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Abstract

A well-known result of Rodl and Rucinski states that for
any graph H there exists a constant C such that if p >
Cn~'/m(#) | then the random graph G, is a.a.s. H-Ramsey,
that is, any 2-coloring of its edges contains a monochromatic
copy of H. Aside from a few simple exceptions, the corre-
sponding O-statement also holds, that is, there exists ¢ > 0
such that whenever p < cn™!/™® the random graph G, is
a.a.s. not H-Ramsey. We show that near this threshold, even
when G, is not H-Ramsey, it is often extremely close to
being H-Ramsey. More precisely, we prove that for any con-
stant ¢ > O and any strictly 2-balanced graph H, if p >
en~!/m®  then the random graph G, , a.a.s. has the property
that every 2-edge-coloring without monochromatic copies of
H cannot be extended to an H-free coloring after w(1) extra
random edges are added. This generalizes a result by Friedgut,
Kohayakawa, R6dl, Ruciniski, and Tetali, who in 2002 proved
the same statement for triangles, and addresses a question
raised by those authors. We also extend a result of theirs on the
three-color case and show that these theorems need not hold
when H is not strictly 2-balanced.
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1 | INTRODUCTION

The study of sparse generalizations of combinatorial theorems has attracted considerable interest in
recent years and there are now several general mechanisms [2, 3, 16, 17] that allow one to prove that
analogues of classical results such as Ramsey’s theorem, Turan’s theorem and Szemerédi’s theorem
hold relative to sparse random graphs and sets of integers. Much of this work is based, in one way
or another, on the beautiful random Ramsey theorem of Rodl and Ruciriski [14, 15] from 1995. This
seminal result gives a complete answer to the question of when the binomial random graph G, is
(H, r)-Ramsey, that is, has the property that any r-coloring of its edges contains a monochromatic copy
of the graph H.

To state the Rodl-Rucifiski theorem precisely, we need some notation. For a graph H, we write
dr(H) = 0if H has no edges, dy(H) = 1/2 when H = K5 and dy(H) = (e(H) — 1)/(v(H) — 2) in the
general case. We then write my(H) = maxycy do(H') and call this quantity the 2-density of H. Though
we will not use these definitions immediately, we also say that H is 2-balanced if my(H') < my(H)
and strictly 2-balanced if my(H') < mp(H) for all proper subgraphs H’ of H.

Theorem (Rodl-Rucifiski, 1995).  Let r > 2 be a positive integer and let H be a graph that is not a
forest consisting of stars and paths of length 3. Then there are positive constants ¢ and C such that

{O ifp < C}’l_l/mz(H),

lim P[G,,, is (H, r)-Ramsey] =
[Gnp is (H,7) V] L ifp > Cumlim,

n—oo

There has been much work extending this result. We will not attempt an exhaustive survey, but
refer the interested reader instead to some of the latest progress on hypergraphs [8], the asymmetric
case [11], establishing sharp thresholds [18] and the equivalent problem in settings other than the
binomial random graph [5, 13]. Our particular concern here will be with the following surprising result
of Friedgut, Kohayakawa, Rodl, Ruciriski, and Tetali [6] regarding two-round Ramsey games against
a random Builder.

Theorem (Friedgut-Kohayakawa-Rodl-Rucinski-Tetali, 2003). Let ¢ > 0 be fixed and, for p =
cen~'2 let G = G, p- Then, with high probability, the following statements hold.:

(a) Let @, be an arbitrary monochromatic-Ks-free 2-edge-coloring of G. If ¢, = w(n™?), then, with
high probability, ¢, cannot be extended to a monochromatic-Ks-free 2-edge-coloring of GUG, g,.
(b) Let @3 be an arbitrary monochromatic-Ks-free 3-edge-coloring of G. If ¢3 = w(n™"), then, with
high probability, @3 cannot be extended to a monochromatic-Ks-free 3-edge-coloring of GUG, 4.

When H = K3, the Rodl-Rucinski theorem implies that if p = Cn~!/? for some sufficiently large
C, then every 2-edge-coloring contains a monochromatic triangle. Part (a) of the theorem above says
that for any ¢ > 0, no matter how small, if p = en~1/2 then, even though there are 2-edge-colorings of
G, containing no monochromatic K3, no such coloring can be extended to a monochromatic-Kj3-free
2-edge-coloring after (1) extra random edges are added. One interpretation of this result is that for
any ¢ > 0 the random graph G, , with p = cn~'/2 is, with high probability, already extremely close
to being (K3, 2)-Ramsey. Part (b) gives a similar result for 3-edge-colorings, though in this case w(n)
extra edges may be needed in the second round of coloring to guarantee a monochromatic triangle.

Addressing a problem raised by Friedgut, Kohayakawa, Rodl, Rucinski, and Tetali [6], our
main result says that a similar statement holds for all graphs H containing an edge A for which
mo(H \ h) < my(H). In particular, the result applies when H is strictly 2-balanced, since any edge &
works in this case.
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Theorem 1.1. Let H be a graph and suppose that there is some edge h € E(H) whose removal
decreases the 2-density, that is, my(H \ h) < my(H). Let ¢ > 0 be fixed and, for p = en~Vm o
G = G,,p. Then, with high probability, the following statements hold:

(a) Let @, be an arbitrary monochromatic-H-free 2-edge-coloring of G. If ¢y = w(n™?), then, with
high probability, @, cannot be extended to a monochromatic-H-free 2-edge-coloring of GU G, g,.
(b) Let @3 be an arbitrary monochromatic-H-free 3-edge-coloring of G. If g3 = w(n™'/"™), then,
with high probability, @3 cannot be extended to a monochromatic-H-free 3-edge-coloring of G U
Gy,
Observe that the densities g, and g3 of the random graphs that must be added to create monochro-
matic copies of H are best possible. Indeed, if ¢ = O(n™?), then with positive probability G, , has
no edges, so ¢ trivially extends to G U G, 4. Only slightly less trivially, if @3 only uses two of
the three colors on the edges of G, then we can color all the edges of G, , with the third color. If
g = O(n~!/mH)_ then with positive probability G, is H-free, thus giving a valid extension of ¢;.
Finally, note that these results cannot be extended to » > 4 colors, since the two random graphs
G, and G, can be colored independently with disjoint pairs of colors, so we can avoid creating
a monochromatic copy of H until the density of one of the two random graphs exceeds the random
Ramsey threshold Cn~!/"( from Theorem 1.

