1 Coercitive estimates and estimates of the spectrum

of mixed type operators

Before to begin the deduction of results which are obtained in this and the

next chapters, we remind on some known definitions and necessary notations.

R" is the n—dimensional real Euclidean space; in particular, when n=2 we
have the two-dimensional Euclidean space of z=(z,y) points, where —oco <
xr <00, —00 <y < 00.

Q) is a domain in R"( in particular in R?). By Q we denote the closure of

the set €2;

C'(Q),1 = 0,1,... is the set of continuous functions, which have continuous
partial derivatives in © up to order I; in particular, if  is a domain from R?,

then the partial derivatives for a function u(z,y) can be written in the form

N 0“u
D% = ————, where a= a1+ ay <1
Ox1 QY2

a1 and as are entire non-negative numbers.
C*>(Q) is the set of infinitely differentiable functions in €;

For definiteness we assume that €2 is a domain from R?, and Q is its closure.

Definition 1.1 The closure of the set {(z,y) € Q : u(z,y) # 0} is called the

supports of the function u determined in the domain Q and denoted by supp u.
Definition 1.2 A continuous function v in Q with suppu C Q is called a
finite function in Q.
C5°(Q) is the set of infinitely differentiable and finite functions in €;

Lo (£2) is the Hilbert space consisting of determined and Lebesgue measur-
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able functions in 2 which have the finite norm

el = / wde|

Q

W¥(€) is the space of functions from Lo(£2), which have generalized Sobolev’s
derivatives up to order k >1 which also belongs to Lo(£2) with the norm

1 /

HfHWQ’“(Q) = Z |Daf\2dQ

la|<k

Let A be some operator then the definition domain of A is denoted by D(A)
and the range of A is denoted by R(A).

Definition 1.2 If for any x1and x4 belonging to D(A) with x1 # xo follows

that y, = Az # yo = Axo , then the operator A is called one-to-one.

If A maps D(A) on R(A) one-to-one, then there exists the inverse map or

inverse operator A~!, which transforms R(A) to D(A).

Definition 1.3. An operator is called a closed operator if for arbitrary se-
quence {x,} C D(A) with x,, — x¢ and Az, — y follows that xy € D(A) and yy =
Axg.

Directly from this definition follows that if the operator A is not closed than
it can be extended to a closed operator. This operation is called the closure of

the operator A and the operator is called closable operator.

Definition 1.4. The operator is called completely continuous operator, if it
transforms any bounded set into a compact set or as is the same that for every
bounded sequence {x,} from D(A) the sequence {Ax,} contains a converging

subsequence.

Let X and Y be normalized spaces and A be a bounded operator from X
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to Y. Let us determine a functional ¢ by the formula
p(r) = (z,0) = (Az, ), € X, f €Y (1.1.0)

Y* is the adjoint space to the space Y.

It is easy to check that ¢ is linear and D(¢) = X. So, for every f € Y*
there is an element ¢ € X* according to the formula (1.1.0), where X* is the
adjoint space to the space X. Therefore the linear continuou operator ¢ = A* f

is defined. The operator A* is called adjoint operator to the operator A.

Definition 1.5. The operator A, applied to the Hilbert space Lo(S2) is called
self-adjoint, if it is symmetric, i.e. if for any u,v € D(A) the scalar product
relation (Au,v) = (u, Av) holds and from the identity

(Au,v) = (u, w)

follows that v € D(A), w = Av, where v and w are fized and u is an arbitrary

element from D(A).

Let us give now a very important notion of the spectrum and the resolvent

of an operator.

If A is a linear operator in a Hilbert space H, then the complex plane C can
be divided into two parts: a resolvent set (denoted by p(A)) and a spectrum of
the operator A(denoted by o(A)), which is divided into a discrete P,(A) and

a continuous spectrum C,(A).

The resolvent set p(A) consists of A for which the operator (A — AE) has a
bounded inverse operator with a dense domain in H, i.e.

p(A) = {X e C:(A— XE)!is defined in whole H}.

If X belongs to the resolvent set then the operator (A — AE)™! is called a

resolvent of the operator A and denoted by Ry(A).
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The discrete spectrum is called a set of eigenvalues of an operator A, i.e.
P,(A) ={X € C: Au = Au, for some u # 0 € H}.

In other words, when A € P,(A) than the operator (4 — AE)~! does not

exist.

The set of all other points of the spectrum in case of their existence is called

the continuous spectrum, i.e.

C,(A) = {\ € C : the operator(A — AE) ™" exists but is unbounded}.

Definition 1.6. Let A is a completely continues operator. Then the eigen-
values of the operator (A*A)Y? are called s-values of the operator A (Schmidt

eigenvalues).

The nonzero s-values we will order according to decreasing magnitude and

observing their multiplicities and so
sp(A) = \((A* DY), k=1,2, ...

Let us give another equivalent definition of the s-values. But before we give

the definition of the notion of Kolmogorov k-widths and their properties.
Let M be a centrally symmetric subset of H(H is a Hilbert space), i.e. M
=-M

The magnitude

dr = inf sup inf [|[u — ||, £ =0,1,2,...
{GrruemveGr

is called Kolmogorov k-widths of the set M, where G} is a k-dimensional

subset.
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The k—widths have the following properties:
Ddo > dy > do > ...
)< dp(M), MCM, k=1,2,3,..;
3)dr(nM) = ndi(M), n >0, nM = {2’ =nx,x € M}.
The assertion of the following theorem allows to give a second equivalent
definition of the s-values.

Theorem 1.1. Let A be a completely continuous operator. Then sii1(A)

(k =1,2,...) coincide with the Kolmogorov k-widths of the set M =AS, the
image of the unit ball S ={z € H: ||z|| <1} under the operator A.

In many cases this definition proves to be more convenient than the first

one.

Other notations and definitions will be given when needed.
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1.1 Estimates of the spectrum for a class of mixed type equations

Consider the mixed type operator
Lu = —k(y)uge — tyy + a(y)us + c(y)u, (1.1.1)

where k(y) is a piecewise continuous function in the segment [-1,1] and yk(y) >
0 for y #0, k(0)=0 (as y=0).

Originally we define the operator in the set C§5 (€2), consisting of infinitely
differentiable functions, satisfying the conditions: u(—m,y) = u(7m,y), u,(—m,y) =

u,(m,y) and finite as functions of the variable y. Here
Q={(z,y): —r<zx<m, —1l<y<l}.

We note that the operator L admit closure in the metric of Ly(€2) and the
closure we also denote by L.

The solvability of the semiperiodical Dirichlet problem for the equation,
where Lu is defined by the equality (1.1.1), was considered in the work [29].

