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Abstract

The present thesis is concerned with the construction of Gowdy space-
times with torus topology in n dimensions and the study of their asymp-
totics as t — oco. Already much is known about these spaces in four di-
mensions, in particular, the solution to Einstein’s vacuum equations can
be represented as a wave-map from a Minkowski-like space to the hyper-
bolic plane whose energy decays as t~* as t — co. The behaviour of the
solution at large times is governed by a quantity which is invariant under
isometries of the target-space. The present thesis contains a derivation of
the target-space metric in the general case, i. e., the standard metric on
SL(n —2)/SO(n — 2) in certain coordinates, and shows that, just as in
four dimensions, the energy of the wave-map which describes the solution
decays as t7' as t — co. A quantity analogous to the invariant in four
dimensions is constructed from time-conserved quantities. For homoge-
neous data, this invariant is, at fixed time, proportional to the kinetic
energy of the wave-map.

1 Introduction

Gowdy spacetimes were first studied by Robert H. Gowdy in an article from 1974
[1]. In this seminal paper, Gowdy analysed spaces with a two-parameter space-
like abelian isometry group and showed that there are three possible topologies
for such spaces, namely T3, S x S! and S3. It later turned out that the T3
case is the easiest one to handle and its study is relevant to physical appli-
cations, namely the modelling of gravitational waves. The S? x S! case is, in
turn, relevant for Kerr black holes, since the interior of rotating black holes can
be described by a model with two space-like Killing vectors and S? x S! topol-
ogy. More precisely, Gowdy space-times are time-orientable, globally hyperbolic
vacuum Lorentz manifolds with compact Cauchy surfaces and vanishing twist
constants that possess two commuting space-like Killing vectors (T? symme-
try). The requirement that the twist functions (which are constants in the case
of vacuum) vanish is a crucial one. Indeed, if we drop this requirement, the
spaces we are left with are much more difficult to analyse and so far little is
known about them. Insofar as Gowdy space-times represent an intermediate
level of complexity for vacuum Einstein equations, they are also important as a
first step in studying and understanding more complicated solutions.

Already much is known about Gowdy spacetimes with torus topology in
four dimensions. Global existence of solutions was shown in [2] while [3] re-
solved issues regarding asymptotics of the solutions at large times and showed
future causal geodesic completeness of the spacetime. In the latter paper, it was
pointed out that Einstein’s vacuum equations have a wave-map character and
this was used to investigate the late-time dynamics of the solution. Surprisingly,
it turns out that nonhomogeneous solutions look like homogeneous ones, in the
sense that, as t — oo, spatial inhomogeneities vanish, however, they do not
necessarily behave like homogeneous solutions. In fact, this behaviour is deter-
mined by the sign of a certain invariant quantity which, when negative, causes



a novel type of behaviour to emerge. A first step in the proof of this result was
showing that the energy of the wave-map which describes the solution decays
asymptotically at large time as t~'. This, in turn, was used to prove that the
length of the corresponding loop in the target space goes to 0 as ¢~ 2 at infinity.
This energy decay law was also found by Ringstrom to hold in the case of the
T3-Gowdy symmetric Einstein-Maxwell model [4]. In this model, provided that
a certain term is put to zero, one obtains a wave-map whose target space is
essentially the same as the target space of the 5-dimensional Gowdy spacetime
derived here in Section 3. This is not entirely surprising, since they are both
T3-Gowdy symmetric.

The goal of the present thesis was to extend the results in [3] concerning
the asymptotics at ¢ — oo to the case of an arbitrary number of spacetime
dimensions, i. e, for Gowdy spacetimes with TV symmetry and TV ! topology.
I have succeded to prove that, in n dimensions, the energy also decays as t‘ll
and this automatically implies that the length of the loop decays to 0 as ¢~ 2.
However, I could not establish whether the type of behaviour present in the
4-dimensional case is characteristic to all solutions in higher dimensions. The
difficulty in establishing this result resides in the computational complexity of
the problem in higher dimensions. Thus, the conserved quantities which are
crucial to the proof in four dimensions have a much more complicated expression
in higher dimensions, which makes them cumbersome to work with.

In four dimensions, the proof of the energy decay law is divided in two
parts: first one shows that the energy decays as ¢t~! if the initial energy is
sufficiently small; it is then proven that the energy converges to 0 as t — oo,
so that the small data result can be employed. A brief overview of Ringstrom’s
proof is presented in Section 2, for details the reader can consult the original
paper [3]. After deriving the spacetime metric and the target-space metric in n
dimensions in Section 3, we proceed to prove the small data result in Section
4, while Section 5 is concerned with showing that the energy converges to 0 as
t — oo. The proof is a generalization of the one in four dimensions ([3]). Finally,
Section 6 shows a derivation of the time-conserved quantities in n dimensions,
as well as the construction of a quantity, related to the Casimir operator of the
Lie algebra sl(N), which is invariant under isometries of the target space. In the
4-dimensional case, this invariant plays an important role in the investigation of
late time dynamics, however the analogue of this analysis could not be completed
in n dimensions. It is, however, interesting to note that, although the physical
meaning of the invariant is unclear in the general case, for homogeneous data
this quantity is, at fixed time, proportional to the kinetic energy of the solution.

2 Previous Results

This section presents some results for the 4-dimensional Gowdy spacetime due
to Hans Ringstrom published in [3]. The spacetime metric in four dimensions



has the following form:
ds?y) = t¥ed (—de? + d6?) + ¢ [e—Pdm% +eP (das + Qdml)ﬂ

where A\, P and @ are functions depending on ¢ and 6, periodic in 6. This
0

spacetime obviously has two commuting spacelike Killing vectors, namely Dar

0

and T and there is an additional symmetry given by: x; — —x; and x5 —
X2

—x9. The coordinate t is defined such that it is equal to area of the orbits of

T2. Physically, the metric describes a gravitational wave propagating in the 6
direction, P and @ being the two polarizations of the wave; for ) = 0 we speak
of a polarized Gowdy spacetime.

Writing down Einstein’s vacuum equations for this spacetime, we obtain two
sets of differential equations: the evolution equations given by

{agp ~hP+ 1o =" [0Q) - (0Q)’] "

9FQ —%Q+10,Q = —2(0P3Q — JpP0yQ)

and the constraint equations for A,

o =t{(OP) + @uP) + e [(20Q) + (20Q)°] }
OgA =2t (3tP39P + ezpatQagQ) .

The evolution equations can be solved globally for ¢ € (0, 00) for smooth data
[2] and the constraint equations can be integrated to give A once P and @ are
known. It was pointed out in [3] that the evolution equations can be regarded
as the wave-map equations of a map (P, Q) from the Minkowski-like space with

metric
ds§ = —dt* + do? + t>dy?

to a target space (the hyperbolic plane) with metric
ds? = dP? +e?PdQ?.

(For an exposition on wave-maps in general relativity, see [5].) The map does
not depend on the ¢ coordinate which is only introduced in order to obtain the

1
terms containing — in (1). Note that the wave-map equations can be regarded

as the Euler-Lagrange equations of the lagrangian
t
L= [-P+ P+ (-QF + Q7)) (2)
We can also define an energy-like quantity for the wave-map as follows:

1= [ [P+ B+ (@ + Q)] a0 3)

Sl



It was shown in [3] that the energy decays asymptotically at ¢ — oo,

H(t) < %, for all t > T,
where C' and T are constants. The proof procedes in two steps: first it is shown
that the energy decays in this manner if the initial energy is sufficiently small;
it is then proven that the energy goes to zero at large times for arbitrary initial
data. We will carry out the proof in its full generality in Sections 4 and 5. For
now, it suffices to indicate the underlying idea of the method used, as presented
in Ringstrom’s paper. The point of the method is obtaining energy estimates
for a system, without solving the associated differential equation. This goal
is achieved by introducing so-called correction terms. The main idea can be
illustrated with a simple example.
Let us consider the ordinary differential equation

i+ 2az + b’z =0
with @ > 0 and b? > a®. We are interested in the behaviour of the energy

H = (&% +b°2%).

[N

We know that the energy decays, since

dH

H = 72@13'2

and we wish to investigate this decay qualitatively in more detail. The crucial
trick is the introduction of a correction term,

I':=axz,
which satisfies
a a|l a
r :H bad <H’ 2 4 b2y :HH.
T = |3 el < |3| 5 (@2 + %% = |5
a
We note that since ’g‘ < 1, there exist positive constants c;, co such that

aH<H+T <cH

In addition, we have:
d(H+T
% — 2a(H +T).

It then follows that
H < Cexp(—2at)

and we have obtained our desired decay.



In [3] the method is further illustrated with the case of the 4-dimensional
polarized Gowdy spacetime. There, the field () vanishes and the evolution
equation of the spacetime becomes

1
Ptt"‘gpt_PGG:O
We can also write the evolution equation in the form
—0 (tPt) + Oy (tPg) =0

which is manifestly the Euler-Lagrange equation of (2) for the polarized Gowdy
case. The energy, defined by

1
H= 5/ (P} + Pg)de,
St

H 1
F_ 1 / P2dg.
t

Sl

satisfies the equation
de

The first obvious choice for the correction term
1
I'=—[PPdé
2t/ i
Sl

turns out to be incorrect, since this quantity cannot be bounded in term of H,
which is essential to the proof. Instead, one defines
1
r= o5 (P— < P >)Pdo
St

where for a function f:S' — R, < f > denotes the average of f on S',

< f>= i/fole
2w
Sl

The use of averages is crucial because one is interested in correction terms which
can be bounded in terms of H. To see this, let us estimate the quantity

/(P— <P>Pdo=2r> lan|’ < n*lan’ = /(89P)2d9 <H 4
St nez nez St

where a,, are the Fourier coefficients of the function P. We note that by sub-
tracting the average < P >, the coefficent ay gets cancelled, which allows us
to obtain a useful estimate for the Lh.s. Using Hélder’s inequality and (4), we
obtain

1
I''<—H
| |*2t



which, as before, implies that, for large enough ¢, there exist positive constants
c1, co such that
C1H S H + r S CQH

Using the evolution equation, we can compute

dr
7:_,1" il 2d0 — = il —
¥ ; + /Pde < P >? +22 (P— < P >)0g (tPy)db
St
1
<7F+2—t (P} — P7) dé.
st

Then

d(H+T) _ 2. 1 2
diH+0) _ <-T+o (Pt2fP92)d97¥/P2d9fffFffH

st

1 1 1 1
<—-T+H)+-I''<-—=T+H)+-—=H
= t(+ )+t|‘— t(+ )+2t2

1 C
S-;(H'*‘F)‘f‘tﬁ(H‘*‘r)-

We can infer that

m< @
-t
Here and in the following, C' denotes some positive constant which may depend
on H, but decreases with decreasing H.