2 | THE NECESSITY OF A CONDITION

In Theorem 1.1, we impose the condition that there is some edge 4 € E(H) such that H \ & has a
strictly lower 2-density than H. While this condition covers, for example, strictly 2-balanced graphs
(where the edge & can be chosen arbitrarily), it is natural to ask whether it is necessary. In this section
we show that Theorem 1.1 does not apply to all graphs H, so some condition is indeed required.

2.1 | Edge-rooted products of graphs
We first define the edge-rooted product of graphs.

Definition 2.1. Let G be a graph, let H be a graph rooted at an edge & = {u,v} € E(H) and let
k € N. To build the k-fold edge-rooted product G & (H, h), we start with a central copy of G and then
attach k copies of H to each edge g = {x,y} € E(G) such that {x, y} is the root-edge / in each copy of
H and all other vertices in each copy are new and distinct.

In other words, V(G 6y (H,h)) = V(G) U (E(G) X [k] X (V(H) \ {u,Vv})), V(G) induces a copy of
G and, for each g = {x,y} € E(G) and i € [k], ({g} X {i} X (V(H) \ {u,v})) U {x,y} induces a copy
of H with {x,y} playing the role of {u,v}. (Note that there is some slack in this definition, since we
have not prescribed an orientation for each attached copy of H. In practice, the particular choice of
orientation makes no difference, so we will simply assume that some fixed choice has been made).

The reduced k-fold edge-rooted product, denoted GOy (H, h), is the subgraph obtained by removing
all the edges from the central copy of G.

We have already defined d»(H), my(H) and stated what it means for a graph to be 2-balanced
or strictly 2-balanced. In a similar fashion, we write d{(H) = 0 if H has no edges and d;(H) =
e(H)/(v(H)—1) otherwise. We then write m(H) = maxgcy d(H") and call this quantity the /-density
of H. We say that H is I-balanced if m;(H') < m(H) and strictly 1-balanced if mi(H') < m(H) for
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FIGURE1 C,; 6, K; (on the left) and C; ©®, K3 (on the right)

all proper subgraphs H' of H. Finally, write d(H) = e(H)/v(H) and m(H) = maxgcy d(H"), which
we call the density of H. We then say that H is balanced if m(H') < m(H) and strictly balanced if
m(H") < m(H) for all proper subgraphs H' of H. We will make repeated use of the following simple
lemma in what follows.

Lemma 2.2. IfH is 2-balanced with d,(H) > 1, then H is strictly 1-balanced and strictly balanced.

Proof.  Suppose that H is not strictly 1-balanced and let F C H be a subgraph with d;(F) > d(H).
That is, e(F)/(v(F) — 1) > e(H)/(v(H) — 1) or, by multiplying the expression out,

e(F)V(H) — e(F) > e(H)V(F) — e(H). ey

Since H is 2-balanced, we have d,(H) > d»(F), which implies that (e(H) — 1)/(v(H) — 2) > (e(F) —
1)/(v(F)—2). Rearranging gives e(H)v(F)—2e(H)—v(F)+2 > e(F)v(H)—2e(F)—v(H)+2. Substituting
(1), we get

e(HYW(F) = 2e(H) — v(F) + 2 > e(F)v(H) — 2e(F) — v(H) + 2 > e(H)V(F) — e(H) — e(F) — v(H) + 2.

Canceling the like terms gives —e(H) — v(F) > —e(F) — v(H), which in turn implies that (e(F) — 1) —
W(F)—=2) > (e(H)—1)—(v(H)—2), which can be rewritten as (d>(F)— 1)(v(F)—2) > (d,(H)—1)(v(H)—
2). However, this is a contradiction, since by assumption dy(H)—1 > do(F)—1 and v(H)—-2 > v(F)—-2.
The argument in the strictly balanced case follows along almost exactly the same lines. [

The key observation for our purposes is that the edge-rooted product behaves well with respect to
the various graph densities.

Lemma 2.3.  For any graphs G and H of density at least 1, any edge h € E(H) and any k € N:

(a) if G is strictly balanced, H is 2-balanced and d(G) < dy(H), then G © (H, h) is strictly balanced,
(b) my(G S (H, h)) = max{my(G), my(H)} and
(c) ifmy(H \ h) < my(H), then my(G Ok (H, h)) < ma(H).

Proof. (a) Let FCG &y (H, h) be a smallest (induced) subgraph maximizing d(F) = e(F)/v(F).
We wish to show that I = G ©; (H, h). We start with a lower bound on the density of
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G S (H, h):

e(G) + ke(G)(e(H) — 1)
W(G) + ke(G)(v(H) — 2)
B -(1-) _ am)

=v(H)—1—(1—$)_V(H)—1

m(G © (H,h)) 2 d(G © (H,h)) =

=d\(H) = m(H), @

where the inequality on the second line follows since either kd(G) = 1, in which case we
have equality, or (1 — %) /(1 - ﬁ) < 1 < d(H) < di(H). Note that the final equality,
d|(H) = m;(H), is an application of Lemma 2.2.

We also observe that d(G &, (H, h)) is a convex combination of d(G) and d,(H):

e(G) + ke(G)(e(H) - 1) v(G) v(G)
=dG)————+dH) || - ———————= ) . 3
V(G) + ke(G)(v(H) - 2) ( )V(G O (H, h)) + D < v(G & (H, h))) )

Now, for each g € E(G) and i € [k], let F,; C H be the subgraph induced by the vertices
of F in the ith copy of H attached to the edge g in the central copy of G. Let Fy C G be the
subgraph induced by the vertices of F in the central copy of G.

By the minimality of the size of F, we may assume that F is connected, as otherwise its
densest component would be a smaller subgraph attaining the maximum density. We cannot
have F C H since, by (2), the density of G &, (H, h) is at least m;(H), which is strictly larger
than m(H). Thus, F, ; must be nonempty for at least two pairs (g, i) € E(G) X [k] and, hence,
to be connected, each nonempty Fg; must contain at least one vertex of g.