Let us give necessary notations and definitions for further statements.

Let a function u(x,y) € Ly(€2). Then the following decomposition holds

o

u(z,y) = Y un(y)e™

n=—oo

Definition 1.1.1. We call the expression [30]

o0 -1
Dou = e%z nu,(y)e fe ! Z In|“u, (y)e™
n=0 n=-—00

as the fractional derivative D}u of order a=0 with respect to x of a function

u(x,y). Here the equality is understood in the metric of La(€).

The main results

21



Theorem 1.1.1. Let the conditions for the functions a(y) and c(y) con-

tinuous in the segment [-1,1]
i) la(y)| = do > 0,c(y) = 6 > 0 be fulfilled. Then:
a) the operator (L + AE) is continuously invertible for A > 0;

b) the operators r(y) Dy (L+AE) ', r(y)Dy(L+AE) ™! are bounded in Ly(12).
Here D, = £ D, = ay, r(y) is a continuous function in the segment [-1,1].

¢) the operator r(y)D*(L + AE)~! is completely continuous if 0 < o < 1.

Theorem 1.1.2. Let the conditions of Theorem 1 be fulfilled. Then the

following estimate holds for the Schmaidt eigenvalues
—c <sp<Cc—5, k=1,2,..,
e sp < c

where ¢ > 0 does not depend on k.
Theorem 1.1.3. Let the condition i) be fulfilled. Then:
a) the spectrum o(L™1) is a discrete set;

b) for any non-zero A € o(L™Y) the estimate:

1

o k=12

‘)\k| X C—2

holds, where ¢ > 0 does not depend on k.

Let us remind that o, denotes the set of completely continuous operators

such that

(e.¢]

|Al5, =D sh(A) < o,

k=1
where s;(A) are the Schmidt eigenvalues of the completely continuous operator

A.

In the following theorem we give an assertion that the resolvent of the

operator (1) belongs to the class o,,.
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Theorem 1.1.4. Let the condition i) be fulfilled. Then the resolvent of the

operator L belongs to the class o, if p > 2.

For the proofs of the Theorems 1.1.1-1.1.4 we need a few auxiliary assertions

and estimates.

Auxiliary lemmas and inequalities

Lemma 1.1.1. Let the condition i) be fulfilled. Then the operator L + A\E

i1s continuously invertible for X >0 and the equality

(L+AE) ' f = f: (Iy + AE) " fe™ (1.1.2)

holds in terms of Ly(SY), where (I, + E)™! is an inverse operator to the closed

operator (I, + AE) originally defined in C§°(—1,1) by the equality
(ln + AE)u = —u"(y) + (n°k(y) +ina(y) + c(y) + Nu(y) (1.1.3)

The proof of this lemma can be found in [29].

Lemma 1.1.2. Let the operator (I, + AE) be defined by the equality (1.1.3)
in the set C°(—1,1) (n = 0,£1,%2,...) and let the condition i) be fulfilled.

Then the estimate

C

H(ln + )\E)_1H2_>2 X W)

holds, where ¢ > 0 1s a constant not depending on n.

Proof: For any u(y) € C5°(—1,1) have
(1 + AE)u, u) — / [ul? + (n7k(y) + inafy) + e(y) + N|ul]dy  (11.4)

From here and taking the condition ¢ into account we find
1

(I + AE)u, u)| > /ina(y)\U\2dy > [n]dollull”.

—1
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Now using the Cauchy-Bunyakovskii inequality we have

[l + AE)ully = |n]do]|ull,- (1.1.5)

From (1.1.4) and the Cauchy inequality with e=1 it follows that

1

A > [ [+ (el + Ny — [ ko)l

-1

Using the condition i) and that A > 0 we find:

1

%W%+X@M@>%/DMP+@@M+MMﬂ@r:/ﬁ%@mm%y(LMD

-1

Combining (1.1.5) and (1.1.6) we finally have
AN+ ABully > Alull.

The assertion of Lemma 1.1.2 follows from the last inequality.

Lemma 1.1.3. Let the conditions of Lemma 1.1.2 be fulfilled. Then the

estimate

Hﬂn+AE)1WH2<Taiayn::HﬁiZ”” (1.1.7)

holds.
The proof of Lemma 1.1.3 follows from the inequality (1.1.5).

Lemma 1.1.4. Let the condition i) be fulfilled. Then the estimate

d
— (L, + \E)~!
de( TAB)

< ¢,

holds, where ¢ > 0 is a constant.

Proof. From the condition i) and inequalities (1.1.5) and (1.1.6) we have
2 2 2
cll(tn + AE)ully = [lu'lly + fJully,

where ¢ > 0 does not depend on v and n.
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Hence,

[#it +22)1],

d
—(l, + AE)™! = sup
de 2,2 feas(—1,1) Hf||2
IKAIPY

=  sup < e <.

ueD (1, B || (In + AE)ul
The lemma is proved.
Now we proceed immediately to the proof of the items of the basic theorems.

Proof of Theorem 1.1.1

The proof of item a) of Theorem 1.1.1 immediately follows from Lemma

1.1.1.

Let us prove the item b) of Theorem 1.1.1. By virtue of the item a) and

Lemma 1.1.3 we have

00 2
1 ; )
n=—00 )
= 3 Ir@yin(a + AB) fue™ ||, <

< rr[lax 17 (y \Z QHZ + \E) 1” an||2—

n=-—oo

cos{upw (L + AE) 1\\22 Ifally < gufni-

n=—oo

Hence,

Further we find the norm

0 2
)DL+ 3B} = 3 r(y)d (L +3E) (0|
2
< maX 17 (y \Z H ln+AE)” < Z H (I, + AE)~ anHg
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Hence, by virtue of Lemma 1.1.4, we have

|r(y)Dy(L + AE)~ < ¢ < 0.

il
2—2

The item b) of Theorem 1.1.1 is proved.

Using the operator representation and the definition of the fractional deriva-

tive we have

r(y)D(L + AE) ' f = m}:nl_+Ma o

)75 Y [0l (I + AE) T fuly)e™

n=—0oo

From Lemma 1.1.1 it follows that (I, + AE) has the continuous inverse
operator (I, + AE)™! and from Lemma 1.1.4 it is clear that the range of the
operator (I, + AE)~! belongs to W3 (—1,1) for any n. Then from well-known
theorems of Sobolev spaces (see for example [41]) it follows that the operator

r(y)(l, + AE)~! is completely continuous for every n and the inequality

Ir ()0l (h + AE) £, <

0<a<l (1.1.8)

holds. The last inequality follows from Lemma 1.1.3.