In the case of the nonpolarized 4-dimensional Gowdy spacetime with the
energy defined by (3), the correction term has two parts:

[:=TF 419, with

1
.= 57 | (P— <P >)Pdf and
Sl
1
re = 2t/ 2<P> (- < Q >) Qudo.
Sl

For small data, (H < e for some suitable positive €), the correction terms satisfy

(&) c c
07| <~ H and Te| < T

Additionally, we have

drr 20p 1 5 o C s

P _ —_H3

TR S N (P; Pe)d0+tH2 and
Sl

dre 2 L [ 9p /o o C s

W§f¥FQ+2t/e (Qthg)d9+?H2.
st



Since

dH 1
a ‘;/ (P? +¢*7Q7) df,
Sl
it follows that
d(H+T) 1 1 C

3
<——-(H+T)—-T'+—H-=.
dt -t (H+T) t + t
Using an argument similar to the one above, we obtain the result for small data:

HS%foralltZT,

where C' and T are certain positive constants.

To prove the result for general initial data, it suffices to show that H (t)
converges to 0 as t — oo. If this is the case, then H (t) < € for t > ty for some
positive tg and we can use the small data result. We note that, in order to prove
convergence to 0, it suffices to show that

%H (t) € L ([to,0)), for any to > 0.

Denoting by Hx and Hp the kinetic and potential part of H, respectively, i. e.
H = Hi + Hp, we can write

dH 2
— = ——Hyg.
dt K
It then follows that 1
Hic (t) € I (fto,0)) %)
It remains to show that
1
THp () € L' (t0, ) (6)

We will not present here the details of the argument, rather we will carry out
the proof for n dimensions in Section 5, of which the 4-dimensional case is a
special case. It suffices to note that we consider the quantities

t
/ % / (P? — Pj)dods
St

to
and
; 1
1 2P (12 2
/S/e (Q7 — Q3) dbds.
to St

Using the Euler-Lagrange equations of (2) (i.e. the evolution equations (1)) and
certain estimates, it can be shown that these two quantities are finite. Since (5)
holds, (6) follows, hence H converges to 0 as ¢ — co.



As mentioned above, the target space of the wave-map describing the solu-
tion is the hyperbolic plane which is isomorphic to the upper half plane. Thus,
because of the periodicity in 6, at fixed time, a solution can be represented as
a loop in the upper half plane. As a consequence of the result concerning the
energy decay, it follows that the length of the loop which is defined by

l:/(P92+e2PQ§)%d9,

St

goes to 0 as t7% as t — oo. Thus, since the # dependence vanishes, an inhomo-
geneous solution will asymptotically look homogeneous.

An interesting result in four dimensions concerns the behaviour of the solu-
tion as t — oo. In [3], it was shown that, although the solution becomes spatially
homogeneous at large ¢, it does not necessarily behave as such. The analysis
relies on the existence of conserved quantities of which, in four dimensions, there
are three:

A= /t (2¢*7 Q¢ — 2P;) b

Sl

B = [te*’Q.d6
/

C= /t [(1-e*"Q%) Q: +2PQ] df
gt

In Section 6, we will present a derivation of these conserved quantities in the
general n-dimensional case. In addition to the time-conserved quantities, there
also exists a quantity which is invariant under isometries of the target space,
given by

D = A? +4BC (7)

which controls the dynamics of the solution at large times. Thus, for D > 0,
the solution behaves, indeed, like a homogeneous solution at large time, more
precisely, the loop “moves” in the upper half plane along straight lines and circles
which meet the boundary transversally. However, for D < 0, there emerges a
new type of behaviour, namely, the solution oscillates along circles inside the
upper half plane. If D = 0, but not all constants (A, B and C) vanish, the
solution moves either along a curve y = const, or along a circle touching the
boundary. If A, B and C all vanish, the solution goes to a point. It is interesting
to note, that, in the case of spatially homogeneous data, the quantity D has the
form
D = 16nt’Hyk

where Hg is the kinetic energy of the solution; thus, assuming homogeneity,
this quantity is always non-negative. In the general case, D can also assume
negative values and its physical significance is unclear.



The starting point for the proof of these statements (which is very technical)
is deriving certain ODEs for the averages < P > and < ) > of the parameters
describing the solution:

B A 1
t<Pt>:—<Q>——+—/te2P(Q—<Q>)Qtd9
2w 4T 27
Sl
B 1
te<P> < Qt > = 7e—<P> _ 7e<P>/t (e2P—2<P> _ 1) Qtde
2w 2w

Sl

C
+

t<Qr>= —
Q¢ 5

A <Q>—£<Q>2+£/(<Q>—Q)Ptd9
v

o 21
Sl

2w
Sl

n i/eQP (O— < Q >)2Qudb

In the derivation of these ODEs, it is important that the integrals appearing on
the r.h.s are terms which can be estimated in terms of the wave-map energy, H.
These equations, in turn, are used to derive an algebraic inequality:

2 2
B{e<P>+e<P> [<<Q>—A) _A +4BC }

2B 4B2?
where K is a constant. Using this inequality, certain crucial estimates can be
obtained. For the proof, the reader is referred to Ringstrom’s paper, [3]. Let
us just point out that the conserved quantities have a much more complicated
expression in n > 4 dimensions and there are (n — 2)2 — 1 of them. This makes
it computationally difficult to derive suitable ODEs and an algebraic inequality
for the averages.

<K

3 The Spacetime and Target-Space Metrics

To derive the spacetime metric in an arbitrary number of dimensions, we will
use Kaluza-Klein reduction on the circle ([6]). Namely, given the metric in n-
dimensions ds,), we add another coordinate x,,11 € S', by using the following
ansatz for the higher dimensional metric:

sy = €29ds?,) + 29 (da™F 4 A)°,

n
where A = ZAZ-dxi and ¢ are fields independent of z,11, while @ and g are
i=1
constants. It now turns out that the dimensionally reduced lagrangian is of the
form elft(n=2)ele /ZgR 4 where g and R are, respectively, the determinant
and curvature of the metric in n-dimensions. Requiring that the dimensionally



reduced lagrangian be of the usual form, \/—gR + ..., corresponding to the
Einstein-Hilbert action, we obtain the constraint 5 = — (n — 2) a.

With this information, we can now construct the Gowdy spacetime metric
in arbitrary dimensions. Namely, start by defining the 3-dimensional metric

ds?yy =2 (—d? +dp?) + 12 (da?)”,

where (6, z1) are coordinates on T? and A is a function of (¢, §) periodic in
6. If we want to add another coordinate x5 € S', we can use Kaluza-Klein
decomposition to derive the metric in 4-dimensions:

ds%4) = ezo‘“"dsﬁg) + %8¢ (dx2 + A%d:z?l)2 ,

where ¢ and A} are functions of (¢, §) and «, 3 are constants with 3 = —«
required for Lorentz invariance of the reduced action. Note that A} does not
denote a component of a (1,1) tensor. We can further write

dsfy = 0% oF (~dt? + d6?) + 12 (da!)?] + 72 (dz? + Ajda')”.
If we denote p; := —2ap, we can express the metric in the form

ds%4) —ePit3 (—dt? + dg?) + t2e ™ (dx1)2 + e (da® + A%dacl)2 .

If we now finally transform A — A — 2p; — Int and p; — p; — Int, we obtain the
desired 4-dimensional Gowdy spacetime metric

A
2

=

ds%4) =t"2e? (—dt’ +db?) +t {e_pl (dx1)2 + e (dz® + A%dxl)z} .

The conformal factor is chosen to have this form in order to simplify the expres-
sion of Einstein’s vacuum equations. Repeating the procedure, we obtain the
metric in five dimensions,

2
2

ds?) = t~3e? (~dt® + d6?) + ¢ [e*m*”% (dz")? +em =% (da? + Abdat)”

+ o (do® + Ajde! + A3da?)’]
where we have absorbed a factor proportional to Int in the definition of .
We can now carry out this procedure to obtain the metric in arbitrary n

dimensions. We will show, by induction, that the metric has the following
expression:

N—-1
ds%n) — = N e? (fdt2 + d02) +tx exp <p1 — Z; Z?) (dx1)2
N N-1 m—1 2
+ Z exp <pm1 — Z p;) (dxm + Z Afndxl) ,
m=2 i=m =1

10



where N :=n — 2, and we have used the convention that, whenever in a sum the
lower limit is greater than the upper one, the term is equal to zero. To show that
this formula holds, let us compute ds?n +1) using Kaluza-Klein decomposition:

N 2
ds%nH) = e2"‘“"ds%n) + e20¢ <de+1 + Z Aﬁvﬂdxi) ,
i=1

with 8 = — (n — 2) @« = —Na. Denoting py := 20¢, we can write

N—-1 P

ds? gy =t % e N FE (~dt? +d6?) + tF

N
exp <—p1 - Zz:; Z?) (dxl)Q
N N m—1 2
+ Z exp (pm_l — Z p;> (d:rm + Z Af,Ld:ri>
m=2 i=m

i=1
N 2
+ ePN (deH + Z Al dxi>
N+1 .
i=1

Making the transformations

2])]\] 1
Ao A— BN
TATN Ty ™
- Int
PN — PN N-'-].n’

we obtain the desired result,

N

N
ds?n_H) — " MHe? (—dt2 + d92) NS = lexp (—p1 — Z; %) (d:z:l)2

N+1 N m—1 2
+ Z exp (pm_l — Z %) (dxm + Z Aﬁndxi> ,

m=2 i=1

0

which proves the claim. We note that Fe are Killing vectors and the space has
x

TN+1 topology. To simplify notation, let us define the following quantities in

n-dimensions, with N =n — 2:
N—1 »;
(—p1 S 7>
i— "

Y, (8)
1 — 2, for2<m < N.
<p 1 Z i ) or SmM <

i=m

o =

N

Ay 1=

N |

11



N
Note that Zam = 0. With these definitions, we can write

m=1

N-—1

ds?,) =t~ e? (—dt? + d6?)

N m—1 2
it le%‘l (dat)” + 3 em (dxm +) A;ﬁdf) (9)
m=2 i=1
A

= 7% e? (—dt® + d6?) + t ¥ Gupdadal,

where § is the metric on the orbits of the symmetry group TV, with det § =

N N
H e*™ = exp (Z am> = 1. Let us now define another local 1-form basis as
m=1

follows:

m=1

m—1
WM = e%m (dl’m + Z Aind.’171> ,
i=1
where we use the aforementioned convention that sums where the upper limit is
smaller than the lower one give zero. In this basis, the metric § on T is equal
to the Kronecker delta: gu.p = d4p. Let M be the change of basis matrix from
dz to w. Then

e, ifi=j
My =<e%Al, ifi>j (10)
0, otherwise,
and the inverse M ~! is given by
e, if i = j
i—j
M ={e Y (-1 > A AR i (11)
=1 i=ko>k1>..>ki=j
0, otherwise.

Let us check that, indeed, Z M;; M ﬁcl = §;,. Using the notation

j—k
SPi=> (=)' > ARLAR | for N>j> k>, (12)
=1 j=ko>...>k =k

for i > k, we can write,

12



D MMyt = MMy! + My My! + Y My M/

J i>j5>k
_ Qk k i ok
=S+ AF+ > AlSh
i>j5>k
— Gk _ gk
=0.