Now suppose there was some (g, 7) such that F; contained only one of the two endpoints
of g. Then, by removing F,; from F, we lose e(F,;) edges and v(F,;) — 1 vertices. Since
F,; C H,theratio e(Fy;)/(v(F,;)—1)is at most m; (H), which by (2) is at most m(GE(H, h)).
Removing F,; would therefore not decrease the density of F, contradicting the minimality
of its size. Thus, if F; is nonempty, we must have g € E(F, ;). Hence,

k k
VP =v(Fo)+ Y Y (WFe)=2) and e(F)=eFo)+ Y, D (e(Fe)—1). (4)
g€E(F,) i=1 g€E(F,) i=1
Thus,
Fo) + £ (e(Fe)—1 k Ny
a(p = ZE0 Zeriry Zﬁfl(e( ) )=d(Fo)V(1;0)+ > Zdz(Fg,»—V(Fg”; 2
VFO) + X eriry) it V(Fgi) = 2) VF) Ry o v(F)

Since Fyy € G and G is balanced, d(F) < d(G). Similarly, for each g and i, d>(F, ;) < d2(H).
We therefore have

d(F) < d(G)Vv(g))) + dy(H) <1 - ngf;) .

Comparing this to (3), since d(G) < do(H), for d(F) > d(G &y (H, h)) to hold we require

v(Fo) < v(G) _ 1
v(F) ~ WG ey (H,h) 1+kd(G)V(H)-2)

®
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(b)

(©)

Now v(F) = v(Fy) + deE(FO) Zf.;l (V(Fg;) —2) < v(Fy) + ke(Fo)(v(H) — 2), with equality if
and only if F,; = H for all g € E(Fy) and i € [k]. Therefore,

v(Fo) v(Fo) _ 1
VWF) = w(Fy) + ke(Fo)v(H) —2) 1+ kd(Fo)(v(H) —2)°

Thus, in order to satisfy the inequality of (5), d(Fy) > d(G). As G is strictly balanced, it

follows that Fy = G and then, since F,; = H for all g and i, we have F = G ©; (H, h), as
required.
Since G,H C G &, (H, h), we immediately have m,(G &y (H, h)) > max{my(G),my(H)}.
The proof of the upper bound follows the same lines as in part (a). Let F C G ©; (H, h)
be a smallest subgraph realizing the 2-density, that is, my(G &y (H, h)) = da(F) = (e(F) —
1)/(W(F) —2). Let Fj and, for each (g, i) € E(G) X [k], F,; be defined as in part (a). We may
assume that F,; # @ for at least two pairs (g, i), since otherwise F C H and thus d,(F) <
my(H). By the minimality of the size of F', we may further assume that F is 2-connected, as
otherwise one of the blocks B of F will satisfy m,(B) > m,(F) (see, for instance, Lemma 8
of [12]). In particular, this implies that g € E(F,;) whenever F,; # @.

The vertices and edges of F can then be enumerated as in (4), so

e(F)—1 eFo)—1+ DI i (e(Fgi)—1)
V) =2 w(Fo) =2+ T pepry) Tt (V(Fe) —2) ’

dy(F) = (6)

Since e(Fo) — 1 < my(G)(v(Fo) — 2) and e(F,;) — 1 < my(H)(v(Fg;) — 2) for each (g, i), it
follows that d»(F) = my(G 6y (H, h)) < max{my(G), my(H)}.
The product G O (H, h) is obtained by deleting the edges of the central copy of G from the
product G &y (H, h). We show m;(G O (H, h)) < my(H) by following the argument of part
(b). To start, let F C G O (H, h) be a smallest subgraph attaining the 2-density.

As before, let Fy be the subgraph of G induced by the vertices of F from the central copy
of G and, for g € E(G) and i € [k], let Fg; be the subgraph of H induced by the vertices of F’
in the ith copy of H attached to the edge g. Note that, since the edges from the central copy of
G are deleted in G O (H, h), neither the edges of F nor the edge g in F,; (if present) appear
in F. However, it will be convenient for us to include them in F and F, ; for our calculations.

If F,; is only nonempty for one pair of (g,i), then F = F,; \ g € H \ h, so d»(F) <
my(H\ h) < my(H). Otherwise, since F must be 2-connected, g must be in F, ; whenever F;
is nonempty. We can then compute the 2-density of F as in part (b), arriving at an expression
similar to (6), except the edges in Fjy do not appear in F. Thus,

-1+ deE(FO) Zf:l ("’(Fg,i) - 1) < deE(FU) Zf:n (e(Fg,i) - 1)

dr(F) = T T
v(Fo) =2+ deE(FO) Yici (V(ngi) - 2) deE(FO) Yici (V(ngi) - 2)

<my(H),

since F,; C H implies e(Fg;) — 1 < my(H)(V(F,;) — 2). |

2.2 | Graphs requiring unusually many extra random edges

Part (c) of Lemma 2.3 shows the role played by the assumption of the existence of the edge % in
Theorem 1.1. We will show how to use this to prove Theorem 1.1 in the next section, but first we use
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the other parts of this lemma to construct graphs for which the conclusion of Theorem 1.1 does not
hold.

Theorem 2.4. Let F be a 2-balanced graph containing a cycle, let f € E(F) be an arbitrary edge
of Fandlet H = F ©; (F,f). Let G = G, for p = cn~Vm where ¢ > 0 is a sufficiently small
constant. Then, with high probability, the following statements hold:

(a) There is a monochromatic-H-free 2-edge-coloring of G such that if ¢ = o(n™""/¢") the coloring
can with high probability be extended to a coloring of G U G, 4 without monochromatic copies
of H.

(b) There is a monochromatic-H-free 3-edge-coloring of G and 6 = 6(H) > 0 such that if ¢ =
o(n~'/"mH+Y the coloring can with high probability be extended to a coloring of GU G, without
monochromatic copies of H.

Proof. Since F is 2-balanced and contains a cycle, we have d(F) > 1 and d,(F) > 1. Using
Lemma 2.3(b), my(H) = my(F). Hence, if the constant ¢ is sufficiently small, the Rodl-Rucinski
theorem implies that with high probability we can find a 2-coloring ¢ of E(G) without any monochro-
matic copy of F. This is the edge-coloring we extend in both cases.

(a) In this case, extend @ to the edges of G, arbitrarily. Observe that H = F ©, (F,f) consists
of e(F) edge-disjoint copies of F. Since there are no monochromatic copies of F in G, any
monochromatic copy of H in G U G,,, must contain at least e(F) edges from G, 4.