As for every n the operator r(y)|n|*(l, + AE)™! is completely continuous
from Ly to Lo then from well-known theorems for completely continuous op-
erators (see [48]) it follows that the operator r(y)D*(L + AE)~! is completely

continuous if

p= lim L jo= lim ||r(y)|n|"(l, + AE)~ = 0.

al
In|— In|—o0 2=2

From (1.1.8) it is obvious that the number p—0 as n — oco. The completely

continuity of the operator r(y)D*(L 4+ AE)™! is proved. Theorem 1.1.1 is

completely proved.
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For further statements we need some important estimates and inclusions.
Introduce the sets

M = {ue Lo(@) | Lull} + Jul} < 1}

W= {u € Lo(@) : ffual}+ oy + lul} <

Mo = {u € Lo(€) « luall3 + gy 3 + N3 + g3 + 1l < e}
Then the following lemma holds.

Lemma 1.1.5. Let the condition i) be fulfilled. Then the inclusions

M.+ C M C M,

hold, where ¢ > 0 is a constant not depending on u(x,y).

Proof. Let u(z,y) € ]\:4071. Then
Zull3 + [y = | =) ter — gy + aly)u: + c@)ull; + [Jul; <
< =k @) uaalls + gy l3 + la@)ual + lle@)ulls + llulls <
< (l[taally + lugylls + lualls + ull3) <
< c([[taally + gyl + lulls + luylls + ull3) <c et <1,

where ¢ = max {|k(y)|, |a(y)], |c(y)]}.
yG[—l,l]

From this it follows that

M.+ C M.
Let now ueM . Then by virtue of the item b) of Theorem 1.1.1 we have
2 2 2 2 2
el + Ny lly + llully) < e([[Lully +Jully) < ¢

1.e.

The lemma is proved.



In the Definition 1.6 the notations of s-values and Kolmogorov k-widths
have been given. Therefore, referring to them, we give the two following as-

sertions.

Lemma 1.1.6. Let the condition i) be fulfilled. Then the estimate

c_lcik < Spr1 S cedp, k=1,2, ...

/N

holds, where ¢ > 0 is a constant, siy1 are singular numbers of the operator
L= czk, dy. are k-widths of the considered sets M, M.
Proof. From Lemma 1.1.5 and from the properties of k-widths it follows

that

Hence, taking the equality sx.1 = dj (the second definition of s-values) into

account, we obtain the proof of Lemma 1.1.6.

Introduce the counting function N(\) = >° 1 of those dj. are greater than

dp>\
A > 0.

Lemma 1.1.7. Let the condition of Lemma 1.1.5 be fulfilled. Then the
estimate
N(eN) < N\ < N(e 1)) (1.1.9)
holds, where N(A) = S 1, N\ = 3 1,]%7()\) = > 1

S1€-i-1>/\ Jk>>\ (ik->/\

Proof. Using Lemma 1.1.6 we find
OTED SRS SRR SR E ey
Sk41>A cdp >\ dp>c=1A

Similarly
=> 1= > 1< Y 1=N(
cik>c)\ cLdp>A Sk+1>A

From here we finally come to the inequality (1.1.9). The lemma is proved.
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Now we proceed to the proofs of Theorems 1.2.2 and 1.2.3.
Proof of Theorem 1.1.2

For the function N(\) = 3 1,]@()\) = Y 1 the estimates (proof of this
Jk>)\ jk>)\
estimates can be found in [49-50])
cINELSNO) < ed? (1.1.10)
IS NO) < et (1.1.11)

hold, where ¢ does not depend on A > 0.

Let A = dj, then N(d;) = k and from (1.1.10) it follows that

c'd it <k < edt

From here,
1 ~ 1
1
C W NS dk NS Cm
Just as before we have
1 z 1
71_ < d X b7
R SUN

<sp<e—=,k=1,2, ... (1.1.12)

Theorem 1.1.2 is proved.
Proof of Theorem 1.1.3

For completely continuous operators the Weyl inequality [51]
k
[T <]s54), k=12, (1.1.13)
j=1 j=1
holds, where A is a completely continuous operator, \;(A) are eigenvalues
of this operator arranged as a sequence according to nonincreasing absolute

values, the singular numbers s;(A) are arranged as a nonincreasing sequence.
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From (1.1.12) and (1.1.13) we have

Further, using the inequality efk! > k¥(k = 1,2, ...) we find
AelF < PR 2 < Ferk
Hence, we finally have
M| <ck 2, k=1,2,..

Theorem 1.1.3 is proved.

Proof of Theorem 1.1.4 The assertion of the proof of Theorem 1.1.4

immediately follows from Theorems 1.2.1-1.2.2.
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1.2 Estimates of the spectrum of a class of mixed type equations

with coefficients of two variables

Consider the differential operator of mixed type
Lu = —k(y)uer — uyy + a(z,y)u, + c(z, y)u (1.2.1)

where k(y) is a sectionally continuous function in [-1,1], k£(0)=0, yk(y) > 0 as
y #0.

Originally we define the operator in C§5 (€2), the set of infinitely differen-

tiable functions, satisfying the conditions

w(—=m,y) = u(m,y), us(—m,y) = ug(m,y)
and finite as functions of the y variable. Here

Q={(z,y): —r<zx<m, —1l<y<l}

The closure of the operator L in the metric of Ly(€2) is also denoted by L.

Theorem 1.2.1. Let a(x,y) and c(x,y) be continuous functions in €,
satisfying the condition

i) |la(z,y)| = 6o >0, c(x,y) = 6 > 0, o is a sufficiently large number,

Then the operator (L+AE) continuously invertible for a sufficiently great

A > 0.

Theorem 1.2.2. Let the conditions of Theorem 1.2.1 be fulfilled. Then the

following estimate holds for the Schmadt eigenvalues

1
clo<sp <e—=,k=1,2, ...,

k1/2’

| =

where ¢ > 0 is a constant not depending on k.

Theorem 1.2.3. Let the conditions of Theorem 1.2.1 be fulfilled. Then:
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a) the spectrum o((L + AE)™!) is a discrete set;

b) for any nonzero A\, € o((L + /\E)—l)

1
’/\k| < CW’ k = 1,2,3, ceey

where ¢ > 0 is a constant not depending on k.

The theorem given bellow is similar to Theorem 1.1.4 of the previous section.

Theorem 1.2.4. Let the condition i) be fulfilled. Then the resolvent of the

operator L belongs to the class oy if p > 2.
The following assertions are needed below.

Auxiliary assertions and inequalities

Consider the operator
(Lj + AE)Yu = —k(y)ugy — uyy + a(xj, y)uy + c(xj, y)u + Au

where u(z,y) € C55.(Q), x; € (—m,7), A > 0.

