 1nto (2 5) we get (2.4). OJ

THEOREM 2.4. Let f € C*(Q,H(C)) N C" Y(Q,H(C)). Then

= —Z/K z —y)ii(y)DE ! f(y)dlL,
/QKQ x—y)Dg , f (y)dy. (2.6)

PrOOF. For n = 1 fomula (2.6) coincides with the Cauchy-Pompeiu formula(1.22).
We have already shown (2.6) for n = 2 in Theorem 2.3. In order to prove this formula for
any n > 2 assume it holds for n — 1. Applying this formula for D, , f(y) leads to

Doyfly) = —Z K (y — §)i(5)DE ;£ ()dTy
k=1 F
/ KDy — §)Dr, f(5)dd.

Inserting this equality into (1.22) gives
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fa) = - / KO — i) ), — 3 / b, 9@ DL, f(H)dT
r i Jr
+ /Q s (2, 5) D7 F(5)d,

where ¥y, (z,9) = [, KM@ —y)KP(y— j)dy for all k=1, 2, (n— 1).
Applying (1.22) with = # ¢ and using (2.1) we have

K$F (@ =) = =iy (2,9) + n(z,§) forall k=1, 2,--- ,n—1,

where ¢y, (x,§) = Jr K((ll)(x - y)ﬁ(y)K&kH)(y —y))dl'y forallk=1, 2, --- n—1.
Then

n

fa) = - / Fole — )W) ), — / K® (z — y)ii(y) DA fy)dr,

k=2
+ | K" (z—y)D2, f(y)dy

Yy
Q
n—1
= Y [ et i@k 1@
k=1

[ )DL @
Note that from (2.1) we have
(Dr,gj - O‘)&lﬂrl(l‘a g) = _&k(xa g)
and applying Stokes’ formula (1.20) again as well as
~(Drg = @)t (,§) = t(2,5) =0,

where 9y (z, ) = Jr Kél)(x - y)fi(y)K&l)(y — g)dl'y, (see the proof of Theorem 2.3), this
proves that

n—1

S [ e i@ DL D5+ [ doslo DD ()

— Jr

k_rlz—l _ n—1 ~

- -y / Dule, DS f(H)dG+ Y / G, §)DEE £(5)dp
k=1 k=1

+ / Jule, D2 F(5)d5 = / Jn(@,§) Doy f (§)dj = 0.
(9] (9]
This leads to

n

-2 /F K (x —y)ii(y) Dy, f(y)dL,

k=1

~

~—~

B
I
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Because of fomula (2.3) together with the above theorem, the representation of so-
lutions to the inhomogeneous equation D]lf = ¢ in €2 can be written in the following
form.

COROLLARY 2.5.

n kJrl — — ( y) ZO[.I'— oa\xr —
=3 / )= (k= 2) = ol g/ + ae — )]
eielz—yl
(il — yl)*2(~ Jii(y) DI £ (y)dT,

Ar|z — y|

N (—1)”. /[(n 1) —(n- Q)i‘(j:5|) +iale — y| + alz - y)]

x(ilz — y[)" (=

eia‘x_y‘

——F—— ) D dy.
47T|l'—y‘) a,y (y) Y

Now the higher order Teodorescu operators are given. Their properties will be studied
in the next sections. The kernel functions KS"” are defined by formula (2.3).

DEFINITION 2.6. For a bounded domain  in R? with piecewise sufficiently smooth
boundary I', we formally define operators Ty, ,,, T 4, Where a € C acting on H(C) -
valued functions f defined in 2, according to

(T f)(z /K” z —y)f(y)dy,

(Tonf) /f VK (@ — y)dy.

Ton, Tran are called a the higher order Teodorescu operators.

REMARK 2.7. If we decompose KV as
1 1
KM (x) = Ko (2) + Ky () (2.7)
where
ialz|

KV = (2 (=S

a,l(x) (|ZL'|2) ( 47T|ZL‘|)’

ialz|

K@) = (0 ialy

a,Q(x) (Oé ZOé|x‘ 47T‘.I'| )7

then K, (()H (z) coincides up to the factor (—e™®l) with the kernel function of the operator
To1. This operator was studied in [47, 81]. We recall that Tp; f(z f

47r|a: y|3 y
is the Teodorescu transform and corresponds to the known 7T— operator from the one

variable complex analysis (see [7, 86]). It may be expected that K S% (x) causes analogous
properties of T, ; as known for 7 ;.