For ¢ = k, we have ZMijMﬁl = Mingl =1, as claimed. We note, for later
J
use, that the metric §q, and its inverse §*° in the z-coordinates are given by

Jab = Z MmaMnb6mn = Z Mo My, (13)
G =D My My S =Y Mo M,

We now wish to derive the form of the target space metric in terms of the
coordinates p; and A]. To do that, we will use dimensional reduction from n to
n — 2 dimensions of the lagrangian of the n-dimensional gravitational theory, as
performed in [7]. We start by defining the n-bein

A2 0
b (15 )
0 €%

in n = N + 2 dimensional coordinates X4 = (2%, %) , with 2% = (¢, ) labeling
the orbits of the symmetry group TV and 7% = (2!,...,2") coordinates on
TN, €% is a 2-bein on the orbit space, while €% is an N-bein on the orbits, so
g = e’ e, with 6 being the Kronecker-delta, is the metric on the orbits of T ;
A is a conformal factor and, just as g, it depends only on the coordinates (t,6).
We now want to compute the n-dimensional gravitational lagrangian in terms

of the lower dimensional fields
1 1 1
£ = —CBR =~ det (E) R =—-\épR

where p = det (¢) and R is the scalar curvature of E4,. To compute R, we need to
know the Christoffel symbols associated to E‘g. If we denote Ay = Napé?, e

men
and I'}; are the Christoffel symbols associated to €, the only nonvanishing
connection coefficients can be written as

B =T+ A7 (0700 + 70\ — W0 )

1 ~
_5)\_2hm"§aﬁ,m7

1_
mp = 59" 9py.m-

m
ap

13



Since
R = AWM (0 = Ty + T — Tl'n)
+ 3 (Tl + Tals T + DTy = Thal = T2 )
+ AR (T, — DL + THTS,, )

we get, after some calculations,

R= )2 {R - %ﬁm"Tr (5 0mg) Tr (ﬁ—lanﬁ) - %Bm"Tr (52 0mg) Tr (770,9)
+ gﬁ”mﬁ (5710 gg 1 0ng) — A" Tr (¢ 0mng) — O h™™Tr (g_lang)}
-3 {8nA [Qamﬁm" + ATy (irlamﬁ)} + Qizm"amn/\}

+ 2279, A, N,
where R is the scalar curvature of h. Hence, the lagrangian can be written as
Lo = —%)\Qép - - %ép [fo =20, (B A710,0) = AT 0Ty (A1 0,01 )
— %ﬂm”Tr (g*lamg) Tr (lAflaniAz)
- ifz’"”Tr (97'0mg) Tr (97" 0n9)
+ %ﬁm”Tr (571 0GG 1 009) — A" Tt (5 0mng)
— B ATy (g—lang)} :
Since for a metric g, we have
Om (\/M) = %\/@Tﬁf (97 0mg) ,
it follows that
00 (ﬁmnxlanx) — O, (épﬁmnxlanx) - %épﬁm”xlanmr (ﬁ—lamﬁ)
— R AT 0, N p
and
epTr (g—lang) O h™™ = O, {épTr (g—lang) ﬁm"}
~ Lephmn Ty (5710,5) T (A~ 0mh)
5¢P 9~ Ong -
— eh™™Tr (§7'00g) Omp + eph™  Tr (57 0,,95 ' 0n9)

— épflm”Tr (g*lamng) .

14



Thus, up to total derivatives, the lagrangian is given by

e oo L

+ éfzmn [Tt (5 ' 0mGg "0ng) — 4p 20mpOnp — 8A "' 0uAp ™ Opp) } )

If we now introduce the unit determinant metric on the orbits, jos = p_% 9B,
we obtain

1. 1.
£ = ¢ {_2R + gh"" [T (57 0mgg " 0ng)
4(N = 1)

— Tp_zampanp — 8)\_18n)\p_18mp} } .

We can finally rescale the conformal factor ,A — p% A, to arrive at the result

1. 1
£ =¢p [—QR + gﬂ (g '0gg~"0g) — )\_1(“))\,0_18/)] (14)

Let us now write down the Euler-Lagrange equations for this lagrangian. For
the components of the metric i the resulting equations are

N A 1 . a1 ~ _ —
Ry — 5hklR = ZTr (g 19,37 18;g) —2X 16(kAp 181)/)

_ iLkl |:éTI‘ (g_lagg_lag) _ A—la)\p—lap]

where we have used the relation

5/ —detg = _%\/Tetggmagkl,

valid for a metric g, and the parentheses denote symmetrization over the indices.
We note that we can write hy = Nk by suitably choosing the coordinates
on the orbit space and the conformal factor \. With this choice and because
p = v/det g = t, the Euler-Lagrange equations for Ry become

t
Ao = ST [(g*latg)2 + (g*lagg)ﬂ :
A0 = ST (571003571 019)

Using the relation

€

69°¢ = —g““g*%6gag,

valid for any metric g, we can derive the Euler-Lagrange equations for the
components gng:
hidk (p§~019) = 0,
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or, with our particular choices,
—0, (t§70:3) + 10y (77 0g) = 0. (15)

As was pointed out in [7], (14) represents the lagrangian of a generalized

SL(N)/SO(N) nonlinear o-model. This will become more apparent if we write

down the lagrangian in terms of the parametrizing fields, p; and A]. There are
N(N-1) N2?+4+N-2

a number of N — 1+ ( ) = +2 parametrizing fields which is

2
2

equal to the dimension of SL(N)/SO(N): N* —1 — N(N-1) = N +2N — 2.
To understand how this happens, let us note that the unit-determinant metric
g on the orbits of TV is an element of SL(N)/SO(N), since SO(N) corre-
sponds to a rotation of the coordinate basis at a point on the orbits of TV in
our Gowdy spacetime, which leaves the metric § invariant. We also remark
that we have first dimensionally reduced the lagrangian using the symmetries of
the model and then wrote down the Euler-Lagrange equations of the resulting
lagrangian. That we are allowed to procede in this way is a consequence of
the so-called principle of symmetric criticality ([8]). This principle guarantees
that the Euler-Lagrange equations of the symmetry-reduced lagrangian are the
same as the symmetry-reduced Euler-Lagrange equations of the unreduced la-
grangian, provided that the group used to reduce the lagrangian is compact.
This is fortunately the case of SO(N).

We note that (15) which are the evolution equations of the metric (9), are the
wave-map equations of the map § from the Minkowski-like space V = R, x T!
with metric

ds3 = —dt? + d6? + t2dy?,
to the space M = SL(N)/SO(N) with metric

L P
ds? :§Tr (9 tdgg 1dg) (16)

with § independent of the variable . To see that, recall that a map u from a
Lorentzian manifold V' with metric g, to a Riemannian manifold M with metric
h is by definition a wave-map, iff it is a critical point of the action:

/gijaiuAﬁjuBhAde.
\%4

In our case, this translates to the requirement that § be a critical point of the
action

/%Tr [— (g—latgf + <§_169§)2:| 2tdpdtdd
1%

_ C/iTr [— (G70.9)° + (g*lagg)ﬂ dtdo,
st

16



since the volume element of V is dv = 2tdpdtdd. This, in turn, follows immedi-
ately from the fact that (15) are the Euler-Lagrange equations of the lagrangian

L= iTr - (77'09)" + (729)°] . (17)

In the following, we will only be concerned with the nontrivial part of the
lagrangian which, after rescaling, we can write in the form (17). We note that
the lagrangian (17) and the target space metric (16) have a very similar form, so
it suffices to compute the target-space metric in our particular parametrization.
To do that, let us first define the step function ¢ : R — R,

1, ifz>0
o(x) = i
0, otherwise.

Using (12), we can then write (10) and (11) in the following form:
Mij =¥ [6” + (1 - 5”) Ag:| O'(i —j)7
Mt =em [5ij + (1= i5) Sf] o(i = j)-

Using (13), we can now compute the target-space metric as follows (all indices
in the sums go from 1 to IV, unless otherwise specified):

1 1322
ds? = §Tr {(g 1dg) ]
=t {m ! [@) M+ ()T amT] am
=Y M, [dMy M + My dMac] dMa,
a,b,c,d
= Z e [5ab +(1—dup) SZ] o(a—10b)-{d[e™ (0pe + (1 — dpc) A})] (b — ¢)
a,b,c,d
€™ [Sge + (1 — 84c) S4] o(c— d) + €™ [0ep + (1 — 0ep) 2] o(c — b)
~d[e¥ (8ge + (1 — dac) A)] o(d — )} - d {e¥ [d4q + (1 — b4a) AG]} o(d — a)
=Y dai+ D e [Sap + (1= 0ap) Sh] o(a = b)e™ [5ep + (1 — 0ep) 52
% a,b,c,d
< o(c=b)d{eY [d4c + (1 — dac) AG)} o(d — e)d {e¥4 [d4q + (1 — baa) AG]}
-o(d—a)
where, in the last equality, we have used the fact that terms which contain the

product o(a — b)o(b — ¢)o(c — d)o(d — a) vanish, unless a = b = ¢ = d. Com-
puting further, we obtain

17



d51722da + ) [d (e AG) + Sgde™]* e
d>a

+2 ) [Shd (e AG)d (e Af) + SShd (67 AF) de®t] e

d>a>b
> ShShd (e AG) d (e AG) e 2
d>a,c>b
—9 Z do? + Z e2(aa—aa) (dAg)z 49 Z e2(adfab)SZdAgdAg
d>a d>a>b
+ e ShStaAGdAG + ) [Ea(de®) + Fyettde®]
d>a,c>b d

where we have denoted

d—la—1
By = Ze_m" [(Aa) + 24259 + (%) ] +23°3 e 2 A4St (AL + S5)
a=1b=1
+ ) e P AGAGShS?
d>a,c>b
d—1 d—1 d—1
= e (5§ + AY) —2Ze 200 (99 4 A9) +Ze 20 (G4 4 A%)? =
a=1
and
d—1 d—1la—1
Fy=2) " (S§dAG+ AGdAY) +2 > (AGShdAY + ALSEAAG + ShShdAY)
a=1 a=1b=1
+ ) (AGAG + AGdAG) ShS?
d>a,c>b
d—1 d—1la—1
=2) (S§+ Ag) dAG —22 (Sg+ AG) dAG+2) > (Sh+ AY) ShdAg
a=1 a=1 a=1 b=1
d— —
ZZ Sh+ Ab) ShdAj
a=1b=1
We have used above the fact that
d—1la—1 d—2 d—1
DD eTIMAGSL = =) e (S AG) = = Y eI (Sh+ A7),
a=1 b=1 b=1 b=1
since 5’371 = —Agfl. Hence, we obtain
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ds? 2Zda + Y ePeamed (dAG? 42 Y ePleamen) shdAgd Al
d>a d>a>b

+ ) el shgbd AGdAG

d>a,c>b

which we can compactly write in the following manner:

2
i—1
dsl—QZda + ) e [ Al + Y SldAf
i>j k=j+1

As mentioned before, we use the convention that sums where the lower limit is
greater than the upper one vanish. Let us note that, using (8), we can write

[i41
If we make the transformation p; — QL i, then the as are accordingly given
i
by the formulae

=2 18
L(/2m=1 S 2 for2<m <N "
m =z - Mm-— - - - 7 ) T —_ - .
“ 2 m lmol =\ (i+ 1)p © "
The target space metric can then be written in the following form
N i—1 2
ds? = Z dp? + 0> e*lemed) | dAl + Z SydAY (19)
=2 j=1 k=j+1

To illustrate this result, let us write down the target space metrics in four, five
and six spacetime dimensions. For n = 4 (N = 2), using (19) and (18), we
obtain )

dsé) = dp? 4 7 (dA%) .