The operator L; + AE admits closure and the closure is also denoted by
L;+ \E.

Lemma 1.2.1. Let a(x,y) and c(z,y) be continuous functions in Q, satis-
fying conditions i). Then the operator L; + AE is continuously invertible for

A > 0 and the equality

oo

(Li+AE) ' f = ) (lnj+ AE) " fre™ (1.2.2)

n=—oo

holds in the metric of Ly(Q) for it, where (I, ; + AE)™! is an inverse operator

to the operator (1, ; + A\E) defined by the equality
(Lnj + AEu = —u" 4+ (n*k(y) + ina(z;,y) + c(zj, y))u + Iu.

Proof. Since z; is a fixed number from the interval (—m, ), then in this

case the factors a(x;,y), c(x;, y) depend only on the variable y. Now the proof
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of the existence of an inverse operator to the operator (1.2.2) reduces to the
case of one-dimensional factors a(y) and c(y), i.e. of functions depending only
on one variable . Therefore, referring to Lemma 1.1.1 of the previously section,
we obtain the proof of Lemma 1.2.1.

Lemma 1.2.2. Let the conditions of Lemma 1.2.1 be fulfilled. Then the
inequalities hold:

a) H(LJ' + /\E)*1H2_>2 < 1173, where ¢ > 0 is a constant;

0) [[DalLy + AE) |,y < 55

¢) || Dy(L; + AE)||,_, < ¢, where ¢ > 0 is constant.

Proof. From the representation (1.2.2) we have

(0.9]

D> (lny+AE)!

n=—oo

where (I, ; + AE)u = —u”" + (n*k(y) + ina(x;, y) + c(xj,y))u + Au.

D S [(FERVORTA

(25 +2E)" 1], =

n=—oo

Hence, by virtue of Lemma 1.1.2, we find

_ c
(L5 + A,y < 1

Let us prove the item b). From the representation (1.2.2) we find

(0.9]

Do(Lj + AE) ' f = ) in(l; + AE) " fuly)e™

n=—oo

From here, using Lemma 1.1.3, we compute
2

n=—00 2
= 2 il + AE) fu(y)e|; < 2 02| (I + AB) 5 1 )13 <
< sup{ ]|t + AE) T} S sty Wl < supd 5} > )l < BIS13

The last inequality implyies

EXORSVRI
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The item b) of Lemma 1.2.2 is proved.

Let us prove the item c¢). For this we compute the norm

2
<
2
0 00

2 2
<Y At B ), < X [E 2B 15wk <

n=—0oo n=—00 )
Ly + 2B s+ 2B)| 1515,

> g +AE) fuly)e™

n=—oo

1Dy (L; + AE) ' f|; =

2 o0
S a2 = sup

< sup
{n}

n=—oo

Hence, using Lemma 1.1.4, we find
[Dy(L; + AE) Y5 < & < o0

Lemma 1.2.2 has been completely proved.

Construct a decomposition of identity corresponding to the covering of the
segment [-m,7| with the neighborhoods Aj, i.e. we construct N non-negative
functions ¢;(z) € C3°(—m, ) each of them vanishing outside of A; and such

that

N
ng?(x) =1, z¢€l|-mnl.

Let K denote the operator defined by the equality

N
Kf=> @i(Li+\E) " o;f, [€Ly).

j=1

Consider the action of the operator (L + AF) on Kf :

(L+AE)K [ = —k(y) (Z ;i (Lj + AE)%J“) -

J=1

— (Z 0;i(Lj + AE)lgojf> + a(z,y) (Z o;(L; + AE)%-f) +

j=1 T

+c(,y) (Z pi(L;+ AE)%J”) +A <Z pi(Lj+ )\E)l%'f) =

j=1 J=1

34



<.
I
_

[% (#5)yy(Lj + AE)™ %f+22(903) ((Lj + AE) i f),+

=1 7=1
N
+2 ¢ ((Lj + AE)9if),,

j:

_|_

Fale0)| 2 (0)ulLy + AE) o0+ 3 (L +AE) 1), | +

J=1

N
wij(Lj+ AE) o, f + )\Zl @i(Lj + AE) o, f =
j:

I—I

M=

+c(x,y)

j=1
N
=D ¥j
7=1
a(zj,y) (L +AE) Yo, f), 4 el y)(Lj + AE) g, f+

_|_
AL+ AE) o, f] + alz, y)é( De(Lj +AE) i f+

‘f—égpj (a(:L',y) - Q(I’j,y)) ((LJ + )\E)_lef)x‘f’

1

k() (L + AE) ) f;l (L +\E) ;1) +

.

#3004 (ea.0) = el ) (1 + AE) -

—k(y) [% (01)2e(L; + AE) i f + 2§:1 (¢i)z ((L; + )\E)l%'f)x] -

- [%1 (©j)yy(Lj + AE) o f + 2§ (25)y <<LJ + AE)lgpjf)y] '

From the last equality, taking into account that (¢;), =0, (¢;),, = 0, we
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have
(L+AE)Kf = % Af+ % (. )(@)2 (L + AE) Yo i+
#3003 (alo.0) =l ) (s + AB) )+
iV: 5 (e(29) = ey ) (L + AB) iy -
—h(y) iwmw £AB) sojf+2]§ (0 ((L; + XE) i),
Introduce the notations

N
Mf= Z vj (a(z,y) — alz;,y) (L + AE) o, f)

Bf = éw (c(x,y) — c(,9)) (Lj + AE) o f—
—k(y) [%1 (0)aa(Lj + AE) i f + Qé () ((Lj +AE) 105 f),

Lemma 1.2.3. Let the condition i) be fulfilled. Then there exists X\ > 0
such that | B||,_, < 1.

