Appendix B

Geometric Flows

B.1 General Flows

We are going to describe a general geometric flow of a hyper-surface in R?+1.
To that end, we define the family of immersions F : M™ x [0,T) — R"+!
where M" is an n-dimensional manifold. We denote the evolving hyper-
surface by My = F(-,t)(M") and by x = F(p,t) € M; we denote the position
vector on M;. The presented method of deriving the following geometric
evolution equations was made known to the author through [3].

Now, we stipulate that M; satisfies the evolution equation

%:nu, x € M, t €[0,T) (B.1)
where n = n(x, t) is a smooth function on M; and v = v(x,t) is a (consistent)
choice of unit normal to M; at x. Thus in this system, we have the surface
M; evolving in the direction of v, with velocity equal to 7.

It is up to us to decide what we would like 1 to be. Our choice will depend
upon the properties that we want the flow to have. In mean curvature flow,
we choose 7 = —H, a choice we shall motivate later.

In studying the properties of the flow (B.1) we need to derive the evolu-
tion equations of some geometric quantities on M;, such as the metric, the
second fundamental form and the measure. One way to do this is to consider
the way that these vary when the surface is deformed along the path of the
flow.

We will be deforming M; in a neighbourhood of a point xg € M;. To
that end, we define a local deformation of the hyper-surface M; in R"*! in
an open neighbourhood  C R™! of x( as a family of diffeomorphisms

@:Qx(g,6) = R
which satisfy

(i) ¢(z,0) =2, VzeQ
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(ii) %‘S:O p(z,s) =X(z), Vze

where X € C§° (Q,R"*1).

We shall be choosing X = nv where v € C§° (Q,R"“) is a smooth
extension of v into €). Thus, in this setting the deformation ¢ locally has
the same ‘action’ as the flow.

Now, as always, we will be using normal coordinates {7;} at xg. Defining
Ti(s) = dep4(Ti), we obtain a local coordinate system {7;(s),v} in Q, which
has the desirable property

VX —-Vxt=[X,7;], inQx(—¢¢)

With the technical details out of the way, we are now prepared to calcu-
late our evolution equations.

Lemma B.1. The g;; and g% of the metric satisfy the equation

d
il i = 2nh;; B.2
ds 8:093 N ( )
d g
il U= —2nh,.; B.3
ds 8209 N (B.3)
Proof.
d
| _ 90 = X (73, 7))
=2 <§XT1', Tj>
=2 <ﬁ7’iX7Tj>
= 27}hij

The evolution equation for the g% is a simple corollary of the fact

X (g% gr;) =0

Lemma B.2. The unit normal, v evolves according to the equation

dv
E s=0 a _vn
Proof.
dv —
kel - _V
ds |,_g XV

= qu,7k> T, since Vxv € Ty M,
= — <u,ﬁx7'k> Tk

= — <u,§TkX> Tk

= — (v, Ty + 0V v) T}

= _—Vn
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Proposition B.3. The measure u satisfies

dp
- —nH
o = MHu

Proof.

du d
a2
ar ~ Hap 0Bt

d
= ,u% log /det g;;

_ H % det Gij
2 det Gij

_ pdet 9794 gap
N 2 det 9ij
_Hod

9 g dtgz]

M ..
= 59" (2nhis)

=nHp

O

Proposition B.4. The second fundamental form h;; evolves by the equation

d
A hij = =7iT;(n) + nhirh;p
Proof.
A b = X (1, V)
ds o0 J ) i ]

= —(Vxv, V1) — (v, VxV, 7))

=—(v,V,,V:,X)

= — <Vvﬁn- (Ti(n)u + nﬁﬁ.u»

= — (v, 7Ty + 7NV v + Ti(N)Vr,v + 0V Ve v)
= — (v, 7iTi(Mv + nVhij + nhjxhik)

= —7;7;(n) + nhirhji

O]

Collecting these equations together, and evaluating along the path given
by t — x(t) = ¢(x¢,t) we obtain
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— A) hij = |APhi; — T7imi(n+ H) + (n — H)hihyg

where we have used the Simons’ inequality in the last equation.