Now we begin with the investigations of mapping properties of T, ,,.



28 2. HIGHER ORDER TEODORESCU OPERATORS

3. Existence and continuity of integrals

In this section, we will prove the existence and continuity of T, ,,. The operators 7, , ,
have analogous properties with respect to this operator acting on the right of the function.
We also refer the readers to [41, 46] for more details in the discussion of some properties
of the integral T, ;, with o a real number. T, ; acts on real quaternion - valued functions.
The use of complex quaternions as well as a a complex number does not cause changes of

the mapping properties of T, 1, as was shown in [45]. Moreover, the kernel K (x) of the
operator Ty, , has a singularity of order 2 at most and thus it will not affect essentially

the properties, induced by K&l)(x). Nevertheless, the following properties will be proved
more explicitly again for 7, ,,n > 1.

LEMMA 2.8. Under the same assumptions as in Definition 2.6, for f € Li(Q,H(C)),
the integral

F(x) = / mf(y)dy isin  Li(Q,H(C)) forall 0<~eR.
Q

Proor. Notice that here we consider a bounded domain 2 and v > 0. Firstly,
looking at the integral [ (f ﬁdx) | f(y)|m)dy, L. Hedberg has shown that there
Q \Q

lz—y|3—7

exists a constant C such that [ —5—dy < C(diamB)” holds for 0 < y and 2 a bounded
Q

domain, where B is the smallest cube containing 2, (see [53]).
Hence,

1
S| =t | 1#6erdn < Mo [ Vwlsy = M|l
o \o Q
where M(q ) is a constant depending on {2 and on «. Using Fubini’s Theorem

1 1
/ /de |f(y)|H(<c)dy=/ /Wﬁ(y)m(ody dx:/F(x)dx,
Q Q

o \Q Q
follows where the involved integrals are finite and hence F'(z) is in L (2, H(C)). O

REMARK 2.9. For z € Q= := R — 0 we have

1
/ L fy)dy| < Ml
(9]

|z —y[>
We now come to our first main result ensuring the existence of the integral Tp, , on

THEOREM 2.10. For a € C and f € Ly(Q,H(C)), the integral T, f(x) exists for
almost all z € €.

PROOF. For n = 1, with f € Ly(, H(C)), and viewing the formula for K" (z — y)
we observe that
V2

KW (2 y)f(y)’H((C) < E|Kfj)(x — )|l f (W)|ec)
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V2 e diame 1
S_e—ma iam fyH(C 2y + .
- 7)o (Rlol = + =)
Using Lemma 2.8 leads to the existence of (T}, f)(z) for almost all z € Q.
In the case of n = 2, let us consider the estimate
KO @ =W))< VAKD (@ = y)laolf ()l
V2 e diame 1
< T ima lam 2 .
< e @)l 2ol + =)
Using Lemma 2.8 again in the case v > 2, the existence of (T, f)(z) for almost all x € Q2
is proved.
If n > 3 is fixed, we have

K0 (2 — ?J)f(y)’H(@ < V2IK™(x — y)|so) | f (¥) )

\/i —Ima diam n— n—
<~ Semtmedim®) gy o (2allr — y[PT2 |-y,

A
Looking at the right - hand side of this inequality, we can easily see that T, ,, f(z) forn > 3
has no singularity. Hence, the existence of the integrals T, ,, f follows. ([l

REMARK 2.11. If z € O~ then K" (x —y) are bounded continuous functions of y for
n =1, 2. This means that T, f(z),n =1, 2, exist for almost all z € R3.

For z € Q~ fixed then the integrals T, ,, f () exist and they tend to infinity for |z| — oo
for all n > 3.

THEOREM 2.12. Let the assumptions of Definition 2.6 be satisfied. In addition, let
f be a complex - valued function in Li(2,H(C)). Then the integral T, f(x) converges
absolutely for all x in Q. Moreover, if

(i) 1 <g< 3 whenn=1,
(i) 1 <g< 3 whenn=2,
(iii) 1 <¢ < 400 whenn > 3,

then Tonf € Lg(LH(C)) with |[Tonflle, < MoamllfllL:-

PROOF. Firstly, we will define W.,(z) on (2 accordlng to

7

Il" —ylV

and let w be an arbitrary function in Lp(Q, H(C)) where i + % = 1.