Proof. Estimate the norm of the operator B

18115 = || 2 (el 9) = ey ) (s + AE) Y~
—k(y) L%l (07)ea(Lj + AE) Lo f + 2231 (7)s ((Lj + AE)%J%] :
- f f: o3 (ela.y) — el ) (L; + AE) i f -
—k(y) Lg:l (#j)ae(Lj +AE) ", f + 2% (05)e ((L;+ AE)lsojf)gg] 2d:vdy <
< / zm (0,5) — w5,9)) (L + AE) Loy f -

—k(W) [(0))ea(Lj + AE) 0 f 4 2(95)0 (L + AE) Y5 f) ] ’2d$dy <
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> @i (el y) = clzj,y) (Lj + AE) o f+

kW) [(05)ea(L; + AE) Yo f 4+ 2(05)2 (Lj + AE) Y5 f) ] |2dflfdy-

We use here that only ¢;_1(x), ¢;(z), pj+1(x) are not equal to zero in A;.
Hence, taking into account that ||a| 4 [b] + |c||* < 3(a®4b* + ) and by virtue

of Lemma 1.2.2, we have

IBfII; < 362 {H@OJ —czjy)) (L + AE)” ‘PJfHQ

HR@P[[(05)ae(Ls + AB) 0 f 5+

HEWPIle)s (L +2B) o51), [ <
N
<36) [gé%xl(C(fc,y) — el )P (L + AB) [,y lles fll5+
j=1 ’

k 2 'xx2 L+ A\E ;3 M
+ masx [k(y) [ max) (95)ael | (L + AE) |y s s 1

k(y)[? Vel | Da(Ly + AE) T e I
+ max [k(y)["max|(¢;)a] [ Do (L + AE) |, i f
From here, by virtue of Lemma 1.2.2 and taking the boundedness and con-

tinuity of the functions k(y), c(z, v), v;(x), ¥;(x), ¢](r) into account, we find

F

v (max|(el,y) = clz ) ) N )
IBSI3 < 36cy ; + |l 1+ 363 2 lest I,
j=1 Jj=1
h k 2 'xx2 - k ? j x2'
where ¢y = yrr[l_afil\ (y)] I;Ié%f“s@]) |, yrr[la1><1| (y)] gé%f‘(%) |

By the choice of a sufficiently small domain A; we can estimate from
above max|c(x,y) — c¢(x;,y)| by an arbitrarily preassigned small number € > 0.
TEA;

Therefore we can get the inequality

15713 < 365 () + ]ZH eifl3 <305 (e ) + 2118
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The last inequalities proves the lemma for sufficiently large dg and .
Lemma 1.2.4. Let the condition i) be fulfilled. Then |M||, 5 < 3

Proof. Estimate the norm of the operator M
2

M1 = % o) (ale,y) — alay,y)) (L + AE) Lo, ).

2
dxdy <

2

w; (alz,y) — alz;,y)) (L + AE) Yo, f)

=

<
I
_

2
dxdy <

M= o

<
I
—
>
<.

NgE:
RS

/N

(al@,y) —alz),y) (L + AE)'eif),

<.
|
—_

5

(alw,y) = ala;,y)) (L +AE) o5 f),|I; <

/N
©
I

<
—_

= |

_1112 2
<93 maxfa(z, y) — ale; || Da(Ly + AE) |5, 051l
J=1 I8

Similarly to the previous lemma we estimate from above max|a(z,y) — a(z;, y)|
TEA;
by an arbitrarily preassigned number € > 0 by the choice of a sufficiently small
domain A;. By virtue of Lemma 1.2.2 the norm ||D,(L; + /\E)_I}EHQ is esti-

mated by the number 5%. We come to the following inequality

N
1 ¢
IMf3 < 95—052 o fll2 < 5—0\\f|\§-
j=1

In the last inequality we choose € > 0 so small (moreover, by the condition
9-¢

of the lemma, &y is a sufficiently large number) that ||M]||>_, < 5 < 5. The

lemma, is proved.
Proof of Theorem 1.2.1.

By virtue of the Lemmas 3.3 and 3.4, the operator (E+ B+ M) is bounded
together with its inverse. Therefore theset R={¢: ¢ =(E+ B+ M) f, f € C5%(Q)
is dense in Ly(2). From the Lemmas 3.3 and 3.4 for p = (E+ B+ M) f, f €
C32.(€2) we obtain, that K (E+ B+ M) ™' ¢ € D(L)and (L+AE)K (E+ B+ M) ' ¢

¢. From the last equality it follows that u = K (E + B+ M)~ f is a solution
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of the equation (1.2.1).

Now it remains to show that (L + )\E)f1 is a one-to-one inverse operator to
the operator (L + AFE) (the uniqueness of the solution). It is enough for this

to obtain the inequality
(L +AE) [y = Jlully, (1.2.3)

where ¢ > 0 is a constant.

Owing to the fact that the representation
u=(L+AE)Y ' f=K(E+B+M)""f, feLyQ),

holds, we have
N 2
> @il +AE) o (E+ B+ M) f| <

Jj=1

Jull = | (B + B+ a0 =

2

N
<Y l@i(Lj + AE) (B + B+ M) <
j=1

N
<O (L + AB) [, lles (B + B+ )7l
j=1

Hence, by virtue of Lemma 1.2.2, we have

9(@

Iz + B+ M)~

9 N
lully < 52D lles(B+ B+ M) s <

j=1
Since the operator (E + B + M)™! is a bounded operator from Ly(£2) to

Lo(2) than the last inequality implyies

2 2
lully < ell £1I2

9cycq
=

(1.2.3). Theorem 1.2.1 is proved.

where c = From the last inequality we immediately come to the inequality
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Proofs of Theorems 1.2.2 and 1.2.3

By virtue of Theorem 1.2.1 the representation
u=(L+AE) 'f=K(E+B+M)'f

holds for arbitrary f € Lo(£2).

Consequently,

Uy =Dy (L+NE) ' f=D,K(E+B+M)'f =

I
S

N
22, 0 (L+AE) o (E+B+M)'f =
j=1

I
M=

(), (L+AE) to;(E+ B+ M) f+
1

(ijx(L + /\E)_IQDJ(E + B+ M)_lf,

<
Il

_|_
M=

.
I
—

S (1), (L + AE) gy (E + B+ M)~ f+

Jj=1

2
luelly =

2

N
+> 0D (L+AE) o (E+ B+ M) 'f|| <
j=1

2
N

<18L 60, L+ AB) (B + B+ M) 7+
j:

N
+183" ||, Do(L + AE)~Yp;(E + B+ M)~ f||? <
j=1

N

<18 el (L 4+ AB) oy lles (B + B+ a0+
N

183 [[Dal L+ AB) |,y s (B + B + M)

Further, by virtue of Lemma 1.2.2, we have

2
29

N
1
g5 < 182 (% + 6_0> |¢;(E+ B +M)—1fH§ <a|(E+B+M)"'f
j=1
where ¢; = (%0 + %)
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Owing to the fact that the operator (E + B + M)™! is a bounded operator
from Ly(€2) to Lo(£2), we have

2 2
luallz < 1 £115

or
lually < el £l

where ¢c=18¢;.

Just as before we obtain the estimate for w,

luylly < €l £l

and the estimate for u

lully < el £l

Its proof is given in Theorem 1.2.1.

Thanks to these inequalities we have
[l + g lly + l[ully < el Lufly.