For n =5 (N = 3), we have

ds?y) = dp? + dpd + ™ (dA})? + e +V3P2 (dAL — ALdAG)® + e P13 (442)°

19



Finally, for n = 6 (N = 4), the target-space metric can be written as

ds?yy = dp? + dp3 + dp3 + €21 (dAL)” + e FVOP2 (4AL — AldA2)?
+ e PtV (q42)?
e /B VS [A0] - ALAT + (- Ad + A7AY) daf]”
+ ot/ VBTG (4 A% A2dA%)°
+ e/ VB VB (g A3)7

As .expected, ds?NH) = ds?N), if one requires that the fields py_; and A%,
vanish.

To prove global existence of solutions to (15), one can use the argument in
[4], adapted to our problem, with the following notations.

t

A= {Tr (G 05% +57009)°]
b T o

B:=Tr [(9 '0,5° — g 1399)2]

Using the Euler-Lagrange equations (15), the cyclicity of trace and the relation

0,57t = —§710,99 ", with = for t, we obtain

(0 — 09) A= (01 + ) B = %c (20)

The proof in [4] concerns the Einstein-Maxwell T3-Gowdy symmetric model,
however, by setting a certain term to zero, one obtains the target space of
the wave-map describing the solution in the 5-dimensional Gowdy spacetime.
Thus, one can use the proof there to prove global existence in the case n = 5,
and the argument can be easily generalized for arbitrary n. The proof uses
certain energy estimates to derive bounds for p; on compact subintervals of R
and, consequently, bounds for the quantities e2(®=%) on such intervals. This
means that the supremum norms of p; and Aﬁ_l and their first derivatives are
bounded on these intervals. The quantities A7 and their first derivatives are
then also bounded because of the way the metric (19) is constructed. Using this
information, together with energy estimates, we can obtain bounds for higher
order derivatives in L2, whence global existence of smooth solutions follows.

Lemma 1. For smooth initial data at some ty € Ry, there exists a unique
smooth solution to (15) defined on all of Ry.

Proof. Very similar to the proof of Theorem 2 in [4].
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4 Small Data

We will now procede to prove the small data result in n dimensions, i. e. we
intend to show that the energy of the solution decays in a specified manner,
provided that the initial energy is sufficiently small. For purposes of simplicity
and compactness, we will, from now on, employ the following notations:

k—j
SL=Y(-1F > ARLAY (21)
=1 k=ko>...>ki=j
k—j
Si=>(-1n" Y <Aps.<ap > (22)
=1 k=ko>...>ki=j
i—1
K= (AD)+ Y siAb, (23)
k=j+1
. Lty .
Ul o= (AD)o+ D SL(AF) (24)
k=j+1
i—1
Ul = Al— < Al >+ > 8] (AF— < Al >) (25)
k=j+1
i—1 N
Ki = (A + L(AD), (26)
k=j+1
. i1 o~
U= (Ao + 3 Si(Ab)s (27)
k=j+1

ds? = %T& |(57149)’]
N-1 N i—1 2
=) dpi+> > [dal + Z SldAF | eXeimes)
i=1 i=2j=1 k=j+1

where N > i > j > 1, ; defined by (8). As discussed in Section 3, the
evolution equations for this metric can be written as the Euler-Lagrange
equations of the following lagrangian:

t
L= 3T [~ (7'09)" + (57'003)"]
N-—1 N i—1

= o)} + 03] + >3 [ (sz>2 + (Ug)Z] e2i=ay) {9

i—1 i=2j=1



One can also define the energy of the wave-map which has form

4
St

H= 1/Tr [(grlatg)2 + (g*lagg)z} do, (29)

or, in terms of the fields p; and Af ,

(30)

Let us now show that the energy H is a monotonically decreasing function of
time. This is valid more generally, but we will carry out the proof for our
particular wave-map.

Lemma 2.
For a solution to (15) and H defined by (29), we have:

dH 2
= _-_ZH 1
=~ TH (31)

where Hy is the kinetic part of H, i. e.

1

Hy = 1/Tr[(gflatgﬂ dé.

St

Proof.

Let us compute:

dH d )1 1 N2 1o N2
)09 + )" as
Sl
1
~2 / Tr [ 0,30, (57 0:3) + 50030, (5" 067)] 0.
St

Now, the Euler-Lagrange equations for the lagrangian £ in (17) read
~0, (tg~10,g) + 0o (tg~'0pg) =0

Multiplying this equation by §~10.§, we obtain

—(57'005)" — t5 0,50, (7' 0uG) + ti 01309 (57" 06) = 0.
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Hence, we have

dH 1
3 00)" 00 (57 0ug) + 17 000, (57 0ug) | @0
St
2
— i+ [Te [0 (570:9) 5 0ug + 570030 (57 005)] a6

St

2 R N D
—ZHic+ [T [0 0,05 00g + 5003015905 6,
Sl
where, in the second equality, we have used integration by parts. Since

0.5 ' = —g710,99~ ", with x = for t, it follows that
dH 2
=—-H
dt TR
as claimed.
O
Claim 3.
For the lagrangian (28), the Euler- Lagrange equations read:
N i1 9 9
=00 (P ]+ Do [t ()] = 32D (" = ') [— (&7) + (v7) } el =e)
i=2 j=1
(32)
for pm, and
—0, [teﬂm*aj)Kﬂ + 9y [teQ(aifaj)Uij}
j—1 N
+ Y teleimom) (RMKm —Urum) — > teXlon=) (K K, — U3,UL)
m=1 m=i+1
= 0.
(33)

for AZ

Proof. The proof of (32) is straightforward. Let us now now show that the
Euler-Lagrange equation for A7 has indeed the form (33). Writing down the
lagrangian (28) in the form

N—-1 N i—1

L= X [0+ @)+ X (1) (0) e

i=1 i=25=1
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we get, for Ag , the following equation:

-0, [tQQ(ai—%‘)Kﬂ + 0y [tQQ(ai—%‘)Ug}
-1

Jj—1

_ Z 8t I:teQ(Oti*am)K;nS}n] + Z 89 [te2(ai*am)U7zm‘S}n:|
m=1 m=1
J
+ Z ZtQQ(ap_aq) (34)
p=i+1qg=1
p—1 k—q /\
SN (=) > A LA AR
k=il=lkiq;

k=ko>..>ks_1=1>ks=j>...>k;=¢q

K (ah), - g (a8),] =0,

with [ > s > 1 and lpig; := 3 — 0pi-045. The hat over the term A}  denotes

s—1
the fact that the term is missing and there is a factor of 1 instead of it in the
product.

Let us now consider the term

— at [te2(@imam) gmgm]

m= 1j—1 i1
== 0 |—teHemam) KmAm — peX(eiman) g N gm AP
m=1 p=m+1
Jj—1 Jj—1
=3 0 [te*limam) K] AT 4y " pe(@imam) I (AT
m=1 m=1
Jj—1 j—1 j-1
+) " tedlaimam) gm Z S (AD) + > N AR, [teeimen) Kmgm]
m=1 p=m-+1 m=1p=m+1
j—1 Jj—1
= 300, [te2eimem k] Am 4 3 geRleman) g | (A, Z S (A7),
m:l m=1 p=m+1
J—
Z Z AP, [te2(@imam) K gim]
m=1p=m+1
j—1 j—1
ZAma [te2(imom) K] 43 " e2leiem) KmEm
m] — m=1
+3 03" A, [teX @i KPSE |
m=1p=1
m—1
—ZA’"{ —0y [teXimem) K] — 3" 0, [teQ(a'i_“P)KfS%]}
Jj—1 !
+ ) teleimam) K,
m=1
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j—1
Doing a similar calculation for the term Z Oy [teQ(‘“_o"")UZ"S;”} and using

m=1

the Euler-Lagrange equation for AT, (34), we get the result

j—1 j—1
— Y 0 [teHeimam KmSm] 4+ Z Oy [teX(xi—am)ymSm]
m=1 m=1
j—1 j—1

— te?(a,;—am) (KZTLKJWL _ UZWLUjm) + ZAT {_8t [tQQ(ai—am)KZn]

m=1

m—1 m—1
10 [teeiemu] — 30, [t k2] + 3 0y [teQ(ai—%)Uf’S{;J}

p=1 p=1
j—1 Jj—1 N

= jX:t Aoimam) (KK —UPUM) + > A Y Y telon—aa)

m=1 p=i+lg=1

k—

k1 ks ki
E: S AfrAbe Al
q
P

< 3
[l

k=ko>...>ks_1=i>ks=m>...>k;=q

wwﬂ

=

T

N j-1
Z 2(011 m) KmK;n _ Usz;n) _ Z JztGQ(ap—aq)

p=i+1g=1

k1 k‘s ki
§ : 3 Al Ak Ak
=1 k=ko>..>ks_1=i1>ks=j>...>k;=¢q

[i)—mmJ

Hence, we can write the equation for A{ as follows:

3

bS]

j—1

— 0y [teX eV K | 4 9y 1oy | 4 Y tedesman) (KK — UrUp)

N o1 m=1
+ Z ZtQQ(D‘p*aq)

p=i+1lg=1

p—1 k—q —

. _ l k1 ks k;
S (-1 3 Al a4k Ak
k=il=lyiq; k=ko>..>ks_1=i>ks=j>...>k;=¢q

[ (a), - vg (4p),

N j—
+ Z ZtQQ(O‘p_aq)

p=i+1lg=1
p—1 k—gq —
l k1 ks ki
Z Z (_1) Z AkO.”Aksfl Akz 1
k=il=lg;q; k=ko>...>ks_1=i>ks=j>...>ki=q

[ra(ah), - vg (48),]
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=9, [teﬂai*%)Kj] + 85 {teﬂai*aﬁUﬂ

J—1
+ ) teleimem) (KK — UMU™)
m=1
N p—1lk—i+1 .
3 ety 50 (1) > A
p=i+1 k=il=lm'jj k=ko>...>ki_1=i>k;=j

K (45), - Ug (A7),
= =0, [t K] | 40y [ty |
j—1
+ telimam) (KK — UmU™)

m7v1 p1
+ > teRlenm KT —(AL) — Y Si(AR),

p=i+1 k=i+1
N p—1

_ Z teQ(Otp_CUj)Ug l_(Ali))e _ Z S;i(A’;)e

p=it1l ‘ k=i+1
= =0, [t K] | + 0y [t |

j—1

+ ) teXeimam) (RMKm — UmUm) — Y teX ) (KIKL — USU}) .
m=1 p=i+1

This proves the claim. O

To establish the small data result we need to prove some additional lemmas.