Again using the estimate of \K&") (x—y)| in Theorem 2.10 shows that the integral T, ,, f(z)
converges absolutely.
Now, using Holder’s inequality we obtain

w(y 1
W)= [y < | [ )"dy ol < [ e
Q Q

lz —y| y|

where 117 + % = 1. By Lemma 2.8, hence the middle integral of this inequality exists for

qy < 3. Therefore, in the case of n = 1 the condition 1 < g < % is sufficient for both
values v = 1 or v = 2 (see the estimates in Theorem 2.10). For n = 2, by the estimate
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of K& (x — y), we have to consider v = 1. Thus the condition is 1 < ¢ < 3. It is easily
seen that 1 < ¢ < 400 is possible for all n > 3.
Under the assumtions for ¢ together with W, (z) < (/f ﬁdy) l|w]|L,, yields W, (z) <
Q

Mo l|wllL,, here M(q ) is a constant depending on €2 and on y but not on z, ( see the
proof of Lemma 2.8). Hence, W, (x) converges uniformly i.e W, is continuous on € and
for all w € L,(Q, H(C)) then W, (x) € L, (2, R) for % + % =1

Again, by Fubini’s theorem we have

[ L) o) e = [ %d@‘w@)mdy

|z —y|
Q QO

where w € L,(Q,H(C), v € Li(Q,H(C). This due to the fact that the latter integral
represents a linear functional on L,(Q,R) gives ([ "W_dx) € Ly(Q,R). Therefore, by
0

|z—y|”

the estimates in the above theorem this leads to T,,f € L,(Q,H(C)) for every f €
L (92, H(C).

Finally, using the same ideas gives explicit estimates of ||T5,||r,—L,-
Indeed, firstly notice that as well the function

Ta,nf(x) = /}Kén) (.’L’ - y)}H(C)‘f(y”H(C)dya
Q

is defined already where f € L;(Q2,H(C)), as

[ 159 = sl fwlseds) o) leds
Q9
— [ ([ 196~ ot s do)l W) ds
Q Q
where v € L,(Q2, H(C)).
In the next step we consider ([ |Ké") (z — y)|ue)|v(@)|mc)dz). In the cases listed under
0

conditions (i)-(iii), when ¢ = +00 we have p = 1. We then may apply Lemma 2.8 to a
bounded domain large enough to contain €2, and deduce that

1K@ = plaolb@leds < Maamllvl,
Q

In the cases 1 < ¢ < +ooand 1 < p < +oo, with the list of conditions (i)- (iii) by
Lemma 2.8 together with the estimates of K&n)(x —y) in Theorem 2.10 we get

/ KO (2 — )l lo(@)luedr < sup / KOz —y)lda | o]l
9] Q

ze Q

This leads to [( [ \K$ (z — YlaolfW)laedy) [v(@)|nede < Mool fll]v]],. This
Q0
inequality completes the proof of the theorem. O
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4. Differentiability of integrals

If we look for applications of the Ti, ,— operators then we need their mapping prop-
erties within Sobolev spaces. For this purpose, in this section we will investigate differ-
entiability of the higher Teodorescu transforms. We refer to S. G. Mikhlin, S. Prossdorf
[69] for an excellent book about singular integral operators but all of whose kernels are
related the volume potentials. These are the operators of Calderon-Zygmund type, hence,
the Teodorescu transform in the case @ = 0 do not cause much problems (see [16, 42],
[47, Chap. 4] and references therein). However, in the cases a # 0, the situation becomes
more complicated. We can not immediately apply the theory of Calderon and Zygmund.
This means that we have to give the estimate of the kernels of the higher Teodorescu op-
erators in order to be able to use these theories. We start with exchanging differentiation
and integration of higher order Teodorescu transforms.