Further, reproducing the computations and argument used in proving of

Theorems 1.1.2 and 1.1.3, we obtain the proof of Theorems 1.2.2 and 1.2.3.
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1.3 Properties of the resolvent and estimates of eigenvalues

for a mixed type operator

In the rectangle
Q={(z,y): —-rn"<zx<nm, -—-1l<y<l}
consider the operator
Lu = —k(y)ugy — uyy + a(y)ug + c(y)u (1.3.1)

with sectionally continuous and finite coefficients, originally defined in C§°, (€2),
is the set consisting of infinitely differentiable functions, finite as functions of

the y variable and satisfying the conditions

u(_ﬂ-vy) - u(ﬂ-7y)7 uif(_ﬂ-vy) - uﬂC(ﬂ-oy) (132)
u(z,—1) = u(z,1) =0. (1.3.3)

The operator L admits closure in the metric of Ly(2) and the closure is also

denoted by L.
Let the coefficients of the operator satisfy the conditions
a) a(y), c(y), k(y) are piecewise continuous functions in [-1,1];
c(y) = 6 >0, a(y) does not change its sign (a(y) = 0 or a(y) < 0);

b) the condition
t2
lim sup ———— <gc,
[t—=o0 ye[-1,1) [K7 (¥)]?

is fulfilled for some m > 0, where ¢ > 0 is the fixed number and K/ (y) is

a averaging function defined by the equality (introduced by M. Otelbaev (see

152]))

y+g

Kiy) = intld b > [ Kir)ar)
>
!

[JfsH
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where K;(7) = t*(m|a(r)| — |k(7)|) + c(7) > 0, V7 € [-1,1], —0c0 < t < 0.
The basic results of this chapter is formulated in the following theorems.

Theorem 1.3.1. Let the conditions a)-b) be fulfilled. Then the operator

L + \FE is continuously invertible for a sufficiently large A > 0.

Theorem 1.3.2. Let the conditions a) — b) be fulfilled. Then there exists a

sequence of positive eigenvalues of the operator (1.3.1) and the estimates
AN <k, k=1, 2.,

hold for them, where c 1s a constant.
For the proofs of these theorem we need some auxiliary lemmas.

Consider the operator defined by the equality

lu = —u"(y) + (£k(y) + ita(y) + c(y))u(y)

or omitting the variable y of u we just write
lu = —u" + (k(y) +ita(y) + c(y))u

in the set C§°(—1, 1), —oo <t < 0.

Lemma 1.3.1. Let the condition a) be fulfilled. Then the inequality
, 1
(mAD) (|| (+AE)ulf; > 5/ [l/* + ((mla(y)] = [k(y) + c(y + 1))[ul|dy

“1
holds for arbitrary u € C3°(—1, 1) and for a sufficiently large A > 0, where

m > 0 s a constant, —oo < t < 00.

Proof. Consider the scalar product

1
| < (e + AE)u, —itu>| = |[ t*a(y)|u|*dy—
“1
1 1
it [ (k(y) + c(y) + Nul*dy+it [ o (y)u(y)dy|.
1 1
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Integrating by parts the last component and using the boundedness of the

function u(y), we have

1 1
+<m+AEmf—muﬂ=l/*www&w—“/ﬂwﬁ+@%w»+dw+Amﬁ@w
1 -1

From here
1

< (I, + AE)u, — itu > | > /t2a(y)\u\2dy.

—1

Since a(y) does not change its sign then

1

| < (lt + \E)u, —itu > | > /t2]a(y)|]u]2dy
“1

By virtue of the Cauchy-Bunyakovskii inequality from this it follows that

1

@+ 2Byl ||~ tulls > [ Flafy)] fuldy
“1

On the basis of this inequality and using the Cauchy inequality with ¢ > 0

we find for e=1/(t*+1)
1

1 1 1 .
3 &+ DI+ Al + 5 litul > [ Pla)luPdy. (13

-1

Now we consider the scalar product

1 1 1
| < Liut-du,u > | = —/u”ﬂdy + / (#k(y) + c(y + \)|ul*dy +it/ a(y)|ul*dy|.
-1 -1 -1

Integrating by parts the first component and using the boundedness of the

function u(y), we have
1 1

|< lyu 4+ Au, u>| = / [l + (2k(y) + c(y) + \) |u]dy + it/ a(y)|ul*dy|.

—1 -1
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Hence

1
[ <t duu> | 2| [ (W] + @k(y) + c(y) + A)ul?)dy| >
-1
1

> fl[lu’l2 (c(y) + Nul?ldy — ftz\/f )ul*dy
Similarly, using the Cauchy-Bunyakovsky inequality and afterwards the

Cauchy inequality with ¢ > 0 (e=1/(t>+1)), we have

2l + Ml 3+ 5 () w3 >
1
> fl[IU’\2 (c(y) + Nulldy — ftz\/f )|ul*dy
Taking the condition a) into account, from the last inequality and the in-

equality (1.3.4) we finally find

(m + 1) + DI, + AE)ull; >

> 5 [ [ + @ mlay)] - [K)) + c(w))uPldy

for some m > 0 and a sufficiently large A > 0. The lemma is proved.

Next some notations are introduced which will be useful hereinafter.

Let d(y) =[K¢*(y)] ™", then Ay, (y) is the interval (y—%,  y+9), AR =
Age(ye) = (yr — 5, Yk +3)

From the definition of the function K;*(y) given above it is clear that it is
positive. But, moreover, the function K;*(y) is continuous. The proof of this
assertion can be found in the work [53]. We just note that for proving of the
continuity the Lipschitz condition is used which is sufficient for the continuity

of the function. In particular, the estimate
LA (o))" = KT ()] ' < 20y —yl,  forally € Au (yo)

is obtained in the work [53], where A, (yo) = (yo — %, yo+ %) C (-1, 1)

2
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Lemma 1.3.2. For the interval (-1, 1) there exist no more than a countable
cover {AWY of disjoint intervals A¥) contained in the interval (-1, 1) accurate

within countable set.

The proof of this lemma will be borrowed from the work [53] and will be

cited here for completeness of the statement.

Proof. Let us take an arbitrary point y; €(-1, 1) and assign A = Adiy),
d(y1)=[K;* (y1)]~". Suppose that A does not cover (y;, b). Among the inter-
vals {Ag)(y) : w1 <y <d, d(y) =[K;(y)]"'} there are both overlapping
(for example, the interval AW is itself) and disjoint intervals with the interval
AW The last statement follows from the following property of K (y): from
the definition of K} (y) easily follows that [K}(y)]™* —0 as y —1, therefore
AW and Ag(y) do not intersect if y is close to 1.