Lemma 4. For a solution to (32)-(33) and with the notations (25), the following
equalities hold:

. ) 1—1 .
Ki-Kl= > KU, (35)
m=j+1
and
—_ . 171 A~ .
U, -Ul = Y Ur, (36)
m=j+1

Proof. Let us compute the right hand side of the first formula:

i—1 i—1 i—1
Yo OKMUL =Y (AP, + D] si(AY),
m=j+1 m=j+1 k=m+1
m—1
A~ <Al >+ > S (AF— < Ak >)
k=j+1
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i—1 m—1
:Z (Azn)t _<Aer>_Z§i<A’lr€n>]
m=j+1 k=j+1
i—1 i—1
+ [ D (A, AL+ (A7), Al | + Ty
m=j+1 Lk=m+1

where we have defined the quantity

i—1 m—1 i-2 Q-1
UTEDY {(Am DS - D Y Sp(AN), <AL >

m=j+1 k=j+1 m=j+1lk=m+1
1—2 1—1 m—1 .
FYOY s, X8 (A <)
m=j+2k=m+1 k'=j+1
We will now show that T{;; = 0:
i—1 m-1 i—2 -1 _
Tap= Y (A7), D SiAn— D D Si(Ah), <4l >
m=j-+2 k=j+1 m=j+1lk=m+1
-2 i—1 m-1 ) )
+ 3 Y s, Y § (Aﬁl—<Afn >)
m=j+2k=m-+1 K=j+1
i—1 m-1 i—2 i—1
=Y A, Y 8- X <ans Y span,

m=j+2 k=j+1 m=j+1 k=m+1

- 0t ST ARLAl (ARS8,

k=j+3k'=j+11=2 k=ko>...>k; =k’
i—2 i—1 m—j
m k 1 kq ki
+ > SE(AR), Y (-1 > AR > <A >

m=j+2k=m+1 1=2 m=ko>...>kj=j
i-1 k-1 i—1 k-1

— K (4k\ &F Sy S

== > > SEAN, S+ X D sE(an,Sh=o

k=j+2k'=j+1 k=j+2k'=j+1

Let us now continue our calculation:

i—1 i—1 m—1
o KrUL =Y (Am), [— <Al >-Y" § <Al >]

m=j+1 m=j+1 k=j+1
i—1 i—1
+ Y l D S (AR, Al + (A7), AL,
m=j+1 Lk=m+1
i—1
=Y (A <4, >) (A7),
m=j+1
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i—1 j
k k
XD Y <AR> <A, >
m=j+2 | l=2 m=ko>...>k;=j

m—j

=D (- Do An-An | (A,
=2

l m:ko>...>kl:j
i—1

= > (S s) (4,
m=j+1
- K - K
which proves the claim (the calculation for UZ — U/ is similar). O

Lemma 5. For a solution to (32)-(33) and with the notations (25), the following
equality holds:

i1 _
oU] =K|—-<K|>- Y <K,>U" (37)
m=j+1

Proof. Let us compute the left hand side of the expression:

o0 = (4]) - <A3>t+ZSJ (A), ZSJ<A’€>t

k=j+1 k=j+1
i—1 k—j -1
l
ERIPICEDY
k=j+11=1 s=0
ke
> AP > LA > < AR > (A < AF >)
k=ko>...>ks>...>k;j=j
. ) i—1
= _ k k
=Ki—-<K;>+ ) (AF—<4f>)
k=j+1
k—1 k-1 m—1
— <AL =Y S <A s = > N SPS < AL, >y
p=7+1 m=j+2n=j5+1
k—1
=) S <Al >y
m=j5+1
. ) i—1
T 77 k k
=K —-<K,>-— Z (AF— < AF >)
k=j+1
) k—1 m—1
<Ep>— > Spr|<Al, >+ ) S <An >
m=j+1 n=j+1
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. . i_l .
=K-<EK;>- > (Af-<Af>) <K, >

i

k=j+1
i—1 k=1 4
= > (Ab-<aAbs) Y S <K, >
k=j+2 m=j+1
. . i_l .
=K;—- <K/ >- > (Al-<Al>)<K;>
k=j+1

i—1 1—1
- > > S <KL > (AP < A7 >)
k=j+1m=k+1
4 ' i—1 ' i—1
i _ gl i ! k Gk
=K—-<K{>- Y <Ep>|Af—<Al>— " S (AP~ < A" >)
k=j+1 m=k+1

i—1
=i _ 5 =
=K;-<K/>- > <K,>U"
m=j+1
as claimed. 0

We will now state the small data result we wish to prove, namely, that
the energy decays asymptotically as ¢t~', provided that the initial energy is
sufficiently small.

Theorem 6. For the metric (19), there exists an € > 0 such that if H (to) <,
for a solution of (32)-(33), with to > 0 and H as defined in (30), there exist T
and C such that:

H(t) < %, forallt > T.

To show that Theorem 6 holds, we will first prove some lemmas which provide
crucial estimates.

Lemma 7. For a solution of (32)-(33) with the notations (25) and for t > to,
we have:

a)

lpi— < pi >HCU(S1,R) < CH? (38)
b)

—<a> 3 —at<a> 3
1= e | o gy S CH? and [[1— e[ g, ) SCHZ - (39)
N-1
c) for a= Z c;p; with ¢; some constants, there exist constants a1 and as
i=1
such that
a1e<%” < e® < age~” (40)
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d)

12
Ul| d9+CH? <CH (41)

/eQ(ai—aj) UZ‘Q & < /ez(ai—aj)

St st

y

/62(ozi—aj) ?5‘2d9 < /62(ai—aj)

St St

/) ‘

12 L
Kg‘ d)+CH? Hi < CHi  (42)

eyl

< CH? (43)
CO(S!,R)

Proof. a) We have:

2

Ipi— <pi >llco@r gy <C /|50Pi|2d9 <CH?.

1

Note: As discussed in [3], the constants in the following estimates depend
on ||pi— < p; >||CO(517R)7 but they decrease with the supremum norm. Since
H (t) <, for all t >y, if we take ¢ < 1, we can take the same constants for all
solutions with H (¢) < e.

b) We have:

B 1 2
Hl —e” <a>HCO(S1,R) S Ha— < >||CO(Sl,R) + 5 ||Oé— <« >||CO(S1’R) —+ ...

1 ]_ 1 2 1
<CHI+ (cmt) +..< cmt
for sufficiently small e. The other calculation is similar.
1 1
c) Since Hl —ea—<a> HCO(SI B) < CH?2, it follows that e¥=<%> < 1+CH2 <

1 . . .
1+ Ce2 < ag, where ay is a constant, hence e® < aye<~“~. Similarly, from

<a>— 3
[1—e= QHCO(817R) < CHz,
it follows that a;e<®> < e®, for some constant a;. The conclusion is straight-
forward.
d) We will prove the statement by induction over 4, keeping j fixed. Let us

show that the statement is true for i = j + 1:

/62(%41*04]‘)

St St

i 2 . 2
v +1’ o = / e2@s1709) (9,47,,)" 40 < CH.
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Assume the statement is true for Ujm, for all m, with ¢ > m > j, i. e,

/62(011704]‘)

St

—j 2
U |"do <cH

Let us now show that the statement is true for Uz Using (36), we obtain

2

2 oot .
/62(0"‘_0‘-7) U;| de :/e2<°~—%‘> vl+ > Ut | de
St st m=j+1
/ dfe?(i=e) (UJ) +2 Z UrUUY
_]J,-l
2
i1 N
+ | > v,
m=j5+1
N\ 2
S/eQ(a"_%)(Uij) do
St
t2 3 feeee )
m= ]+lSl
z 1
+ /62(ai7aj) |Um| ’ ‘
st m=j+1
Let us show that ||e®n =% U7 ‘ < CH? fori>m > j. Since 89UJ —Ul‘,
CO(S',R)

we have:

« a;77J
m Xy
e m

<C He<am>—<a1>ﬁj ’

COSLR) — "llcost r)
< C’/ ’e<am>7<aj>ﬁj
2
o (79 )2 1
<cC /eam o (Um) 0| < cH?,

1

where we have used (40), Holder’s inequality and the induction hypothesis.
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Hence, we obtain:

i—1
2 N2 ~.
/62(041-704]-) U-z de g/ez(ai*‘”) (Ug) dg +2 E edm—aj UTJn‘
- CO(S*,R)
st St m=j+1

2 2

N 2
/ el —em) ()2 4 / o) (U7) " do

QU — 0 TT]
an-os |

/ e?(@imam) (Um)? dg
St

1—1
+C Z CO(51,R)
m=j+1
N 2
g/eQ(ai*“ﬂ (Uf) 46+ CH? + CH?
Sl
A 2
g/e%ai—aﬂ (Ug) A0+ CH?* < CH.
Sl

e) The proof is very similar to that in d). Using the same arguments as
above, we obtain:

i—1
2 N\ 2 .
/ez(ai—aj) Kf‘ a6 S/ez(ai—aj) (Kf) dé + 2 Z e“m_‘”Uﬁn‘
- CO(S1,R)
st st m=j+1
2 2

N 2
/ e2(ei=em) (K1)? 4 / ) (K7) g

i—1 9
QU — Q5 777 2(0;—tm) my2
+ 3 e Um‘co(gl . /e (K™)2 g
m=j+1 !

N2 )
g/e%—aﬂ (K7) 9+ CH? Hy + CHH

N2
< / =) (K7) a0+ CHy < CHy.
St
f) As before,

em = [ <C He<"m>_<a”’>ﬁ%
m CO(Sl,R) - CU(SI,R)
< c/e<ai>*<%‘> ‘ﬁ{‘da < c/eaf%‘ 7| a0
St St

Nl

N

<C /e2<af%‘> (U{fd@ < CH?.

1
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O

As in the 4-dimensional case ([3]), the proof of Theorem 6 relies on intro-
ducing certain correction terms which can be bounded in terms of H. These
correction terms were defined as generalizations of the ones in four dimensions
(they reduce to these for N = 2) and give similar bounds. More precisely, the
correction terms are given by

1
0 R
- (44)
I o= 22 Z/ (Samem <am>)U7T+thm+zd9
m: 1

for N > i > 0. The crucial results concerning these terms are stated below, in
Lemma 8 and Lemma 9.

Lemma 8. For a solution of (32)-(33) with I'', N > i > 0, as defined above
and for H < e , we have:

Y| < %H (45)

Proof. We wil provide the proof separately for I'’ and for I'!, with N > i > 0.
In the case of T2, we have:

N—i 2
C 2
‘F(J’ < ?mz::l Hpm— < DPm >HC’°(51,R) /(atpm) do <

1

N
Nl

-H

Cut ot €
t t

while for I'?, the argument is as follows:

—mi

do

‘Fz Z/ 2(<mpi>—<om>) ‘Um+z
=2t

K ae

O -~
< ? 2/62(am+i7am) ‘U::LLJrz
m:]‘Sl

z
|
-
=

1M

Qi 4i— Ol rm-+i
e U,

de

IN
=+ Q

/eQ(OémJ” om) ’Km—i-z

1

CO(s1R)

-HZ < —H

=+ Q

INA
+|Q
ol

)

where we have used (38), (40), (43) and Holder’s inequality. O
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Having established the manner in which the absolute values are bounded by
H, we now wish to derive some estimates for the derivatives of the correction
terms.