LEMMA 2.13. Let f € CH(Q,H(C)) then
(i) for k=1,2,3,

0T /() = / KO~ )W)y + 2T,

ra 1f /f aka(l y)]dy + fgx)éka

r ( ralf /f arkal (l'— )]dy + f(gx)éka

O, (Tur f)(2) = / 0k KO (2~ )y + 8L,
Q
(ii) with k = 1,2,3,

O(Tunf) () = / 00K (2 — 9 f(4)dy,
Q

0Ty f) (&) = / )00 K (1 — )dy,
Oy (T f) () = / F@)0r kK (2 — 1))y,
O (Tanf)@) = [ Do K (@ — 9)]F )y,

D

for alln > 2.
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PROOF. (i) In order to prove (i), we need to prove the first formula, the other formulas
are shown in the same way. Let us consider the decomposition in (2.7). Firstly, notice

that K((lli (x — y) can be written as

1 T —y elelz=yl 1z —y
K- = (P2l
! ar \|z—yP ~ fo—yl Jo—yl?

which has singularities of order less than or equal to two only. Therefore, we have

@@mmwzm/virﬁﬁ#@@

dr’ | —yl3

Q
eia|zfy| _ T — eia\xfy\ _ T —
+ak/(—i)[ LIy L D i " £y
Q

dr’t r =yl |z —y|? |z —y] |z —y] |z —y]

For the latter integral, it is allowed to exchange differentiation and integration because
the kernel has a singularity of order 1.

On the orther hand, the first integral has a singularity of order 2, this integral is
exactly Ox(T0.1f)(z) and is investigated very carefully in [69, chapter IX, §7], (see also
[46, 69]). For the reader’s convennience, we will present this proof.

Under the assumption f € C}(Q, H(C)), i.e., it has compact support, then the function
Th1f can be written as

— 1
(Toa)le) = /m 0= g |t

R3

Notice that its kernel is weakly singular. Using the Stokes’ formula we obtain

1 y 1 y
h(Toaf)(x) = Eak,x / Wf(x —y)dy = In ll_f)r(l) Wak,xf(x —y)dy
R3 R3—B(0,¢)
— L. Y Y
T 4rx ll—{r(l) {a’w (Wf@ - y)) — ak,wa(w — y)] dy
3—B(0,e)
= ——lim dS—i— hm Oy—=f(x —y)dy
47 e—0 |y|3| | ( ) =0 ky|y|3 ( )
ly|=e B(0,¢)
L T—Y Yk — Tk
= 1 ds.
y z|=¢
x_
_Elli% / a’” |3 f(y)dy
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47 e—0

= —hm / Z —yi)e; cos(r, yg) f(x 4+ ew)dS;

8B(x1 =1
- llm Ok, dy
A7 EHO ‘ |ZL‘ - |3 )
where w = ﬁ and ng = COS(T, Yp) = ﬁ’;:if, hence @ = (ny,ng,ng) is the outward

pointing normal Vector on 0B(z, ) at the point y. If ¢ — 0 then the first integral converges

uniformly to [ Z( — y;)e; cos(r, yp)dSy f ().

0B(z,1) i=
Since
3 3 (s — i)
Z(acZ —y;)eicos(r,yg)dS, = Z e ————dy
oB(z,1) "= =1
= 7“ dr | dS; = 47re—;,
8B(:v 1)
3 _
this leads to 7 f Zl( i — yi)eicos(r,yp)dS, f(x) = g’“f(x)
0B(z,1) 1=
Note that as cos(r,y;) = ?"; o we can write
-y 2 (2 — yi)e
aka: = aka: -
lz—yl® z; |z —y?
_ i @ —y)(a —y)e 3wk — yi)*e L
ol |z —y[° \x—yP \9c—y|3
1 = (o — yo) (@ — y)
k— Yk )
= —0 | -3 € + )
I:v—y|3< ; \9c—y|2 Z \9c—y|2 )
and because of
~ () =) N (=)
B BT NICETIR IR P P
oo, — [z —y = vyl
AN o)
= / -3 Z ~——=¢; cos(r, yr) + Z L6 cos(r,y;) | dSy
N — |z —y = vyl
7 3
4m 4m
= _3_€_k -+ —€_k> = 0,
< 3 = 3

the integral | &mﬁ f(y)dy converges uniformly in z to the singular integral

i 8k,xﬁf(y)dy, for e — 0. Summing up we have (i).
)
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(ii) In the case n = 2, we have

giala—yl
Toof(x) = / (1+ialz — y| +alz —y)(

Q

m)f(y)dy-

The kernel of this integral has a singularity of order 1, hence it can be allowed to exchange
the differentiation and the integration. Therefore, (ii) holds for n = 2.
For n > 3, the kernels of these integrals have no singularities, thus (ii) is easily seen. [

Now we will study the properties of 0,7, ,. To do this, firstly we need the following
lemma to hold for 0 < vy < 2. This lemma can be proved by using the same idea as in
[47, Chap. 3] for v = 0. However, we will present this proof for the reader’s convenience.