K ()]

Consider the function ¥ (y) = Ve in the segment [y;, 1]. The range

of values of this function is y; —¢ < ¥(y) < 1. Therefore +% € (y1—e, 1).
From here, by virtue of the continuity of 1 (y) there exists a y € (y;, 1) such
that ¥(y) = y1 + %, i.e. the left end of Ay coincide with the right end of
AW We denote by g, the least among such (it exists), A®) = Ay (y2). If
on some step (y1, y) is contained in {AM™}, <, (accurate within the ends of
intervals) then the construction process of intervals to the righthand side from

AW is completed. Otherwise it can be proceeded indefinitely.

The constructed intervals must cover (y;, 1) since otherwise their centers
will converge to a point y < 1 in which [K;(y)]™! = ]}Lrgo[K;‘(yn)]_l =0. It is
contrary to the continuity and the positiveness of this function in the interval
(-1, 1). In exactly the same way intervals be constructed to the left side from

AW, Lemma 1.3.2 is proved.

Lemma 1.3.3. Let the conditions a) and b) be fulfilled. Then there exist a
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constant co > 0 such that the inequality

/ [[/[* + (¢ (mla(r)] = [k(T)]) + c(r)uld(r) >

Aa(y)

holds for any v € C°(Agwy)(y)), where Agyy(y) C (=1, 1) and m > 0 is a
constant.
Reproducing the computations and arguments used in the work [53] we

obtain the proof of the next lemma.

Lemma 1.3.4. Let the conditions a) — b) be fulfilled. Then the estimate
(I + AE)ul|2 = c||ul|2 (1.3.5)

holds for A > 0 for all w € D(l;), where ¢ > 0 is a constant.

Proof. Based on the Lemmas 1.3.1-1.3.3 we have
1

(@ Dm+ DI + Bl > 5 [ [0+ (Blmlatw)] ~ b))+

-1

1 _
wely) = NluPldy > 537 | [ Py + 2wy [y |
{k} Ady, (Ur) Aar(yr)
where the constant ¢y from Lemma 1.3.3 without loss of generality is taken as

1 in every interval Ay(yy).

From here
m(# + D)I|(+ AE)ul3 > 53 di () / ufdy >
{k} Aa, (yr)
2 f K* dy = f K* dy =
nt (K@Y [ luPdy= o /\u\ y=

{k} Ag, (Yr)
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= inf K/ (y)P[lull5.
ot U (@)l

From the last inequality, taking into account the condition b), we find
(m +1)(#* + D[l + AE)ull3 > tellull3

From this we finally obtain the inequality (1.3.5). The lemma is proved.

Lemma 1.3.5. Let the conditions a) — b) be satisfied. Then the operator

li+AFE is continuously invertible for A > 0.

Proof. Lemma 1.3.4 implyies that there exists a bounded inverse operator
for the operator l;+AF in the range R(l;+AE). Now if we show that the range of
the operator l;+AF is everywhere dense in Ls(-1, 1) then the inverse operator

(I;+AE)~! will be continuous in the whole of Ly(-1, 1).

Assume by contradiction that the range is not dense in Lo(-1, 1). Then

there exists an element v€ Ly (v#£0) such as v L R(l;+AFE), i.e.

< lyu+ Au,v >=0 for all u € D(ly).

Then it is clear by the Riesz theorem that v€ D(I;*) and this means [;*ve

Lo(-1,1), where [;*is a conjugate operator to l;, i.e. the equality
< (L + AE)u,v >=<u, ([ + A\AE)v >=0
holds and
(If + A\E)v = =" + (k(y) — ita(y) + c(y) + N\)v = 0.

As a(y), c(y), k(y) are bounded functions then (t2k(y) — dta(y) + c(y)+
+A)v€E Ly (-1,1). From here v"€ Lo(-1,1).
Now if we show that v=0 this will be to contradiction and the lemma will

be proved.
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Indeed, consider the scalar product
(u, l;v+ ) =0.

The following computations are correct for it

0= (u, [fjuv+ Iv) = fll u{—@" + (2k(y) — ita(y) + c(y) + )\)U] dy =

_ _ —fll wd"dy + _fll (2k(y) + italy) + c(y) + Nuddy = — _Jll ud(v')+

f (Eh(y) + ita(y) + cly) + Nuvdy =

1 1 1
= —ut|' 4 [ Odu+ [ (Pk(y) +ita(y) + c(y) + Nuvdy = [ o'do+
—1 —1 -1

1 1
+f1 (Bk(y) + ita(y) + c(y) + Nuddy = u'0|", — f1 U0 dy+
1

+f1 (Pk(y) + ita(y) + c(y) + Nuvdy = w'o|" | + fll (lyu + Au) - 0dy =
= (I, + \E)u, v) + 5|, = 0.
By assumption < (l,+-AE)u, v >= 0 and it implies «'5|", = 0 or «/(1)5(1)=u'(~
Do(-1) .
Let 0(1)=a, 0(-1)=(. Assume that a0 or 570 and by virtue of arbitrari-

ness of the function u we take
u(y)=(y+1)*(y-1), (u(-1) = u(1)=0).
Then
o' (y)=2(y*1) + (y+1)% and /(-1)=0, u/(1)=4.

From this it follows that ©(—1)=v(1)=0 or that is the same v(-1)=v(1)=0.

Now it easy to prove that the inequality

17+ AE)]y = vl
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holds for the function ve Ly(—1,1), v(-1)=v(1)=0 which follows from the

similar computations and reasoning obtained for the operator [;.

Owing to [;*v + Av=0 from the last inequality it follows that v=0. Lemma

1.3.5 is completely proved.

Consider the operator
L'u = —k(y)uge — uyy — a(y)u, + c(y)u

originally defined in Cg5(92).
It is easy to prove that the L’ admits closure and the closure is also denoted
by L'.

Lemma 1.3.6. Let the conditions a) — ¢) be fulfilled. Then
D(L) € D(L"),

where D(L) and D(L™) are the domains of definition of the operator L and

the conjugate operator to the operator L .