Lemma 9. For a solution of (32)-(33) with T'* as defined in (44) and for H < e,
we have:

A 2poyl Ni C .

— < —71—‘0 - N2 _ N2 C s A

dt — t + o1 < 1/[(615]91) (69])2) :| d9+ ; ( 6)
i=1g)

and

dl? 2, 1= o m N2 m 2 C_ s
<7 +2—t2/e2< et m)[(KmH) —( m+i)}dﬁ+?H2 (47)

m:].§1
for N >i>0.
. . dre
Proof. Let us first prove the inequality for T
LW = _ 21"0
dt t

+ 5 3[04, = < >t on)y + (= <o) 01t )

m:lsl
2.0 1 i 2 1 & 2
- _ ;I‘ 4 %7;18/ (pm); dO — %mz::l (< Pm >t)
1 N-—1
n wz_]s/ (B < P >) {00 [t (b))
N 1—1
—t =) |- (K7) +(UF }e"’(‘““” do
D3 e |- () + ()
2 o 1 = 2 2 1 ey
<2104 272/ {(pm)t - (pm)g} o + 272 [Pm— < Pm >llcog gy
mzlsl m=1
N i—1 N 2 N 2
. ZZ (|c:n| + ’CE"’)/ l:(KZJ) + (UZ]) :| 62(ai—aj)d9
i=2 j=1 §1
N-—-1
C s

where we have used (32) and (38). In the case of I, with 0 < i < N, we can
write as follows:
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dr 2 1=
a ?FZ + t Z/GQ(<am+i>i<am>) (S amti >t — < am >¢) Upyy i Ky g, dO
m:lSl
| N
2(<m4i>—<am rrm  gEm
+ Q—tZ/e (Campi>=<am>)ggm K .d6
m:lS1
| N
2 m—+1i - m 7 T
+ QtQZlS/e (Somp>m<an U, 0 (thH) .
m=lg;

Let us call the three integrals appearing in the expression above I, I, and I3,
respectively. We have:

N—1
c Qi —Qm T 7ML
|Il| S ? ] ’ e + m-+1 CO(SR)
. /ea'nr#i*a‘m (|< Ayt >t‘ + |< a7 >t|) ‘F:Z-H do
st
S%H%H - %H%,

where we have used (40), (42), (43), Holder’s inequality and the fact that the
as are linear combinations of the p;s.
Let us now estimate Is. Using Lemma 5, we can write:

1 N—i
I, =—
27 9 Z
m=1
m—+i—1 )
I~ —=m —=m =, N —m
/62(<Ctm+z> <am>) (Keri_ <Kp.i>- Z <K > U::LH) K. do
st k=m+1
1 N—1i 2
s 2(<amti>—<am>) (7
<5 / e (Krnsi) a0
m=1 St
_/62(<a7n+i>—<a'm>) < F:Z+l >2 .
Sl
m—+i—1 )
I~ —j ~ —m
+ /62(<Oé7n+1,> < >) Z < Kk > Ur’:LJriKeri
St k=m-+1
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Let us estimate the term:

/62(<am+i>—<am>) (fﬁﬂ)ng

st
—m 2
_ / |:e2(<oém+i>7<am>7am+i+am) — 1+ 1] 62(04m+i*0‘m) (Km+i> dé
st

2
2(<am4i>—<om>—0miitam) _ 2(mti—am) (T
<|le 1||CO(SI,R) € Kpyi) dO

4 / emeien) (K ) do

<CH?H + /ez‘(amw—am) (Km,,)?d0+ CH?
S1

S /GQ(Oéeri*am) (Km )2 —+ CH%

m-1

Sl

St

where we have used (39), (40) and (42). Furthermore, using (42), (43) and
Holder’s inequality, we can write

m—+i—1

/62(<a’"+i>7<am>) Z <K, >Uh K.,
1 k=m+1
m—+i1—1
<C Z He<a1n+i>7<ak>fj\’k }
- Mt go st R)
k=m+1

1

2

—m A2 Zom)?
/\62(<Otm+i>*<04m>) (Km—H) do /62(<ak>7<am>) (Kk ) do
1

1

W=

< CHS.

Hence, we obtain

1
I < ﬂ/eﬂamwam) (Km,,)° do + %H’
St

Let us now consider I3:

N—i
1 i>—<a rrm T
fs = 27223/62(@%“> <UL, (thH) df-
m:lgl
We have shown before (Lemma 4) that

m+i—1
N7l m k Tm
Km-i—i - Km-l—i - Z Km-‘riUk :
k=m+1
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It follows that

m—+i—1

a, (tfﬁﬂ.) =0 (K )+ Y [at (tKk ) U,g”thK,’;Hc’)tﬁﬂ.
k=m+1

Hence, we have

N—1
1
72 /2(<am+z> <em>)gm_ 9, (tKm,,) df

m=1 St

+ QA<ompiz=<an>)m g (tKk ) Urdg (48)
k=m-+1 St

+ /2(<o¢m+l> <am>)U’m thnJrzat
St

Let us consider the first term in the expression (48). Using the Euler-Lagrange

equations for A7, ., we get:

/ 2(<amii>— <Oém>)U1:’r:+zat (th_H) de
st
— /62(<am+,~>—<am>)fjﬂ7¥+i {815 {te2(am+i—am)K7ﬂn@+i} e—z(amﬂ—am)
St
m+7,} de
S /e2(<am+i>_<am>)U$+i {89 |:te AXm+i— anl)UTZL+Z:|

— 28t (am+i — O

st
+Zte2(am+iiap)( m+z U&+1U£l)
N
- > tePlermem) (KK — U Ut b e emeimam)dg
p=m+i—1
<Omti>—<am>7rm

+ QtH Ui CO(S1,R)

./e<ozm-¢-1‘,>—<ozm>[|(Oém_H ‘+| am | m—i—z‘de

st

< _t/e2(<am+i>_<a7n>) (U:nn+z) de_i_tHe<am+i>—<am>ij7g+i ot
R

Si
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m—1

e (AR AR AT

N
#3 [asmnsengtonon (acp sy |+ |0 a
+

CtH?
/ 2(0¢m+1_am) m-H) do + Ct H <o¢m+7;>>—<o¢m>fjm

m-+i CO(SlvR)
St
m—1
Z /eam+l+am*20‘p (| m+1’ 7n‘ + | m+l| ‘Up |) d9+
p=1 st

N
+ DT femmmemem e (R K|+ (O U] a0 | + Corr

S —t eQ(OLm_H,—Olm) ( ) de —+ CtHz

m—+i

where we have used arguments similar to the ones previously employed.
Let us now estimate the second term in (48). Using the Euler-Lagrange
equations for A¥ . we can write:

2(<am+7> <am>)Um 8t (th+z) A,;ndG

—_ /d962(<am+7> <o¢m>)Um Uk 3

m—+i

9 (tUF ;) +tz / Hompizen) (KP KP —UP L UY)

b= 181
N
_¢ Z e2(ap—ak) (Kg”bJriKg_U;nJriU;f) e 2(@myi—ag)
p=m+i+1

—20; (i — Q) th_H}

2 mti>—<am T 17 k
S 7t/d96 (Sampi>=<am>) (Um—&-iUlanm—H U$+1Uk Um-{—z)
s1
4 C't ||edm+i—om Um ‘eak—amfjm‘
Mt o st R) CO(S,R)
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2

N|=

k—1

) Z /eQ(oém_Hfap) (Kﬁl+i)2 d0 . /ez(ak*ap) (K£)2 da

p=1 1 1

2 2

n /ez(amﬂ—ap) (U71;L+i)2 d6 /62((Xk—ap) (U]Z;)Q dé

1 1

Nl=

N
+ > / ePer—amsd) (Km+)? 4 / e2ew—ar) (KF)? g

p=m+i+1 1 1
1 1
2 2
+ /62(%—am+i) (U;”'H)Q do /62(%—%) (UZ’:)2 de
1 1

N—1 2 2

+23 (|l +Iei) / (ps); 46 /&(awvaw(mqﬂ)?de
1 1

s=1
< CtH?.

Let us now consider the third term in (48). Using (37), we obtain:

/82(<am+i>—<am>)ﬁ$+itK7l:l+i6tﬁ’znd9
Sl
k—1 ]
=t /e2(<am+i>*<"‘m>)Um+in§L+i K,-<K,>- > <K; >U]|do
S1 j=m+1
1
2
Qi —Qm TN ) 2(Qm4i—ak) ko 2
< Ct|le Um+z CO(81R) /e (Km—H) do
1

Nl=

Jetorem (&7) as

1

1
2

<ap>—<a;>77J
+ He Uk‘

—m\ 2
e2(es-en) (K') do
CO(S1,R) J
1

< CtH?.
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In conclusion, we obtain:

A8 et w20y it
m= 1Sl

dr; . .
Adding up all the contributions to g Ve arrive at the desired formula, (47).

O

Having established these preliminary results, we are now ready to prove the
main statement concerning small initial data.

Proof of Theorem 6. The proof is almost identical to that in four dimensions
carried out in [3]. We first define the total correction term

N—-1
[= Zri.
i=0

Because of Lemma 8 and Lemma 9, we have:

C
U< —H (49)
and
dr
S s-Irig d9§j {[@p)” - @opi)?]
N—i C .
+ Zeﬂ“mﬂ—am) {(K;’;H) (Ums) ]} + ?Hf. (50)
m=1
From (49), it follows that there exists a T > ¢, such that
1
gH <H+T <2H fort > T. (51)
Define now the quantity:
E:=H+T.
. d&
and let us find an estimate for G We have:
d(H+T) dH 2 1 C _ s
— < — T+ -(Hxk—-H —H>z
@ S Uk He)+ g
2 2 1
:—fHK—¥F+7(HK—Hp)+—H2
2 1 C __:
= —gr—;(HK-FHP)—i—?H%
1 1 1
<—-T+-l|--H+ Oyt
t t t
1 C C_s
<-—-H+D)+H+—H=
<= (HAT)+ G H o+ H>
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where we have used (31), (50) and (49). Using (51), it follows that:

dé

C C
=<
dt —

1 ,
—CE4 —E4—E3
t + t2 + t

Now, for small enough €, with H < €, we have:

Hence, we can write:

€ 1. C. 1
< - e (- 4 =
St Rl gf ( + )5

It follows that:

£(t) < Ct3,
and therefore,
© (1 D)e
dt =\t 2 4%

Consequently, we have:
t
£ (1) < CE (to)

and because of (51), we obtain the desired estimate:

H<

% forallt>T.