There are at most n"") potential copies of H and 2°") ways to distribute its edges between
Gand G, 4. Since g < p, the probability that a copy with at least e(F) edges from G, , appears
in G U G, is at most p*M=4B)getF) Thus, by the union bound, the probability that there is
a copy of H in G U G,, with at least e(F) edges from G, , is at most

nV(H)Ze(H)pe(H)—e‘(F) e(F) — 2€(H)Ce(H)—e(F)nV(F)+e(F)(V(F)—Z)—e(F)(e(F)—1)/’"2(H)qe(F)’

q

where we used that v(H) = v(F) + e(F)(v(F) — 2) and e(H) = e(F)?. As my(H) = my(F) =
izg:; , this simplifies to 26 ccH)=eE)p () gel®) "which is o(1) by our choice of . Hence, with
high probability our arbitrary extension of @ to G U G, does not create a monochromatic
copy of H.

(b) The coloring @ uses two colors, say red and blue. This leaves us with one unused color, say
green, that we can use when extending ¢ to the edges of G, 4.

As F is 2-balanced, Lemma 2.2 implies that it is also strictly balanced. By Lemma 2.3(a),
it follows that H is strictly balanced. As a consequence, any union of two copies of H that
share at least an edge must be strictly denser than H itself. Indeed, the subgraph common
to both copies of H is a proper subgraph and therefore strictly sparser than H. Hence, the
vertices and edges added in the second copy in the union must increase the overall density.

There is thus some &; = 6,(H) > 0 such that, whenever g = o(n~!/""+%1) intersecting
copies of H do not appear in G, 4. That is, the copies of H appearing in G, 4 are with high
probability pairwise edge-disjoint. We shall choose our 6(H) to be less than this 6, (H).

We now order the edges of G, 4 arbitrarily and process them one-by-one. We color each
edge green, unless that would create a green copy of H, in which case we color the edge red.
When coloring in this fashion, if we create a monochromatic copy of H, it clearly must be
red.
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Consider a red copy Hy of H in our coloring of G U G,,,. Since Hj is an edge-disjoint
union of e(F) copies of F and the coloring ¢ of G has no monochromatic copy of F, each
copy of F'in Hy must contain at least one red edge from G, ,. An edge e from G, is only
red if it is the last edge of an otherwise green copy H, of H, which must be wholly contained
in G, 4. Moreover, for e # ¢/, the copies H, and Hy of H are edge-disjoint.

This gives us a subgraph of GUG, , with at most v(F)+e(F)(v(F)—2+v(H) —2) vertices
and e(F)(e(F) + e(H) — 1) edges, of which at least e(F)e(H) edges come from G, 4. Since
g < p and there are at most some constant K ways of building such a subgraph and dividing
its edges between G and G, 4, the probability of finding such a structure is at most

Knv(F)+e(F)(v(F)—2+V(H)—2)pe(F)(e(F)—l)qe(F)e(H) .

Since p < n-1/my(H) — n—(v(F)—Z)/(E(F)—l)’ this is at most KnV(F)+€(F)(V(H)—2)qE(F)e(H). Now ¢ =
o(n~1/mID+8y = o(pvH)/e(+3) since H is strictly balanced. Thus the upper bound on the
probability of the appearance of a red copy of H is o(n"(F)=2e(0)+6e(F)elt)y = (peE)GeH)=1))
since e(F) > v(F). Hence, if we choose 6 < min{1/e(H), 6,(H)}, this probability is o(1),
so with high probability we can extend the coloring to the edges of G, , without creating a
monochromatic copy of H. n

3 | THE PROOF OF THEOREM 1.1

Having shown in the previous section that some condition on the graph H is necessary in Theorem 1.1,
we now show that our condition is sufficient. We begin with a sketch of the proof and then recall
several useful results before providing the details of the argument.

3.1 | An overview of the proof

We shall assume the colors used are red, blue and, in the case of three-colorings, green. Our goal is
to find structures in the first random graph, G, that force the creation of a monochromatic copy of
H no matter how the edges of the second random graph, G, 4, are colored. To that end, we make the
following definitions.

Definition 3.1 (Color-forced edges). A copy of H \ & in G is supported on the pair {x,y} if {x,y}
maps to the missing edge /. We then call {x, y} the base of the copy. Given an edge-coloring ¢, we say
{x, v} is ared, blue or green base if it is the base of a monochromatic copy of H \ & of the corresponding
color. Finally, we say a pair {x,y} is green-forced if it is both a red and a blue base simultaneously,
with blue-forced and red-forced defined similarly.

In the two-color case, observe that it is impossible to extend ¢, to a green-forced pair, since coloring
it either red or blue would create a monochromatic copy of H. For the first assertion of Theorem 1.1,
we shall show that with high probability G is such that every two-coloring ¢, admits quadratically
many green-forced pairs. Then, again with high probability when ¢, = w(n~?), one of these pairs
will be an edge of the second random graph G, 4,, so any extension of @, to G U G, 4, will create a
monochromatic copy of H.

When dealing with three colors, our goal will instead be to show that there is some color, say green,
such that the green-forced pairs in G are sufficiently dense that, when g3 = @ (n~!/"®), we will find
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a copy of H in G, 4 consisting solely of green-forced pairs. If any one of its edges is colored red or
blue, it will complete a monochromatic copy of H with edges from G. On the other hand, if all of its
edges are colored green, we obtain a green copy of H instead.

To find these color-forced structures, we consider the reduced graph of a regular partition of G
(with respect to the coloring ¢, or @3). In this reduced graph we will find two colors, say red and
blue, and a copy of H ®, (H, h) such that for each (removed) edge from the central copy of H, one of
the attached copies of (H, 1) is monochromatic red and the other is monochromatic blue. By applying
the sparse counting lemma, we will deduce the existence of many potential copies of H consisting of
green-forced edges, from which we will be able to draw the desired conclusion.

Although the proof can be simplified in the two-colored setting, for the sake of brevity we shall
present a single unified argument allowing for three colors throughout, and only differentiate between
the two cases at the end of the proof.

3.2 | Some preliminaries

Here we collect several results about random graphs and sparse regularity that we shall use in our proof.

3.2.1 | Random graphs

The Hoeffding inequality shows that G, , does not have any subgraphs that are far sparser or denser
than expected with high probability.