B.2 Mean Curvature Flow

To see why (MCF) is an interesting flow to investigate, consider the following
variation calculation of the ‘energy’ |M;| under the evolution

d
d—?:nu,XEMt

d 1du
—|M;| = ——d
dx
= di — | d
i (5 ) o
dx
= - Hvi d/j’
/Mt< dt>

by the divergence theorem. Thus, it is clear that in setting

and we find

dx
— =H, e M,
dt =
we have chosen the least energy flow for the area functional of M;. This is
the equivalent of setting n = —H in the previous calculations. From this,
it is clear that the area of a compact surface monotonically decreases under
(MCF).
So, to summarise the earlier results when applied to (MCF), we have
(D) (& —A)gij = —2Hh;
(i) (4 ) u=—Ho%u
(il) (£ - A)v=|AP v
(iv) (4 — A) hyj = |A|Phij — 2Hhihy

Corollary B.5. The mean curvature and the norm of the second funda-
mental form satisfy the evolution equations
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(i) (4 —A)H = |A*H
(ii) (& — A)|AP2 = —-2|VAP? +2/A*

Proof of (i). Using the evolution equations for h;; and g we calculate

_ — _ h..
(G-2)m=(G-2) &)
— hos i_A gij+gij i—A h“—2<Vgij Vh-->
Zj dt dt 'L] 9 Z]
::hﬁ<2ﬂhmgwgﬂ)%—¢j(—ZHhﬂdmgmj+]APhM>
= |APH

Proof of (ii). Again, using the equations for h;; and ¢g"/ we calculate

d d .
:2gikgimhkl i—A gml_’_2gikgmlh, i—A hkl
dt T\ dt

-2 <V (gikgimhkz) ,thz>

— 29" " by (2Hhang™ 9" )
+29"% g™ hiy <_2Hhkagabhal + |A!2hkz>
—2¢" g™ (Vhim, Vi)

=2|A|* — 2|V AP

B.3 Higher-order Evolution Equations

Suppose that some tensor 7' on a solution (M;)ycpo,7) of (MCF) satisfies the
evolution equation

<Z—A)T:Q (B.4)

If we require estimates on higher derivatives of T', we will require evolution
equations for these derivatives.

Proposition B.6. Suppose a tensor T' on a solution (Mt),c(o,r) to (MCF)
satisfies the evolution equation

d
(4-8)r-q
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then VT satisfies the evolution equation

(jt_A> VT =VQ+Ax(VTxA+T=*VA)

where * denotes any product with respect to the metric.
Proof. Computing in normal coordinates,

dpp L (4 Ny (D N (4
ar i 9 | T\ g i\ a9 B a9

= — [Ti(Hhyj) + 7 (Hhir.) — Te(Hhij)]

thus, since
VATf = DT T T g T T
J1-da — Gpk T d1e-da kmt 1.4 i
o
we have that
;lt(VT)ZV(‘Z> e AsvA

Now, compute

A (ViT) = V,;Vi(V,T)
=V, [Ve(ViT) 4 (R * T))
= Vi(AT) + R+ VT + ViR *T

or, since R = A x A by the Gauf} relations, we have
A(VT)=V(AT)+ Ax (VT x A+ T xVA)
and the result follows immediately. O

Corollary B.7. The covariant derivative of the second fundamental form
V A satisfies the evolution equation
d i : K
(dt—A>VA=HZ ViAxVIAxVFA (B.5)
i+j+k=1
Proposition B.8. The p™ covariant derivative of the second fundamental
form VP A satisfies the evolution equation
d 7 j k
<dt_A>va:‘Z ViAxVIAxVFA (B.6)
i+j+k=p

forp > 0.
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Proof. We proceed to prove this evolution equation by induction. The base
case (p = 0) is already established by Corollary B.7. Now, suppose that for
p = m the evolution equation holds, then we compute

<;t - A) VA = <;t - A) V(V™A)

=V | Y ViAxviA«VFA
i+j+k=m

= Z Vit A« ViAxVFiA

i+j+k=m

= Z ViA*VIAxVFA

i+j+k=m+1

and the result follows by induction on p. O

Corollary B.9. The length of the p™ covariant derivative |VPA|? satisfies
the evolution equation

(d — A> IVPAP = —2]VPH AR+ Y VIA«VIA« V" A« VPA (B7)

dt -
i+j+k=p
forp > 0.
Proof. First, we compute
d D A|2 d P P D D
%N Al = i(v A)« VPA+ Ax AxVPAxVPA
= (A(VPA),VPA) + > VIAxVIA«VFAxVPA
i+j+k=p

where the last term in the first line has been absorbed into the last term of
the second line.
Now, using the Bochner formula

A|VPAP = (A(VPA), VPA) + 2|VPHLAP2

the result is immediately clear. O
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