5 Large Data

(52)

As discussed in Section 2, the second step in proving that the energy decays
asymptotically as ¢t~! is to show that H (t) converges to 0 as t — oo. This
result, combined with Theorem 6, will then provide us with the desired decay

law. Thus, we need to show that the following theorem holds:

Theorem 10. For a solution of (32)-(33) with H defined by (30), we have

H—0ast— oo.

Proof. Since H (t) is a monotonically decreasing function, it suffices to show

that .
H(®) € L ([t0,0))
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for tg > 0. First, we note that, since

dH 2

- _ZH
dt e

and H is a decreasing function, it follows that

1
;HK (t) € L' ([to, o)) (54)
Consider now the quantity

¢

1 2(a;—ay) i\’ 7\? s
/g/e g (Kl) —(Ui) dfds, forl <j<i<N. (55)
o St

0

Using the results of Lemma 4 and Lemma 5 which we rewrite here for conve-
nience,

i—1
UiiUi* §: Uz' Uma
m=j5+1

1—1
K —Kf = Z K"U},,

m=j+1
Ul =K|- <K, >- > <K,>U"
m=j5+1
we obtain
‘ ) . i—1 . R i—1 R
Kl =0Ul+ <K >+ Y <K,>U"- Y K"Uj, (56)
m=j+1 m=j+1
and
Ul =o0pU — > UrU, (57)
m=j5+1

Let us now consider the quantity

1 g c — :
;/eQ(C‘i_O‘J‘)KiJ <Kj>df| < — eS0T < K] >’/e°“'_°‘j Kg(de
St St
¢ <ai>—<a;> |7 ai—ay | 7d
< 5 [esse ’K o [ e JKi‘dG
St st
: :

IN

1

% /ez(ai—a]‘) (?Z)zdg /62(0!7:—0«7‘) (Kg)2d9 < %HK,
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and therefore,
1 . .
- /eQ(“i"”‘f)Ki] <K >df € L' ([ty,00)) .
st

Furthermore,

%/eZ(ai*O‘f)Kf <K >0mdo

St

C —j ~ )
< = ‘e<am>7<aj> < Kin >’ eaifamUzm /eaifaj Kf’d@
t CO(S1,R)
St
C_ . C
< —H*Hg < —Hg
t t
S0,
1 A ~
¥/e2(“"’_a]‘)K§ <R S Trdo e L (ty, ).

Sl
In addition, we have

1 ; ~ 1
E/62(041-7&]-)[(lql{imv}jnda < E e¥m =0 Uj ‘ o) f 20— —am ’KJ‘ |Km| de
; : :
N 2
< %H% [f 2t (K7) d9] [f e mem) (Km)? dH]
St St
C

Note: In the following, we will use the convention from [3] that dots denote
terms in L ([tg, o0)).
Using the results above, we obtain

/ / 2(a;—ay) KJ dedS*/ / 2(ai— aJ)KjﬁtUJd9d5+
to to

1
= */62“”‘“]' K]Ujd6 —/ /at se (i) 7| 7 dfds + ..
S
st to  to
t
- / /at se2(ai— %>Kﬂ} U/dods + ..
to

because

[N

oclfozJ U]

o N 2
/ o) KIfIdg| < C / ) (K7) " dg
CO(S1,R)
S1 1
<CH¥H} < CH < .
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Now, using (57) and integration by parts, we can compute

t t

1 N2 1 o
_/*/62(0”'_(”) (UZJ) d9d3:/7/30 [SGZ(ai—a;‘)Uiﬂ} UingdS
S S
Sl

to st

to
i-1 t 1
+ > /f/eQ(“i’aj)U{U?U%des+...
. S
m:j+1t0 St

Putting the previous results together and using the Euler-Lagrange equations
(33), we obtain

/ti/ezm—aj) [(;q‘)z - (Ug)Q] dfds = /t;/{—&f [sele o K |
H & to St

i-1 1
1Y o~ 1 . ~ .
+ 9y [seQ(a'i‘o‘f)UZ?HUinHds—i— > /7/eQ(Qi_O‘J)U{UZ"U,Jndes—i—...
m:j""lto Ssl
t 1 N
2(am—aj J i J 7
:/52/{ D st (K3 KL —USLUL)
to st m=i+1
j—1 )
= sePlemem) (KK — U;”U;")} U/ dods
m=1
i-1 1

+ / A= yiym s dods + . . .
1

- S
m:]JrltD S

Since all the “kinetic” terms belong to L ([tg, 00)), we have

t N t
1 2((1»5—@') -7 2 — 1 2((1771_@') ] i AJ
/g/e : (U) dods= Y [~ [e DU UL U7 dgds
to st

St m:i—i—lto

j—1 ¢

1 ~

= / : / Qe —em) i dads (58)

m=li, &

i—1 t 1
-y /;/e2<ai*%>UgUﬁUg;d9ds+...

m:j+1t0 St

To prove that

~+ | =

N2
/62(0”70(]‘) (Uzj) dd € L' ([to, ),

St
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we will use induction over j. Let us first fix j = 1 and sum over i:

Z/ / (2 =en) dods—z Z / / (=)L U, U dods

1= 2750 1=2 m= z+1t0
N i-1 ¢

—ZZ/ /Q(QL‘O‘l)UlUmUldes—F
1=2m= 2t

N m—
2(04m —a1) Ug@ U;l Uil déds

S
ii/ /

=3 m

ey lum UL, dods + .

St

because the terms in the last expression differ only by an interchange of i and
m. So,

Z/ / A=) (U)? dgds < oo

1= 2t
Assume now that

N 1 N 2
Z = | eXeimeg) (Uf) dfds < oo.
i=j+1t0 Sgl

We want to prove that

N 1 N2

Z f/eQ(a"'*o‘f“) (Uf“) dfds < oo.
i=j+27, SSI

Using the previously derived relation (58), we obtain

t

/1/ 2(a;—ojq1) (U'j+1)2d9d3
s 1

Z / Q(am—aﬁ-l)UJ""lUl UJ+1d9dS

m= H—l

—Z/ / Aewmemdymym, U7+ dods

m= 1t

- Z /e2(al’“3+1)Uf“U[”(AfgjldOds+... =
_J+2to St
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Summing over ¢, we arrive at

NG 2
Z —/62(%7&'7“) (Uij"'l) dfds

=it2, &

N-1 N ¢ 1
_ 2(ay —a; j+1lrri 7ri+1
=> > ;/e( AU U7 deds
i=jr2m=itly T &

N 4§ ¢t
1 .
-3 / - / lemem)ymyr U7 dods
S

i=j+em=17 "4

N i-1 tl
Y / Q2o ) It mEIH dgds + |
S
Sl

i=j+3m=j+2;
N m—1

= > Y flfe2<am—a1+1>U,2,‘1+1U;n(73+1d9ds

m=j+3i=j+2t0 S

N 4§ ¢
1 ~
- Z/;/eQ(O‘i’am)U{"U]ﬁlUfldes

i=j+2m=1; " g

N m-1 ¢ 1
- D f/ez(“’"‘aﬁl)wjlUﬁlﬁij“deds+...
S

m=j+3i=j+2;, " &

N j ¢
1 ~
==-> > f/e2(ai_°‘m)U§”U}11U5+1d9ds+...
S
St

i=j4+2m=1 to

because the first and third term cancel. Consider now the quantity

% / eQ(ai_Oénl)U;'LUﬁlﬁg+ld9

o~
o — O U_]
3

—2amta;taoa4 m m
cO(sl,R)/e O U 46
Sl

2

C
< ?H% /62(0%—0%) (Uim)2 do /62(aj+1_0lm)( ﬂl)ng

C N N
< ? Z /62(ai—am) (UZW)Q dé Z /62(ai_ﬂé7n) (Ulrn)Z a0
i=m+1g; i=m+1,
<S> [ere @<,
i:m+1s1

46
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because of the induction hypothesis and the fact that 1 <m < j . Thus,

N 5
Z /l/eQ(az‘—Oﬁﬂ) (UijJrl) dfds < o,
imi+2 T4
which completes the inductive argument. Thus, we obtain the desired result:
1 2
- /e2<ai*°‘f> (Ug) df € L' (Jty,0)), for 1 < j <i < N. (59)

t
St

1
In order to prove that ;Hp (t) € L* ([to, <)) , we finally need to show that

%/(pm)deELl ([to, @), for 1 <m < N — 1.
Sl

To that end, we need to estimate the quantity

/ < [ )} = ] aoas.
to St

We first note the following facts:

1

+ [ )y <> d0 € L (fn, ). (60)

St

1/e2<wow [(K{f - (Ugﬂ (Pn— < pm >)d6 € L ([tg,00)).  (61)

t
St

The first relation follows from

1 1 C
7/(pm)t < Pm >t do S ‘t (< DPm >t)2‘ S ?HK € Ll ([thoo)) .

t
St

That (61) holds, can be easily seen from

%/62(%_%) [(Kf)2 - (U5)2] (Pm— < pm >)d0

< 7 lIPm=<Pm >lcog: g /ez(aﬁa]‘) {(Kff - (UZ)Q} a9
< %Hé/ez(al o) [(KZJ')SQ <U3>2] W
¢ /.52@_%) () @2 we oo

4
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where we have used (39), (54) and (59).
Using (60) and (61) together with the Euler-Lagrange equations for p,,, (32),
and integration by parts, we can calculate as follows:

/ti/{(pm)f—(pm)ﬂ d6ds
A

t

_/é/{at [s (D)) = Do [s (Pm)g)} (Pm— < P >) dBds + ...
Sl

to

N i—1

/ti/ZZ (=i + ) ey [(KZ)Z - (Uf)Q] (Pm— < pm >)dods + ...
to S

L i=2j=1

Due to (54), this implies that
! sdgeL!
N (pm)gdf € L ([to, o0))
§1
which together with (59) gives the desired result:
1
YHp (1) € L' (t0,50)) (62)
Combining (54) and (62), it follows that
1 1
VH (1) € L (ft0.00)

so H converges to 0 as ¢t — oo. O

We now finally have all necessary ingredients to prove the main result of this
thesis.

Proposition 11. Consider a solution of (1). Then there exist positive C' and
T, such that for allt > T, we have

H(t) < 9
t
Proof. This result follows from Theorem 6 and Theorem 10. O

6 Conserved Quantities
As mentioned in Section 2, the existence of conserved quantities plays a crucial

role in the analysis of the asymptotic behaviour for large ¢ of the solution in the
4-dimensional spacetime. A similar type of analysis was one of the goals of this
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thesis. Unfortunately, this part could not be completed, however one can show
that the n-dimensional Gowdy spacetime also possesses an invariant quantity
analogous to (7). The present section is concerned with the construction of this
invariant from time-conserved quantities.