Proposition 3.2. Let n > 0 be fixed and suppose p = w(n™"). Then, with high probability, G,pis
such that the following holds for any disjoint sets X, Y of vertices with |X|, |Y| > nn:

(i) %(l)z(l)p < e(GpplXD < 2(|)2(|)p and
(ii) 1 1X1Y1p < e(GuplX. YD) <21X] Y| p.

A simple application of Markov’s inequality also shows that G, , is unlikely to contain many more
copies of any subgraph than expected.

Proposition 3.3.  Given any graph F with v vertices and e edges and any K > 1, the probability that
there are more than Kn"p® copies of F in G, is at most 1 /K.

In the other direction, we can use Chebyshev’s inequality to establish the existence of subgraphs
in G,, when p is suitably large. More precisely, it follows from Theorem 4.4.5 in The Probabilistic
Method by Alon and Spencer [1] that if p = w(n~!/"®), then the number of copies of F in G, is
concentrated around its expectation.

Proposition 3.4. Given a graph F on v vertices and a constant { > 0, let F be a collection of {n”

potential copies of F. If p = w,n™"/™®) with some w, = (1), then the probability that G, does not

contain a copy of F from F is at most ZZ

n

If the edge probability p is even larger, then the following result, a consequence of Theorem 3.29
from the book Random Graphs by Janson, Luczak, and Rucinski [9], shows that there will be many
pairwise edge-disjoint copies of H in G,,.
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Proposition 3.5.  For every graph H with my(H) > 1, there is a constant k = x(H) such that, given
constants p,c > 0 and setting p = cn™"/™# with high probability every induced subgraph of G,,, on

at least % pn vertices contains at least kc*™ =1 p"Wp2p edge-disjoint copies of H.

3.2.2 | Sparse regularity and counting

Given an n-vertex graph G, two disjoint sets of vertices X and Y form an (g, p)-regular pair of density
d if d(X,Y) = d and, for all X’ C X with |X’| > €|X]| and Y’ C Y with |Y’| > £]|Y]|, we have
[dX',Y)—-d(X,Y)| < ep, where d(U, V) denotes «UY) "This notion of regularity is inherited by

[UlvI
induced and random subgraphs (see Lemma 4.3 in [7]).

Proposition 3.6.  Suppose that c € (0, %], G is a graph and U, W are disjoint vertex sets, both of size
N, with (U, W) an (g, p)-regular pair of density d = o(N~"). Then the following is true:

(i) forX cUandY C Wwith |X|,|Y| > ¢N, the pair (X,Y) is (¢ /c, p)-regular with density at least
d —ep and

(ii) for m > cdN?, the subgraph G' of G obtained by choosing m edges from G[U, W] uniformly at
random forms a (2, p)-regular pair with high probability.

An (g, p)-regular partition P of G is a partition V(G) = Vo U V] U --- U V such that | V| < en,
[Vi| = |Va| = - - - = |Vi| and all but at most ek? pairs (V;, Vi), 1 <i < j Lk, are (g, p)-regular. When
the graph G is edge-colored, we say a partition is (g, p)-regular if for all but at most gk? pairs of parts
the edges of each color between the two parts form an (g, p)-regular subgraph. If G has density d, we
say it is (1, D)-upper-uniform if, for all disjoint sets X and Y of size at least #n, we have d(X,Y) < Dd.
With these definitions in place, we may state a version of the sparse regularity lemma, originally due
to Kohayakawa and Rodl [10].

Theorem 3.7. Foralle,D > 0andr,t €N, therearen > 0and T € N such that every r-coloring of
the edges of an (n, D)-upper-uniform graph G of density d on at least T vertices has an (e, d)-regular
partition P with k parts for some k € [t,T].

The final ingredient we will need is a sparse counting lemma due to Conlon, Gowers, Samotij and
Schacht [4]. Given a graph H, integers N and m, and €,p > 0, we define the family G(H,N,m,p, €)
to be all graphs obtained by replacing each vertex of H by an independent set of size N and replacing
each edge of H by an (g, p)-regular bipartite graph with exactly m edges. Given such a graph G, let
G(H) denote the number of canonical copies of H in G (by which we mean that each vertex of H in
the copy belongs to the corresponding independent set in G).

Theorem 3.8. For every graph H and every d > 0, there exist €,& > 0 with the following property.
For every n > 0, there is C > 0 such that if p > Cn~'/™") then, with high probability, for every

e(H)
N > nn, m > dpN? and every subgraph G of G,, in G(H,N,m,p,€), G(H) > EN" <%> .

3.3 | The reduced graph

With these preliminaries in hand, we can proceed with the proof of Theorem 1.1. We begin by
describing the (standard) construction of the reduced graph and proving it has some useful properties.
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Let #, £, a be defined such that 1/7 < ¢ < a < k, ¢, where k = x(H) is the constant from Propo-
sition 3.5, p = cn~ /™) and ‘<’ means these parameters are sufficiently small for the subsequent
calculations to hold.

Now consider a monochromatic-H-free 3-edge-coloring ¢ of the edges of G ~ G,,, (where, as in
the case of ¢,, we may only be using two of the three colors) and let Geq, Gpiue and Ggyeen TEprEsent
the red, blue and green subgraphs of G, respectively. Given our choice of € and ¢ and setting r = 3
and D = 4, let n and T be as in Theorem 3.7. Proposition 3.2 shows that G is with high probability
(n, 4)-upper-uniform. Hence, there is an (g, p)-regular partition V(G) = Vo U V; U --- U V;, where
t<k<T.

We next define three graphs, I'yeq, I'pie and I'geen, on the same vertex set [k]. I'yey has an edge
between 7 and j if and only if the bipartite induced subgraph G,.4[V;, V;] forms an (g, p)-regular pair of
density at least ap, with Iy, and I'gy..,, defined similarly with respect to Gpjue and Ggreen, respectively.
The reduced (multi)graph I" is the colored union of I',.¢ in red, I'y,. in blue and g, in green. Given
a vertex i € [k], we write Nyeq (i), Npiue(i) and Ngpee, (i) for its neighborhoods in I'veq, 'piye and Igreens
respectively, and write d,.q (i), dpie(i) and dgy..,(7) for the sizes of these sets.