LEMMA 2.14. Let Q be a bounded domain in R*, w € L,(Q,H(C)). We define the
operator

1
Wayw(x) = / mw(y)dy, 0<v<2,

being well-define in L,(R3 H(C)) and
Wawllz, < Mayllwllr,, — forl< p < +oc.

PROOF. Firstly, we will estimate the integral for x € )

1 . 1 1
/(Iaf—yP‘7> dy_/|x—yl(2‘”“dy = / Iyl(g‘”“dy
Q Q

ly|<(diam$?)
jamf2)3~(2—7e
< gpliams) (2.8)
3—(2—7)a

with the condition (2 —v)a < 3.
By using Holder’s inequality for 1 < p < 400 and x € €2 then applying inequality
(2.8) in the case o = 1 we have the following estimate

/Iiﬂ—y\2 Y /|x y[2- Slw@ldy =
- /(W) (W) o (w)ldy
[(G=) o]
—
(1?7(diam9)””)q Q/

1.1 _
where st = 1. Thus,

IN

[~}
—
—~

8

|
@ —_
r

2

S—

B =
—~
<
S~—

[
S|
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<

Q=
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@ p
/ ( in (dlamQ)lﬂ)%/(*W(y)\%y)l dx
- 1+ x —y|>
ol J |z — |
47T P P 1
@ (diamQ) 1) q / / Pdy | d
< () ) )Py | do
Q \Q
47T P P 1
o (diam$) 14 / / d rd
< (1+7) (diam(2) PR |w(y)[Pdy
a \Q

o (W @de)” < Miagllols, where Mo, = 45 ()7

W,_, is a linear bounded operator, hence it is a continuous operator from L, (€2, H(C)) to
L,(Q,H(C)). The lemma is proved. O

We note that in the case o = 0 the following theorem is taken from [47, Chap. 3]. Its
proof is essentially due to K. Giirlebeck and W. Spréssig by using a theorem of Calderon
- Zygmund ([69, § 3, Chap. 11], for 2 = R3.

THEOREM 2.15. The operator
OcTo : Lp(R%, H(C)) — Ly(R%H(C)), 1 < p < +oo,
1s well-defined, continuous and
-1 1
10k To,1|| £, (r3 1)) < C(4m)7 + 3 1 < p < +4oo.

Analogously to the above theorem for a bounded domain we have the following same
result for T, ,. We refer to [45] for proving this property in the case n = 1. For sake of
completeness, here we also give its proof.

THEOREM 2.16. The operators OyT,, ,, : L,(Q, H(C)) — L,(Q,H(C)) are well-defined
and continuous for alln > 1 and 1 < k < 3.

PROOF. From Lemma 2.13 we have

00T ) = OTos)(@) + 3= [ Rl =) )y,

On(Toaf)(a) = — / Rom(z — ) f()dy,

where
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Ron—y) = Tp—yp x—y ey 1 ( e 3 )
a1l - - -

‘ 2=yl le—yl |z—yl \|lz—yl |z—y[
glele=yl 1 1

€k
lz—y| |z —yl?
N (ew‘“”_y'—l_i_ 1 )(ia e Tk Yp Ty 1 )
2 — 9] |z —y |z —y [z =yl |z —y| |z -y

T [ () (o)
— (o — i ) i — + (i — :
|z =y [z =yl" L |z =yl |z =y |z =y

~ _ ialz—y|l _ 1 1 1
T — Yk [ € .
lz—yl \ [z—y |x—w‘ | |z =y
|z —y |z —y |z — y|

— — ialz—y| _ 1 1

x x e

+a[ Y Tk~ Uk ((m\x—y|—1)—( + ))}
|z —y| |z -y |z =y |z =y

We can use analogous estimations as in Theorem 2.10 for the kernel functions [~(a711(a: —

y), Ka21(z —y). These estimations together with Theorem 2.15 reduce these problems
to the real integral

1
Wo_yw(z) = / Ww(y)dy, 0<y=<2
Q

It is well-defined in L,(Q,H(C)) and continuous. By Lemma 2.14 and noticing that

C>*(Q,H(C)) is dense in L,(Q, H(C)) the theorem follows for n = 1 and n = 2.
For n = 3, we need only consider W5_,w(z) for 0 < ~ < 1. In the case n > 3, then
Ok Lo f(x) has no singularity. By the assumption that € is a bounded domain we get

| |8]€Ta,nf(l’) | |Lp S M(Q,a,n) | |f| |Lp’
Hence, the assertion of the theorem holds for all 1 <n € N. O

We now are able to come to our main result in the following section continuing the
mapping properties of Ty, , between spaces of continuous functions.