Proof. According to the definition of a conjugate operator the equality
(L'u,v) = (u, L"*v)

holds for any u(z,y) € D(L'), v(z,y) € D(L'*). If we prove that the last
equality also holds for any v € D(L) then the assertion of the lemma will be

proved.
Let un(z,y) € Cg%(R2) and u, — u € D(L'), wvu(z,y) € C55(Q) and
v, — v € D(L). Then the following equality holds for any u,, v, € C5% ()

(L'up, vy) = (up, Lvy,). (1.3.7)

Let us prove this equality. We have for any u, v € Cg5 () (index n for u,,
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v,is omitted here in order to avoid complications in the notations):

(L'u,v) = 5{ (—k(y)uze — uyy — a(y)u, + c(y)u)vdedy = s{ —k(y)uy,vdrdy—

1 U
— [uyvdzdy — [ a(y)u,vdaedy + [ c(y)uvdzdy = — [ k(y) [f vdux] dy—
Q Q Q -1 ~r

—fz da:fll vdu, — fl a(y) {f vdu] dy + f y)uvdxdy = —fll k(y) [us0|", —

-1 —T
m m 1 T
— [ uxd@} dy — [ [uy@\_l — [ uydﬁ} de — [ a(y) [u@[w — udz_)] dy+
- —T —1 -1 —T
+ [ e(y)uvdzdy.
Q

By virtue of the boundary conditions (1.3.2)-(1.3.3) we have for functions

from O3 ()
(L'u,v) = — [ Ky [ I vxdu] dy— [ [ I vydu] da —_11 aly) [f vxudx] dy+

-1 —-m =1

1 s 1
+ [ e(y)uvdzdy = — [ k(y) [u@x\ﬂﬁ -/ uﬂmdx] dy— [ [w_}y\l_l — [ u@yydy] dx
-1 - - -1

/
g

[ a(y)uv,dxdy + [ c(y)uvdady.
-7 Q
And owing to the boundary conditions (1.3.2)-(1.3.3) we finally have

(L'u,v) = /u(—k(y)@m — Uyy + a(y)0z + c(y)0)dxdy = (u, Lv).
0

It proves the inequality (1.3.7).

Now proceeding to the limit in the equality (1.3.7) we have
(L'u,v) = (u, Lv).

The lemma is proved.
Proof of Theorem 1.3.1

Let u(r,y) € C55(§2) and Lu=f. Then the representation

k k
(L+ AE)up = (L + \E) Z w, (y)e™ = Z (I, + AE)u,e™

n=—=Fk n=—=Fk
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k .
holds for the operator L+\E, where ur, = > wu,(y)e"™ and  ug(z,y) —
n=—=k
u(z,y), as Kk — oc.

By virtue of Lemma 1.3.5 we have for A > 0 (replace the index ¢ by n in

the operator [;)
k

k
LA+ XEY 3 = D 11+ AB)ul3 = D luall§ = a3

n=—"Fk n=—*Fk

Proceeding to the limit in this inequality we finally have
(L + AE)ull, = c||ull,

and make sure that the last estimate holds for any u(z,y) € Cg%.(©2).

Since the operator allows the closure then by virtue of the continuity of the
norm the last estimate holds for every u(z,y) € D(L).

Now we show that the kernel of the operator L contains only the null ele-
ment, i.e. N(L)=Ker(L)={0}.

Reproducing the computations and arguments used for proving of invertibil-
ity of the operator [, +AFE, we obtain that the operator I/, +AE has a continuous

inverse operator (I/, + AE)~!, where
I+ A\E = —u" + (n?k(y) — inaly) + c(y) + N)u.
It is known that the equality

flwy) =Y faly)e™

n=—oo

holds for any f € Ly(£2). It is easy to show from here that

k
ur(z,y) = Y (0 + AE) " fuly)e™
n=—=k
is a solution of the problem
(L' + AE)u = fy, (1.3.1)
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U = U, Uzl x = Uglr, (1.3.2")
u(x,—1) =u(z,1) =0, (1.3.3")

where

fe(z,y) = > faly)e™.

n=—"Fk

By virtue of Lemma 1.3.5 we have for A > 0
k
i, p)lls = (L + AB)ur |5 = Zk 1+ AE)unl5 >

k

2 2

> 2 lwnllz = 3
n=-—

or

1fx(@,9)lly = ellully (1.3.8)

From this and from fi.(x,y) — f(z,y) it follows that the sequence {uy(z,y)} -,

is fundamental.

By virtue of the completeness of the space Lo(£2) we have
ur(z,y) — u(z,y) € Lo. (1.3.9)

Therefore, there exists a strong solution of the problem (1.3.1") — (1.3.3)
for every f(x,y) € Lo,

One can immediately prove that the definition of a strong solution is equiv-
2

0
alent to the closure of the operator L' + AE originally defined in W, . (€2).

From aforesaid it follows that the range set of the operator L'+ \FE coincides

with the entire Ly(Q), i.e.
R(L' 4+ A\E) = Ly(9). (1.3.10)
From the general theory of linear operators it is well known that

Ly() = R(L' + AE) LN((L' + A\E)*)
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From this and from (1.3.10) we find that N((L' + AE)*) = {0}.

Consequently, using Lemma 1.3.6, we have
N(L+ ME)= Ker(L+ AE) C N((L' + AE)*) = Ker((L' + AE)*) = {0}

i.e. N(L+\E)=Ker(L+AE)={0}.
Reproducing the computations and arguments used for proving of the in-
equality (1.3.8) and using the completeness of the space Ly(€2), we obtain that

there exists the unique strong solution of the problem (1.3.1)-(1.3.3) for any f
such that

cllully < 171,

and the representation

u=(L+AE)'f= i (ln + AE) " fr €™

holds for it, where ¢ > 0 is a constant. Here we use the fact that Ker(L+AE)={0}.

The theorem is completely proved.

Proof of Theorem 1.3.2. We will find the eigenfunctions of the problems
(1.3.1)-(1.3.3) in the form

oo

u(m,y) = D un(y)e™.

n=—oo

Then we have the Sturm-Liouville spectral problem for the functions u(y)
—u"(y) + (n°k(y) +ina(y) + c(y))u = Au, (1.3.11)
u(—1) =u(l) =0. (1.3.12)

When the condition a) is fulfilled and in case n=0 the problem (1.3.11)-
(1.3.12) will take the form

lou = —u"(y) + c(y)u = Au,
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u(—1) =u(l) =0.
It easy to prove that the domain of the operator [y coincide with the space

W3(—1,1) owing to the boundedness of c(y).

Let My denote the unit disk in W2(—1,1). The two-sided estimates
AT Ny(A) S ea e

holds for the k—widths of the set Mj, where Ny(\) is a quantity of the
0
k—widths dj of the set M, greater than A > 0 and ¢ > 0 is a constant.

From the last inequality and from the properties of Ny(A) we have

1 0 1
-1
c ﬁgdkgcﬁ

Moreover, taking the self-adjointness of the operator [y and the correctness

0
of the equality Ag41(ly ) = d}, into account, we finally have for the eigenvalues

of the operator [
U< () <k, k=1,2, ...

The theorem is proved.
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