We first show that any induced subgraph of I" with linearly many vertices has a vertex with large
degree in at least two of the colors.

Lemma 3.9. Define f(p) = %KCE(H)_] p""=1 Suppose p satisfies

6pf(p) > 3e + %a. @)

Then, with high probability, for any subset U C [k] of pk vertices of the reduced graph T, we can find
a vertex u € U, two disjoint sets X|,X, C U of size at least f(p)k and two distinct colors y, y» such
that, for each i € [2], u is adjacent to all vertices in X; with edges of color y;.

Proof. Let W = U,cyV, be the vertices in the parts of G corresponding to the vertices of U and
note that [W| > (1 — g)pn > %pn. Hence, by Proposition 3.5, we may assume G[W] contains at
least 24pf(p)n’p edge-disjoint copies of H. Since there are no monochromatic copies of H in the
3-edge-coloring of G, each such copy must contain two edges of distinct colors. It easily follows that
there are two colors, say red and blue, that each appear on at least 12pf(p)n’p edges of G[W].

Using Proposition 3.2, we observe that all but at most (3¢ + %a)nzp red edges of G[W] are con-

n/k

tained within dense (e, p)-regular pairs. Indeed, at most & - 2( )p < n’p/k < en’p edges can be

contained within the parts V;, at most €k? - 2(n/k)’p < Zenzpzedges can be within irregular pairs
(Vi, V) and at most (I;) -(n/k)?ap < %anzp edges are within (g, p)-regular pairs (V;, V;) of density less
than ap. From (7), it follows that there are at least 6pf(p)n’p red edges in G[W] that are contained in
(g, p)-regular pairs of density at least ap. Again by Proposition 3.2, each such pair can account for at
most 2(n/k)*p edges in GIW], so there must be at least 3pf(p)k? such pairs, each of which corresponds
to an edge of I',.4[U]. By symmetry, we also find at least 3pf(p)k> edges in Iy [U].

Now let A = {a € U : dy4(a,U) > 2f(p)k}. By summing the red degrees of vertices in U,
distinguishing between those in A and those not, we have

60f (P)K* < pk - |A| + 2f (p)k - pk,

from which we deduce that |A| > 4f(p)k. Defining B = {b € U : dp.(b, U) > 2f(p)k}, we similarly
have |B| > 4f(p)k. IfANB # @, let u € A N B. Since d ey (u, U), dpe(ut, U) > 2f(p)k, we can find the
required disjoint sets X; and X, of size f(p)k of red and blue neighbors, respectively.
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Otherwise, for every a € A and b € B, by Proposition 3.2, there are at least %(n /k)?p edges in

G between V, and V}, so one of the three colors appears on at least é(n/ k)’p > a(n/k)*p edges. Let
1 be the color that appears most commonly as the majority color in these |A| |B| pairs. Ignoring the
pairs that give rise to irregular pairs in I, , it follows that there are at least % |A| |B| — £k? edges in " “
between A and B. Provided «a is sufficiently large with respect to €, (7) and our lower bound on |A]|, | B|
imply this is at least i |A| |B| edges.

If y, is not red, then take y» to be red and, by averaging, find some u € A with a set X; of at least
}‘ |B| > f(p)k neighbors in B in the color y;. Since u € A, we have d,.4(u, U) > 2f(p)k, so we can find
a disjoint set X, of f(p)k red neighbors of u, as required. Otherwise, if y; is red, we take y, to be blue.
By the same argument, we can find some u € B with a set X, of at least f(p)k red neighbors in A and,
since u € B, it has large enough degree in I';;,.[U] to guarantee a disjoint set X, of blue neighbors. =

Through repeated use of this lemma, we can build large multicolored structures in I".

Corollary 3.10. Givent € N, let po = 1 and, for 1 < i < 2t =2, let p; = f(pi-1). Pro-
vided 6py_af (p2—3) > 3e + %a, there is with high probability a vertex vy of T contained in two
monochromatic t-cliques of distinct colors.

Proof.  Applying Lemma 3.9 with p = pp = 1 and U = [k], we find a vertex u( with large degrees in
two colors. Without loss of generality, let the colors be red and blue. In the first stage of this algorithm,
we iterate within the red neighborhood of up, finding either a vertex in blue and green ¢-cliques, in
which case we are done, or a red #-clique containing u.

To start, apply Lemma 3.9 again, this time taking U to be the set of red neighbors of . This gives
a vertex with large degrees in two colors. While one of those colors is red, we repeat the process,
giving us a sequence of vertices with large nested red neighborhoods. If this sequence (including )
has length 7 — 1, by choosing an arbitrary vertex in the final red neighborhood, we obtain a red ¢-clique
containing u( and can proceed to the second stage.

Otherwise, after some i < t — 2 steps we obtain a vertex u; that has large blue and green neigh-
borhoods. In this case, we first iterate within the blue neighborhood of u;. Each subsequent vertex has
either a large red neighborhood or a large blue neighborhood within which we can proceed. Once we
have obtained a sequence of 2¢ — 3 vertices, there are either ¢ — 1 of them (including 1) for which we
iterated within a red neighborhood or # — 1 of them (including u;) for which we iterated within a blue
neighborhood. In the first case, we choose an arbitrary vertex in the final neighborhood to create a red
t-clique containing uy and can then proceed to the second stage.

In the second case, choosing an arbitrary vertex in the final neighborhood gives a blue ¢-clique
containing u;. We can then return to the green neighborhood of u; and repeatedly iterate, at each
point proceeding with a red or green neighborhood of the latest vertex. Once we reach a sequence of
length 2¢ — 3 (including the vertices between ug and u; ), we again either have r — 1 vertices with green
neighborhoods or # — 1 vertices with red neighborhoods. In the first case, we can complete a green
t-clique containing u; that, together with the earlier blue ¢-clique, completes the desired structure. In
the second case, choosing a vertex in the final neighborhood again completes a red #-clique containing
up, with which we proceed to the second stage.

If we proceed to the second stage, we will have already found a red ¢-clique containing uy. The
second stage consists of mirroring the above process in the blue neighborhood of ug. This results in a
blue #-clique containing u or a vertex u, in the blue neighborhood that is contained in both red and
green t-cliques; in either case, we are done. n
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FIGURE 2 The parts of G corresponding to the two cliques from Corollary 3.10 [Colour figure can be viewed at
wileyonlinelibrary.com]

3.4 | Building color-forced structures

Let K,,(H) denote the family of all copies of H in K,,. Using the cliques from Corollary 3.10, we will
prove the following key proposition.