5. Mapping properties of 7, ,

In this section we will give the most important properties of 75, ,, in Theorem 2.20 and
Remark 2.21. They are one of main tools for dealing some boundary value problems for
the Helmholtz equation which are discussed in the next chapter.

THEOREM 2.17. The operator To,y, = Ly(QLH(C)) — W (Q,H(C)) is well-defined
and continuous for alln > 1.

PROOF. From Theorem 2.16 we can see that 0,71, : L,(2, H(C)) — L,(Q,H(C))
is well-defined and continuous for all n > 1. In order to show T,,f € W, (€, H(C))

for every f € L,(Q,H(C)), we at first verify that the operator T, acts invariantly on
L,(2, H(C)).
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Indeed, for n = 1 by Theorem 2.12if 1 < ¢ < %, the linear operator 7, ; is bounded,
i.e., T, 1 also belongs to £(L,(Q2,H(C)), L,(2,H(C))). This implies that

Toy € L(Ly(QH(C)), L,(QH(C))) for 1< g < g
Consequently, by Theorem 2.16 we get
Toa € L(Ly(2,H(C)), W;(Q,H((C))) for 1 <¢ <

Do W

Sobolev’s imbedding theorems, the algebraic expression (1.7), implies that
W, (Q,H(C))) C L%(Q,H(C)) for 1 <q< ;
Hence,
Toq € L(Ly(H(C)), L. (2 H(C))) for 1 < ¢ < g, 1 <r< 3.

It is clear that T,,, € L(L,(Q,H(C)), L.(Q,H(C))) for 1 <r < 3. Using Theorem 2.16
again we get T,,1f € WHQ,H(C)) foralll <r < 3and f € L,(Q,H(C)).
Sobolev’s imbedding theorems, the algebraic expression (1.7), guarantees that

W (QH(C))) C L (QH(C)) forr < 3.

This means that

To1 € L(Lg(,H(C)), Li(Q,H(C))) for 1 < s < +o0.

In the case n =2, if 1 < ¢ < 3 we have
Toao € L(L(2,H(C)), W;(Q,H((C)))

Consequently, we can say that

Too € L(Ly(Q,H(CT)), W, (Q,H(C))) for 1 < g < 3.
Using Sobolev’s imbedding theorems again leads to

Tao € L(Ls(Q,H(C)), Ly(Q,H(C))) for 1 <s < +o0.
The assertion of this theorem follows immediately from Theorem 2.12 for every n > 3. [

REMARK 2.18. In the case p > 3, by Sobolev’s imbedding theorems, the algebraic
expression (1.8),

WHQ,H(C))) C Cy(QH(C))),ice., Top € L(L,(Q,H(T)), Cy(Q, H(T))).

Analogously to Corollary 3.10 in [47] we have T,, : L,(Q,H(C)) — L,(Q,H(C)) is
compact for every 1 < n € N, p € [1,400). This may be proved by the same discussion
as in [76, Theorem 7.83].

THEOREM 2.19. When € is a bounded domain in R® then
Ton: C(QH(C) — C(Q,H(C))

1s bounded and

IA

1) Tanllze@,c@) et

gefhnadiamQ max{ (2|O[| + [z— y)dy} y

IN

Z/_Ee—ImozdiamQ max {S{(2|O[‘ ‘2? y‘ _'_ |g; y|2)dy}
(ii) [Ta2llzc@).c@) s{
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) | Tanllccaneren, < e [ (2lalle =y + o = "y},
r Q
for every n > 3.
PROOF. Let f € C(Q,H(C)), and we note that C(Q, H(C)) is dense in L;(Q, H(C)).
For p > 3, by the remarks preceding the theorem, together with Theorem 2.16 we have
[ e L,(QH(C)) and T,,f € Cp(2,H(C)). With an arbitrarily fixed z € Q we get the

estimates

1Tt @llse) < V2 [ IKO@ = llFwldy
Q

\/5 Imamax{|z yl} 1
< — 5 2 d
< L) flloe [ Clal=—+ =)y .
Q
Lot @l < V2 [ IKO @ = 0)ll#0)ldy
Q
\/5 Imamax{|z y|}
< — 5 2 d
< il [ Clal+ == b
Q
and for n > 3,
ITenf@lize < V2 [ 1KS =l Fw)ldy
0
V2 ~Imamax{|z—y|} n— ne
< S llee ™ [ @lalle = o+ - o)y
Q
Taking the maximum with respect to z € Q, the norm inequalities (i)-(iii) hold. O