The lagrangian (17),

t
L= ST [~ (5709)" + (7' 903)°]

is manifestly SL(N) invariant, consequently, by Noether’s theorem, there exist
N2 — 1 (= dimension of SL(N)) conserved quantities of the form

/tTr (Tgflﬁtg) do

St

where 7 is a generator of the Lie algebra sl(N). To see that this is the case,
consider an element v of SL(N) which acts on M = SL(N)/SO(N) by the

transformation § — v’ gv € M corresponding to a local change of basis on the
orbits of TV in the n-dimensional Gowdy spacetime. This transformation is
a symmetry of the lagrangian: £ — L. To determine the conserved current
corresponding to this symmetry, we need to study the behaviour of our model
under infinitesimal transformations. We first note that v € SL(N) is of the
form

v =exp (€7)

for ¢ € R and 7 an element of sl(N), the Lie algebra of SL(N) which has a
representation as the algebra of N x N trace-free matrices. For ¢ — 0, we have
~ T~ ~
8Gap =€ (TG +37) .

55% = —e (rg~ + gflTT)D‘B

Applying now Noether’s theorem, we obtain the expression of the conserved
current

a oL og*h b [faba = (am1 | ~—1_T
I = 5 o~ 2™ [ v,

where 7% = diag(—1,1) and we have used the relations
aagaﬁ = *ga,uaaguyguﬂa
and

8(&1.@@6) = =
0 @ug) I

The density of the conserved charge is then given by:

Q7 = %Tr [0 (rg~" +g7'7")] = tTx (g1 01g) ,
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where we have used the cyclicity of the trace and the symmetry of the metric g.
Thus, we obtain N2 — 1 time-conserved quantities corresponding to the N2 — 1
generators of sl (N):
C(a) = t/TI' (T(a)g_latg) do (63)
Sl
Let us now construct a basis for the Lie algebra sl(N) of N x N trace-free

matrices as follows: denote by e;;, with 4,5 € {1,..., N}, the N x N matrix
with all entries equal to 0, except the entry (4, j), which is equal to 1, and define

Tij *= €45 if 4 75 j, (64)
d; == e;; —enn for i < N.

Then 7;; and d; form a basis for sl(/N) and satisfy the following commutation
relations

(755, Tit) = Ojk [0 + 0u (Oinds — 65 d;)] — 8jkbuths, (65)
[Tkt di] = (=Oki + 013 + Okn — OIN) This
[dia dj] =0,

where we have defined: Sij :=1-0;;. Let us now denote the conserved quantities
in the following manner:

A; = /m (d;g~'0,g) dO for i € {1, N — 1},
Sl

B;j = /tTr (n—jgflatg) df for i # j and 4,5 € {1, N}
S1

Note that in the 4-dimensional spacetime, i. e. for N = 2, with

P, P2 P
(gij)i,jgz = ( EPQ+€ Q ePQ )

e

the above formulas give, as expected from [3],

A = / t(2¢*7Q, — 2P;) o

St

Bip = /t [(1-e*PQ%) Q +2P,Q] b (66)
St

Bgl = teQPQth.
/

We have 0; 4; = 0;B;; = 0, but A; and B;; are not invariant under the action
of SL(N). To find such an invariant, we need to compute the Casimir operator
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of s1(N). To understand the connection between the invariant quantity and the
Casimir operator, let us note that the conserved quantities A; and B;; constitute
a representation of s1(IV), with the commutators given by Poisson brackets. The
Casimir operator of s1(N).can then be represented as a quadratic expression of
A; and B;;. This expression, by definition of the Casimir operator, commutes
with all generators of sl(N) and, therefore, is invariant under the action of
SL(N).

For reasons of simplicity, we will work in the following with the matrix
representation of sl(IV), as given by (64) and (65). Let us number the generators
(64) as follows:

INGi—1)+5 = Tij for i # j, and 4,j € {1, N},
fN(i*l)%»i = dl fOI' 1€ {17N — 1}

There are N(N — 1) + N — 1 = N? — 1 such generators, as expected. From
the expression of the commutators (65), we can derive the structure constants
of sI(N). For i # j and k # [, the only (possibly) non-vanishing structure
constants are of the form

N(i—1)+1 o5

CN(i—1)+j, N(k—=1)+l — djkdit,

N(k—1)+7 -
CN(i—1)4, N(b—1)41 = —03k0il;

N(i—1)4i e ez
CN(im1)+j, N(k—1)41 = 0k0itdin

N(j—=1)+j _ <
D1s N—1) 1 = —ikdud;N,

N
ngf__ll)):i N(k—1y41 = (i = 0it = Sk + Ouv) Sin-

with
[f1, f1] = ciyf, for I, J, K € {1,...N* -1}
With this information, we can compute the Killing form of s1(N) which, by
definition, is given by
81J = Z crrel
K,L

After some calculations (involving many Kronecker deltas), we can determine
the non-vanishing components of g. For i # j and k # [, these can be written
as follows:

BN (i—1)+j, N(k—1)+1 = 2N0jx0u,
EN(i—1)+i, N(j—1)+5 = 2N, for i,j < N — 1,
BN(i—1)+i, N(i—1)+i = 4N, fori < N —1.

To compute the Casimir operator, we need to determine the inverse g/’/. By
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inspection, we can tentatively write

1

gN =D+, N(k=D+ _ N k03l
gN(zel)ﬂ‘, NG-1)+5 — ,ﬁ, fori,j < N -1,
gN(i=D+i, NG=1)+i _ ﬁ7 fori <N —1.
Requiring that Zg[JgJK =01k, it follows that x = g and y = %

J
Consequently, we obtain

1
2N
gN(’i—l)-i-i, N(j—1)+j — _ for 27] S N — 17

N(i—1)44, N(k—=1)+ _

g ]k(szh

) ) . . N -1
gNU=D+i NG=Dti =~ g5 5 < N — 1.

The Casimir operator, defined by

c=> g"fifs,

1,0
can now be written as

= NQZQ*QL > didfrﬁzﬁﬂﬁ

N>i#j<N it
1 N
2
2H Ty D ity ) T
<N N>i#j<N i#]

Dropping the constant factor in front of the parenthesis, we can write down the
expression of the invariant quantity in the A;, B;; representation as follows:

N-1 N—-1i—1 IN N—-14i-1
D=Y" A2 A1A+ Bi;B;; 67

In four dimensions, i. e. for N = 2, this quantity has the form
D = A? + 4By By

with A;, Bis and By as given in (66). This, again, agrees with the previous
result of Ringstrém presented in [3].

The invariance of (67) can also be seen by studying the action of an element
v € SL(N) on the conserved quantities A; and B;;. For the following, it is
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sufficient to take v of the form v = exp (e7;;) or v = exp (ed;) . Noting that
Tfj =0, d? =d; + 2eny and d} = d;, we can write

exp (ery;) = 1y + €Ty,

exp(ed;) =1y + (e“°—1)d; + (e6 +e € — 2) ENN-
where 1y is the N x N identity matrix. Under the action of v, the metric

g transforms as: § — v” gv, hence, if 7 is a generator of sl(N) and A is the
corresponding conserved quantity, then A transforms as

A= t/Tr (Tg—latg) df — t/Tr (wv—lg—latg) dé
St St

Using this information and the commutation relations (65), we can determine
how A; and B;; transform under v. Thus, when v = exp (ed;), we get

Aj — Aj,
Bjk — Bjk exp [(7(5[“ —O0jN + 5ji + 5kN) 6]

while for v = exp (e7g;) we have

Ai = Ai + e (=i + 01 + opn — div) B,
Bij — Bij — € {8k [0uBi + 6u (6;nAi — 6;nA;)] — 06018y }
— €26;16u (6inOknBni + ;v Bji)
Applying these transformation laws to D in (67), we obtain, after some lengthy
but straightforward calculations: D — D, which is the desired invariance prop-
erty.
As to the physical significance of this invariant, things are not too clear in

the general case. However, for homogeneous data, the invariant quantity turns

out to be a multiple of the kinetic energy of the wave map. Recall that the
invariant can be written in the form

1 N
D_ZAi—m Z AZAJ+N_1ZBWBJZ
<N N>i#j<N i1F£]
where
Ai = /tTI' (dzgilatg) d0, for i € {1,N — 1},
st

Bij = /tTr (1:5G18:3) d6, for i # j and i,j € {1, N}
Sl

Let us denote
R = gilatg.
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Since for an invertible matrix A we have
0
ot

it follows that R has the property

(det A) = det ATr (A_ %?)

or

> Ri = —Ruyn.

i<N
Note that we have:
Tr (dZR) =R;; — Ryn fori < N,
Tr (13;R) = Ry, for i # j.

In the homogeneous case (no #-dependence), the integrals over 6 give a factor
of 2 and we obtain

Tr (R?) = %HK,

where Hg is the kinetic energy of the wave-map g.
With this information we can compute the invariant quantity in the homo-
geneous case as follows:

1
Dy =4n®* | Y (Ri— Rvn)’ = 57— >, (B~ Bwn)(Rj; — Rxw)

i<N N>i#£j<N
N
1 ZRjiRij
i#£]
= 472 {Z R% —2RyN Z Rii+ (N —-1)Ryy
<N <N
1
~v—1| 2. RuRjj—2(N-2)Ryn ) Ri+(N-1)(N-2) Ry
N>i#j<N i<N
N 2 2 2
+ﬁ R)_ZRii_RNN }
<N
—47r2t2{ZR +(N+1)R%x
i<N
> Rii(—Rii — Ryn) +2(N = 2) Ry + (N = 1) (N = 2) Ry
<N
N
1 | (R*) = > R}~ }
- <N
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N 1 1
= 47?2 ﬁTr (R2) + ﬁR?\/N + ﬁRNN Z R;;

i<N

= 47T2t2LTI' (RQ) = 87t?

Hp.
N1 N_1 XK

Thus, in the homogeneous case, the invariant is always positive and propor-
tional to t?Hg. For N = 2, we have Tr (RQ) =2 (Pt2 + eQPQf), so the invariant
in the case of homogeneous data is given by:

Dy, = 167°t* (P} + e*7Q7) |

which agrees with the result in [3].

7 Conclusions

There are many open problems regarding the asymptotic behaviour of higher-
dimensional Gowdy spacetimes with torus topology. Although one can derive
the same decay law for the energy as in the 4-dimensional case, the dynamics of
the solution cannot be readily generalized. This is mainly due to the complexity
of the formulas for conserved quantities in higher dimensions. In n = 4, these
quantities, or rather quadratic expressions of them, determine how the solution
behaves as t — oo; however, in higher dimensions they are, if not intractable,
at least very difficult to work with. An interesting issue is the physical meaning
of the invariant quantity (67) which, in the 4-dimensional case, governs the
asymptotic behaviour. In the case of homogeneous solutions, this quantity is,
at fixed time, proportional to the kinetic energy of the wave-map describing
the solution. In the general case, its physical meaning is unclear. A further
topic of interest is finding a geometric framework for the type of arguments
presented here and elsewhere ([3], [4]). In this sense, it is noteworthy that
formulas involved here have an algebraically convoluted form, and it is not at
all trivial that in the end it all comes out “as it should”, indeed, it seems almost
magical that it does happen. This hints to the existence of underlying geometric
issues which are, however, still a mystery.
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