Proposition 3.11. There are positive constants k = k(c,H) and { = {(c,H) such that, for any
K > 1, with probability at least 1 — kK=" — o(1), for every monochromatic-H-free 3-edge-coloring @
of G, there is some color y with at least CK~'n""™) y-forced copies of H in K,(H).

Proof.  For convenience, we write v = v(H) and e = e(H). Setting ¢t = e(v — 2) + 1 and applying
Corollary 3.10, which holds with high probability, we find a vertex x in the reduced graph I" that is
in, say, both a red and a blue K;. Let u,u,, ..., u,—; be the other vertices from the red clique and
wi, wa, ..., w,— be the other vertices from the blue clique. Consider the corresponding parts in the
graph G. We know that, for all 1 <i <j <t -1, the pairs G,.q[Vx, Vii.], Greal Vi, V,,i], Gpiuel Vi, Vi,
and Gppye[ Vi, VW,,] are all (g, p)-regular pairs of density at least ap. This situation is illustrated below
in the case H = K3.

Partition the part V, into v equal-sized subsets, X, X>, ..., X,, letting N denote the size of these
sets. Define # by N = nn, noting that n > 1k;VE where we recall that k < T is the number of parts in
the (g, p)-regular partition of G. For each i, let R; C V,, and B; C V,,, be arbitrary subsets of size N.
Let X = {X},....X,}, R ={Ry,...,R_1} and B = {By,...,B,_1}. By Proposition 3.6(i), it follows
that the pairs Gyeq[Xi, R, Gred[Ri, R;], Gpuel Xi, Bj] and Gppe[B;, Bj] are all (ev, p)-regular of density at
least (a — €)p.

Next consider the graph H®,(H, k) and note that it has precisely v+2(z—1) vertices, with one central
copy Hy of H, whose edges are deleted, and each deleted edge g € E(Hj) supporting two otherwise
vertex-disjoint copies Hy 1 and H,» of H. We can build a bijection y : V(H ©, (H,h)) > X UR U B
such that:

o yw(Hy) = X and
o forall g € E(Hy), w(V(Hg 1)\ g) C R and w(V(Hgo) \ g) C B.

That is, for each edge g € E(H,), we send one of the attached copies of H to the red parts R and the
other copy to the blue parts 5.

Letm = %ocpN2 and consider an edge f = {y,z} € E(H O, (H,h)). If f € E(H,,) for some g €
E(Hy), then the pair G4 [y (), w(z)] is an (ev, p)-regular pair of density at least (a —e)p. Define y(f) C
Grealw (), w(2)] to be the subgraph obtained from this pair by choosing m edges uniformly at random.
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FIGURE 3 We divide the central part into v(H) subsets and shrink the other parts accordingly [Colour figure can be viewed
at wileyonlinelibrary.com]

FIGURE4 We imagine a copy of H between the subsets of the central part, with each edge supporting both a red and a blue
copy of H \ h using the parts from the red and blue cliques [Colour figure can be viewed at wileyonlinelibrary.com]

By Proposition 3.6, y/(f) is (2&v, p)-regular with high probability. Otherwise, f € E(H,,) for some

g € E(H,), in which case we define y(f) to be the subgraph obtained by selecting m edges uniformly

at random from Gy, [w(y), w(z)]. We again have, with high probability, that w(f) is (2ev, p)-regular.
Now define the subgraph G’ C G to be the union of all these subgraphs w (f), that is,

vigh= |J w0 and EG)= ] w.
YEV(HO,(H,h)) fEE(HO,(H,h))

From the above discussion, it is clear that G’ € G(H®,(H, h), N, m, p, 2¢v), where this family of graphs
is as defined before Theorem 3.8. Since p = cn~!/"2(") and, by Lemma 2.3(c), my(H ®, (H,h)) <
my(H), we can apply Theorem 3.8. This gives some constant £ > 0 such that there are with high

(HO,(H,h))
probability at least ENHO2(H:) (ﬂ ) ’ copies of H®, (H, h) in G’, where each vertex y comes

N2
e(HO,(H,h))
from the set y(y). To simplify this expression, we define ¢’ = &n"HOHM) (%a) and y =

n"~2p°~!. Our lower bound on the number of copies of H @, (H, h) can then be written as ¢’ >*n". Note
that ¢’ > 0 is a constant, while, since p = cn™!/"H) > cp=0=2/(=D 1 = (1),

In each such copy of H ©, (H, h), each missing edge g € E(Hy) in the central copy of H supports
both a red copy H, 1 of H \ h and a blue copy H,, of H \ k. In particular, this means g is green-forced
and, as this holds for all edges g, this shows that the central copy H, forms a green-forced copy of H
in K,(H).
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FIGURE 5 Applying Theorem 3.8 gives many copies of H ©, (H, h) in which the central copy of H is green-forced [Colour
figure can be viewed at wileyonlinelibrary.com]

However, we are not quite done, as these green-forced copies of H may contribute to multiple
copies of H ©, (H, h), in which case they will have been overcounted. To rectify this, and complete
the proof, we now show that most of these copies of H are not counted too often.

To this end, suppose we have found r distinct green-forced central copies Hy of H above and
enumerate them as HV, H®, ... H" For each 1 < i < r, let Z; denote the number of copies of

H O, (H, h) found above in which H® is the central copy Hy. We have thus far established that
27>, ®
i=1

while we wish to show that r > %nv.

Now consider the quantity Ziz. This counts the number of ordered pairs (A, B) of canonical copies
of H ®, (H,h) with H? as the central copy Hy. Given such a pair, let / = A U B. In J, each edge
g € Hy is contained in a red copy of H \ & from A and one from B as well. The same holds true for
the blue copies of H \ &. These attached copies of H \ & in J are mostly disjoint outside the central Hy,
except that the two copies of the same color supported on the same edge g may share some vertices.
We consider such a graph J as a degenerate copy of H ®4 (H, h). There are several isomorphism classes
J could belong to, depending on which vertices are shared by A and B.