THEOREM 2.20. The following assertions hold.
(i) The operator T, is the algebraic right - inverse to the operator Dy, i.e., for any
f e CYQH(C))NC(Q,H(CT)), we have
D, T,1f(x) = f(x), for everyx € Q,
(i) DaTonf(x) =Ton-1f(x), foreveryx e Q, n>2,
(i) DT pnf(z) = f(z), for everyx €, n> 1.
PRrROOF. (i)In Lemma 2.13 it has been shown that 97, is a strongly singular integral
which a singularity of order 3. Thus in order to prove (i) we need some steps based on
two techniques which can be found in [27, Chapter III, Theorem 3], see also [46, 93].

Firstly, we prove that (i) holds for f € C}(Q, H(C)). Indeed, for every f € C*(£2, H(C))
having its compact support supp f CC €2, the function 7, ;1 f can be written as

Torf(x) = /K(l) x—y aly—/K(1 (y)dy

= /K (0 — y)dy.
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Because f(z) has compact support this permits us to exchange differentiation and inte-
gration. Thus we have

DuTasf(@) = ~Dus [ KOG = )iy
R3
= — hn(l] Da,mK((xl) (y)f(x - y)dy
R3—B(0,¢)
z 0 W
_ ()2l — _
= i [ (SR w0 ek -0 )
R3—B(0,¢) -
’ 0
= —lm (‘ DKWz flw—y)+aK ) (e - y)) dy
R3—B(0,¢) k=1 ’
= —lim (—=Dy (K" () f (=) + (Day K W) f (2 — y)) dy
R3—B(0,¢)

where B(0,e) = {y € R3 |y| < ¢}
We note that DmyKél)(y) =0 for y # 0, and f has compact support. Using the Stokes
formula, hence, this equality can be rewritten as

D.Tuif(z) = —lim / Dy (KD () f(x — y))dy

By lin% i K&l)(y)ﬁ(y)f(x))dl“y = —f(x) as well as f € C}(Q, H(C)), we obtain
“7V0B(0,)
DozToz,lf(x) = f(l‘)

We prove next that (i) holds for any f € C*(Q, H(C)). To that purpose, let z € Q be
arbitrary. Thus, we can select a neighborhood U, of x such that U, CC €.
Take a C'(Q, H(C))— function 9|, = 1 and suppyy CC Q. Then we have f = ¢ f+(1—) f
and

wf € Ccl(QvH(C>)7 (wf)\uz = fa

(1—-¢)fe CHQH(C)), (1 —¥)f)lu =0,
From the first step we get D, T, f = f = fin U,. As (1 —)f equals zero in U,
we obtain



40 2. HIGHER ORDER TEODORESCU OPERATORS

DuTus(1—4)f(x) = Da / KD (x — y)(1 - ) f(y)dy

_ D, / KO (z —y)(1 =) f(y)dy
_ / Do K (2 = y)](1 — ) f (y)dy = 0.

Q-U,
Hence, DTy 1f(z) = DoTo1¢ f(z) + DoTw1(1 — ) f = f. Because x is taken arbitrarily
in © then assertion (i) of the theorem follows.

(ii) By Lemma 2.13, the operator D, , acting on T, f(z) can be interchanged with
integration for any n > 2 as in these cases the singularity at y = x of the kernels
DaJKé") (x —y),n > 2 is not worse than O(ﬁ), allowing differentiation under the
integral of T, ,, f. By using Lemma 2.1, ( also in [49, Lemma 2.5]) the identify (ii) holds.

(iii) By induction, together with (i), (ii) we obtain (iii). O

REMARK 2.21. For every n > 1 the operator Ty, : L,(Q,H(C)) — W (2, H(C))
is well-defined and continuous.
Consequently, we also obtain

Top : WY(QLH(C)) — WHFT(Q,H(C)).