For each edge g € Ho, let Fg | be the subgraph of H induced by the vertices shared between the red
copies of H \ hin A and B supported on g and define F, , analogously for the blue copies. We include
the edge g in F,; and Fy 5, even though it does not appear in J. Note that the union Uyegs,) Uj?zl Fgj
determines the isomorphism class of J. Hence, there are at most 2"#®:(#) pogsible isomorphism
types, as for each vertex in H ©, (H, h), we can decide whether or not it belongs to the corresponding
F,j. Set x = 2VHO.(H),

We shall use Proposition 3.3 to show that, regardless of isomorphism type, there cannot be many
copies of J in G. Indeed, we have

2

V) =vEH) + )Y (20(H) = 2) = ((Fgj) = 2) =v+4e(v —2) = Y ((Fyj) = 2)

8EE(H,) j=1 8J
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and
2
e =D D (2e(H) = 1) = (e(Fy) — 1) =4ele — 1) = Y (e(Fyy) = 1).
8EE(H,) j=1 8J
This gives
#4env
nv(])pe(J) — nv+4e(v—2)—ZgJ(v(FgJ)—Z)p%(e—1)—Zw(e(FgJ)—l) —

HgJ ( nv(FgJ)—Z pe(Fg J.)—1) '

Since F Foy C Hand p = cn /™ we have n"Fe)2peFe)=1 > c¢Fe)=1 for all g, j. Thus, n*Vpe¥) <
¢™2¢ j*p? . Hence, by Proposition 3.3, with probability at least 1 — K~ there are at most K- 27 ey
copies of J in G. Taking a union bound over all 1somorph1sm classes, we find that with probab1l—
ity at least 1 — xK~!, there are at most kKe™2 y*nY of these degenerate copies of H ©4 (H,h)
in G.

We noted earlier that each pair (A, B) of copies of H ®, (H, h) counted by ZiZiz gives rise to
a degenerate copy J = A U B of H ®4 (H, h). To reverse the correspondence, for each vertex in
H ©4(H,h)\ (AN B), we must decide how to assign the corresponding vertices of J to A and B. Thus,
there are at most k2 > 2"HOsHM) pairg (A, B) giving rise to the same J = A U B.

Putting all this together, we have, with probability at least | — kK -1

ZZZ<K —2{2 4ev

Define I = {i : Z; > 3 - k3Kc™2¢ 2} Tt then follows from the above inequality that }’,_, Z; <
¢’ u*n’. Plugging this 1nto (8) we obtain Z,g ; ! yzen . As there are at most r summands, each
of which has size less than c—, - k3Ke™2¢ %, we can conclude that
(C/)ZCZeZ
r> n’.
43K
Setting ¢ = i(c’ )2¢2¢ k=3 completes the proof. .

3.5 | Finishing the proof

We begin with part (a). Suppose we have a monochromatic-H-free 2-edge-coloring @, of G and g,
w,n~? for some w, — 0. Set K = a)l/2 By Proposition 3.11, with probability 1 — kK~' — o(1) =
1 — o(1), there is some color y such that there are at least (K~'n"*) y-forced copies of H. As the
coloring @, only has red and blue edges, the color y must be green.

Each edge can be in at most n"#)=2 green-forced copies of H, so there must be at least (K~ 'n?
green-forced edges. If any of these edges were to appear in G, 4,, we would not be able to extend the
coloring @,, as coloring the edge red or blue creates a monochromatic copy of H. Hence, the probability
that @ extends to G U G, is at most

(1= )" < exp (=¢K~'n?qn) = exp (—¢K) = o(1),
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FIGURE 6 H, drawn on the left, consists of two triangles joined by a path of length #. On the right, F,.,; is drawn in red, Fp,.
in blue and the matching M is drawn with dashed lines [Colour figure can be viewed at wileyonlinelibrary.com]

as required.

Part (b) follows the same lines. We begin as before: given the coloring @3 and some g3 =
wun~ /") where @, — oo, we set K = w)/?. By Proposition 3.11, with probability 1 — o(1), there is
some color y with at least (K~'n"") y-forced copies of H.

If any y-forced copy of H appears in G, ,, then @3 cannot be extended. Indeed, coloring all of
its edges with the color y clearly creates a monochromatic copy of H, but since all the edges are
x-forced, using any other color on an edge also completes a monochromatic copy. By Proposition 3.4,
the probability that none of the y-forced copies of H appear in G, 4, is at most

v(H)1 2K y(H)I12Y D
(o, K

=o(1),

as desired. This completes the proof of Theorem 1.1.

4 | CONCLUDING REMARKS

Our investigations point to several open problems, perhaps the most interesting of which is to classify

all graphs H for which Theorem 1.1 holds. We have shown that our condition, that there exists an edge

h such that my(H \ h) < my(H), cannot be entirely dispensed with. However, there are also examples

of graphs which do not satisfy this condition, but still satisfy some of the conclusions of Theorem 1.1.
Indeed, our proof of Theorem 1.1(a) readily generalizes to the following statement.

Theorem 4.1.  Given a graph H, suppose there are graphs F.q, Fpy. and a matching M such that

(i) V(Frea) N V(Fpiue) = VM), with V(M) forming an independent set in F.q and Fpje,
(ii) ma(H) > my(Freq U Fpie),
(iii) my(H) 2 770 for all J € Freq U Fyue with V(M) C V(J) and e(J) > 1 and
(iv) for any partition of the matching M = M.q UMpye, H is a subgraph of Freq UM eq 07 Fppe UMpye.

Let ¢ > 0 be fixed and, for p = cn='/™) et G = G, p- Then, with high probability, the following
holds. Let @ be an arbitrary monochromatic-H-free 2-edge-coloring of G. If ¢ = w(n™2), then, with
high probability, ¢ cannot be extended to a monochromatic-H-free 2-edge-coloring of G U Gy .

One of the simplest examples satisfying the conditions of Theorem 4.1 is the graph H consisting
of two triangles joined by a path of length £ > 2. In this case we can take M to have size three with
the corresponding graphs F,., and Fy;,. depicted above.
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This example shows that the condition in Theorem 1.1 is not best possible, as Theorem 4.1 applies
to a wider class of graphs. However, there is a subtle trade-off in finding appropriate forcing structures
Freq U Fyyye for Theorem 4.1—we need them to be sparse enough to satisfy (ii) and (iii), but to have
enough copies of H for (iv).
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